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Abstract

We use the lace expansion to prove an infra-red bound for site percolation on the hypercubic
lattice in high dimension. This implies the triangle condition and allows us to derive several
critical exponents that characterize mean-field behavior in high dimensions.
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1 Introduction

1.1 Site Percolation on the Hypercubic Lattice

We consider site percolation on the hypercubic lattice Z¢, where sites are independently
occupied with probability p € [0, 1], and otherwise vacant. More formally, for p € [0, 1],
we consider the probability space (€2, 7, P),), where Q& = {0, I}Zd, the o-algebra F is
generated by the cylinder sets, and P, = ).z« Ber(p) is a product-Bernoulli measure.
We call @ € 2 a configuration and say that a site x € Z¢ is occupied in w if w(x) = 1. If
o (x) = 0, we say that the site x is vacant. For convenience, we identify @ with the set of
occupied sites {x € 74 w(x) = 1}.

Given a configuration w, we say that two points x # y € 7@ are connected and write
x <«—> y if there is an occupied path between x and y—that is, there are points x =
vo, ..., v = yinZ? with k € Ny := NU{0} such that |v; —v;_{| = 1 (with |y| = Z?:l [vil
the 1-norm) forall 1 < i < k,andv; € wforl <i < k — 1 (i.e., all inner sites are
occupied). Two neighbors are automatically connected (i.e., {x <— y} = Q for all x, y
with |[x — y| = 1). Many authors prefer a different definition of connectivity by requiring
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Critical Site Percolation in High Dimension 817

both endpoints to be occupied as well. These two notions are closely related and we explain
our choice in Sect. 1.4. Moreover, we adopt the convention that {x <— x} = &, thatis, x
is not connected to itself.

We define the cluster of x to be €(x) := {x} U{y € ® : x <— y}. Note that apart from
x itself, points in %’ (x) need to be occupied. We also define the expected cluster size (or
susceptibility) x (p) = E,[|€(0)]], where foraset A C 74, we let |A| denote the cardinality
of A, and 0 the origin in 74.

We define the two-point function t,: Z¢ — [0, 1] by

Tp(x) :=Pp(0 <— x).
The percolation probability is defined as 0(p) := P, (0 <— o0) = P, (|£(0)| = 00). We
note that p +— 0(p) is increasing and define the critical point for 6 as
pe = pe(Z!) = inf{p > 0: 6(p) > 0}.

Note that we can define a critical point p.(G) for any graph G. As we only concern ourselves
with Z4, we write pe or p.(d) the refer to the critical point of Vil

1.2 Main Result

The triangle condition is a versatile criterion for several critical exponents to exist and to take
on their mean-field value. In order to introduce this condition, we define the open triangle
diagram as

Ap(x) = pz(":p * Tp % Tp)(X)

and the triangle diagramas A, = sup, .z« Ap(x). In the above, the convolution “+” is defined
as (f % 8)(x) = X cza f(¥)g(x — y). Wealso set f*/ = f*U=D x f and f*! = f. The
triangle condition is the condition that A, < oo. To state Theorem 1.1, we recall that the
discrete Fourier transform of an absolutely summable function f : Z¢ — R is defined as
i (=m, w4 — C with
foy =Y e ),
xe74
where k - x = Z?:l kjx; denotes the scalar product. Letting D(x) = i]l{mzl} for x € 74

be the step distribution of simple random walk, we can formulate our main theorem:

Theorem 1.1 (The triangle condition and the infra-red bound) There exist dy > 6 and a
constant C = C(dy) such that, for all d > d,
|D(k)| + C/d

T (1.1)

plty(b) <

forallk € (—m, 714 uniformly in p € [0, p.] (we interpret the right-hand side of (1.1) as 0o
for k =0). Additionally, A, < C/d uniformly in [0, p.], and the triangle condition holds.

1.3 Consequences of the Infra-Red Bound
The triangle condition is the classical criterion for mean-field behavior in percolation models.

The triangle condition implies readily that 6(p.) = O (since otherwise A, could not be
finite), a problem that is still open in smaller dimension (except d = 2).
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818 M. Heydenreich, K. Matzke

Moreover, the triangle condition implies that a number of critical exponents take on their
mean-field values. Indeed, using results by Aizenman and Newman [1, Section 7.7], the
triangle condition implies that the critical exponent y exists and takes its mean-field value 1,
that is

<x(p = (1.2)

Pc— D Pc —
for p < pe and constants 0 < ¢ < C. We write x(p) ~ (p. — p)~'as p 7 p. for the
behavior of x asin (1.2). There are several other critical exponents that are predicted to exist.
For example, 8(p) ~ (p — pc)ﬁ as p N\ pe,and P, (|2(0)| > n) ~ n1%asn - oo.
Barsky and Aizenman [2] show that under the triangle condition,

=2 and pB=1. (1.3)

Their results are stated for a class of percolation models including site percolation. Hence,
Theorem 1.1 implies (1.3). However, “for simplicity of presentation”, the presentation of the
proofs is restricted to bond percolation models.

Moreover, as shown by Nguyen [22], Theorem 1.1 implies that A = 2, where A is the
gap exponent.

1.4 Discussion of Literature and Results

Percolation theory is a fundamental part of contemporary probability theory and its founda-
tions are generally attributed to a 1957 paper of Broadbent and Hammersley [6]. Meanwhile,
a number of textbooks appeared, and we refer to Grimmett [10] for a comprehensive treat-
ment of the subject, as well as Bollobds and Riordan [4], Werner [27] and Beffara and
Duminil-Copin [3] for extra emphasis on the exciting recent progress in two-dimensional
percolation.

The investigation of percolation in high dimensions was started by the seminal 1990 paper
of Hara and Slade [12], who applied the lace expansion to prove the triangle condition for
bond percolation in high dimension. A number of modifications and extensions of the lace
expansion method for bond percolation have appeared in the meantime. The expansion itself
is presented in Slade’s Saint Flour notes [24]. A detailed account of the full lace expansion
proof for bond percolation (including convergence of the expansion and related results) is
given in a recent textbook by the first author and van der Hofstad [17].

Despite the fantastic understanding of bond percolation in high dimensions, site percola-
tion is not yet analyzed with this method, and the present paper aims to remedy this situation.
Together with van der Hofstad and Last [15], we recently applied the lace expansion to the
random connection model, which can be viewed as a continuum site percolation model. The
aim of this paper is to give a rigorous exhibition of the lace expansion applied to one of the
simplest site percolation lattice models. We have chosen to set up the proofs in a similar
fashion to corresponding work for bond percolation, making it easier to oversee by readers
who are familiar with that literature. Indeed, Sects. 3 and 4 follow rather closely the well-
established method in [5,17,18], which are all based on Hara and Slade’s foundational work
[12]. Interestingly, there is a difference in the expansion itself, which has numerous reper-
cussions in the diagrammatic bounds and also in the different form of the infrared bounds.
We now explain these differences in more detail.

A key insight for the analysis of high-dimensional site percolation is the frequent occur-
rence of pivotal points, which are crucial for the setup of the lace expansion. Suppose two
sites x and y are connected, then an intermediate vertex u is pivotal for this connection if
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every occupied path from x to y passes through u. We then break up the original connection
event in two parts: a connection between x and u, and a second connection between u and
y. In high dimension, we expect the two connection events to behave rather independently,
except for their joint dependence on the occupation status of u. This little thought demon-
strates that it is highly convenient to define connectivity events as in Sect. 1.1, and thus
treat the occupation of the vertex u independent of the two new connection events. A more
conventional choice of connectivity, where two points can only be connected if they are both
occupied, is obtained a posteriori via

P,({x <> y} N {x,y occupied}) = p*7,(y —x), x,yeZi x #y. (1.4)

Our definition of 7, avoids divisions by p, not only in the triangle, but throughout Sects. 2
and 3.

Paying close attention to the right number of factors of p is a guiding thread of the
technical aspects of Sects. 3 and 4 that sets site percolation apart from bond percolation. Like
itis done in bond percolation, the diagrammatic events by which we bound the lace-expansion
coefficients depend on quite a few more points than the pivotal points. In contrast, every pair
of points among these that may coincide hides a case distinction, and a coincidence case
leads to a new diagram, typically with a smaller number of factors of p (see, e.g., (3.2)). We
handle this, for example, by encoding such coincidences in 7, and 7 (which are variations
of 7, respecting an extra factor of p and/or interactions at 0), see Definition 3.3. In Sect. 4,
the mismatching number of p’s and 7),’s in A, needs to be resolved.

The differing diagrams in Sect. 3 due to coincidences already appear in the lace-expansion
coefficients of small order. This manifests itself in the answer to a classical question for high-
dimensional percolation; namely, to devise an expansion of the critical threshold p.(d) when
d — o0. It is known in the physics literature that

11977
48

209183
Qd) P+ ———Q2d) - .
96
(1.5)
The first four terms are due to Gaunt, Ruskin and Sykes [9], the latter two were found recently
by Mertens and Moore [21] by exploiting involved numerical methods.
The lace expansion devised in this paper enables us to give a rigorous proof of the first
terms of (1.5). Indeed, we use the representation obtained in this paper to show that

1
peld) = (Zd)_l+§(2d)_2+%(2d)_3+§(2d)_4+

pe(d) = 2d)~" + %(251)—2 + 34—1(201)—3 +0(@d)™*) asd —oo. (1.6

This is the content of a separate paper [14]. Deriving p. expansions from lace expansion
coefficients has been earlier achieved for bond percolation by Hara and Slade [13] and van
der Hofstad and Slade [26]. Comparing (1.6) to their expansion for bond percolation confirms
that already the second coefficient is different.

Proposition 4.2 proves the convergence of the lace expansion for p < p., yielding an
identity for 7, of the form

Tp(x) = C(x) + p(C *x 7p) (x), (L.7)

where C is the direct-connectedness function and C(-) = 2d D(-) +I1,(-) (for a definition of
I1,,, see Definition 2.8 and Proposition 4.2). In fluid-state statistical mechanics, (1.7) is known
as the Ornstein—Zernike equation (OZE), a classical equation that is typically associated to
the total correlation function.

We can juxtapose (1.7) with the converging lace expansion for bond percolation. There,
TBond (x) is the probability that 0 and x are connected by a path of occupied bonds, and we
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820 M. Heydenreich, K. Matzke

have
75" (x) = €™M (x) + 2dp(C*™ x D % 7)) (), (1.8)

where CPd(x) = 1 (x=0} + l'[tl’,"“d (x). Thus, there is an extra convolution with 2d D. Only for
the site percolation two-point function (as defined in this paper), the lace expansion coincides
with the OZE.

We want to touch on how this relates to the infra-red bound (1.1). To this end, define the
random walk Green’s function as G, (x) = ), A" D*" (x) for A € (0, 1]. Consequently,

One of the key ideas behind the lace expansion for bond percolation is to show that the
two-point function is close to G, in an appropriate sense (this includes an appropriate
parametrization of A). Solvmg the OZE in Fourier space for T, already hints at the fact
that in site percolation, pT, should be close to G ;\D and pt, should be close to D+ G;. Asa
technical remark, we note that G » 1s uniformly lower-bounded, whereas G AD is not, which
poses some inconvenience later on.

