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Abstract

We study the nonlinear Schrédinger equation (NLS) with bounded initial data which does
not vanish at infinity. Examples include periodic, quasi-periodic and random initial data. On
the lattice we prove that solutions are polynomially bounded in time for any bounded data. In
the continuum, local existence is proved for real analytic data by a Newton iteration scheme.
Global existence for NLS with a regularized nonlinearity follows by analyzing a local energy
norm.

Keywords Propagation speed - Well-posedness - Local conservation laws - Newton iteration

1 Introduction

The aim of this note is to study nonlinear Schrodinger type equations on Z and on R with
initial data that are bounded, and do not vanish at infinity. Examples include periodic, quasi-
periodic and random data. We present some modest results describing the dynamics for such
data. Although we shall phrase our results in one dimension, most of our methods can be
adapted to higher dimensions.
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There is an extensive literature on space periodic data, with bounds on the Sobolev norms
as a function of time [2,3,5]. More recently, localized perturbations of periodic initial data
have been studied [7,12]. The periodic case appears naturally in nonlinear optics, describing
periodic signal propagating through a fiber, and local perturbations would correspond to noise
and modulation due to information carrying signal.

Much less is known about quasi-periodic and random cases. The quasi-periodic data
arises when there is another periodic signal, not commensurate with the periodic signal. The
nonlinearity then will produce a solution with arbitrary number of frequencies. In the case
of the KdV equation, Damanik at al. [1,9] have proved the global existence of uniformly
bounded almost periodic solutions for certain small amplitude quasi-periodic initial data.
This remarkable result uses the integrability of KdV and the fact that the corresponding
Schrodinger operator has only absolutely continuous spectrum. The case of global existence
of large initial data has not yet been understood. For non-integrable NLS, Oh [19], proved
the existence of solutions for quasi-periodic data for short time. He also proved that solutions
exist for all time for limit-periodic data, [18]. The global existence of special space-time
quasi-periodic solutions was recently established by Wang [21] by using Bourgain’s semi-
algebraic set methods together with a Newton iteration scheme. It is generally believed that
typical solutions to non-integrable equations are not uniformly bounded in time unless the
maximum is controlled by a conservation law. Note that in one dimension, the maximum of
a solution of NLS with periodic data is bounded by the energy.

In this paper we consider the nonlinear Schrédinger equation

i+ 0y = WPy, Yy iRTI SC Yy iRxZ—C, ¢(0,x) = Yox), (L.1)

with data which are locally in H®, with uniform bounds over the reals. The case when
¥ : R x Z — C corresponds to a nonlinear Schrodinger equation on the one dimensional
lattice with 9, given by the discrete Laplacian. The case when ¢ : R x R — C corresponds
to a nonlinear Schrodinger equation in the continuum. What makes the NLS hard to analyze
on R is the lack of a finite propagation speed. The speed of a signal is proportional to the
derivative of the solution. In contrast to the nonlinear Schrodinger equation, the nonlinear
wave equation,

U — ey 13 =0, w:RTN SR, w0, x) =uo, u0,x)=u, (1.2)

has a finite propagation speed. This means that at time t the solution u (¢, x) depends only on
data in the backward light cone {x’ : |x" — x| < r}. The rest of the data can be set to 0. Hence
the solution exists for all time by standard arguments. The following Proposition shows how
finite propagation speed enables one to get bounds on the time evolution in one dimension.

Proposition 1 Ifu(t, x) is a solution to the cubic nonlinear wave equation in one dimension,
(1.2) with initial conditions which are uniformly C'(R) x CO%R), then

lu(t, x)| < Ct'/3. (1.3)

Proof For any xp € R and ¢ € [0, 00), if x (x) is a smooth cutoff function,

1 ifxf =1
X(x) = {0 if x| > 2, (1.4
if v(z, x) is the solution to (1.2) with ug replaced with x (= }x(’)uo and u; replaced with

X—xQ

x( 7 )u1, then by finite propagation speed, v(t, xo) = u(t, xg) forall 0 < r < T. The
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912 B. Dodson

solution to (1.2) has the conserved energy

1 1 1
E(u,u;) = 5/(axu(r,x))zdx +5 f(u,(t,x))zdx + Z/u(t,x)“dx. (1.5)
By direct computation,

E(xuo, xur) S T(luoll7ee + 1910l 700 + 1 7<)- (1.6)

Then by the Sobolev embedding theorem,
lu(t, x0)I> = |v(t, x0) S 0@ 2 [v@)F4 S E, v) a7

S T (lluoll g + IxuollZoo + llurlIZoo)-

This proves the proposition. O
Remark 1If the nonlinearity in (1.2) is replaced by u??+!

