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Abstract

In this paper, we present new estimates for the entropy dissipation of the Landau—Fermi—
Dirac equation (with hard or moderately soft potentials) in terms of a weighted relative
Fisher information adapted to this equation. Such estimates are used for studying the large
time behaviour of the equation, as well as for providing new a priori estimates (in the soft
potential case). An important feature of such estimates is that they are uniform with respect
to the quantum parameter. Consequently, the same estimations are recovered for the classical
limit, that is the Landau equation.
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1 Introduction

Entropy production estimates have been significantly used in recent years for the study of
partial differential equations. Such estimates arise in many contexts for different purposes:

e Entropy estimates contribute to new a priori estimates. This is the case in the kinetic
theory of gases where the famous H-Theorem of Boltzmann is the cornerstone in many
studies on the topic and one of the essential bricks in the construction of DI PERNA- LIONS
renormalized solutions [26]. That entropy yields new natural a priori estimates is also
well-understood in the study of other equations, and the Boltzmann entropy f flogf
appeared in this context in the fundamental work [32] on parabolic equations. We refer
the reader to [28] for an overview of entropy methods for diffusive equations.

e Entropy production estimates also arise naturally in the study of long time behaviour of
solutions to evolution problems. Indeed, entropy acts in this case as a natural Lyapunov
functional which brings the system towards its equilibrium state (which is a minimizer
of the entropy) through some LaSalle’s invariance principle. In this context, functional
inequalities linking the entropy to the entropy production are a fundamental tool to
quantify the rate of convergence. In the study of kinetic theory, this has been understood
since the celebrated Cercignani’s conjecture for Boltzmann equation [16,25,36] and the
pioneering works [10,11]. Such ideas have been applied efficiently also in various other
frameworks, for the study of reaction-diffusion systems [21], parabolic equations [14],
coagulation and fragmentation processes [1,9] and in various problems in mathematical
biology [31,33], just to mention a few.

In the kinetic framework, entropy and entropy production have been thoroughly studied
for the Boltzmann equation [24,36] as well as for the Landau equation. This latter equation
arises in the modelling of plasma and can also be derived from the Boltzmann equation in the
so-called grazing collision limit. For this model, the equivalent of Cercignani’s conjecture
was proven to hold first in the special case of the so-called Maxwell molecules in [23],
together with weaker versions of the functional inequality linking the entropy to its entropy
production for hard potentials. This kind of functional inequalities has been then extended
to cover the physically relevant case of Coulomb interactions in [13] using techniques from
[18].

In a recent contribution [5], the entropy method has been applied to the study of the
long time behaviour of solutions to the Landau—Fermi—Dirac equation with hard potentials.
Some non optimal functional inequalities linking the entropy production to the associated
entropy have been obtained therein which, when combined with a careful spectral analysis,
yield an optimal (exponential) rate of convergence to equilibrium. It is the purpose of this
paper to provide a systematic study of the entropy and entropy production functional for the
spatially homogeneous Landau-Fermi—Dirac equation, extending the results obtained in [5]
and complementing them with a study of the soft potentials case. The results of the present
contribution in that context will then be applied to the long-time behaviour of solutions to
the Landau—Fermi—Dirac equation with moderately soft potentials in the forthcoming work

[6].

1.1 The Model

The Landau-Fermi—Dirac (LFD) equation models the time evolution of a particle gas sat-
isfying Pauli’s exclusion principle in the Landau’s grazing limit regime and reads, in the
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homogeneous setting, as

atf(t7 U) = Qé‘(f)(h U)a (t7 U) € (07 OO) X R3a f(O) = fin’ (11)

where the collision operator is given by a modification of the Landau operator which includes
Pauli’s exclusion principle:

(N0 =Y+ [ W= v) o= )| £.0 = ef0VS = fO1 =)V 1] dv..

We use here the standard shorthand f = f (¢, v) and f. = f(¢, v,). The matrix-valued
function z — I1(z) denotes the orthogonal projection on (Rz)™,
Zilj

Hij(Z)ZtSij—W, 1<i,j<3,

and W(z) = |z|*1Y is the kinetic potential. The choice ¥ (z) = |z|2HY corresponds to inverse
power law potentials. We point out that the Pauli exclusion principle implies that a solution
to (1.1) must satisfy the a priori bound

0< f(t,v)<e !, (1.2)
where the quantum parameter
@rh)?
€= >0
m3B

depends on the reduced Planck constant & ~ 1.054 x 10’34m2kg s~! the mass m, and the
statistical weight B of the particles species, see [17, Chapter 17]. Recall that the statistical
weight is the number of independent quantum states in which the particle can have the same
internal energy. For example, for electrons, 8 = 2 corresponding to the two possible electron
spin values. In the case of electrons m & 9.1x 1073! kg, and therefore, & &~ 1.93x 10710 « 1.
The parameter & encapsulates the quantum effects of the model, the case € = 0 corresponding
to the classical Landau equation as studied in [23].

The above equation shares many properties with the classical Landau equation, corre-
sponding to non quantum particles:

o f=0Qu(f)=V,- /R W — v,) (v — v*){f*Vf - fo*] dv,.  (1.3)

which corresponds to the case € = 0. As mentioned earlier, Eq. (1.3) is a fundamental model
of kinetic theory for plasmas and received considerable attention in the past decades, cf. for
example [12,13,22,23].

Up to our knowledge, the mathematical study of (1.1) has been restricted to the case of hard
potentials (or Maxwell molecules) only, i.e. for y € [0, 1]. We refer to [5,7] for a discussion
of the model, its physical relevance and the properties of the solutions for y € [0, 1]. We
point out here that the study of the Cauchy problem for (1.1) has been performed in [7], and
the careful study of the steady states is given in [8]. In a recent contribution [5], three of the
authors of the present paper discussed both the regularity and the long time asymptotics of
the solution to (1.1). The analysis of (1.1) for moderately soft potentials, corresponding to
—2 < y < 0, has been initiated by the authors of the present paper in [6].
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1.2 The Role of Entropy
In the classical context (corresponding to & = 0), the Boltzmann entropy
H( = [ riog au
R3
is a Lyapunov functional for (1.3), i.e.
d
EH(f(t)) <0 for >0,

if f(t) is a suitable solution to (1.3). Moreover, given any constant u € R3, under the
constraints

/ f(w)dv = o, / f(U)|U—u|2dU§3QE, f =0, 1.4)
R3 R3
the functional H (f) reaches its unique minimum if f is the Maxwellian distribution
)
M (v) ::L}exp(—lv ul > veR3,
27 E)? 2E

for which the above constraints are satisfied with equality sign. Of course, such a Maxwellian
distribution is the only solution to

Qo(M) =0,

satisfying (1.4) with equality sign.
In the quantum case, for & > 0, one introduces the Fermi—Dirac entropy:

1
s = [ [eftonen) + (1 - enoz — o], (15)
€ JRr3

ie. Se(f) = —e V (H(e f) + H(1 — ef)), well-defined for any 0 < f < e~!. One can
then show that —S¢ (f) is a Lyapunov function for (1.1), i.e.

d
g eV = —Ze(f(1)) =0

for any suitable solution to (1.1). For & > 0, the entropy production associated to the above
Landau-Fermi-Dirac operator is defined as

1
%(g):,/ W — v Elgl v, v)dudvs . W) = 272, (16)
2 JR3xR3

for any smooth function 0 < g < e~ !, with

Eelgl(v, vy)

= — v.)(g«(1 —€g:) Vg — g(1 — £g)Vgs) ( T ) ’
gl —eg) g«(1 —egy) ) (1.7)
Vg Vg ?
= 88:(1 —eg)(1 —eg0) TV = vy) <g(1 —eg) gl —eg*>> -

In contrast to what happens in the classical case, here the steady solutions to (1.1) satisfying
(1.4) are of two different kinds: first, Qg (M) = 0 if M, is the following Fermi—Dirac
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statistics:
ae exp(—be|v — ul?) M.
1 +eacexp(—belv—ul?) 1+eM,;’

Me(v) = (1.8)
where the parameters ae, b are semi-explicit and tuned so that M, satisfies (1.4) with
equality sign. Second, the distribution

Fe(v) = & "pg.r)(v), (1.9)

1

30€\3
where B(u, R) is the open ball in R3 centered at u with explicit radius R := (|SQT|> , also
satisfies Qg (Fg) = 0 and (1.4) (for & small enough), where |S?| is the volume of the unit
sphere. Such a degenerate stationary state, referred to as saturated Fermi—Dirac distribution,
can occur for very cold gases, where an explicit condition on the gas temperature can be

found. Notice that, under the additional constraints:
O<f<e!, |weR;0<f)<e}#0,

the Fermi—Dirac statistics is the unique stationary state (see [8]). It is also a minimizer of the
functional —S, (f).

The coexistence of these two kinds of steady solutions has important consequences on
the long time behaviour of solutions to (1.1). Indeed, as long as finite energy solutions are
not saturated, only the Fermi—Dirac statistics (1.8) are possible limit points for the solution
to (1.1); yet, if the initial datum happens to be very close to the degenerate state (1.9), one
expects the convergence to be slowed down by such equilibrium regimes. To illustrate this,
let us summarize some of the results of our contribution [5] dealing with y € (0, 1].

Theorem 1.1 Consider 0 <y < 1and0 < fy € L51~V (R3) with sy = max{%}’ +2,4 -y}
satisfying (1.11), and let f = f(t, v) be a weak solution to (1.1) as constructed in [ 7). Then,

(D) limyoo | f(2) — Mg ”L; = 0 where M, is the Fermi—Dirac statistics with same mass,
energy and momentum as fj.

2) If moreover [ € L,% (R3) for k large enough (explicit), then there exists e* € (0, 1) such
that for any € € (0, si),

1) = Melly < Cexp(=2er), Y120, (1.10)
where L > 0 is explicit, and C > 0.
Here above and in all the sequel,
Li®) = {f € L'®R*) : m;(f) < oo,
2= s = [ refee <ol ser
with
mg(f) = /RS(v)S IfIdv,  (v):=(1+ Ivlz)%, s eR.

The optimal convergence given in (1.10) is based upon a careful spectral analysis of the
linearized Landau—Fermi—Dirac operator around M., and A, > 0 is its spectral gap. The
condition on the quantum parameter & € (0, &¥) is interpreted as a non-saturation condition
of the dynamics (and not as a smallness condition). Indeed, if we call ey the limiting
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quantum parameter that saturates the initial data, the results in [5] are valid in the range
0 < &% < cegy for some explicit universal ¢ < 1. Although convergence to Fermi-Dirac
statistics still happens up to e¥ < ey, it is an open problem to prove such convergence with
explicit rates.

The main scope of the present paper is to provide a direct approach to the trend to equi-
librium for the evolution of the Landau—Fermi—Dirac dynamic where the convergence is
obtained in terms of the relative entropy only. This requires sharp functional estimates.

Let us introduce the relative Fermi—Dirac entropy defined, for any nonnegative f, g €
LI®R) with0< f <eland0<g <e ! by

He(f1g) = —Se(f) + Se(g).

The definition is similar to the usual Boltzmann relative entropy
Ho(f19) = ()~ He) = [ flogfav— [ gloggau,
R R3

defined fornonnegative f, g € L' (R3) with ng f)dv = ng g(v)dv, and used in particular
in the study of (1.3).

1.3 Main Results
Before stating the main results of the present contribution, we introduce the baseline class of
functions to which the initial distribution f;, is associated to:
Definition 1.2 Fix &g > 0 and a nonnegative fi, € L%(R3) satisfying
0 < |l finlloo =: eal < 0 and So 1= Sey (fin) > 0, |H(fin)] < oco. (1.11)
For any € € [0, eo], we say that f € Ve (fin) if f € L%(R3) satisfies 0 < f < e L

1 1 Qin
Lrof v o= ol v o= o ] ao
R |v|2 R |U|2 30inEin + Qin|’/tin|2

and Se (f) = Se(fin)-

Remark 1.3 The definition above can be naturally extended to cover the case € = 0. Of course
for this case we also assume ¢ = 0 and replace (1.11) simply with

fin € LYRY),  |H(fin)l < o0,

and we say that f € Yo(fin) if f € Lé(R3) is nonnegative and satisfies (1.12) together with
H(f) < H(fin)-

Up to replacing f with
3
~ E2
Foy =27 (VEwv +un), veR
Qin
there is no loss in generality in assuming

Oin = Ein =1, uin = 0. (1.13)

This assumption will be made in all the sequel and M, will always denote the Fermi—
Dirac statistics corresponding to this normalization. We point out that the constants in the
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various statements in the sequel all depend on || fi, || L and, as such, would differ if another
choice of normalisation is made. Solutions to the Landau—Fermi-Dirac (also called LFD)
equation constructed in [7] are known to belong (for all # > 0) to the class Ve ( fin) if the
initial datum fi, satisfies conditions (1.11)—(1.12). This is the reason why we focus on the
study of the entropy production functional Z.(g) for functions g belonging to such a class.
More specifically, fi, will always be assumed to satisfy (1.11)—(1.12).

The analysis developed in this manuscript allows us to revisit the contribution of [5],
devoted to hard potentials, and to improve it in several aspects. More precisely, we provide
a new entropy—entropy production estimate based on works of the third author which allows
to strengthen and simplify several results given in [5]. Namely, we prove the following
inequality.