The complete graph may be viewed as a mean-field model for percolation, in particular
when we analyze clusters on high-dimensional tori, cf. [16]. Interestingly, the distinction
between bond and site percolation exhibits itself rather drastically on the complete graph: for
bond percolation, we obtain the usual Erdgs-Rényi random graph with its well-known phase
transition (see, e.g., [19]), whereas for site percolation, we obtain again a complete graph
with a binomial number of points.

Theorem 1.1 proves the triangle condition in dimension d > dy for sufficiently large dp.
It is folklore in the physics literature that dy = 6 suffices (6 is the “upper critical dimension”)
but the perturbative nature of our argument does not allow us to derive that. Instead, we only
get the result for some dy > 6. For bond percolation, already the original paper by Hara and
Slade [12] treated a second, spread-out version of bond percolation, and they proved that for
this model, dy = 6 suffices (under suitable assumption on the spread-out nature). For ordinary
bond percolation, it was announced that dy = 19 suffices for the triangle condition in [11],
and the number 19 circulated for many years in the community. Finally, Fitzner and van der
Hofstad [7] devised involved numerical methods to rigorously verify that an adaptation of
the method is applicable for d > dyp = 10. It is clear that an analogous result of Theorem 1.1
would hold for “spread-out site percolation” in suitable form (see e.g. [17, Section 5.2]).

1.5 Outline of the Paper

The paper is organized as follows. The aim of Sect. 2 is to establish a lace-expansion identity
for 7, which is formulated in Proposition 2.9. To this end, we use Sect. 2.1 to state some
known results that we are going to make use of in Sect. 2 as well as in later sections. We then
introduce a lot of the language and quantities needed to state Proposition 2.9 in Sect. 2.2,
followed by the actual derivation of the identity in Sect. 2.3.

Section 3 bounds the lace-expansion coefficients derived in Sect. 2.3 in terms of simpler
diagrams, which are large sums over products of two-point (and related) functions. Section 4
finishes the argument via the so-called bootstrap argument. First, a bootstrap function f is
introduced in Sect. 4.1. Among other things, it measures how close T, is to G (in a fractional
sense). Section 4.2 shows convergence of the lace expansion for fixed p < p.. Moreover,
assuming that f is bounded on [0, p.), it is shown that this convergence is uniform in p (see
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first and second part of Proposition 4.2). Lastly, Sect. 4.3 actually proves said boundedness

of f.

2 The Expansion
2.1 The Standard Tools

We require two standard tools of percolation theory, namely Russo’s formula and the BK
inequality, both for increasing events. Recall that A is called increasing if w € Aand w C o'
implies @’ € A. Given w and an increasing event A, we introduce

Piv(A) = {y € Z? : w U {y} € A, (w\ {y}) ¢ A).

If A is an increasing event determined by sites in A C Z¢ with |A| < oo, then Russo’s
formula [23], proved independently by Margulis [20], tells us that

d
d—pIP’p(A) = E[|Piv(A)|] = Z]P’p(y € Piv(A)). 2.1)
yeA

To state the BK inequality, let A C 74 be finite and, given w € 2, let
[wla = {0 € Q: 0/ (x) =w(k) forallx € A}

be the cylinder event of the restriction of w to A. For two events A, B, we can define the
disjoint occurrence as

AoB={w:3K,LCZ:KNL=g,[wlk C A, wl C B}

The BK inequality, proved by van den Berg and Kesten [25] for increasing events, states that,
given two increasing events A and B,

P,(AoB) <P,(A)P,(B). (2.2)
The following proposition about simple random walk will be of importance later:

Proposition 2.1 (Random walk triangle, [17], Proposition 5.5) Let m € No,n > 0 and

A € [0, 1]. Then there exists a constant cgfnvf/n) independent of d such that, for d > 2n,
D(\2m
/ D(k) dk < (RW) g-m
(

—ampd [1 = ADK)J )@ = “2mn

In [17], d > 4n is required; however, more careful analysis shows that d > 2n suffices
(see [5, (2.19)]). We will also need the following related result:

Proposition 2.2 (Related random walk bounds, [17], Exercise 5.4) Letm € {0, 1}, A € [0, 1],
and r,n > 0 such that d > 2(n + r). Then, uniformly ink € (—m, n]d,

2 -~ ~ ~ r ) —m
/(_md DO G )" I[Gol + k) + Gl — k)] oy <A,

P . ) dl _
/( . DG ()" [Gall + )Gl — k)] oy < pd ™
-, 7T

(RW)

where the constants c...”’ are from Proposition 2.1.
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822 M. Heydenreich, K. Matzke

The following differential inequality is an application of Russo’s formula and the BK
inequality. It applies them to events which are not determined by a finite set of sites. We refer
to the literature [17, Lemma 4.4] for arguments justifying this and for a more detailed proof.
Observation 2.3 will be of use in Sect. 4.

Observation 2.3 Let p < p¢. Then

i’f (0) < T,(0) iX( ) < x(P)T,(0)
ap P =T ) dp pP) = Xx(p)tpU).

As a proof sketch, note that

d%?,,(O) =Y —pr,,(x) > > Py(y € Piv(0 «— x))

xeZ4 xeZ4 yezd
< Z Z IP,,({O <« ylo{y <—>x})
xeZd ye7d

<D 2 MR =N =707

xeZ4 yezd

The inequality for x (p) follows from the identity x (p) = 1 + pT,(0).

2.2 Definitions and Preparatory Statements

We need the following definitions:

Definition 2.4 (Elementary definitions) Let x, u € 74 and A C 74,

1. Weset w* := wU {x} and o"* := w U {u, x}.

2. We define J (x) := Ty =1} = 2dD(x).

3. Let {u <— x in A} be the event that {# <— x}, and there is a path from u to x, all
of whose inner vertices are elements of w N A. Moreover, write {y <— x off A} :=
{u < xinZ4\ A}).

4. We define {u <= x} := {u «<— x} o {u <— x} and say that u and x are doubly
connected.

5. We define the modified cluster of x with a designated vertex u as

Fhx) == {x}U{y € o\ {u}: x < yin Z9\ {u}}.

6. Foraset A C Z¢, define (A) == AU{y € Z¢ : 3x € Ast. |x —y| = 1} as the set A
itself plus its external boundary.

Definition 2.4.1 allows us to speak of events like {a «<— b in @*} for a, b € Z%, which is
the event that a is connected to b in the configuration where x is fixed to be occupied. We
remark that {x «<— yin Z9} = {x «— y} = {x <—> y in w} and that {u <= x} = S for
|lu — x| = 1. Similarly, {# <= x} = & for u = x. The following, more specific definitions
are important for the expansion:

Definition 2.5 (Extended connection probabilities and events) Let v, u, x € Z4and A C 74,
1. Define

< x) = {u <> x}N ({u /> x off (A)} U {x € <A>}).

In words, this is the event that « is connected to x, but either any path from « to x has an
interior vertex in (A), or x itself lies in (A).
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2. Define
T, x) = Tg(a)Pp(u <— x off (A)).

3. We introduce Piv(u, x) := Piv(y <— x) as the set of pivotal points for {u «— x}.
That is, v € Piv(u, x) if the event {u <— x in "} holds but {u <— x in w \ {v}} does
not.

4. Define the events

E'(v,u: A) = (v <5 u) 0 {Fu’ € Piv(, u) : v <5 '),
E(,u,x; A) = E'(v,u; A) N {u € wN Piv(v, x)}.

. 74 .
First, we remark that {u «<— x} = {u «<— x}. Secondly, note that we have the relation

p(x — 1) = T, x) + Ppu < x). 2.3)

We next state a partitioning lemma (whose proof is left to the reader; see [15, Lemma 3.5])

. . A
relating the events E and E’ to the connection event {u <— x}:
Lemma 2.6 (Partitioning connection events) Let v, x € 74 and A C 7. Then

v =Ex AU E@uxA),
uezd

and the appearing unions are disjoint.
The next lemma, titled the Cutting-point lemma, is at the heart of the expansion:

Lemma 2.7 (Cutting-point lemma) Let v, u, x € 7% and A C 74. Then
Pp(E@, .23 4) = pEp [Tpuaty 0],

Proof The proofisa special case of the general setting of [15]. Since it is essential, we present
it here. We abbreviate 4 = ¢*(v) and observe that

{u € Piv(v, x)} = {v «— u} N {u < x off €} N {x ¢ (£)}
={v < u} N {u <> x off (D)} N {x & (£)}).

In the above, we can replace ¢ by (%) in the middle event, as, by definition, we know that,
apart from u, any site in (¢’) \ ¢ must be vacant. Now, since E'(v, u; A) C {v <— u}, we
get

E(,u,x;A) = E'(v,u; A) N {u <> x off (€)} N{x ¢ (£)} N {u € »}.

Taking probabilities, conditioning on %, and observing that the status of u is independent of
all other events, we see

Pp(E(v, u, x; A)) = pE, []IE’(U,M;A)]I{x¢<%7)}EP []l{m—m off () }W]]

making use of the fact that the first two events are measurable w.r.t. % . The proof is complete
with the observation that under E,, almost surely,

. = B
L Ep I:]l{u<—>x off(%)}|<5] =1, (U, x). o
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2.3 Derivation of the Expansion

We introduce a sequence (w;);cn, of independent site percolation configurations. For an
event E taking place on w;, we highlight this by writing E;. We also stress the dependence
of random variables on the particular configuration they depend on. For example, we write
€ (u; w;) to denote the cluster of u in configuration i.

Definition 2.8 ( Lace-expansion coefficients) Letm € N,n € Ny and x € Z4. We define
N9 (x) := P, (0 < x) — J (x),
m
ny” @) = p" ) HJ’p({o = uolo N[ ) E'wicr, wi; %’4);‘),
UO, vl —1 i=1

where we recall that J(x) = 1yy=1; and moreover u_; = 0,u,, = x, and ¢ =
G (uj_1; w;). Let

RP,n(x) = (—P)”H Z <{0<:>u0}0 N ﬂ E’ Wi—1, ui; 6i—1)i N {uy, L’ x}n+])

UQ,---» Un i=1

Finally, set
n
Mpa(x) =Y (=" (x).
m=0

It should be noted that the events E'(u;_1, u;; 6;—1); appearing in Definition 2.8 take
place on configuration i only if %;_; is taken to be a fixed set—otherwise, they are events
determined by configurations i — 1 and i.

Proposition 2.9 (The lace expansion) Let p < p., x € Z%, and n € Ny. Then
Tp() = J () + T (0) + p((J + Ty ) * 7p)(x) + Rp (%)
Proof We have
() = J () + TP () + Py (0 < x,0 &5 x).