1
bounded by C,z7+2.
For the solution to the NLS on the lattice, ¥ : R x Z — C, it is easy to prove that global
solutions exist for all uniformly bounded initial data and that the solution grows at most

, we would observe a growth rate

like Ct7. The nonlinear Schrodinger equation on the lattice may be thought of as having
approximate finite propagation speed since derivatives are uniformly bounded. The bound
Ct2 may be proved for the nonlinear Schrédinger equation on the lattice with either focusing
or defocusing nonlinearity. However, observe that the proof of Proposition 1 uses the fact
that the wave equation is defocusing. For the defocusing, nonlinear Schrédinger equation on
the lattice, we may improve the bounds to Ct1. See Sec 2.

Remark The solution to the 1D linear Schrodinger with initial data ¥ (x) = Y ja je’(x’j 2 ,
J € Zis given by
—G—j)?
e 4dit+1

Z RATITISNVER

It is easy to show that if the |a;| are uniformly bounded, then the sup norm of this solution
is bounded by Ct!/2. The phases in the exponential can be cancelled by the a j so this is the
best one can do. On the other hand, if the a; are independent complex random variables such
that E|a; |2 = 1, then E|e/"29)?(x) < C. On the lattice, the upper bound ¢!/2 follows from
Proposition 2 and a #!/? lower bound is proved in the Appendix for particular a i

We also study a simplified model of NLS in which the nonlinearity is regularized. The
Hamiltonian of the nonlinear interaction we consider has the form f lug(x, 1) |*dx where Ugp
denotes the convolution of u with a smooth positive function ¢ (x) of compact support. In this
case we prove that solutions exist for all time and are polynomially bounded for uniformly
smooth initial data. See Theorem 2 in Sec 3.

The global existence for NLS with bounded smooth initial data is still open. However in
the last section we extend the local time results of T. Oh for quasi-periodic initial to the real
analytic setting by developing a Newton iteration for the short time evolution. This is partly
inspired by work of Greene and Jacobowitz [10] on analytic embedding. In particular we can
include data of the form Zj aje_()‘_j)2 where j € Z and |a;| < 1. The a; may be random.
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Remark Besides global existence a natural question would be to prove that the time average of
the energy per unit volume of space is uniformly bounded and then to consider the possibility
that the limit of the average exists as time goes to infinity. Partial answer is given in Section
two, for the case of the NLS on the lattice.

1.1 Invariant Measures for NLS Equations

In many cases there exists an invariant measure which helps to control and describe the time
evolution. The work of Lebowitz et al. [14] on the Gibbs measure for the focussing NLS on
the circle is the foundational paper in this field. The construction of invariant measures for the
NLS is directly related to the statistical mechanics problem with the NLS energy functional
defining the theory. This equilibrium measure may also describe a soliton gas of NLS. This
work was extended by Bourgain [3,4] who also studied the time evolution for rough data in
the support of this measure. Recent works of Lebowitz et al. [13] as well as Carlen et al. [6]
describe the rate of equilibration to the Gibbs measure when a suitable noise perturbation
is added. More closely related to this note is Bourgain’s work on NLS in the defocussing
dynamics in a periodic box as the period goes to infinity [5]. He proves that weak limits
of solutions as L goes to infinity converge to a unique distributional solution in C(H?*), for
s < %, which depends continuously on initial data in compact space time regions.

Let us now consider the NLS on a periodic lattice of length L. There is an equilibrium
Gibbs measure given by

L L
Z e | =Y IVOP(D £ Y e (DI
J J

The + and - sign are the focussing and defocussing cases respectively. Let (-) be the transla-
tion invariant expectation and define ¢ (¢, j, ) to be the solution of the periodic NLS with
random initial data distributed by the Gibbs measure. Then since the total energy is con-
served and (|¢ ,j) |4> is independent of j, we conclude that <|q§ (t,0) |4> is uniformly bounded
independently of L. This shows that averaging gives good control of the time evolution. We
speculate that the time average of the local energy at O is bounded. In addition one would
like to describe its time fluctuations. But this is far beyond the scope of this note. In [15],
Lukkarinen and Spohn investigated the dynamics of the lattice NLS with initial data governed
by the infinite volume Gibbs measure. They proved that as the coupling goes to 0, the time
rescaled solution to NLS obeys a kinetic equation. Recent work of Mendl and Spohn [17]
describes equilibrium time correlations on a one dimensional lattice. On the 3 dimensional
lattice, Chatterjee and Kirkpatrick [8], studied the statistical mechanics with the focussing
non linearity. They prove that as the density is varied, a first order phase transition occurs
corresponding to soliton collapse.