Theorem 1.4 Assume that g belongs to the class YVe(fin) together with the normalization
(1.13) and assume moreover that there exists ko > 0 such that

inf (1 —eg)) > ko. (1.14)
veR3
Then fory > 0,
12¢2 ) 5
De(8) = 2A(8) | be — KT max(llglloo, ”Me'”oo) He(gIMe),
0
where A(g) > 0 is given by
1 e
— =510+ 1,B 1, A, , 1.15
*2) K(% max ( ;/) max( mj.yy (g)) y(g) ( )
with
£ = swp o) [ g~ ol w)du,
veR3 R3
and

2

1 . . / Vi Uj
— :=min inf o]— — 0y ——
B,  i#joestJr3| (v) (v)

Recall that Mg and be were introduced in (1.8).

1 1
g(v)dv, — = min f/ g(v) vi2 dv.
ey i 3 R3

The condition (1.14) is needed here to rule out the possibility that g be too close to the
degenerate state (1.9). We already point out that solutions f (¢, v) to LFD Eq. (1.1) satisfy
(1.14) as soon as t > 0. We refer to [5,6] for the proof of this fact in the range y € (-2, 0]
and y € (0, 1] respectively, under some conditions on & < egy. In fact, k¢ is uniform w.r.t.
time when ¢ > 19 > 0.

It is noteworthy to observe that Theorem 1.4 is valid in the classical case & = 0 with
g € Yo(fin) (as described in Remark 1.3). In this case, assumption (1.14) is clearly satisfied
and by = % This yields the following novel version of the results in [23], which can be seen
as a variant of Cercignani’s conjecture for the Landau equation with true hard potentials (this
result could alternatively be obtained using the logarithmic Sobolev inequality of Gross [28,
Chapter 2] and Proposition 4 extracted from [20]):
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Corollary 1.5 Assume that g € Yo(fin) together with the normalization (1.13). The Landau
entropy production

1 y+2 2
90(8)25 6|v—v*| g8« |IT(v — vy) (Vlog g — Vlog g,)|” dvdu,
R

satisfies, for y > 0,

v|?

dv, Mpop(v) = (271)_% exp (—7> ,

g(v)
Mo (v)

Do) = 1(2) / ¢(v) log
R3

where L(g) > 0 is given by (1.15).

For suitable solutions to Landau equation one deduces then the following corollary, which
improves the entropic convergence obtained in [23]:

Corollary 1.6 Let y € [0, 1]. Consider 0 < fin € L%M(RS), with § > 0, satisfying (1.11)
in the case € = 0 = e together with the normalization (1.12)—(1.13). Let f = f(t, v) be
a weak solution to the Landau equation (1.3) as constructed in [22). Then, for any ty > 0,
there exists some explicit u > 0 such that

Ho(f()IM) < Ho(finM)exp (=t —10)), V1 >1o.

Proof We give here a sketch of the proof which illustrates the interest of deriving functional
inequalities like those of Theorem 1.4. If f (¢, -) is a solution to (1.3) as constructed in [22],
then

d
3, (fOIM) = =Z(f 1), ¥t >0

so that, according to Corollary 1.5, we deduce that

d
3, T (fOIM) = =A(FE)Ho(f (OIM), ¥t > 0.
One can then prove easily (see Sect. 4 for details) that, for any 7y > 0,
inf A(f(t)) > p >0,
t>to

from which the conclusion follows by a simple application of Gronwall Lemma and the fact
that Ho(f (10)IM) = Ho(fin|M). o

The above line of reasoning can be still implemented for the LFD equation and an important
consequence of Theorem 1.4 is the following improvement of the convergence result stated
in Theorem 1.1.

Theorem 1.7 Let y € (0, 1]. Consider 0 < fin € L} (R%), with s, = max {4 +2,4 -y},
satisfying (1.11) together with the normalization (1.12)—(1.13). Let f = f(t, v) be a weak
solution to the LFD equation as constructed in [7). Then, for any to > 0, there exists
et e(0,ep) andu > 0 (depending only on ty and H ( fin)), such that

He(f(1)|Me) = He(finMe) exp (= (1 — 10)) , Vee (0.eh), 1>,

It is worth noticing that the convergence here is an entropic convergence which, of course,
implies a convergence in L% thanks to the following Csiszar—Kullback inequality for Fermi—
Dirac relative entropy obtained in [30, Theorem 3]:

If = Mell1 < 2He(fIMe), (1.16)
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1 ..
forall0 < f < | with

1

1
f) v dv=1]0
R3 |l)|2 3

As mentioned earlier, we aim to provide a systematic study of the entropy production
which in particular applies also to the study of soft potentials. For such soft potentials, the
entropy estimate provides some fundamental a priori estimate on solutions to (1.1). We refer
the reader to the recent contribution [20] where this question is described in detail for solutions
to the Landau equation (1.3) for Coulomb interactions. In this context, our main result can
be formulated as follows:

Theorem 1.8 Let0 < fi, € L%(]R3) be fixed, and satisfy (1.11) together with the normaliza-
tion (1.12)—(1.13). Assume that y < 0 and € € (0, eg]. Then, there exists a positive constant
Co(y) depending only on H(fin) and on y such that

2
/R3 ‘V\/g(v)’ (v)dv = Co(y) (1+ Ze(g)). Ve € (0.e0l, Vg € Ve(fin).

A similar result is known to hold for Landau equation (i.e. € = 0), and is a consequence
of more general functional inequalities for the entropy production %, see [18,19]. In the
quantum case, the situation is very similar, and Theorem 1.8 is a consequence of a more
general functional inequality (see Proposition 2.2).

1.4 Organization of the Paper

In Sect. 2, we present the two main functional inequalities satisfied by the entropy production
Ze. In particular the complete proof of Theorem 1.8 is presented. The method is inspired
by the results of [18,20]. In Sect. 3, the links of the functional inequalities obtained in Sect.
2 and the relative entropy He(f| M) are described. We give the full proof of Theorem
1.4 which is valid for hard (and Maxwell molecules) potentials y > 0. We briefly explain
how such estimates can be used to the study of the LFD equation (1.1) for soft potentials
y < 0, anticipating the results obtained in [6]. We finally apply Theorem 1.4 to the long time
behaviour and get Theorem 1.7, extending the results of [5], in Sect. 4.

2 Two Kinds of Functional Inequalities for Entropy Production

We provide in this section the two main functional inequalities associated to the entropy
production Z, (f). Before doing so, we recall the following result, see [5, Lemmas 2.3, 2.4].

Lemma2.1 Let 0 < fiy € L%(]R3) be fixed and bounded satisfying (1.11). Then, for any
€ € (0, o), the following holds:

(1) Forany f € Ye(fin), it holds that
it [ fd-efdv =t = 0. @
[V[=R(fin)

O<e<egg

for some R(fin) > 0 and n( fin) depending only on H ( fin) but not on €.
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(2) For any § > O there exists 1.(8) > 0 depending only on H( fin) such that for any
f € Ve(fin), and any measurable set A C R3,

AL < 1.(6) =>/ F—ef)dv <. 2.2)
A

2.1 Entropy Production Aiming to Regularity

We now aim to provide a control of the regularity of the solution f(¢) to (1.1) by the entropy
production in the spirit of [18,19]. We first observe that we can easily adapt the computations
of [19, Theorem 2] (which actually work also in the case ¥ > 0) and prove the following
functional inequality where, for any s € R and any function f = f(v) and x = x(r)
(r = 0), we set

Go(x. ) = /R} % (LoP) £ () (v)*do.