We can partition the last summand via the first pivotal point. Pointing out that {0 <= u} =
E'(0, u; Z%), we obtain

P,(0 < x,0 &5 x) = Z P, (0 < up, up € w, up € Piv(0, x))

ugp EZd

= ZP (E0, ug, x; Z%))

—PZE [ 0= 100 -T,;’O(uo,x)]

via the Cutting-point Lemma 2.7. Using (2.3) for A = %, we have

() = J0) + TP + p Y (4 wo) + NP o)) 7 (x — wo)

uo

-»YE, []1{0:",0 P (up <2 x)] (2.4)

uo
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Critical Site Percolation in High Dimension 825

This proves the expansion identity for n = 0. Next, Lemmas 2.6 and 2.7 yield
A
Pp(ug <= x) =P,(E'(wo, x; A)) + Y Pp(E(ug, u1, x; A))
u €4
= ]PP(E/(MO’ X; A)) +p Z Ep I:]LE/(MO,MHA) . ‘[‘f“l (uo)(ul’ x)] .
uleZd

Plugging this into (2.4), we use (2.3) for A = g (u) to extract 1'[5,1) and get

T, (x) = J () + TPV ) = TP ) + p((J + TP x7,) (x)

+ 07 Y T —u) Y Py ({0 = woo N E o, urs 6o)1) + Ryt ()

uj ug
=J@)+ 0PV = TP ) + p((7+ 00 =) 7)) () + Ry (x).

Note that all appearing sums are bounded by Zy 7p(y). This sum is finite for p < pe,
justifying the above changes in order of summation. The expansion for general n is an
induction on n where the step is analogous to the step n = 1 (but heavier on notation). 0O

3 Diagrammatic Bounds
3.1 Setup, Bounds forn = 0

We use this section to state Lemma 3.1 and state bounds on 1'[;0) , which are rather simple

to prove. The more involxed bounds on H;,") for n > 1 are dealt with in Sect. 3.2. Note that
if f(—x) = f(x),then f(k) =), yacos(k - x) f (x). We furthermore have the following
tool at our disposal:

Lemma 3.1 (Split of cosines, [8], Lemma 2.13) Lett € Randt; e R fori =1, ..., n such
thatt =Y 7_, t;. Then
n
1 —cos(t) <n Y [1 —cos(t;)].
i=1

We begin by treating the coefficient for n = 0, giving a glimpse into the nature of the
bounds to follow in Sects. 3.2 and 3.3. To this end, we define the two displacement quantities

Ji(x) :==[1 —cos(k-x)]J(x) and 7px(x) =[1—cos(k-x)]t,(x).

Proposition 3.2 (Bounds for n = 0) Fork € (—mn, 74,
TP ()] < p* (T % 132)(0),

0O 0) - Tk < 2p2((./k s T + (T2 w1y % rp)(())).
Proof Note that |x| < 1 implies 1'[5,0) (x) = 0 by definition. For |x| > 2, we have

0
ne ) < ]E[ > ]1{|y\=\z|=1}]1{y<—>x}o{z<—>x}]

y#IEW
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826 M. Heydenreich, K. Matzke

2
< pz( PRUCLACE y)) = p*(J *#7p) ().

yEZ‘l

Summation over x gives the first bound. The last bound is obtained by applying Lemma 3.1
to the bounds derived for 1'[5,0) (x):

|ﬁ§70)(0) - ﬁfpo)(kﬂ = Z[l — cos(k - x)]l—[g))(x)
<2p? Z(J * Tp)(x) Z ([1 —cos(k - Y)J () Tp(x — y)
* y

+J (L1 = cos(k - (x = yDITp (& = )

Resolving the sums gives the claimed convolution. O

3.2 Bounds in Terms of Diagrams

The main result of this section is Proposition 3.5, providing bounds on the lace-expansion
coefficients in terms of so-called diagrams, which are sums over products of two-point (and
related) functions. To state it, we introduce some functions related to 7, as well as several
“modified triangles” closely related to A ,. We denote by 8, , = 1{y—,) the Kronecker delta.

Definition 3.3 ( Modified two-point functions) Let x € Z@ and define
T,(x) =80x +Tp(x),  Ty(x) =80x +pTp(x),  yp(x) =Tp(x) — J(x).

Definition 3.4 ( Modified triangles) We let A‘]’,(x) = pz(‘r; * Tp * Tp)(X), A;,(x) = p(t; *
Tp * Tp)(X), A;,"(x) = p(t; * Tp % Tp)(x), and A;’C’(x) = (t; * TS % r;)(x). We also set

P J2
A; = sup A;(x), A;) = sup A;(x), A;,O = sup A;,O(x), A;’C’: sup A;‘o(x),
xezd 0+£xeZd 0£xezd xeZ74

and T, := (1 + A,,)A;," + A,,A;,“’.

Definitions 3.3 and 3.4 allow us to properly keep track of factors of p, which turns out to
be important throughout Sect. 3.

Proposition 3.5 (Triangle bounds on the lace-expansion coefficients) For n > 0,

p Y TP < A%0)(T,)".
xezd

The proof of Proposition 3.5 relies on two intermediate steps, successively giving bounds
ony. l'[fy"). These two steps are captured in Lemmas 3.7 and 3.10, respectively. We first state
the former lemma.

Recall that 1'[5,") is defined on independent percolation configurations wy, ..., ®,. A
crucial step in proving Proposition 3.5 is to group events taking place on the percolation
configuration i, and then to use the independence of the different configurations. To this end,
note that event E'(u; 1, u;; 6;—1); takes place on configuration i only if %;_1 is considered
to be a fixed set. Otherwise, it is a product event made up of the connection events of config-
uration 7 as well as a connection event in configuration i — 1, preventing a direct use of the
independence of the w;. Resolving this issue is one of the goals of Lemma 3.7; another is to
give bounds in terms of the simpler events (amenable to application of the BK inequality)
introduced below in Definition 3.6:
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w b
Fy(a,w,u,b) = a<§” F,(a,t,z,u) = »‘l—Q—tQu

[{t,z,u}| €{1,3}
b

FW(a,t,w,z,u,b)= & 13 u F®(a,t,w,z,u,b)= & - u
W

Fig. 1 The F events represented graphically. For lines with double arrows, we may have coincidence of
the endpoints, for lines without double arrows, we do not. The area with grey tiles indicates that its three
boundary points are either all distinct or collapsed into a single point. These diagrams also serve as a pictorial
representation of the function ¢, ¢, ¢. There, lines with double arrows represent factors of r; and lines
without double arrows represent factors of

Definition 3.6 (Bounding events) Let x, y € Z¢. We define
{x e y}i={x «— y}U{x =y}
Letnowi € {1,...,n}andleta, b,t,w,z,u € 74 . We define

F()(a,w,u,b)=({w=a, |u7a\=1}ﬁ{a«~»b})
U (e —al > 110 (fa o w) o fa <> u) o fw < u) o (w = b}) ),
Fu(a,t,z,x) = {|{t, 2, x}| #2} N {a e 1}
o{t ew x}o{t e z} oz e x},
FWD@a, t,w, z,u,b) = {{{w, 1, z, u}] =4}m({a s t}o {t <> who {t <> 7}
o {fw<«—u}o {z «<— u}jo {w«vwb}),
FOa,t,w,z,u,b) = {w ¢ {z,u}, {1, z,u}| #2} N ({a evs wyo {w e b)

o{wMt}o{t«ku}o{th}o{zwu}>.

The coincidence requirements in F @ mean that among the points #;, w;, z;, u;, the point
w; may coincide only with t;; and additionally, the triple {#;, z;, u;} are either all distinct, or
collapsed into a single point. The above events are depicted in Fig. 1.

For intervals [a, b], we use the notation )?[a,b] = (X4, Xg+1, - - - » Xp). This is not to be
confused with the notation 9; from Definition 3.6. We use the notation (Z4)™-1 to denote
the set of vectors {y[1.m) € (Z)™ : yi # yis1 V1 <i <m).

Lemma 3.7 (Coefficient bounds in terms of F events) For n > 1 and (ug, ..., Uy_1,x) €
(Zd)(n+l,l)’

n
{0 = uodo N[ )E (i1, ui: 1)

i=1

n—1
c Fy(0 Yo N F(l)(_")‘ U F(2)(".).
= 0V, wo, 10, 21)0 Vi)i Vi)i
Iazicw; =l jew wiew, !
woewg,t,, cwy " W; €w; t; Ew;”' v

NFy(Un—1, 0, Zns Xn,s

where Ui = (ui—1,t;, Wi, Zi, Ui, Zi+1) and u, = x.
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The proof is analogous to the one in [15, Lemma 4.12] and we do not perform it here. The
second important lemma is Lemma 3.10, and its bounds are phrased in terms of the following
functions:

Definition 3.8 (The v and ¢ functions) Letn > 1 and ay, ap, b, w,t,u, z € 74 . We define
Yo(b, w,u) :=8pwpJ( —b) + pry(w —b)ypu — b)tp(w —u),
Yo(b, w, u) = pty(w — b)Tp( — b)T,(w — ),
Ynlar, az, 1,2, x) = L o xy22) Ty (2 — a) Ty (t — a2) Ty (z — DTy (x — )T, (x — 2).
Moreover, we define
YD (ar a1, w2, 0) = PP L wcu=475E — 1)
r;(z —a)tp(w — )T,z —OTp(u — w)Ty(u — 2),
vP(ar, ap, t,w, 7, u) := Liwe(z,up,(r,2.u)1#2) Tp (2 — a1)
T (w—a)T,(t —w)ty(z — DTy — )7, U — 2),

and ¥ := ¥D + @ Furthermore, for j € {1, 2}, let

$o(b.w. u.2) 1= 8 pd (4 — bYTE(@ — w) + prh(w — bYyp(u — b)Tp(w — W) — w),
$nlaz, t, 2, ) = Ly o xy22) T (t —a)Tp(z = DTH(x = HTH(x — 2),

. b —-w) .
oV (@ t,w 2w, b) = L Ly D0, a5, 1, w, 2, u),
75(2)

and ¢~>0(b, w,u,z) = &o(b, w, u)r;(z — w) as well as ¢ := qb(l) + ¢)(2).

We remark that ¢y < &o as well as ¢ < (Z)o, and we are going to use this fact later on.
In the definition of ¢/), the factor 7,(2) cancels out. In that sense, ¢/ is obtained from
¥ ) by “replacing” the factor 7, (z — ai) by the factor 7, (b — w), and the two functions are
closely related.

‘We first obtain a bound on Hgl) in terms of the F events (this is Lemma 3.7). Bounding
those with the BK inequality, we will naturally observe the ¢ functions (Lemma 3.10). To
decompose them further, we would like to apply induction; for this purpose, the v functions
are much better-suited. By introducing both the ¢ and v functions, we increase the readability
throughout this section (and later ones).

Definition 3.9 (The WV function) Let wy,, u, € Z¢ and define

n
U (wy, ) = > Y00, wo, uo) [ [wr(wiz, wi1, i, wi, i, w),
1011 W[0,n—1152 01, H[0,n—1]: i=l1
Up—1FUn

where ;[1,11]’ Z[1n)s Wo,n—1] € (Z4)" and Uo.n—1] € (Z4H) @D

We remark that @ (x, x) = 0, resulting from the fact that the ¢ functions in Definition 3.8
output 0 for w = u. We are going to make use of this later.