Remark In [20] the detailed dynamics of a gas of solitons of the Ginzburg-Landau equation
is studied. In particular, it is shown that there are solutions in which pairs of coupled solitons
and separated from others is a possible class of (chaotic) solutions. The approach in this
paper is based on the analysis of the infinite system of coupled ODE’s corresponding to the
internal degrees of freedom of the soliton pairs (center of mass, relative phase, amplitude). It
should be pointed out that this system is not Hamiltonian, as it corresponds to the complex
NLS.
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914 B. Dodson

2 Dynamics of NLS on the Lattice

The Schrodinger equation on the lattice has properties similar to the nonlinear wave equation.
In this section let —A = 9*9 be the finite difference Laplacian on Z. Here

If) = fx+ 1= fx), and 3*f(x) = f(x = 1) = f(x) 2.1
The lattice NLS is given by

i%lﬁ(t,x) =it x) = — AV, x) + WP, x), xeZ 22

Proposition 2 [f |1 (0, x)| < A then there exists a constant C such that for any xo € Z and
to > 1, we have | (tg, x0)| < CA t(;/z, and

1
= D W 0P < A% 2.3)

[x—xo|<to

Proof The proof of local existence and uniqueness is an application of Picard iteration on
the space /> (Z) since the linear operator A is bounded on [°°(Z), the Taylor series for ¢*
is uniformly bounded for times 0 < ¢ < 1.

To get a bound on the solution at arbitrary time o near xo, where fq is possibly large, we
define

[ —xo)? 4+ 112

F(t,x) = , 2.4
) = =1+ 1) 24)
with R > 1, and let the local mass be given by
M) =) |y, x)e F&D 2.5)
X

By using 9* is the adjoint of 9, and summation by parts, we have

dM(t)/dt = =) {W(t, )P FENEY +ilayy — oy 8e_F(x’t)} (2.6)

X

The first term inside the braces is positive. To estimate the last term note that
de PO x e FDYF o o FOD Rt — 1 4 1) 2.7)
Since

109 () (x) — 89 ()Y ()] < [Y(x + DI+ [y ()] 2.8)

and

Z |w(x + 1)|26—F(x,t) — Z |w(x)|ze—F(x—1,t)

1
2 —F(x,t)
= Zx W)l (1 T R@o 1+ 1))

we get the inequality for #p > ¢

dM(t)/dt <3M(t)/RQ2tp —t + 1) (2.9)
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NLS with Bounded Data... 915

This implies M (tp) < %M (0), and Proposition 2 follows from
_ L=y 24112 _la—xg2+111/2
e T W, 0P SCY e T T A< CRAY. (210)
X X
Taking R = 1 completes the proof. O

If we replace the local mass by the local energy |V |>(x) + [y (x)|* in (2.5) we can get a
improved estimate on the time growth #!/4, compatible with Proposition 2. This result only
holds for the defocussing case, and would not hold in the focussing case, unlike the proof of
Proposition 2.

Proposition 3 If |/ (0, x)| < A, then for R > 1, |4 (1o, x0)| < CAty*, for any xo € Z, and
when ty > 1,

tl Y .0t < A% @.11)

[x—xo|<to

Proof Define the localized energy,
E(r) = Zwa x4 1) =y, 0)Pe P00 4 - Zwa Wfe P00 2.12)

If we set (v, w) = Re vw, then by direct computation,

. D) = e 0P ) - 7 Dt 0 F
+ ) (@ oye )+ Y (@yate Ly Z Fly Py, ¥
<Y v e Ty + D (avare ™ ) = Z«wa*f ) o
=) yo*e Fiay @, x) —ily Py, x).
Using th; fact that 8 and 9* are bounded operators on the lattice, (2.7) implies that
;wwa*ﬂ, —ilyPy) < Z mﬂwfﬁ
E(t). (2.14)