Proposition 2.2 (Functional inequality) Let g = g(v), M = M(v) > 0 and ¢ = ¢(r) be
given nonnegative functions with 0 < g < e~'. Write

F=g(l—eg), h=Ilogg—Ilog(l—eg). (2.3)

Then, forany y € Randanyi, j =1,2,3,i # J,
Agi j(F)? f Fw) 19;(v)|* M (v)dv
R
<36G:(¢, F)* (Qz(L FM)[zg%«p, 2) +8G3(1¢'1, g)} +27, (9, M)%(g))

where

Ty (. M) = sup M) | ¢ (3lwl?) F(w)(w)*|v — w| ™" dw,
veR3 R3

and
1 wi w;
Ag.i j(F) = Det /¢(%|w|2)F(u}) wi w2 wiw; | dw
R3 wj wiw; w?

One deduces then our main result in this context (Theorem 1.8) in this way:

Proof of Theorem 1.8 Remember that y < 0. Let us fix € € (0, &9] and g € Ve (fin). Notice
then that

/ FO))*dv = oin (14 3En) = 4,
R
under assumptions (1.12)—(1.13). We apply Proposition 2.2 with

M@) =1 —eg)(®), ¢@r)=(1+2r)T.

@ Springer



About the Use of Entropy Production... Page 110f27 10

One has
G, F) = f ()PTEF@)d <4,

R‘

Go(1, F M) = / WP - eg)g)dv <4,
R\
yz , 2 yz

g%(|¢/|7g) = e (/R3(U>78(U)dv> < e

and

2 2
Gi(¢, g) = (f (v)l%g(v)dv) =< (/ (v)g(v)dv> =4,
R3 R3

by Cauchy—Schwarz inequality. Moreover, there is some explicit C}, > 0 such that,
v—w|™" <C ()W), Vu,weR’,
so that
Ty (@, M) < Cysup(1 — & g(v))(v)" /RS(w)yF(w)(w)2<v)7’/<w)7ydw,
v

resulting in

Ty (@, M) < C, /R‘ F(w)(w)*dw < 4C, .

Finally,
9 2
f F(v) |81-h(v)|2 M (v)dv =/ M(v) = 4/ g(v v)?dv.
R3 r3 &)
Therefore, with such a choice of ¢ and M, we get (for all i # j)
2
Agi j(F)? / g)| (v)dv<9- 45<12 +2y% + 2cy.@€(g)). 2.4)
R3

It remains to find a lower bound for Ay ; ; (F). One can write

] [ow]  [wy, 1]
Ag,i,j(F) =Det | [wi, 1] [wi, wi] [wi, w;] |,
[wj, 1] [wi, w;] [w;, w;]

where [-, -] denotes the inner product on L%(R3, ¢>(%| - 1*)Fdw). Thus, Ay i j(F) is the
determinant of a Gram matrix and as such,

1 .
Agi j(F)3 > 1nf/ ¢ (Aw|*) F(w) |o1 + o2 w; + 03 w.,-|2dw,
oeS? JR3

@ Springer



10 Page 12 of 27 R. Alonso et al.

since the right-hand side is less than any eigenvalue of the matrix. Recall that we picked
¢(z) = (1 +2z)7/* For any o = (01, 02, 03) € S?, one has, forall t > 0, R > 0,

2
/Rz ¢ (%|w|2) F(w) |01 + 02 wi + 03 w;|"dw
Y
> rz/l; ()2 F) |5, 10y wi+03 w;| =7} dW
R

v
= 1'2(1 + R2) 4 /B F(w)1{|0|+az w;+03 w/|ZT}dw
R

Y
= 21 + R ( | Faaw- | F<w>1{|o,mw,-+g3w,~|5r}dW>v
Bg Br X
where Bg = {w € R?; |w| < R}. Thus

Agpi (F)F = 2(1 + R / g)(1 — & g(w))dw
Br

—2(1+ RYT sup / )1 — & g |5, 4oy w; 03 w;|<r}dW- (2.5)

oeS? Y Br

With the notations of Lemma 2.1, let now consider § > 0, to be fixed later. Arguing as in
[19, p. 141], we can find T = 7 s > 0 small enough such that

|ATR,5 N Br| < n«(8) Vo e Sz,

where, for any o € S2, we introduced the set A; = {|01 + oy w; + 03 wj} < ‘c}. Then,
thanks to Lemma 2.1 (2),

e 2 2L 2 v g4
Dpij(F)3 > 1p 5(1 + R)F gw)(1 — e g(w))dw — 75 (1 + R7) 6.
Br

Selecting R = R(fin) given by Lemma 2.1 (1), and using the quantity n(fi,) > 0
appearing in this lemma,

Bpij(F)S = 13 s(L+ R T (0(fin) —8) .

We pick then § = %n( fin), and get that Ay ; ;(F) is bounded below by some strictly
positive constant depending only on H ( fin). We conclude then thanks to (2.4). O

Remark 2.3 Whenever —3 < y < 0, for an initial datum fj, satisfying assumptions (1.11)
and (1.12), any suitable solution f(¢, -) to Landau—Fermi—Dirac equation (as constructed for
instance in [6] in the case —2 < y < 0) will then satisty

I 1
/zdt/3 ‘Vv\/f(t,v)lz(v)ydv < Co()/)/2 A+ Ze(f()))d,  O0<n<t.
n R

1

Since

d
35 (f 1) = —=Z(f (1)),

one deduces then that
[ oLl
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Notice that a different proof of such inequalities is obtained in [6] for —2 < y < 0.

Using the Sobolev embedding |lu|l ;6 < [Vull;2 withu = (v)”/za/f(t, -). The above
regularity estimate translates easily into an estimate for the weighted norm ||(-)¥ f(t, -)|| 3.
It is also possible to deduce (for some p > 1) LP L] bounds for the solution to (1.1) (see [6]
for details).

2.2 Entropy Production Aiming to Long-Time Behaviour

We will consider in all this Section a function fi, satisfying (1.11)—(1.12) and (1.13) and a
function g belonging to the class Ve (fin), € € (0, e9] (or g € Vo (fin) inthe case e = 0 = ey,
see Remark 1.3).