Lemma 3.10 (Bound in terms of ¥ functions) Forn > 0,

pY NPw< Y WO Vw0 < Y WPwu). ()

xezd w,u,t,z,x€24 w,ueZd
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Proof Note first that according to Definition 2.8, the function l'[ﬁ,") contains the event

E'(u;_1,u;; 6;—1), which is itself contained in {u;—; <— wu;}. This is why we may

assume that the points uo, ..., u, in the definition of 1'[5,") satisfy u;_1 # u;. Together

with Lemma 3.7, this yields a bound on Hg,”) of the form

n—1

Py ) < p*! ZIP’P< U Ro0.uwo.u0.2000 (Y (U FO @00 U F@ain)

u w2 i=1 tjw; ti,w;
N Fu(up—1,tn, an“)n)

< Y plOmollp, (Fo0. wo. ug. 21))

1,0,2,00
n—1

x 1_[ (p\{ui—l~ti}\+2]p>p(p(l)(5i)) +p|{“i—1aw[]|+|[w[’tiH+Htivzi’”[]|—3PP(F(2)(1‘}'I.))>
i=1

X p““n—]JnH"’anyZ)thH_sz (Fn(un71, tns Zns u"))’ (32)

where we recall that U; = (uj_1,#;, w;, Zi, Ui, zi4+1). In the first line, 7, w, 7 are occu-
pied points as in Lemma 3.7. In both lines, i, € (4@ +1.D "and in the second line,
W,z € (Zd)”. Crucially, in the second inequality of (3.2), the factorization occurs due to
the independence of the different percolation configurations. Moreover, it is crucial here that
the number of factors of p (appearing when we switch from a sum over points in  to a sum
over points in Z%) depends on the number of coinciding points.

We can now decompose the F' events by heavy use of the BK inequality, producing bounds
in terms of the ¢ functions introduced in Definition 3.8. We start by bounding

plaelp, (Fo(a, w,u,2)) < gola, w,u, 2),
pltatitieei=2p (F (a,1,2,x)) < ¢ua,t, 2z, x).

‘We continue to bound

pHaJ}HZPI,(F(l)(a, W,z 4, b)) + p\{a,w}\+\{w,t}|+|{t,z,u}|—3]pp(F(2) (a,t,w, z,u, b)))

<¢(a,t,w,z,u,b).

Plugging these bounds into (3.2), we obtain the new bound

n—1
P (uy) < > $0(0, wo, 10, 20)Gn (Un 1w 2 X) [ | S i1, ti i 2o i, zig),
D11, (W, 1)[0,n—1] i=l1

(3.3)
where 7{1 1], W[0.n—1]> Z[1.a] € (Z)", and o € (Z4)"+1:D. We rewrite the right-hand
side of (3.3) by replacing the ¢¢, ¢, and ¢ functions by ¥, ¥, and ¥ functions. As the
additional factors arising from this replacement exactly cancel out, this gives the first bound
in Lemma 3.10. The observation

Yular, az,t,z,u) < Y(ay, a, t,a2,z,u) (3.4)

gives the second bound and finishes the proof. O
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a *w

Fig.2 The pictorial representation of SUPQ.£q Yrwzu #a ¥(0,a,t, w, z,u). The last two pictures represent
the case distinction captured in the indicator. Points that are summed over are marked with a square

We can now prove Proposition 3.5:

Proof of Proposition 3.5 We show that
> WP, u) < a50)(T,)" (3.5)
w,ueZd
which is sufficient due to (3.1). The proof of (3.5) is by induction on n. For the base case,
we bound
Yo VO =) vo® wou) <Y do@ wow) = p Yy )Ty )Tp(u —w) = A} 0).

w,ueZd w.u w,u w,u

Let now n > 1. Then

Do w,uy =Y W@ wy Yy w20
w,u

w’,u’ z,t, wuFu’

( Z W=Dy, u’))( sup Z v, u',t,w, z, u)). (3.6)

/ ’
w'Fu z,t,w,uFu’

IA

The fact that W) (x, x) = 0 for any n and x allows us to assume w’ # u’ in the supremum
in the second line of (3.6). After applying the induction hypothesis, it remains to bound
the second factor for w’ # u’, which we rewrite as SUP,20 Zt,w,z.u;éa ¥(0,a,t,w,z,u)by
translation invariance. As it is a sum of two terms (originating from ¥ (! and y®), we start
with the first one and obtain

P Z (r;(t —a)Tp(z — t)r;(z)(z p(w -1, —w)ty(z — u)))
1.z

u,w

=r) (3~ 05 =05 (50 p* Yo 1y (0 = D1y — W)y c — ) )
2 o

u,w

< ApAY(@). 3.7)

Before treating the second term, we show how to obtain the bound from (3.7) pictorially,
using diagrams very similar to the ones introduced in Fig. 2. In particular, factors of 7, are
represented by lines, factors of 7 and 7, by lines with an added ‘e’ or “o”, respectively. Points
summed over are represented by squares, other points (which we mostly take the supremum
over, for example point a) are represented by colored disks. Hence, we interpret the factor
7p(z — ) as a line between ¢ and z. Since both endpoints are summed over, we display them
as squares (and without labels ¢ or z). We interpret the factor 'L’; (z) as a (o-decorated) line
between 0 and z; the origin is represented by lack of decorating the incident line. Finally, we
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indicate the distinctness of a pair of points (in our case 0 # a) by a disrupted two-headed
arrow 1. With this notation, (3.7) becomes

SRIMEEDN N (X2 ])) <opa,

The second term in 1/, originating from v ¥), contains an indicator. Resolving it splits this
term into two further terms. We first consider the term arising from [{¢, z, u}| = 1, which
forces w # t = u = z, and the term is of the form

pZT;(u)Tp(w — u)T;(a —w) = pz %:I — A;O(a).

Turning to the term due to |{¢, z, u}| = 3, with a substitution of the form y’ = y — u for
y € {t, w, z} in the second line, we see that

p? Z Ty (w —a)T, ()Tt — w)Tp(z — DTy — 1)Tp(z — u)

t,w,z,u
=Y (@5t = D) ( YT +wha — v — T 1))
t',7 u,w'
< ApAye. (3.8)

This concludes the proof. However, we also want to show how to execute the bound in (3.8)
using diagrams. To do so, we need to represent a substitution in pictorial form. Note that after
the substitution, the sum over point « is w.r.t. two factors, namely T[‘j (7 + u)rlj (a—w' —u).
We interpret these two factors as a line between —u and 7’ and a line between —(u — a) and
w’. In this sense, the two lines do not meet in «, but they have endpoints that are a constant
vector a apart. We represent this as

e

Yo twro—w )= 1
u
The bound in (3.8) thus becomes

pQZ QZPQZQSP2Z(<S}}PZSI.>A) SA;.OAW

where we point out that we did not use a # 0 for the bound A;”, and so it was not indicated
in the diagram. O

The following corollary will be needed later to show that the limit IT), , forn — o0 exists:
Corollary 3.11 Forn > 1,

sup 119 (x) < ASO)(1+ 43)(7,)""

xezd

Proof Note that

Ny < (sup Y- vuw.u,r2,)) Y w0V (w, 0.

wu 17 w,u
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Since we do not sum over x, we bound the factors depending on x by 1, and so

Zt//n(w, u,t,z,x) < to(x — u)t;(x —w) + A:,O(u —w) <1+ A;O(u —w)

t,z

implies the claim together with Proposition 3.5. O

3.3 Displacement Bounds

The aim of this section is to give bounds on p > [1 — cos(k - x)]l'lg,")(x). Such bounds are
important in the analysis in Sect. 4. We regard [1 — cos(k - x)] as a “displacement factor”. To
state the main results, Propositions 3.13 and 3.14, we introduce some displacement quantities:

Definition 3.12 (Diagrammatic displacement quantities) Let x € Z¢ and k € (—m, w]°.
Define

Wy (x; k) o= p(tpr xt)(x),  Wyk) = max Wp(x; k),
xXe

Hyb1, by k) :=p° Y @70 — )7yt = 2)

r,w,z,u,v
Tpk(Uu =27t —w)tp(w — b1 (v — W)T (v + b2 — ),
H,(k):= max Hy(by, ba; k).
b1 #0#£byeZd

Note that Proposition 3.2 already provides displacement bounds for n = 0. The following
two results give bounds for n > 1:

Proposition 3.13 (Displacement bounds for n > 2) Forn > 2 and x € 74,
p Y1 —costk - 0N ) < 1+ D(T,) "7 (45°) W, ()
X

. H, ()
[1 AT, + W';(k)].

Proposition 3.14 (Displacement bounds for n = 1) For x € 74,
p Yl = cos(k - DI (x) < OW, (K[ A5 O(AF + 1) + 45+ 4, ]
X

+p2(J % Tpx * 75)(0).

In preparation for the proofs, we define a function \If("_), similar to W, and prove an
almost identical bound to the one in Proposition 3.5. Let VO@F, 2) = ¢,(0, 1, z, 0)/1'; (1).
Fori > 1, define

o ./
VO, z):= Y BV, z’)[(b(l)(O, tow,z,u, 2)+9P 0, w, 1, z, u, Z)]M.
w,u,t’,7 fp(l)
Note that in ¢(2)’ the points  and w swap roles, so that in both qb(l) and ¢(2)’ u is adjacent to
t" and ¢ is the point adjacent to 0; and in particular, the factor 7, (1) cancels out. The following
lemma, in combination with Lemma 3.10, is analogous to the bound (3.5), and so is its proof,
which is omitted.
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Lemma3.15 Forn > 0,

WM, z) < Ao (T,)"

t,zEZd
Proof of Proposition 3.13 Setting v; = (w;_1, 41, ;, w;, Z;, U; ), we use the bound

p Z[l — cos(k - x)]l'[g’)(x) < Z Z [1 — cos(k - x)]
X X LW,z
n—1
‘/IO(O» U)(), uO)‘/’n(wn—la un—l ’ tnv Zns X) 1_[ 1;[/l(‘l_il)» (39)

i=1

which is, in essence, the first bound of Lemma 3.10. The next step is to distribute the dis-

placement factor 1 — cos(k - x) over the n + 1 segments. To this end, we write x = > | di,

where d; = w; —u;_ foreveni and d; = u; — w;_ for odd i (with the conventionu_; = 0

and w, = u, = x). Over the course of this proof, we drop the subscript i and are then

confronted with a displacement d = d; (which is not to be confused with the dimension).
Using the Cosine-split Lemma 3.1, we obtain

P Z[l —cos(k - )Y (x) < (n+ 1) ZZ > 11 = cos(k - di) 1Yo (0, wo, uo)
i=0 X {70
n—1
X Y (a1, a1, s 2 %) [ [ @), (3.10)
j=1
with d; as introduced above. We now handle these terms for different ;.
Case (a) : i € {0, n}. Let us start with i = n, so that d, € {x — u,—1,x — w,_1}. The
summand for i = n in (3.10) is equal to

> WD) Y1 = costk - d) Y (w, u, t, 2, x)

wF#u t,z2,x#u

< A5O)(T,)" max 37 (1= costk - DO, w1, 2,), 3.11)

t,2,XF#uU

whered’ € {x —w, x—u}andd € {x, x —u}. We expand the indicator in ¥, into two cases. If
t = z = x, then we can bound the maximumin (3.11)by p 3" [1 —cos(k~d)]11‘j(x)tp(x —u),
which is bounded by W, (k) for both values of d. If ¢, z, x are distinct points, then for d = x,
the maximum in (3.11) becomes

p? 1151;28{ [1 — cos(k - d)]T;(Z)Tp.(t w)Tp(t — 2)1p(x — 2)7p (2 — 1) 2 Z IQ’

t,z,x

Note that in the pictorial representation, we represent the factor [1 — cos(k - (x — 0))] by a
line from 0 to x carrying a ‘x’ symbol. We use the Cosine-split Lemma 3.1 again to bound

[1 —cos(k-x)] < 2([1 —cos(k-z2)]+[1 —cos(k - (x — z))]),
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which results in
PYID <X D T
<2y Do’y D) (V7] (s:}.;)pz )
<wd (| (?PPZ%>)) +2" Y T D nr k)
<20 W, (k) +2p° Y ((SBP,,Z ;) D) 208 (k)
S 202457 + Ly )Wy (k).