~ RQp+1-1)

Also, since d and 9* are bounded operators,

Y @yt Ay x) S eIy x + 1) = Y@, 0P

X

1
; RQ2thy+1—1)
1
—E(1). 2.15
S R+ 1-1) () (2.15)
In particular, this implies that £ (z9) <z E(0). Therefore,

_la—xp?+111/2 x40 /2
ST Ry, )t <€ e Feoth  A* < CRAY.  (2.16)
Taking R = 1 proves the Proposition. O
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916 B. Dodson

Remark In Propositions 2 and 3 we can bound the time derivative |%| by O(@3?) and
O (13/%) respectively.

Remark This argument could be generalized to the defocussing equation
i9/01 Y (1, x) = iV (1, x) = =AY (1, %) + [P Y (1, x), x € Z. .17

1
In that case |y (7, x)| < 172,

3 Regularized Nonlinearity

Next, we study the regularized nonlinear Schrodinger equation,
iy gy =Nw)=¢*(|psxu@xu), u:RxR—C, u®,x)=ug, (3.1)

where ¢ is areal valued, symmetric Schwartz function, and * indicates the usual convolution
(F 000 = [ FO)g = y)dy. (32)

Remark The operator f +— ¢ * f is a smoothing operator. One important example of such
an operator is the Fourier truncation operator. Since the solution to iu; + u,, = 0 travels at
velocity & at frequency &, truncating the nonlinear term in Fourier space allows us to treat
(3.1) using a finite propagation speed argument.

A solution to (3.1) conserves the quantities mass,

M(u(t)):/lu(t,x)lzdx, (3.3)

and energy,
1 2 1 4
E(u()) = 3 [0cu(t, x)|"dx + 7 | * u|dx. 34

Remark Both quantities could be infinite in this section.

3.1 Local Well-Posedness

Local well-posedness may be proved using perturbative arguments, for data lying in a large
function space.

Theorem 1 Ifugliesin C%(R), then (1.1) hasa local solution for T (¢, ||upl| Lo, || VZugl ) >
0. The solution u is bounded and uniformly continuous on [0, T] x R.

Proof This proof would work equally well in the focussing or defocussing cases. We first
prove

e ugllzee < (14 32)(luoll L + | Vuoll e + |V 2uol 1), 3.5)

by using stationary phase. Without loss of generality, it suffices to show that e''2 1 is bounded
itA

at the origin by the right hand side of (3.5). Using the stationary phase kernel of ¢''*,

eitAuo(O) —

1 2
ci2 / e~ T ug(y)dy. 3.6)
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Let x be as in (1.4). Integrating by parts,

1

2 1 2it d [ ;2
W/e (1= x)uo(y)dy = — e ) (I = x)uo(y)dy

ct'2 | 'y dy
21
= 0 ugll ) + €12 / e (1= X ONp )My
3.7

Making another integration by parts argument shows that the second term on the right hand
side of (3.7) is also bounded by the right hand side of (3.5).
Now then, by the fundamental theorem of calculus,

y
xMuo(y) = xMuo0) + x (M wo(y) —uo(0)) = x (»)uo(0) + )<(y)/0 up(s)ds.  (3.8)
Since x (y) is smooth and compactly supported, ||X(y)u0(0)||H1 < |lug|| oo, and therefore

by the Sobolev embedding theorem and the fact that ¢’ is a unitary operator for L2-based
Sobolev spaces,

e (x (Muo(0)) I 2o < Nluollzoe- (3.9)
Finally, as in (3.7),

1 .2
W/e”ﬂx(y)(uo(y) —up(0))dy
1

2itd (2
= W/TE <€ # ) X ) (uo(y) —uo(0))dy (3.10)

d —i"—2 ! /
=Ct1/2/5 (e ﬁf)x(y)/o ug(sy)dsdy

The right hand side of (3.10) is also bounded by the right hand side of (3.5). This finally
proves that (3.5) holds.
A similar argument may also be made for the Duhamel term

t
/ UTDAN (w)dr. (3.11)
0

Since ¢ * u is a smoothing operator, Theorem 1 also implies
le"PAN ) 1L S (LIt = T ] 7oe- (3.12)
Therefore, Theorem 1 holds by straightforward Picard iteration. To see this, let
X = {u: ullge qo.rixr) < 2C@) (ol + IVuolls + [Vuollz=)},  (3.13)
where C(¢) also depends on the implicit constant appearing in (3.5) when 7 < 1. Then

define the operator

t
Dut)) = e uy — i/ TOAN (w)dr. (3.14)
0

Then by (3.5) and (3.12), if u € X,

DUl q0,71xR) <Cluoll e + | Vuoll o + [V ?uoll L) a15)
+8C3T (lugll oo + Vuoll oo + V2 uoll ).
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918 B. Dodson