Without loss of generality (it amounts to the use of a rotation of R?), we also assume that

/ g)vivjdv =0, i #J. (2.6)

R3

Noticing that, for any z, y € R3,

(2PT@)y, y) = [2lPlyP = (=, »)° lely, il = lely/ il
l#/

we have, with z = v — v, and y = Vg — Vg,,

1 2
De(g) = 1 Z/RSX]R} F Fylv—wl” |gij(v, w)|” dvdw, Q.7
L

where F' = g(1 — e g) and
qij (v, w) = (v = w); (3;h(v) = Bjh(w)) — (v —w); B;h(V) — Jih(w)).
Notice that
g, w) = (v—w) x (VA(v) — Vh(w)).
We have clearly
gij(v, w) = [v X VA@W)];; — v;idjh(w) + v;jdih(w)
—w;djh(v) + w;d;h (W) +[w x Vh(w)],,. (2.8)

Integrating ¢;; (v, w) against g(w) and using (1.12), one has
Nij := N;j(v) = /qij(v, w) gw) dw = [v x Vh];, = vid;jh(v) = v;dih(v), (2.9)
while, integrating ¢g;; (v, w) against g(w)w;, one obtains
M,'j = M,‘l,-(v) = /qij(v, w)g(w) wi dw = —daj 8‘,-h(v) + K vj — Lj, (2.]0)
where
1
a; = / g() viz dv; K=K, = 7/ log(1 — e g(v)) dv;
R3 € JRr3

1
Li=Lje=— [ log(l —eg())v;dv. @2.11)
€ JRr3
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Remark 2.4 Notice that, under the additional assumption that inf, (1 — eg(v)) > ko (see
(1.14) hereafter),

/ [log(1 —eg(v))|dv < —i/ (I —eg(v))log(l — eg(v))dv < iSs(g) < 00,
R3 Ko JRR3 Ko

which makes K well-defined. Moreover, K < 0 with limg_¢0 K = — fR3 g)ydv = —1.
One actually can check that

K(g) = / w;dih(w)g(w)dw, Vi=1,2,3.
R3
In particular, since VMg (v) = —2bgv Mg (v)(1 — e M (v)), one has
K :=KWM,) = —2195/ Me()vidv = —2b,  Vi=1,2,3,
R3

since the energy of M, is equal to 3 and, because of radial symmetry, the directional energies
all coincide.

Remark 2.5 Finally, notice that
/3 gij(v, w)g(w)w;dw = a;0h(v) — Kv; + L; = —Mj;. (2.12)
R,

We begin with the following basic observation:

Lemma 2.6 Besides the above assumption, we assume that g satisfies (1.14) for some ko > 0.
Then, for any y € Rand anyi # j,

@ /R Mg ) dv < 41 ()74 (0),
and

kg /R NG g (v) dv = 410 () Ze (9,
where, for any s > 0,

1§(g) := sup (v)” /Rg v —w|™"g(w)|wl*dw.

veR3

Proof From Cauchy—Schwarz inequality, we infer that

|M;;1* < (/ l9i; (v, w)[*g(w)|v — w|7dw> (/ lv— w|—yg<w>w%dw),
R3 R3

so that

/ g(v)|Mij|2(v)Vdv < sup <(v)y/ v — w|_”g(w)wi2dw>
R3 R3

veR3
x / lgij (v, w)Plv = w]” g (v)g (w)dvduw.
R3xR3
The last integral is bounded from above by 4« 293 (g) according to (1.14), whereas the

firstintegral is obviously bounded by 1 (yz) (g), whence the result. The proof for N;; is identical.
]
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Remark 2.7 Notice that, for y > 0, Ig,s)(g) < oo assoon as v — |v[*g(v) is smooth enough
whereas for y < 0, using that [v — w|™" < max(l, 2=y ()Y (w) Y for any v, w € R3,
one sees that

I <max(1,27 Hymg_,(g),  s=0.

Notice that (2.10) can be written as

1 M,’j Lj
3]/1(U)—KU]ZK ——1 vj— _
a; a; a;
so that
2 2
1 2 2 1[? 2 ij LJ
g|a,h(u)—1<u,| <K 1—a—i i+ p +a—i2,
and integrating against g(v)(v)?, we obtain
1 2
| |9jh(v) — Kvj| g () (v)?dv
3 R3
L M2
<K*[1-— / g(v)vf(v)ydv—i—/ L g(v)(v)”dv
a; R3 R3 ;
L2
+—§/ g(v)(v)7dv, (2.13)
a; Jr3

which holds forany 1 <i # j < 3, and any y € R. We need to estimate the various terms
in the right-hand side of this expression. We begin with the following:

Lemma 2.8 With the above notations, for any y € R, we have

2 2 2 2 2 2
12 4 ai  a M2 M MR M2
K2[1— —| < _max|—L-; % f ey S d Y
ai 9 Aky Ajy ) Jr3 a; a; aj a;

x g(v) (v)™ -0y, (2.14)

where, for £ = 1,2, 3,

inf f (o100 — 02) g W) dv iy <0,
R3

Ay = {oeS (2.15)
lag ify = 0.
Proof Using (2.10) for i, j, k all distinct, we see that
1 1 M;; My
(———)(Kv/—L,'):J—i. (2.16)
aj ak ’ ’ aj ag

Taking the square of (2.16) and integrating against g(v) (v)™""0 we get

1 1

ai

2 .
< M )™My + = | MZg) ()™ D4y, (2.17)
ij a,f R3 kj

2
/ (Kv] —L; ) g(v)(v)™in-0 gy
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10 Page 16 of 27 R. Alonso et al.

One observes then easily, by a homogeneity argument, that if y < 0, then

/ (Kvj — Lj)zg(v)(v))’dv > (K2 + L?) inf / (alvj — Uz)zg(v)(v)ydv,
R3 R3

oeS!

whereas, using (1.12), we have
1
/ (Kvj —L;)’ g)dv = (a; K2+ LD = (K> + LD aj,
R3 3
since 0 < a; < 3. This shows that
/ (Kvj — L;)’ g@@)™Odv > (K2 + L) A, . Vj=1,23, yeR,
R3

so that (2.17) reads

A 1 1 ;
—L— - — (K2+L < —/ M8 () ()™ Odu
2 |lai ai
1 )
+—2/ M g() (v)™ O dy. (2.18)
ap Jr3
Remembering that a; + a; + az = 3, which can be rewritten (for 7, j, k all distinct)
1 i (1 1 1 1
1_f=ﬁ(f—f>+“l(———), (2.19)
a; 3 aj a; 3 Ay a;
we get first that
1> 2 1 1) I
K* |1 - —| < |a&?K?*|— - —| +a}K*|———| |,
a; 9\ "/ aj a v d;
whereas (2.18) implies
1 112 a2 [ M2 M2 1 .
ajk?|—— —| =2 / ey I g () ()M Ody, (2.20)
aj a Ak Jr3 al. a;i |
and
1 1P a [ M7 M 4
S P L ol I B R IO
ary  a; Ajy Jr3 a; ai |
which result in (2.14). m]

We also get the following lemma:

3
Lemma2.9 Foranyy € R, we set A, = max (l, 7> and
ming Ay,

— . 2 — i . .
Bijl = inf /R} |01 v; —02vj| g()(v) 24min(y.0) g, £ . (2.21)

oeS!