Itis not hard to see that a displacementd = x —u yields the same bound. Similar computations
show that the case i = 0 yields a contribution of at most

o0 n—1 , eo
A(Tp)" AWy (k).
Case (b) : 1 <i < n. We want to apply both the bound (3.5) and Lemma 3.15. To this
end, we rewrite the i-th summand in (3.10) as

n—1

> 11— costk - d)1o(0. wo. u0) Y (W1 tn 1. tnr 2 X) [ | ¥ (F))

X Lwzu j=1

=Z Z (\I-/(i_l)(al,az)\p(n_i_])(bl —x,by —x)

X ay,az,by,by

X Z ¢(ar, t,w, z,u, by)[1 — cos(k - di)]t;(z —al)t;(bl — u))

Lw,z,u

=:d(a,az,t,w,z,u,b1,br;k,d)

. i—l yn—i—=1) 7 1/
= (4, O)(Ty) bXb: (9070}, b) max
102

Z dlar, ar, t,w, z,u, by + x, b5 + x; k, di))

t,w,z,u,x

= (A;(O)A;.O)(TP)WZ Z <13(01, ar, t,w,z,u, by +x,by+x; k,d;)

max
ay#ay by #b
1# 2 1# zt.w,Z»U,X

0e0)\2 2 7 .
= (Aay°) (1) 02:"})’;% Z ¢0,a,t,w,z,u,b+x,x;k,dp),

SW,Z,U,X

where we use the substitution b;. = x —b; in the second line and the bound A;, 0) < A;)"’ in

the last line. It remains to bound the sum over qE We first handle the term due to ¢!, and we
callitg®. Depending on the orientation of the diagram (i.e., the parity of ), the displacement
d =d;iseitherd = w—a = (w—1t)+(t—a)ord = u = (u—z)+z. We perform the bound
for d = u and use the Cosine-split Lemma 3.1 once, so that we now have a displacement
on an actual edge. In pictorial bounds, abbreviating v = (0, a, t, w, z, u, b + x, x; k, u), this
yields

S o -t ] e[S T[T+ T8
=2 [ [ [ X TG (X _TH))

(3.12)
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The bound in (3.12) consists of three summands. The first is
2wy [l =y (] (supp? > T 1w D)) <20 a,wm),

the second is

w XX LI - X L [T =X (X2 L)t X))

S AP AW (k),
and the third is
w (] [ ITR)) swaraw [ [T
< 2pPAsup Y <sBpZ : > E%) <2(A2°)° W, (k).

The displacement d = w — a satisfies the same bound. In total, the contribution in ¢ due to
oW is at most

e00 3 72 e0
4(A5°)(Tp)" (A% + A )Wy (k).
Let us now tend to <]3(2). To this end, we first write qS(Z) = 23:3 ¢~>(j ), where

D0, a,t,w, z,u,b+x,x:k,d) =P 0,a,1,w, z,u, b+ x, x; k, )L r2.u)=3)
$D0,a, 1, w, 21, b+ x,x1k, d) = [1 — cosk - d)18;,u8..T5 )

Tp(w — u)t;(a — w)r;(u +x)t;(b —w —X),
¢, a,t,w,z,u,b+x,x;:k, d) =[1 —cos(k - d)]5...,

S8tuba,wT,W)tp(a —u)ty(u + x)7,(b —a — x).

Again, weset v = (0,a,t,w, z,u, b+ x, x; k, u). Then

> eyt A
NSRS SIS P G|

(3.13)
The first term in (3.13) is

PY Al Y (A (D)) e A
<[y N\ X L A (o (X )]
<X (L (wX )

X ((wX ) A+ arwm

< 2A°W, (k) (A;" + AL+ Ap)7

@ Springer



836 M. Heydenreich, K. Matzke

the second term is
2p3z ; < QpSZ supz ) ; ) 2000 A, W (K),

and the third term is

Wi A = [ A w3 K
< [ YIRS (F A S“PZ “’Z AL
<205 n,W, () + 20 [ Y0 (L) (SUPZH‘; (‘“PZ 1))

JrPZT E .1
§2A;'°Wp(k)(Ap+A;)+2p4Z% E e

We are left to handle the last diagram appearing in the last bound of (3.14), which contains
one factor 7, and one factor ;. We distinguish the case where neither collapses (this leads to
the diagram H), (k)) and the case where at least one of the factors collapses. Using 75 < 7

P
and the substitution y =y—ufory e {w,z, t}, we obtain

w3 A IS m et S - e = 0 (u+a - w)

z,t,w,u

(3.14)

X Tp k(2 — u)Tp(t — 2)1p(2)Tp(w — a1)

p() 4t S (r ()’ = )ri(az = w)) S (rpa() ot = 2)

t'w’ z

X ZTP(Z/ +u)Tplar —w' — u)))

In total, this yields an upper bound on (3.13) of the form
6D (T)" 2[(A% + By + AW, (k) + Hy(K)].

The same bound is good enough for the displacement d = w — a. Turning to j = 4, we
consider the displacement d = u and see that

> w=ry [TE=rY ] T ((erX L) [0F)

t,aw,z,u,x

< DWy(k),

which is also satisfied for d = w — a. Finally, j = 5 forces d = u, and we have

> 025 [Ty (wws ) T =ormm

taw,z,u,r

and we see that this bound is not good enough for n = 2. To get a better bound for n = 2,
we bound

D Z D0(0,w, u)Tp k(s — W) TH(s — W)ty (u, 8,1, 2, 2) < ZV qupz U (uy 8,t, 2, )

w,u,s,t,z,T “#Stzav

< AL OW, (W),
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where we recall that 1 is an upper bound on v (see Definition 3.8). The above bound is
due to the fact that, thanks to (3.4), the supremum over the sum over v, is bounded by the
supremum in (3.6). ]

Proof of Proposition 3.14 Let n = 1. Expanding the two cases in the indicator of ¢, gives

pZ 1 —cos(k- )P () = Y~ [1—cosk - x)]po(0, w. u, )y (u. 1.2, x)

w,u,t,z,x
< p Z [1 —cos(k - x)](bo((), w, u, Z)‘C;(l‘ —uw)Tp(z —)Tp(z2 — X)Tp(t — X)
w,u,t,z2,x
+p Z [1 —cos(k - x)]go(0, w, u, 2)Tp(x —u), (3.15)

where we used the bound ¢y < ¢30 (see Definition 3.8) for the first summand. Since ¢y is a
sum of two terms, (3.15) is equal to

P Z [1 = cos(k - )]ty W)ty )Ty — w)Ty(z — W) Tyt — WTH(2 = OTH(X —)Tp(x — 1)
w,u,t,7,x

+ P2 T Ty k()T (x — u)
u,x

+ p? Z [1 —cosk - )]ty (w)yp @)y (u — w)f;(x —w)Tp(x — u). (3.16)

w,u,x

We use the Cosine-split Lemma 3.1 on the first term of (3.16) to decompose x = u + (z —
u) + (x — z), which gives

p° E [1—cos(k - a;)]'r,;(w)'r (u)7p(u — w), (z - w)T;(t —u)Tp(z — t)1p(x — w)Tp(z — 1)

w,u,t,zx

LD b+ D L]
< X (s X (supe 2) [LH) ) +# 2
w30 0 ( (o022 D))+ X0 ( (o 24T (s0er X )
<awbars, <33 (L7 (swr Y 2]))

+ 3P A0 sup :} 3, (k) AL AL(0)
< 3W, (k) A%(0) (3A8°) + 3p°A%(0 supZ((sB})Zi)D)

< BW(R)A0) (3L + ).

The second term in (3.16) is p?(J * Tp k * Tp)(0). Depicting the factor y), as a disrupted line
—, the third term in (3.16) is
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838 M. Heydenreich, K. Matzke

p? Z [1— cos(k - .I')]T; (w)yp(w)7p(u — w)rz‘,’(ar —w)Tp(r —u) 2 Z @-
<2 YD 427 Y & < 2W, (k)| £5(0) + p((B0. + ) 7 % 7,) (0)]

< 2W, () [A5 + (7 % 3) (0) + P2 (1% 5 7,) (0)] < 2W, (k) [Ap +24,].

In the above, we have used that y, (x) < 7,(x) as well as y,(x) < p(J *7,)(x) < prl’jz (x).
O

4 Bootstrap Analysis
4.1 Introduction of the Bootstrap Functions

This section brings the previous results together to prove Proposition 4.2, from which The-
orem 1.1 follows with little extra effort. The remaining strategy of proof is standard and
described in detail in [17]. In short, it is the following: We introduce the bootstrap function
fin (4.1). In Sect. 4.2, and in particular in Proposition 4.2, we prove several bounds in terms
of f, including bounds uniform in p € [0, p.) under the additional assumption that f is
uniformly bounded.

In Sect. 4.3, we show that f(0) < 3 and that f is continuous on [0, p.). Lastly, we show
that on [0, p.), the bound f < 4 implies f < 3. This is called the improvement of the
bounds, and it is shown by employing the implications from Sect. 4.2. As a consequence of
this, the results from Sect. 4.2 indeed hold uniformly in p € [0, p.), and we may extend
them to p, by a limiting argument.

Let us recall the notation 7 x (x) = [1 — cos(k - x)]7, (x), Jr(x) = [1 — cos(k - x)]J (x).
We extend this to Dy (x) = [1 — cos(k - x)] D (x). We note that y (p) was defined as x (p) =
E[|€(0)[] and that x (p) = 14+ p D" .74 Tp(x). We define

1 1
=1- —.
x(p) 1+ p7,(0)
We define the bootstrap function f = fi vV f» v f3 with

hp=1-

plTp (k)| PlTp D]
= 2d N = = R = —_— 4.]
fi(p) P (p) L s f3(p) S Tk “4.1)

where U . is defined as

Oy, (k. 1) := 30001 = DK)(Gotl = G (D) + GOl + 8+ Goll = )Gl + ).
We note that T, ; relates to A;T),, the discretized second derivative of T, as follows:
ATy (1) =Tl — k) + Tl + k) — 25, (1) = 2%, 1 (D).

The following result bounds the discretized second derivative of the random walk Green’s
function:

I:gmma 4.1 (Bounds on Ay, [24], Lemma 5.7) Let a(x) = a(—x) for all x € 74, set
A(k)y = (1 —ak))™", and let k,1 € (—m, w]%. Then

AR = (1al© = Tal) x ([A¢ =k + A +B] AW
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+8AU — WA + k) AD[[al©0) - |?Z|(l)]).
In particular,
1G] = [1 = D®N(Gr Gl =)+ GoDGol +5) +8Ga = k) Gol +)).