Then for T sufficiently small,
d:X — X. (3.16)
Moreover,
1© (1) = @O Lx,0.71xR) S Tllu = vllgs qo. 71 (Ul 722 10, 71xR)
HIVIZ < g0, 71x))- (3.17)

which proves that for T' sufficiently small, & is a contraction. O

3.2 Global Well-Posedness

The proof of global well-posedness for (3.1) relies on mass and energy conservation laws.
Although it is not in general true that a function in L°°(R) will lie in L%(R), it is true that
such embeddings do hold on any bounded set. We therefore use local conservation laws to
prove global well-posedness.

Theorem 2 [f ug lies in C*(R), then (3.1) has a global solution whose local energy (see
(3.18) with R = 18) is a quantity bounded by Ct3 when t is large. Moreover, we show that
lu(t, x)| < 33,

Proof Define the local energy

x—x\[1, ., 1 4, 1 0
E(o, )= | x R §|Mx| +Z|¢*M| +§|M| . (3.13)

Remark Observe that we rely heavily on the fact that the local energy is positive definite.
In the case of finite mass, (3.3)< 0o, we could prove global well-posedness for both the
focussing and defocussing problems. Here, we only prove global well-posedness for the
defocussing problem.

We may compute

d _ 2
EE(xo,r)zfx (x R“) [, ) + (U 5 u2(@ 5 w), ¢ % u) + (w,ur)]] (3.19)

N2
=/x (x Rx‘)) [t t7) + N @) ur) + (1, u47)]

- %/x (x ;“) X (x ;x‘)) (. 4r) + /(([d), K2y, 16 5 P % 1),
(3.20)

Here we are using the inner product

(f,8) = Re(f(x)g(x)), (3.21)

and the commutator is given by

(¢, x2Iu = f [xz <y_—Rx°) — x> (x ;xo)} o — yu(dy.  (3.22)

@ Springer



NLS with Bounded Data... 919

Using (3.1) and the fact that {u,, iu;) = (u;, —uxx +N(u)) =0,

dE B X — Xo 2 2 X — X0 , (X — X0
Z (XOJ)—/X< R > <uvut>_E/X< R )X( R )(ux»”t)

+/<<[¢,x2]u,>, | % ul*(¢p xu)) = A+ B +C. (3.23)

Observe that if y () were replaced by 1, the local energy (3.18) would be exactly
equal to the mass in %x (3.3) plus the energy in (3.4). It is also clear that in the case that
x =1, x'(x) = 0and [¢, x2] = 0, so the last two terms in (3.23) would drop out. The first
term in (3.23) would also be zero due to the conservation of mass calculations. For the local
energy, we will exploit the fact that a % appears in —% f X (%)X’(%) (uy, uy), and also
in [(([p, x*ur), |¢ *ul*(¢ +u)). Meanwhile, E (xg, 0) = O(R), so terms depending on the
size of u itself will grow as R increases. We will show that forany 0 < R < oo, we are able to
win the tug of war that develops between % and the nonlinear terms for a time that increases
as R increases. Taking R — oo we shall prove global well-posedness and |u(z, x)| < 13/3.
Term A: Since u; = iy, — iN(u),

o 2 _ 2
A=/X (" R“’) <u,ut>=/x <" R”) (W, itxx — iIN (@) = Ay + As.