One has, for all distinct i, j, k € {1,2,3}

7; 7 < 4B; (/ N7 g@)(v)™ 0 dy
a J

M2 M3 M2 M? )
+24, / [’2" I I U ) ()M Ody )
R3 a a a a

i J J i
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Proof One observes that, inserting (2.10) in (2.9), we get

L; L; M;; M 1 1
—v,——v,—N,j—l— - v+ | — — — ) Kvvj.
aj a; aj aj a;

min(y,0)—2

Integrating the square of this identity against g(v)(v) , we obtain

1 L; L;
[ . &
4 Jr3 a

< [ Mig@wmo 2D
R3

j ai

M? M, A

+/3 ( ;} v2 + 71} )g(v)< )mln(y72,72)dv

R ; a2
J

1 1) .
+ <— — —) K2/ g(v)vizv?(v)mm(y—z’_z)dv.
a; aj R3

Clearly, by a homogeneity argument, the left-hand-side is bigger than

2 2
(L L7

i J

2
<U>72+min(y,0)dv

whereas, using the bound viz(v)mi“(y’z"z) < 1 and the fact that

/ g()v7 v} (v)™ 2D dy E/ gW)|v]*dv =3,
R3 R3

we obtain the bound

1 (L5 L2
Z (a il & B—l / Nl]g(v) m1n(y—2,—2)dv
i

M?. 1 1)
+/ L+ 5 ) g ()™ Vdy + 3K (— - —)
R3 a; aj aj aj
4 M~ M2 ‘
< /R g @)™ Odv + fR 3 ( o ) 2(v) (v)™n -0 dy
i j
2 2
o [ M B gy iy,
Aky ]R3 Ll< Cl]

where we used (2.20) to estimate the last term. We obtain the desired result using the definition

of A,.

[m}

Remark 2.10 Arguing exactly as in [13, Proof of Proposition 5, Estimate of S ¢, pp. 395-396],

one can prove easily that, when

fm g(v) |logg(v)|dv < H, y <0, (2.22)

there exist ¢p > 0 depending on H and ¢; > 0 such that

Bl.;l > cp exp (—clﬁ) .
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In the same way, for y < 0, and any o € st

/ gW)orve — o2 * ()Y dv > (R)y/ g(v)dv, R >0,
R3 Cr

where Cg := {v € R3, lv| < R, |ojvg — o3| > 1}. Then,

Agy = (R) 1—/ g(v)dv — SUP/ g(v)dv
v>R oest Jlorve—oal <1, [v|<R

> (R)Y (1 —/ g(v)dv), VR > /6,
2 Jpizr

since v|>R g(w)dv < R~2 [v>R g(v)lvfdv < %. Now, arguing ei(actly as in [3, Propo-
sition A.1], under (2.22), there exists C(H) > 0 depending only on H such that
Agy = C(H).

Remark 2.11 Recall (see [5, Proof of Lemma 2.4]) that, if ¢ € )e(fin) and satisfy the
normalization conditions (1.12)—(1.13) then

H(g) < H(fin) +0in=H(fin) + 1,

where we recall that H(g) = fR3 g(v)log g(v)dv. Reminding also from [3, Lemma A.1]
that there is some constant ¢, > 0 such that

3
/]R3 g)|logg(v)|dv < H(g) + 2 E;) = H(g) + ¢,

we see that, for g € Ve (fin), (2.22) is met with H depending only on H ( fin).
We have all in hands to prove the functional inequality.

Proposition 2.12 Let g satisfy (1.12)—(1.13) and (1.14), and y € R. Then, the following
estimate holds:
2

FY@) = [
R3
e, Ay

< 170 e max(1, B)) max (l, moy, (g)) H(8) Ze(8), (2.23)
0

2
Ve) 2(v)(v)7dv

- _Kv
g)(1 —eg(v))

3

_ . RB.. _ 3 —
where B, = max;»; B;;, A, = max (1, min; 4 ) €y = mma

£ = swp 0 [ g - ol w)du,
veR3 R3
1
and we recall that K = — / log(1 — eg)dv, where Aj ,, is defined in (2.15), a; is defined
€ JRr3
in (2.11), and B;j is defined in (2.21).

Proof We fix j € {1, 2, 3} and estimate the terms in (2.13) using the previous Lemmas. For
a fixed i # j, we denote for simplicity Sy, Sz, S3 the first, second and third term on the
right-hand-side of (2.13). One deduces first from (2.14) that

4A M2 M3 MR MP ,
51 < 2% (o) / ik Tk TR T g ) oy mint-Oy,
3 R3 ai aj ak Cll-
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where we used that ak < 9and %Ay for any k € {1, 2, 3}. According to Lemma 2.6,

Ak ,
one obtains then
64e’ A,
S < TVszm(g)l;”(g)%(g).
0

Moreover, still using Lemma 2.6,
4¢3
S = L I1P(2)%(2).
9y
One also has from Lemma 2.9
2 min(y,0) 88?’ AV 2 min(y,0)
S3 <4B;jmy,(g) - Ni;8(){v) “dv + g max - M;g(v){v) Hdv |,
which, from Lemma 2.6 gives

w 82A
S3 < —5 Bijmy(g) <1<0> @+ —5— T ® (g)) e(g) .
0

Combining these estimates, summing upover j = 1,2,3andusingthat1 < A,,1 <e,,
while I;O) (g) + 15/2) (8) = F)(g), we get

/W |VA() — Kv|*g(v)(v)” dv

3
< Z/Ra 19,h(v) — Kv;[ g () (o) dv <9 (1 + S2 + S5)

2 64 4 8
<9 e(g) S,(g)e : A, moypy,(g) + = 9 + 16 maxB,J m],(g)max< )/2’ §A,,) }
0
e, 64 4
=94, —5 max(l, By) max(l, may) %, (g) >tst 16| Ze(8)
ko
which yields the desired estimate. O

3 Link with the Relative Entropy

The results of the previous section presented several functional inequalities for the entropy
production Z, and some weighted Fisher information. Since applications are oriented more
to the study of the long-time behaviour of the solution to (1.1), it is more relevant to link the
entropy production to the Fermi—Dirac relative entropy rather than the Fisher information.
Proposition 2.12 is a first step in this direction since the entropy production Z,(g) controls
some quantity F)(g) (see (2.23)), which has to be interpreted as a weighted relative Fisher
information for 7 = log g —log(1 —eg). To be able to get tractable estimates for the evolution
of the relative entropy He(g|Me), a comparison of such relative Fisher information to
He (g | M) is needed. We face two difficulties:

(i) First, because of the parameter K, the Fermi—Dirac statistics is not making the weighted
Fisher information vanish. The relative Fisher information which can be related to the
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Fermi—Dirac entropy is, for function g satisfying (1.12),
FO@ = [ 1980 + 250 g 0™, 1)
R

since it is the one which vanishes for g = M, given by (1.8).