A natural first guess for f3 might have been sup p|AxT, (1)|/| Ak 6,\1, (1)]. However, Ay ’G\;\p )

may have roots, which makes this guess an inconvenient choice for f3. In contrast, U A (k, 1) >
Ofork # 0.Hence, the bound in Lemma4.1 supports the idea that f3 is areasonable definition.

4.2 Consequences of the Diagrammatic Bounds

The main result of this section, and a crucial result in this paper, is Proposition 4.2. Propo-
sition 4.2 proves (in high dimension) the convergence of the lace expansion derived in
Proposition 2.9 by giving bounds on the lace-expansion coefficients. Under the additional
assumption that f < 4 on [0, p.), these bounds are uniform in p € [0, p.).

Proposition 4.2 (Convergence of the lace expansion and Ornstein—Zernike equation)

1. Let n € Ng and p € [0, pc). Then there is dy > 6 and a constant c;y = c(f(p))
(increasing in f and independent of d) such that, for all d > dy,

Y Pyl <cep/d, Y [ =costk-0)]plT, (0] < [1 = Dk)ley/d,

xeZd xeZd
4.2)
sup p > I (x)] < ¢y, 43)
xeZd m=0
and
Y IRpa ()| < cf(cp/d)"T,(0). 4.4)

xezd

Consequently, T, := lim,,_, o0 T, ,, is well defined and <, satisfies the Ornstein—Zernike
equation (OZE), taking the form

Tp(x) = J(x) + T, (x) + p((J 4+ TIp) * 7)) (x). 4.5)

2. Let f < 4 on [0, p.). Then there is a constant ¢ and dy > 6 such that the
bounds (4.2), (4.3), (4.4) hold for all d > dy with cy replaced by c for all p € [0, p.).
Moreover, the OZE (4.5) holds.

A standard assumption in the lace expansion literature is abound on f(p) (often f(p) < 4
as in part 2 of the proposition), and then it is shown that this implies f(p) < 3. This is part
of the so-called bootstrap argument.

We first formulate part / of Proposition 4.2 (of which part 2 follows straightforwardly)
demonstrating that the bootstrap argument is not necessary to obtain convergence of the lace
expansion and thus establish the OZE for a fixed value p < p. provided that the dimension
is large enough. However, without uniformity in p, dp might depend on p and diverge as
p /' p.. Hence, this approach alone does not allow to extend the results to p,.

It is at this point that the bootstrap argument (and thus Sect. 4.3) comes into play. In
Sect. 4.3, we indeed prove that f < 4 and so the second part of Proposition 4.2 applies. This
is instrumental in proving Theorem 1.1. We get the following corollary:
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Corollary 4.3 (OZE at p.) There is dy such that for all d > dy, the limit I1,. = lim,, »,. I1,
exists and is given by I, = ano(— nHr l'[(p'i), where 1'[5,'? is the extension of Definition 2.8
at p = p.. Consequently, the bounds in Proposition 4.2 and the OZE (4.5) extend to p..

Proposition 4.2 follows without too much effort as a consequence of Lemmas 4.7, 4.8, 4.9,
and 4.10. Part of the lace expansion’s general strategy of proof in the bootstrap analysis is to
use the Inverse Fourier Theorem to write

_ 2 ﬂkxA
AP(X)_p /(‘_7-[77-[]41 () (2 )d

and then to use an assumed bound on f> to replace T, by G »,- For site percolation, this poses
a problem, since we are missing one factor of p. Overcoming this issue poses a novelty of
Sect. 4. The following two observations turn out to be helpful for this:

Observation 4.4 (Convolutions of J) Let m € N and x € Z¢ with m > |x|. Then there is a
constant ¢ = c(m, x) with ¢ < m! such that

JHm (x) = C]l{m—\xl is even) (2d)(m—|x\)/2.

Proof This is an elementary matter of counting the number of m-step walks from 0 to x. If
m — |x| is odd, then there is no way of getting from 0 to x in m steps.

So assume that m — |x| is even. To get from 0 to x, |x| steps must be chosen to reach x.
Only taking these |x| steps (in any order) would amount to a shortest 0-x-path. Out of the
remaining steps, half can be chosen freely (each producing a factor of 2d), and the other half
must compensate them. In counting the different walks, we have to respect the at most m!
unique ways of ordering the steps. O

We remark that this also shows that the maximum is attained for x = 0 when m is even and
for x being a neighbor of 0 when m is odd.

Observation 4.5 (Elementary bounds on r;”) Let n,m € N. Then there is ¢ = c(m, n) such
that, for all p € [0, 1] and x € 7,

n

m-—n
‘L';”(x) <c Z p[J*(l-‘rn)(x) +c Z pm+j—n(J>km % T;j)(x),
=0 j=1v(n—m)

where we use the convention that Z;":_O" vanishes for n > m.

Proof The observation heavily relies on the bound
() < T @) +HE[ Y Lyimtyen | = S0+ p( £ 7)(0), (4.6)
YEW

Note that the left-hand side equals 0 when x = 0. We prove the statement by induction on
m — n; for the base case, let m < n. Then we apply (4.6) to m of the n convoluted 7, terms
to obtain

0 (57 5 (70 5 5) )00

— Z ( ) J*m * t*(n m+l))(x) Z (l +”:_ n>pl+m7n(1*m * t;l)(x).

l=n—m
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Let now m —n > 0. Applying (4.6) once yields a sum of two terms, namely
() < (" D)) + p(d % T (). 4.7)
We can apply the induction hypothesis on the second term with m = m — 1 and n = n,
producing terms of the sought-after form. Now, observe that application of (4.6) yields
(J*j % r;(n—j))(x) < (J*(j+1) % T;(”_j_l))(x) +p(1*(j+1) % r;("_j))(x) 4.8)

for 1 < j < n.Forevery j, the second term can be bounded by the induction hypothesis for
m=m—j—landn =n — j (sothat m —n < m — n) with suitable c(m, n). Hence, we
can iteratively break down (4.7); after applying (4.8) for j = n — 1, we are left with the term
J**(x), finishing the proof. O

We now define
vyt = (s (@), Wt (ask) = (g V) @),
WO (as k) 1 = (S * V") ().

Note that W, from Definition 3.12 relates to the above definition via W), = pWI(,O’O) +

pWI(,O’l). Moreover, A, (x) = sz(O*3)(x).

Lemma4.6 (Bounds on V""", W™ W™ Let p € [0, p.) and m,n € No with d >
%n. Then there is a constant ¢y = c(m, n, f(p)) (increasing in f) such that the following
hold true:

1. Form+n > 2,

Pl onn () < cr ifm+n=2anda =0,
P " |cy/d else.

2. For m +n > 1, and under the additional assumption d > 2n + 4 for the bound on
(m,n)
Wy,

- . j 2,
p max{ sup W;,m’n)(a; k), sup Wl(,m’n)(a; k)} <[1—-D(k)] x °f t.fm =
aezd aezd cr/d ifm+n=>3.

We apply Lemma 4.6 forn < 3, and sod > 7 > 60/9 for the dimension suffices.
Proof Bound on V). We start with the case m > 4 where we can rewrite the left-hand side
via Fourier transform and apply Holder’s inequality to obtain
dk

P _C*j)(a) _ pm+j—1/ e kA Ty T (k) ——
P (—H,?T]d P (27T)d

R dk 1/10 ) dk 9/10
< 10(m71)/ .](k)lom ) (/ ( |? (k)l)l()j/g )
- (p (—m,m)d (27T)d (—m,m)d Pl (27'[)d

1/10 . ~ : dk /10
< (p“’(m*l)J*lOm(O)) x f2(p)’ (/( . pr(k)lof”W) L @)
-7, 7T

We note that the number 10 in the exponent holds no special meaning other than that it is
large enough to make the following arguments work. The first factor in (4.9) is handled by
Observation 4.4, as

1/10 1/10 1/10
<p10(m—l)J*10m(0)) < (CPIO(m—l)(Zd)Sm) < (C(zdp)IO(m—l)(Zd)—Sm-HO)
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<cfilp)"reay ™ < cp/d

and m > 4. Regarding the second factor in (4.9), note that 10j/9 < 10n/9 < d/2 and so
Proposition 2.1 gives a uniform upper bound. We remark that the exponent 10 in (4.9) is
convenient because it is even and allows us to apply Lemma 4.6 in dimension d > 7.

If m < 4, then we first use Observation 4.5 with i = 4 — m to get that p"+"~! V,E’”’”) is
bounded by a sum of terms of two types, which are constant multiples of

pl+m+n—1J*(l+m+n)(a) — ps—lj*s(a) and p4+j—l(J*4 * 7',;7“1')((1)7 (4.10)

where 0 </ <4 —m — 1 (and therefore s > 2) and 1 < j < n. If s is odd, we can write
s = 2r + 1 for some r > 1, and Observation 4.4 gives

p2r J*(2r+1)(a) < szr (2d)r — C(2dp)2r (2d)_r < C(f] (p))2r (Zd)—r < Cf/d
Similarly, if s is even and @ # 0 or s > 4, then pS_IJ*s (a) < cy/d. Finally, if s = 2 and
a =0, then p(J * J)(0) < cy. This shows that the terms of the first type in (4.10) are of the

correct order. The second type is of the form p**/~! V,£4’j ) (a) and included in the previous

considerations. Together this proves the claimed bound on V,S’"’”).
Bound on W, Let first m + n > 3. Then

pm-ﬁ—nﬁ}[gm,n)(a; k) = pm+n Z Jk(y)Vlgm,n)(a _ y)

yeZd

< pm+n—1( sup Vlgm’”)(a))(de) Z [1 —=cos(k-y)]D(y)

aeZd yezd
<cp/d x fi(p)[l — D(k)],

applying the bound on V/,.
Consider now m + n = 2. Using first that J < 7, and then (4.6),

pPW @ k) < pPWPP @ k) < pPPWEO @ k) + pP WD (@ k) + pP WD (@ k).
4.11)
The second and third summand right-hand side of (4.11) can be dealt with as before, we only
have to deal with the first summand. Indeed,

PPWE (@i k) = p* Y ()@ —y) <2dp*J2(0) Y Di(y) = fi(p)*[1 — D(K)],
y y

and we can choose ¢f = fi (p)2.
Finally, for m + n = 1, we have pW\""(a; k) < pW5"?(a; k) + p*W"" (a; k). The
second term was already bounded, the first is

pUix )@ < p Yy K = fi(p)l1 — D],
y

Bound on W),. We note that a combination of (4.6) and the Cosine-split Lemma 3.1 yields
Tp k() < Jk(x) +2p(Jg % ) (x) +2p(J * Tpp 1) (X). 4.12)

Applying this repeatedly, we can bound p"*" ngm’”) (a; k) by a sum of quantities of the

form pS*! W;,‘Y’t) (where s 4+t > 1) plus c(m, n) p™*" W,(,m’"), where we can now assume
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m > 4 w.l.o.g. The terms of the form VT/,(,X’Z) were bounded above already. Similarly to how
we obtained the bound (4.9), we bound the last term by applying Holder’s inequality, and so

m—+nyy7(m,n) . m+n T mo e~ ny~
prTtWE as k) < p / DI T DI [Tp kDl ———
: (il PP )

10(m—1) ~ tom Al V'
<\{p""" / JH" 7>
( (—m,m)d (Zn)d

’ d A\
(/_M] PI7 DD (oI D' 2 )d>

<cyp/d x 3000f(p)"“(/
(

_ﬂyﬂ]d

G, 0", (G, = k) + G, U+ )

. ~ 109 dr \/10
+G, (=G, +k)] W)
<cy/d, (4.13)

where the last bound is due to Proposition 2.2 and the value of ¢ has changed in the last
line. O

The proofs of the following lemmas, bounding the quantities appearing in Sect. 3, are
direct consequences of Lemma 4.6.