(3.24)

Integrating by parts,

2
A = / X <x ;xo) (U, itty) = —%fx <x ;xo) X' <x ;x(’) o, ity

1 X — X0 X — X0 1 X — Xo
S zlx ( I )ullellx/< I )uanz < EE(xo,t)l/zllx/ (T Uyl
(3.25)

By the definition of yx,
X' S Ix @]+ [x(x = DI+ [x(x + D). (3.26)

Therefore,

1 X — Xo 1
A1 S —E@o, 0" x uxll 2 S — E(xo. )2 (sup E(xo, )'/%).  (327)
R R R X0

Next,

4 = —/x2 (x ;XO) (e, iIN (W) = /<¢ * (x ;x‘)) i # ul> (¢ % )

_ f<[¢>, Xl i1 % ul2(é # ). (3.28)

The last equality follows from the fact that
/ X2 (%) Re(—il¢p % ul*) = 0. (3.29)
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To analyze the commutator [¢, x 2], first consider |x — xo| > 4R. In that case,

(3.22) = [¢, x*] = /x2 (%) ¢ (x — Yu(y)dy

| _
:/mu+|x—y|2)¢<x—y>x2<y Rx°>u<y>dy.

Since ¢ is a Schwartz function,

y— X0
=0 [ o (2522 005 = Mtz S o (2 ) i

Therefore,

/ (6, X2V, i1¢ % ulP(b * w))dx
[x—x0|=4R

S I 0 (FE1| ! | |3|| —
u d) kU 4/3
~é 1IX R L? | 0|2 L43(|x—xo|>4R)

1 x—x0—JjR
SE@o, " Y0 sl ( n >(¢*u)||i4
=37

—E(xo 1)1/2(SUPE(XO >h.

2:

For |x — xo| < 4R observe that by the fundamental theorem of calculus,

y — X0 X — X0 1
|X2 <T) —X2 (T) < E|X—y|-

/ (6. XN, il * u*($ * w))dx
|x—xo|<4R

Then,

1
< EH‘P * u||i4(|x7x0|§4R) I f lx — yll¢(x — y)||“(y)|dy||L4(|x_x0|54R)

1
S (up ECxo, ¥ f lx = Yll¢x = WYl L4(x x| <ar) -
X0

Once again, since ¢ is a Schwartz function, by Young’s inequality,

I / Ix = yll¢ G = WAyl L4(x—xo|<ar)

X — X0
< ||/ 1+| |2|M()’)|d)’||L4(|x Xol<4R) > <SE)P ||X< R )“”LZ)'

Therefore,
Ay < /<[¢, X, il x ul* (¢ u)) < %(sup E(t, x0)Y%).
X0

@ Springer
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Term B: Split

2 X—=x0. ,[x—x0
-2 [ () e
(s o
2 — _
+E/x (x Rx‘))x/(x R”’) (1x. iN (W) = By + Bs.

Decompose

x—x0\ ,{x—xo .
< R )X < R )(ux’luxx>
X—=Xo\ ,(X—X0 - ity
X( R )X( R )(ume uxx (0)) (3.38)
_z X — X0 , (X —Xxo . _itde
R X( R )X ( R ><Mleaxx(u e u(0))).

Using (3.5) and the fact that 9, commutes with i1

2 X — X0 , (X — X0 it
_E/X( R )X( R )(ux uxx(0))

1 X — X0 .
S RI2 IIx <T> w2 lle" Uy (0)]| Lo (3.39)

S+ 1/QE(xo, 02 luoll ¢+ my-

Next observe that by Duhamel’s formula,

t
u— eltaxxu(o) — l/ el (l*f)(‘)xxN(u)dT' (3.40)
0

Next,

— ro .
X/ (X XO) 3xxf e‘(’_r)d“./\f(u)dr
R 0

t (3.41)
_ ) (x ;xo> / ei(z—r)a,ud)“ * (| * u|2(¢ *u))dTt.
0

Now then, by Strichartz estimates and the fact that ¢ is a Schwartz function, and thus in L,

— t . -
||x’<%)/o L ("4R )(|¢*u| @ * )T )

t X — 8/7 7/8 ¢ o 7/8
e (/0 ”X< )('¢*“' (¢ =)l sndt ) < ( [ (sup ECo. ) dr) _
X0

(3.42)
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Meanwhile, computing the kernel for a generic function f,

S R
I e

X0

Since x' (%) is supported on |x—xo| < 2R and (1—x (*3z%)) is supported on [z—xo| > 4R,
|[x —z| > 2R in (3.43). In the region where |y — z| > |x — y/|, using the fact that ¢ is a
Schwartz function and Young’s inequality,

— [ . .\'7"2
IIX/(X xo)/ [/ GO - ) (1—X<Z
ly—z|>|x=yl
— X0
S ||X/( >/ // 2" 2
ly—z|>|x— )‘1+|x—y| l‘|‘|)C—Z|

< 162y — )y —2)* |< (ZM: )) |f @)ldzdyd| 2

1 x—x0—JjR 1 (! x
<o me Ix (T) Fllgande < F/o sup |

)) f(drdydz.
(3.43)

0 )) F@drdydz] 2

;XO) f||L4/3> .