(ii) Second, we need an additional general functional inequality which allows to link the
relative Fisher information to the relative entropy. In the classical framework, such a
link is well-known and is given by the logarithmic Sobolev inequality [28, Chapter 2].

3.1 The Hard Potential (and Maxwell Molecules) Case
In this paragraph, we assume y > 0. We still consider here functions g in the class Ve (fin)

as in Sect. 2.2. In this case, the weighted relative Fisher information F &) in (2.23) can be
bounded from below by F O je.

FY(g) > FO(g) = /R V@) — KvP g(v)dv,
and inequality (2.23) reads
/R Vh@) = KvP? g)(v)"dv < FP(g) <271 (9) Ze(), (32)
where 27! (g) is given by (1.15), since A, = 3 e, when y > 0. Now,
FO(g) = / [Vh|?g(v)dv — 2K / (gVh) - vdv + K2/ glv2dv,
R? R3 R3

where we recall that /1 is given by (2.3). Using this with the identity gVh = — é Viog(l—eg)
and the fact that the energy of g is 3, gives

/ IVh(v) — Kv|* g(v)dv = / |Vh|?g(v)dv — 3K2.
R3 R3
With the notation (3.1), the same considerations give

7(8) = /R | IVAPg()dv + 1257 + 4bs /R ,&Vh - vdv

= /% |Vh|>g(v)dv + 12be (be + K).
R;

Taking this into account, inequality (3.2) reads

v ([ 9P - 387) < 7160,
RS

or equivalently
ML () = 3M(g) (K +2be)* < Ze(g). (3.3)
It is known from general results in [14] that 356(0) (g) controls the relative entropy
He (gl Me) (see [15, Eq. (3.21)]). Precisely,
F(2) = 2beHe (g Me). (34)

We therefore need to compare (K + 2b,) with Z¢(g).
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Lemma3.1 If g € Ve(fin) satisfies (1.12)-(1.13) and (1.14) and Mg is the associated
Fermi—Dirac statistics,

2e
|K + 2be| < ?max(”g”om IMelloo)llg — Mellr.
0

Proof One has

K + 2b,

/3 [log(l —eg)—log(l —eM;)+e(g— ME)] dv
R

1
= */ [£(e g(v) — (e Me(v))]dv,
€ JRr3

where we introduced the function ¢ (x) = log(1 — x) + x, x > 0. Observe that
*ox—t
=— ——dt, v 0,
¢(x) L a—e x >

so that

¢(ex) — ¢ (ey) = & (— xxi_tdt+/yy7_tdt).
0o (1—en)? o (1 —et)?

Assuming that min(1 — ex, 1 — ey) > k¢ and, say, x > y, one gets

Seten —ceni=e| [ Sl [T
—|¢(ex) —¢(ey)| =€ —_— —_—
e’ cley o (1—er)? L d—en?
xX+y
se—5—lx—yl
ko
so that
&
K +2be| < —2f g — Mel (g + Me)dv,
k§ Jr3
which gives the result. O

We deduce from the above the full proof of our main result:

Proof of Theorem 1.4 Combining (3.3) and (3.4) with the previous Lemma, we get

12
Te(8) = 20(8) beHe (I Me) — K—4e2A<g)||g — Me |7, max([[glI3,. [MellZ,).
0

which gives the result thanks to Czizar-Kullback inequality (1.16). O

A crucial point for the long time behaviour of solutions to Landau—Fermi—Dirac equation
is that ||g||co is independent of e (in the large time), so that we can take e sufficiently small
for the coefficient in the theorem to be positive.

3.2 The Soft-Potential Case

The case y < 0 is difficult due to the weight (-} in F%)(g). In particular, no functional
inequality in the spirit of (3.4) seems available in this case. In order to exploit the entropy
production Z,(g) to deduce results about the long time behaviour of solutions to (1.1),
a possible route is to adapt the strategy initiated in [35] which consists in looking for an
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interpolation estimate between the entropy dissipation associated to y < 0 and y > 0. More
specifically, denoting the entropy production associated to the potential W(z) = |z|*2 by

728 (9),
1

7)) = 5

/% 3 v — v*|5+2E€[g](U’ vy )dvduy,

R’

with E[g] defined by (1.7), a use of Holder’s inequality implies that, for0 < g < e ! with
Se(g) < 00,

s _ v
70 = (79@)7 (70@) 7. vy <oss.
Using Theorem 1.4 for y = 0, one sees that

70 (g) > he(g) He(gIMe)

for some function A, (g) which can be chosen to be positive under a smallness assumption
on ¢ > 0 provided that ||g|lc < C < e~ for some positive constant independent of €.
Assuming such inequality, we deduce that

il
7@ 2 7@ (70@) " HelglM'F y <0<,

In the application to the equation, it is possible to prove that C depends only on mass,
energy, and initial entropy of g. Thus, there exists an explicit &, > 0 and A9 > O such that

inf{e(g); lIglle <C} =20 >0, Vee(0,e,l.

Therefore, to bound from below Qe(y)(g) by some power of He(g|M,), it suffices to
provide an upper bound for .@e(s) (g), hopefully independent of e.
It is not difficult to check that
28 /2 2
7209 < 8 o ms+2(8) /R (P Vglde, s >0 (3.5)

Therefore, establishing an upper bound for @s(x) (g) is equivalent to establish an upper
bound for the weighted Fisher information [ (v)* +2 V2 |2dv.
This approach is adopted successfully for the solution to (1.1) in our contribution [6] for
moderate soft potentials y € (-2, 0). We refer to [6, Sect. 6] for more details, but we can
already point out that several major technical difficulties arise when trying to follow this
approach:

(1) First, one needs to obtain a control of the various terms in Theorem 1.4, i.e. regularity
estimates, moment estimates and related issues. All these quantities depend of course on
the time ¢, but the a priori estimates turn out to grow moderately with time.

(2) Second and more difficult, one needs to show that the solution f(¢, v) to (1.1) satisfies
the lower bound (1.14). Such bounds are derived thanks to a new approach based on a
suitable level set approach inspired by De Giorgi’s method for parabolic equation and
introduced in [2] for the study of Boltzmann equation.

(3) Finally, because of the upper bound (3.5), some upper bound for the Fisher information
with weights has to be established for solution to (1.1). This can be done by adapting
to the Landau-Fermi—Dirac case the recent approach of [4], introduced for both the
Boltzmann and Landau equation.
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4 Application to the Long Time Behaviour of Solutions for Hard
Potentials

In all this Section, we consider hard potentials. We aim here to complement the results
obtained in [5] regarding the long time behaviour of the solutions to (1.1) in that case. We
recall that in reference [5] exponential convergence to equilibrium has been obtained for y €
(0, 1] by combining a non-optimal functional inequality for Z, (f ()) together with a careful
spectral analysis of the linearized equation. Based on the results of the previous section, we
prove that exponential convergence can be deduced directly thanks to the entropy production
appearing in Theorem 1.4 which is an analogue of a proof of Cercignani’s conjecture, refer
to [25], for the Landau—Fermi—Dirac equation.