Lemma 4.7 (Bounds on various triangles) Let p € [0, p.) and d > 6. Then there is cy =
c(f(p)) (increasing in f) such that

max{Ap, A;, A;,, A;"} <cyr/d, max{A;(O), A;,"(O), A;,"’} <cy.
Proof Note that
Dp0) = p VP W A5 = PPV P @) F A0, AR = VP ) + Ap (),
AR (x) = pTp(x) + AZ(K),  ARP(x) =8p.x + A (KX).

For the bound on pt, < p, we use that p < fi( p) /d. For all remaining quantities, we use
Lemma 4.6, which is applicable since n < 3 and 2 n < 60 <7<d. O

Lemma4.8 (Bound on W,) Let p € [0, p;) and d > 6. Then there is a constant cy =
c(f(p)) (increasing in f) such that

W, (k) < [1— D(k)]cy.
Proof By (4.12),
Wy (x: k) = pW D (x: k) + prp i (x)
< pWOD k) +2p WD (k) + 2p* WO (k1 k) + pUi ().

The proof follows from Lemma 4.6 together with the observation that

pJk(x) = 2dp)Di(x) < fi(p) Y Di(x) = filp)[1 — D(K)].

xezd
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Lemma 4.9 (Bounds on HE,O) and 1'11(1,1)) Let p € [0, p.),i € {0, 1}, and d > 6. Then there is
a constant ¢y = c(f(p)) (increasing in f) such that

pY TP <cp/d, pY [1—costk- )P (x) < [1— Dk)ley/d.

Proof We recall the two bounds obtained in Proposition 3.2. The first one yields p| ﬁ;,o) k)| <
p3 V,Ez’z) (0), the second one yields

PP O) — pTIP (k) < 2p> W2 (0; k) +2p° WD (0 k).

All of these bounds are handled directly by Lemma 4.6. Similarly, the only quantity in the
bound of Proposition 3.14 that was not bounded already is p? W;l’ b (0; k). By a combination
of (4.6) and (4.12), we can bound

PWSD©: k) = p2(WEV0: k) + pWD (O k)
= (W00 10 +2p WD 0: 0 +2p W 0: )+ pW D (0: ).

But0 < W;,Z’O) 0; k) <2J*30)=0 by Observation 4.4. The other three terms are bounded
by Lemma 4.6. O

Lemma4.10 (Displacement bounds on H) Let p € [0, pc) and d > 6. Then there is a
constant cy = c(f(p)) (increasing in f) such that

Hy(k) < [1 = D(k)ley/d.
Proof We recall that

Hy(b1, by k) =p° Y 7,7, — 1)
r,w,z,u,v
Tt —2)Tp k(U — 2Tt —w)Tp(w — b))tV — W)TH(V + by —u).
We bound the factor 7,(z) < J(z) + p(J * 7,)(2), splitting H), into a sum of two. The first
term is easy to bound. Indeed,

P’ Y J@1pt = 1w — 1y (b1 — w) Y Tpa(u — )Tyt — u) (T *Ty)(by — U — w)

r,w,z u
< APt D T@Tpt = DTp(w — DTy (br — W) (Tpk * Tp)(E —2)
t,w,z,u

< AL OW, (k) p VP (br) < [1 = Dk)Icy/d
by the previous Lemmas 4.6-4.8. We can thus focus on bounding

p° Z (J*1p) @1 (t—u)Tp(t—=2)Tp k (U—2) Tyt —w)Tp(W—b1) T, (V—w) Ty (V+b2—u).
rw,z,u,v

(4.14)
To prove such a bound (and thus the lemma), we need to recycle some ideas from the proof
of Lemma 4.6 in a more involved fashion. To this end, let

4
o(x) = p*UH )0 + Y pl T (),
j=1
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and note that 7,(x) < o(x) by (4.6). Consequently, (4.14) is bounded by ﬁp(al,azg k),
where we define

Hy(ar, a3 k) =p° Y (Jx0)@o(t —u)
t,w,z,u,v

ot —2)tpr(u—2z)ot —wyo(w—ap)o(@—w)o(+ax —u).

By the Inverse Fourier Theorem, we can write

27 : 6 —iay-ly—iay L
Hp(ar, a2 k) = p / e e

(_7.[’7.[]311
d(y, b, 13)
(2n)3d

(For details on the above identity, see [15, Lemma 5.7] and the corresponding bounds on H)
therein.) We bound

TG (1)*6 ()T 4 (13)5 (1) — )G (1) — 135 (1r — 13)

Hy(ar, ax; k) < 3000 f3(p)[1 — D(k)]p°

f y 1TUDIG UG )6 (U — DIIGU — )G (1 — 13)]
(—=m,7]

x (61, 1)Gs, (s = b + G, 5)G, (s + ) + G, (15 = )G, (5 + 1))

ddy, I, 13)

5 4.15)

Opening the brackets in (4.15) gives rise to three summands. We show how to treat the third
one. Applying Cauchy-Schwarz, we obtain

[P21TaIEAD1P][P*5 (la — 115 ()]
(_ﬂ’ﬂ]Bd

(PG, (13 + )15 (15 — )]

2 3
x ( /(_mw (P16 ()]

R PO ~ R dy, b, 13)\ '/?
[p%6 (11 = BHTUDIG U] [ PG, (15 — k)15 (U5 — mw) @.17)

Ay, b, 13>>“2 @.16)

(27.[)3d

(27‘[)3d

The square brackets indicate how we want to decompose the integrals. We first bound (4.16),
and we start with the integral over /3. We intend to treat the five summands constituting
o (I3 — 1) simultaneously. Indeed, note that with our bound on f5,

4

~ J=11 7 N~ GvaAn) =1 TN (Gvan) & n
o) < Zp DOV +p J(D)7G,, (1) < 5ﬂé{({t}ﬁ>}é{4}ﬁ [J (D] Gy, ()"

j=1
(4.18)
With this,

' R o . dl

(jvén) TUar — NV G. (1a — 1)Y'Gy (1 k)2 >
p /H’n]ﬂ 13 = )9G5 = 1) G, (5 + 0 55

- (plO(jv4n)/ f(l3)10(jv4n)d713)1/10

= R (Zn)d
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1079 di3 )9/10

= 20/97 A _ = _
x (f . G, (13 +0P[G, (1s — 1) + Gy, (Is — 2%k + 1) Gy

< (cp/d)'?

by the same considerations that were performed in (4.13). We use the same approach to treat
the integral over /5 in (4.16). Applying (4.18) to all three factors of & gives rise to tuples
(ji, ni) fori € [3], and so

3 (ivan: dip
pritEm | 17 = I G| T A G 1 — 1)1 ()" Gyl
-1, 7T
< (plo(—1+2?:1(jiv4n,-)) /J(lz _ll)loZi:l(/,-v4ni)1(12)10(j3v4n3) (zdlid)l/lo
J

~ . . dly \9/10
G 1 —1 10(n1+n2)/9 G l G I — 21 10n3/9 @2
x (/( o ap 2 =1) [Ga, (12) + Gy, (1 —211)] (2”)d>

20— 142 Givan) [T, 72052 Givanyy _dl2 1720
<cp(p P [y iR )

v '~ 0(jav4 dl 1/20
20(j3v4n3) 20(j3v n3)72
X\p J(

< (/')

We finish by proving that the integral over /; in (4.16) is bounded by a constant. Indeed,

p_l-‘rZ?:l(jiV“ni)/ |J(ll)|l+Z, 1(],\/4n,)G (ll)”l+"2+n; dlld
o (2r)
- (plo«uz?:l(j,-wni)) /f(ll)lo(lJrZ?:lj,-v4nl.)i)1/1o
) (2m)d
(/ ax (11)10(n1+n2+n3)/9$)9/10
R 2n)

. . 1/10
<cq- p71+2[3:](./,'\/4n,~)<J*10(1+Z,~3:1 ./,'\/4n,-)(0)) /
< pFEin GivAn) (9 gy 3+ i vAn) < .

This proves that (4.16) is bounded by (cy /d)'/*. Note that (4.17) is very similar to (4.16),
and the same bounds can be applied to get a bound of (c¢/d )1/2. Since the other two terms
in (4.15) are handled analogously, we obtain the bound H (b1, b2; k) < [1 — D(k)]Cf/d
which is what was claimed. O

Proof of Proposition 4.2 Recalling the bounds on IHg") (k)| obtained in Propositions 3.2

and 3.5, and the bounds on |H§,m) (k) — l'[;m) (0)| obtained in Propositions 3.2, 3.14, and 3.13,
we can combine them with the bounds just obtained in Lemmas 4.7, 4.8, 4.9, and 4.10. This
gives

Pl < p Y I (x) < cplep/dy™ ",

xezd
pITSY (k) =TI (0)] = p D [1 = cos(k - )N (x) < ef[1 = DU)I(cy/d) 2.
xezd

(4.19)

Summing the above terms over m, we recognize the geometric series in their bounds. The
series converges for sufficiently large d. If f < 4 on [0, p.), we can replace ¢y by ¢ = ¢4
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in the above, so that the bounds are uniform in p € [0, p.), which means that the value of d
above which the series converges is independent of p. Hence,

pITL, (K < Y plyP () <cp/d,  plTu(k) — T1,(0)] < [1 — cos(k - x)]ey/d.

m=0

The bound (4.3) follows from Corollary 3.11 by analogous arguments. Recalling the definition
of the remainder term yields the straight-forward bound

Y Rpa(r) <Y I T, (x — u) < T (0)F,0) < cpley/d)'Tp(0), (4.20)

applying (4.19). Hence, if ¢y /d < 1and p < p¢,then )" R, ,(x) — O0asn — oco. Again,
if f <4, we canreplace ¢y by ¢ = c4 in (4.20) and the smallness of (c/d) does not depend
on the value of p.

The existence of the limit IT,, follows by dominated convergence with the bound (4.3).
Together with (4.20), this implies that the lace expansion identity in Proposition 2.9 converges
as n — oo and satisfies the OZE. O

Corollary 4.3 as well as the main theorem now follow from Proposition 4.2 in conjunction
with Proposition 4.12, which is proven in Sect. 4.3 below.

Proof of Corollary 4.3 and Theorem 1.1 Proposition 4.12 implies that indeed f(p) < 3 for all
p € [0, pc), and therefore, the consequences in the second part of Proposition 4.2 are valid.
Lemma 4.7 together with Fatou’s lemma and pointwise convergence of 7, (x) to T, (x) then
implies the triangle condition.