Jj#0
(3.44)
Next, consider the case when |x — y| > |y — z|. In this case we use the fact that
e S ‘)) de-od (eil i ‘Z) ) (3.45)
(y—x) dy

Then let ¢ be a smooth, compactly supported function, ¥ (x) = 1 for |x| < 1, and ¢
supported on |x| < 2. Using (3.45) and integrating by parts,

o (x—xo>/’//¢(L:Z>g—f%¢<2>(y—z> (1—x(Z;R )) f(2)dvdydz
_ (x—xo)/ [ [, ( —Z)e—f%w%—z)
(y—x) x—y
(1_X(Z4R )) f(2)drdydz
B (x—x()>///2l(f (y—z).< ! 427z )
(y—x) xX—y x—y (x—y?

< e 52 g @y ) (1 — x (Z e )) f@)drdyds

- (x—xo)///Zl(t—f) ( —Z)e—i%(b@)(y_z)
—x) " \x—y

(1 —x (Z ; Rx )) f@)drdyd:. (3.46)
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Applying (3.45) and integrating by parts three more times, and then making the argument in
(3.42)—(3.44) with x — y and y — z reversed, implies that

t 7/8
134D 2 S ( / <sup E(xo, r)>6/7dr)

1+ 4
( )/( ||X<

B = %/x (x ;x°> X <x ;x()) (5 iN (). (3.48)

) (¢ xw}.)dr. (3.47)

Then consider

We can compute

1 X — XQ X —
By < = 1% ( R )mllmllx’(

EE(’ ,x0) 21y ( >¢*(|¢*u| (@ *u) 2.

"“) ¢ * (1 ul*(@ * w))| .2
(3.49)

To simplify notation let f = |¢ % u|>. Since ¢ is a Schwartz function,

Ix’ ("_x")qs*fnp
< ||f ( )|¢<x—y><x—y> ||

—x0— iR
§¢Zl+j2Rzllx (x —— )f||L4/3§<sup||x< )<¢*u)n )
7

(3.50)

2 LfOD)ldyllL2

Term C: For this term as well, split u; = iy, — iN(u).

/<<[¢, X Tue), | % ul*(p % u)) = /<<[¢, X i), | % ul* (¢ % u))
(3.51)

- f((w, XN W), 1§ % ul* (¢ % u)) = Cy + Ca.

Once again we use the definition of the commutator in (3.5). Integrating by parts,

C = / [xz (%) — x> (%)} B — V)it (1, ) (1 # ul>(@ )2, X)dydx

_—*f ( _xo) ,(y;xo)qb(x—y)(iuxa,y)mqs*u|2(¢>*u>><r,x>dydx

- / [xz (%) —x2 (y%‘))] ¢ (x — ) (Gux(t, ) (16 * u2(@ * w)(t. x)dydx.
(3.52)
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Since ¢ is a Schwartz function,

*/ ( _xo> /<y;exo>¢(x—y)(iux(r,ym«zs*u|2(¢Tu>)(r,x>dydx

X0 (Y — X0 1 2
SE/D(( )||X< R >|l+|x_y|2'(1+|x—y|)|¢(X—y)|

X |¢p * u(t, x) 1P lux (t, y)|dydx,

(3.53)
so by Young’s inequality,
1 1 —x0— jR 3 X — X0
NquZlﬂszn ( < )I¢>*ulllL4llx )l
1
< —(sup E(xo, 1)°/H). (3.54)
R

Next, consider the term

/ [ﬁ (%) — 52 (%)} ¢ (x — )it (1, ) (1 * ul2(@ % 1)) (¢, x)dydx.
(3.55)

Integrating by parts again, if the derivative falls on x2( ), then it is possible to proceed
as above, only with u, replaced by u. Therefore, it is left to estimate

/ [xz (%) — 5P (%)} " (x — ) (u(t, )| * ul*(@ * u)(t, x)dydx.
(3.56)