4.1 Reminders of Known Estimates

We recall that the following results were obtained in [5, Theorem 3.1].

Proposition 4.1 Consider 0 <y < 1and0 < fin € L} (R®), with s, = max {% +2,4 —

y}, satisfying (1.11) together with the normalization (1.12)—(1.13). Let f = f(t,v) be a
weak solution to the LFD equation.
(i) Then, for any s > 0

T
//|Vf(t,v)|2(v)s+ydvdt<+oo, VT >t >0.
R3

(i) There exists some positive constant Cy, depending on H ( fin), s and ty, but not on &, such
that

/z (ft,v)+ 2, v) () dv<C,, Vs>0,1>1>0. @.1)
]R\

Moreover, if

/ (f(O, v) + £2(0, v)) (v)'dv < o0,
]Rii

then to = 0 is a valid choice in the estimate (4.1) with a constant depending on such initial
quantity.

We also recall the following pointwise estimates, taken from [5, Corollary 3.7].

Proposition 4.2 Consider 0 < fi € L1 (R satisfying (1.11) together with the normaliza-
tion (1.12)—(1.13) and y € (0, 1]. Then for any solution f(t) = fe(t) to (1.1), it holds

sup ”f(t)”oo Sét()a Vt0>0

1219

The constant C 1o only depends on H ( fin) and t).
Consequently, for any ty > 0 and ko € (0, 1), there exists e, > 0 depending only on ko, to
and H ( fin), such that

inf (1—€f(t,v)) >k, Vee(0,e), 1t>1. (4.2)
veR3
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4.2 Long Time Behaviour

We first observe that for any g € Ve (fin), the quantity A(g) is bounded below by a strictly
positive constant depending only on m> 1, (g) and || g|| 13, This is a consequence of the two
14

following lemmas.

Lemma4.3 Lety € [0, 1]. Forany g € Ve(fin) N L%-H/ (R3) satisfying the normalization
conditions (1.12)—(1.13), it holds that

28 <y (1+may () + g3, ). *3)
for some ¢, > 0 depending only ony.

Proof For all v € R3, we split the integration in (v)” ng g(w)|v — w| ™Y (w)>dw according
to the regions {|v — w| < %} and
fo—w =8 ={v—w=Y4; pl<nufv-w=4; p=n

to get

(v)V/R3g(w)|v—w|7y(w)2dw < W/ g)lv — w7 (w)? dw

[v|=2|w]

-v
2 [ gl wr [ g () wa
R s iz}

{o—wl> 1 2

= /z gw)|v — w| 7 (W) dw + 27 /% gw)|v — w| 7Y (w)2dw
R R’

+2%V/ g(w)(w)2dw.
R3

[ —
=4

Each of the first two integrals can be bounded by fR3 gw)lv — w|™Y (w)2T¥dw since

y > 0. Therefore, using the rough estimate 2V + 25 < 2vtl weend up with

(v)” / g — w] 7 (w)’dw < 2372 4 27+ / g(w) [v —w|™" (w)** dw
R3

[v—w|=1
427+ / gw) v — w7 (W) dw.
[v—w|<1
As a consequence,

F,(9) <27 mar, (@) + 27 0P w (- 17 =) o
and the result follows from Young’s convolution inequality since flv\sl lv|=%dv < oo for
y € (0, %) O
We now have the equivalent of the bounds in Remarks 2.10 and 2.11 for y € [0, 1].
Lemma4.4 Lety € [0, 1]. Forany g € Ye(fin) N L2(RY), it holds that
o i — 0'22

1
— :=min inf / 1
B,  i#jcestJrs| (V) (v)

are bounded below by a strictly positive constant depending only on || g|| 2.

2
1 1
g(v)dv, —:minf/ g)vidv (4.4)
ey i 3 R3
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Proof We observe first that

2
dv,

1>,1/ w |2
—_— min — V) |[—
e, i3 Je 8 )
1

so that it is sufficient to bound below B,

Then for all t > 0 and o € S', with the notations of Lemma 2.1 (D),
) Vi
oL _ gy L

2
v)dv > r2/ 1 v v
fRs w = Py | BT LYo st
2
>1 g(w)dv —/ 1 vj g(v)dv}
{/IUISR(fm) [VI<R(fin) H‘"W*"Zﬁ 5’}

> ¢? in(.fm —llgllz2

} g(v)dv

Vi vj
o|— —0)——

1/2
< } .
(v) (v)| — }

This last quantity is bounded below by a strictly positive constant, uniformly with respect
too and i # j, when 7 is small enough. O

B(0, R(fin)) N {v e R3,

In that case, Theorem 1.4 can be improved as following:

Corollary 4.5 Assumethaty € [0, 1]and g € Ve (fin)ﬂL%_,’_y (R3) satisfies the normalization
conditions (1.12)—(1.13). Then, there exists a positive constant Colg] > 0 depending only
on ko and some (upper bounds on) my,(g) and ”g”L%+ , such that

Y

2

12¢
Ze(8) = Colg] [bs - max (g%, ||M€||§o)} He (gl Me).
0

Proof The proof is a simple application of Theorem 1.4 once we notice that, thanks to the two
previous Lemmas, it is possible to bound A(g) from below by a positive constant depending
on ko, llgll3, andmaiy(g). o

We now are in a position to give a direct proof of the exponential decay of the relative
entropy drastically improving [5, Theorem 6.10].

Proof of Theorem 1.7 The proofis a simple combination of Corollary 4.5 together with Propo-
sitions 4.1 and 4.2. Namely, for 7o > 0 and ko > 0, the solution f(¢) to (1.1) satisfies the
lower bound (4.2) for any ¢t > fo and any € € (0, &,). Moreover, according to Proposition 4.1,
SUP;> 4 M2+y (f (1)) < Cyy and sup,s ||f(t)||L%+y < Cy,. Consequently, with the notations

of Corollary 4.5, one has
zlgtfo Colf(t)]=:v>0.

Now, using again Proposition 4.2, sup,s, | f (1)L < C_',O. Moreover, according to [5,

3 3 . .
Lemma A.1], we know that b, > é foranye <& = (%) 2 (18m)2 and there is a universal
numerical constant co > 0 such that sup, ¢ ) [Mello < co! , one can choose &' € (0, )
such that, say,

1 1262 BN |
3~ Hmax (Cto, co) > 16’ Ve € (O,ET).

3
1 Namely, [[Meglljoo < ae < % (%) 2 for any € < € according to [5, Lemma A.1].
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Setting now p := %611, one deduces from Corollary (4.5) that

De(f (1) =z nHe(f()|IMe) VI = 10.

Recall now that
d
aHe(f(t)lMe) =—-%(f), Vi=0,
so that we deduce after integration that

He(f (1)IMe) < He(f(10)|Me) exp (—put — o)), Vi > 1o,
and the result follows since He (fiy|Me) < He(finlMe). O
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