The remaining arguments are analogous to the proofs of [15, Corollary 6.1] and [15,
Theorem 1.1]. The rough idea for the proof of Corollary 4.3 is to use 8(p.) = 0 (which
follows from the triangle condition) to couple the model at p. with the model at p < p,, and
then show that, as p /' p,, the (a.s.) finite cluster of the origin is eventually the same. For
the full argument and the proof of the infra-red bound, we refer to [15]. O

4.3 Completing the Bootstrap Argument

It remains to prove that f < 4 on [0, p.) so that we can apply the second part of Proposi-
tion 4.2. This is achieved by Proposition 4.12, where three claims are made: First, f(0) < 4,
secondly, f is continuous in the subcritical regime, and thirdly, f does not take values in
(3,4] on [0, p). This implies the desired boundedness of f. The following observation will
be needed to prove the third part of Proposition 4.12:

Observation 4.11 Suppose a(x) = a(—x) for all x € Z¢. Then
sla@o| < 1al(©) - falk)

foAr allk,l e (_f’ 714 (where I/c'z\l denotes the Fourier transform of |a|). As a consequence,
|Dr(D)] < 1 — D(k). Moreover, there is dy > 6 a constant cy = c(f(p)) (increasing in f)
such that, for all d > d,

|AkpTL, ()] < [1 = DW)ley/d.
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Proof The statement for general a can be found, for example, in [17, (8.2.29)]. For conve-
nience, we give the proof. Setting ax(x) = [1 — cos(k - x)]a(x), we have

Slaai)| = a ) < Y fax)cosl - x)[1 = costk - 0)]| < Y la)|[1 — cos(k - x)]
xezd xezd

< [al(0) — Jal(k)

The consequence about D now follows from D(x) > 0 for all x. Moreover, the statement for
Ay pIT, (1) follows applying the observation to a = I, together with the bounds in (4.2). O

Proposition 4.12 The following are true:

1. The function f satisfies f(0) < 3.
2. The function f is continuous on [0, p).
3. Letd be sufficiently large; then assuming f(p) < 4 implies f(p) < 3forall p € [0, p.).

Consequently, there is some dy such that f(p) < 3 uniformly for all p € [0, p.) and d > dy.

As aremark, in the third step of Proposition 4.12, we prove the stronger statement f; (p) <
1+4-const/d fori € {1, 2}. In the remainder of the paper, we prove this proposition and thereby
finish the proof the main theorem. We prove each of the three assertions separately.

1. Bounds on f(0). This one is straightforward. As f1(p) = 2dp, we have f1(0) = 0.

Further, recall that ., = 1 — 1/x(p), and s0 9 = 0 and G;,(k) = Go(k) = 1 for all

k € (=, w]%. Since both p|’r\,J (k)| and p|?,,,k(l)| equal 0 at p = 0, recalling the definitions
of f> and f3 in (4.1), we conclude that f>(0) = f3(0) = 0. In summary, f(0) = 0.
2. Continuity of f. The continuity of f] is obvious. For the continuity of f> and f3, we
proceed as in [17], that is, we prove continuity on [0, p. — €] for every 0 < ¢ < p. This
again is done by taking derivatives and bounding them uniformly in k and in p € [0, p. —¢€].
To this end, we calculate

d T,(k) 1 dz, (k) dG, (k) da
o[G0 = (0 S a2
dp G;, (k) Gy, (k) dp dr o, dp
Since A, =1 —1/x(p),
1 1 ~ ~
- <——>—=G;, (k) <G, 0= < . —&). 4.22
1,00 (k) = Gy, (0) = x(p) < x(p ) (4.22)
Further, since 7, (0) is non-decreasing,
~ -~ ~ (pc—¢)—1
B0 S Tp(0) S Tpe0) = 423)
We use Observation 2.3 to obtain
d -~
—r,,(k) Z ¢ —rp(/o‘ —rp(x> P > 1) 7,000
xeZd

and the same bound as in (4.23) applies. The interch;a\nge of sum and derivative is justified
as both sums are absolutely summable. Note that dG; (k)/dx = D(k)G) (k)z, and this is
bounded by x (p. — €)? for A = A p by (4.22). Finally, by Observation 2.3,

A, dx)
dp — x(p)?

<7,(0),
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which is bounded by (4.23) again. In conclusion, all terms in (4.21) are bounded uniformly
in k and p, which proves the continuity of f;. We can treat f3 in the exact same manner, as
it is composed of terms of the same type as the ones we just bounded.
3. The forbidden region (3, 4]. Note that we assume f(p) < 4 in the following, and so the
second part of Proposition 4.2 applies with ¢ = ¢4.

Improvement of fi. Recalling the definition of A, € [0, 1], this implies

J1(p) = Ap — pII,(0) < 1+ ca/d.

Improvement of f>. We introduce a = p(J + I1,), and moreover

ak) ~ - 1-ak

© 14 pIT,(0) © I+ pI,(0)

By adapting the analogous argument from [15, proof of Theorem 1.1], we can show that 1 —
a(k) > 0. Therefore, under the assumption that f(p) < 4, we have pT, (k) = N (k)/ F (k) =
a(k)/(1 —a(k)), and furthermore A, = a(0). In the following lines, M and M’ denote
constants (typically multiples of c¢4) whose value may change from line to line. An important
observation is that

— <14+ M/, |atk)| <1+ M/d, k)| < M/d.
T+ 1,0 / | | / [pIT, (k)| /

We are now ready to treat f,. Since INK)| <14+ M /d and by the triangle inequality,

P?p(k) s R P
‘@p(k) _‘N("prp(k)[l ApD(k) F(k)]‘
< 1+ M/d+ [p5,®)|[1 = 2, Do) - Fik)|. wa

Also,
[1—2,Dk) — F(k)|
_ ‘ 14 pIl,(0) — (2dp + pTi,(0))(1 + pII,(0)) D(k) — 1 +2dpD(k) + pIi (k) ‘

1+ pII,(0)
_ [ =D®1pT1,0)| | [a©)pIl,©O) D) + pIl, k) ‘ 25
1+ pII,(0) 1+ pIl,(0) ' '

The first term in the right-hand side of (4.25) is bound/gd by [1 — D (k)]M /d. In the second
term, recalling that @(0) = A, we add and subtract pIT,(0) in the numerator, and so

[1 — 4, D0)1pT,0) + p(T1, k) — T1,0))

1+ pIl,(0)
<[1—=DWIM'/d +[1 — 1,D()IM'/d < 3[1 — 1, D(k)IM’/d

|l =2,D(k) — F(k)| < [1 — D(k)IM /d + ’

for some constant M’ . In the second to last bound, we. have used that pAﬁ p(0) — g\ﬁ pk) <
[1 — D(k)IM /d. For the last, we have used that 1 — D (k) < 2(1 — A, D(k)) = 2G;, k)~ L.
Putting this back into (4.24), we obtain

% <14 M/d 4317 ®) /G, (1M Jd < 1+ 4(M v M'Y/d.
Ap
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This concludes the improvement on f>. Before dealing with f3, we make an important
observation:

Observation 4.13 Given the improved bounds on f and f>,

1 =3, D®) | _

P T %)

ke(—m,m]d

Proof Consider first those p such that 2dp < 3/7. Then

1 — ,D(k)
1—ack)

1 — 2dpD(k) — pTl,(0)D(k)

D4+ Myd
= = <
1 —2dpD(k) — pIl,(k)

$+M/d

<(1+M/d)3 <3

for d sufficiently large. Next, consider those k € (—, n]d such that |5(k)| < 7/8. Then

1 —apD(k)
1 —a(k)

2M/d ,
<1+ E <1+16M'/d
1—(1+M/d)§ —M/d

_ |, PIp@D®) — pTl, k)
B 1 —ak)

such that 2dp > 3/7 and k such that [D(k)| > 7/8. We write 1 — 4, D(k) = G;,, (k)~' and
1 —a(k) = T, (k)/a(k). Since 2dp| D(k)| > 3/8, we obtain

1=2,D®)| _8)| k) 2dpDW)| 8\ ’1 A0
l—ak) |~ 3 G, (k) aky |~ 3 a(k)
8 M/d
<z(I+M/d)(1++———) <3
=501+ /)(+%_M/d)_
for d sufficiently large. O
Improvement of f3. Elementary calculations give
o~ ~ 2
N Axal) @i +ok)—aw) R 1
A = DA .
epTp () t X T—zana —aatemy TO k(l—ﬁ(l))

17a0  /F
M (m (1)

We bound each of the three terms (I)-(III) separately. For the first term,
1 —,D()
1—aW)
< B+ M/dD[1 - DGy, ()G, (I + k).

D] = |Axa(d)] - -Gy, () <3G, (H[2dpAcD() + Akpﬁ,,(z)\

In the above, we have first used Observation 4.13, then Observation 4.11, and finally the
fact that éxp (I + k) > 1/2. Note that if we obtained similar bounds on (II) and (III), we
could prove a bound of the form |Ak?p )] < cﬁ;t » (k, ) for the right constant ¢ and the
improvement of f3 would be complete.

To deal with (I), we need a bound ona(l + ok) —a(l) for o € {&1}. Asin[17, (8.4.19)-
(8.4.21)],

Du+k-D <Y (| sink - x)|D(x) + [1 — cos(k - x)]D(x))

X

=1-D(k) + Y _ |sin(k - x)| D(x)
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~ 1/2 1/2
<1-Dk) + (Z D(x)) (Zsin(k : x)zD(x))
<1—Dk) + 2( 311 - cos(k x)]D(x))l/z
<41 - D()"?,

and similarly

~ ~ 1/2 1/2
PIf, (k) = T,00 < (p Y2 IM,01) (20 Y11 = costk -0l ()])
+p Y 1 —cosk - )T, (x)]
< M[1 — D(k)1"?/d.

Putting this together yields

[ail£k)—aW)| < 2dp|D(I£k)— D)+ p|T,(+£k)—T,()| < 16+M/d)[1-DKk)]">.
(4.26)

Combining (4.26) with Observation 4.13 yields

1—2,DW)|[1=2,D( + k)
1—aW) || 1-al+ok

< (144 + M'/d)[1 — D()1G., (NG, (I + ak).

(D) < (16 + M /d)*[1 — D(k)] G, (G, (L + k)

To bound (III), we want to use Lemma 4.1. We first provide bounds for the three types of
quantities arising in the use of the lemma. First, note that [a(l)| < 4+ M /d. Next, we observe

[al(0) — fal(k) = Y [1 —cos(k - 1)1[2dpD(x) + pTl, ()| < (4 + M/d)[1 — D(K)].

The third ingredient we need is Observation 4.13, which produces |1 — an~! < 3/G\;\p ).
Putting all this together and applying Lemma 4.1 gives

1 ~ . ~ .
Ak<71 — ﬁ(l)> <@+ M/d[ - D(k)](9[pr(l — k) + Gy, +0)]G;, (D)

+216(4 + M/d)G., (Il — k)G, ( + k)G, (D[1 — 5(1)])
< (6912 + M'/d)[1 — D(k)]
(61,0 =10+ 53,0 +0]Gs, 0 + G, —0)Gy, A + 1),

noting that G, , (1)[1 — D(1)] < 2. In summary, (1) + (I) + (IIT) < 30, (k, [), which finishes
the improvement on f3. This finishes the proof of Proposition 4.12, and therewith also the
proof of Theorem 1.1.
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