Y—X0
R

To estimate this integral, it is useful to split the integral into three regions, |x —xo| < 4R and
|y —x0l <4R,|x —xo| > 4R, and |y —xo| > 4R. When |x —xo| < 4R and |y —xo| < 4R,
then using (3.33) and Young’s inequality,

f [xz (m) — X (y_—Rx"ﬂ ¢ (x — ) (ut, ) (1 * u2 (@ % u))(t, x)dydx

R

So R// Ix = yllg” (x — e, Yli¢ = u(t, x)*dxdy  (3.57)
[x—xo|<4R,|y—xo|<4R

Yy = Xo X —x
S su ||X< >M|| 2||X<
P R L R

If |[x — xo| > 4R,

) @l < sup E (xo, 0.

2fX =X\ _ ofYTXo\_ _ 2fY—X0
X<R>X<R>_X<R>' (3.58)
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Then,

/ 1 (%) 16" (= Wllut, )| # e, x)Pdxdy
|x—xo|>4R

- 1
= / X2 (yT’m) 10" (x — ) (x — )2 (2, y)l|¢ * u(t, x)Pdxdy
|x—x0|>4R

lx — y?

1 x—x0—jR y — Xo 1
S s lix ull 2 X G % uPll o S —5 sup E(xo. )%/,
£ 2R R R R?
J#0
(3.59)

A similar computation may be made for |y — xo| > 4R, since in that case,

2 (X=X o (Y—X0\_ ,(X—Xo
B ) T B ) S

C) = /<<[¢, X ity ¢ % ul* (@ % u)) < %E(xoa 04, (3.61)

Therefore,

Finally, consider the contribution of C5. If |y — xo| > 4R,

2(Y X\ 2 fX—X .
[y7x0|>4R |:X ( R ) X < R )j|¢(x y)

X (¢ * |¢ % ul* (¢ u)(t, x))(i|¢p * ul* (@ * u)(t, y)dydx

= —f X (x ;x(’) B — )| # ul2(¢ % u)(t, x) (i1 % ul*(@ * u)) (. y)dydx
ly—xo|>4R
(3.62)

X — XxQ

< llx (x_x°>|¢*u|2<¢*u>||L4/s|| x( )|¢3<x—y>||¢*u|3dy||L4
R |y=x0/>4R R

X — Xxo
R

< (sup E(xo, /)| X ( ) |G(x — y)lI¢p * ul*dyll 4. (3.63)
X0 |y—xo|>4R

Because ¢ is a symmetric, real valued, Schwartz function,

dE(x—y)=/fb(x—z)¢(z—y)dz=f¢(x—z)¢>(y—z)dz=f¢(x—y—z)¢(z)dz
(3.64)

is also a symmetric, real valued, Schwartz function. Therefore,

X — X ~
||x< — 0)/ 1B — Wi # uldyl
|y—xo|>4R
X — X0 - 2 1 3
=||x< )/ B — lix — | 16 % ulPdyl
R |[y—xo|>4R lx — )7|2 L (3.63)

1 x—x0—jR 3 1 3/4
s¢§)j2R2ux< : )|¢*u| o0 S 2 (sup ECxo, 0%/).
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By symmetry of arguments, a similar estimate could also be obtained when [x — xo| > 4R.
Finally, consider the case when |x — xo| < 4R and |y — xo| < 4R. By (3.33),

2(Y X0\  afX— X0 B
//|x—xo|<4R,y—xo|<4R|:X( R ) X< R )]Mx Y

x (¢ % |+ ul* (¢ % u)(t, ) (i1¢p * ul* (@ * ) (t, y)dydx

1 B
< 2 / Ix — Vg — YI¢ *ult, x)|¢ * u(t, y)Pdxdy
|x—xo|<4R J|y—xo|<4R
1
<o E(Sup E(t, x0)*'?). (3.66)
X0
Therefore,

. 1
G = /<([¢, 1N % 1§ xul (@5 w), o xul (@ xw) $ FE(xo, 0¥ (3.67)
Therefore, combining the above estimates on A+B+C we have proved

d 1 1 s E(xo,1)'/?
—_ — _ /4 372y =\WX0. 1)
th(XOat)f,R(SE)PE(xOJ))'{‘ R(S;pE(xo,t) )+ (L+177%) RI2 lluollc+

t 7/8 1+ 4ot
+ < (sup E (xo, t))6/7d1’) +—5 / (sup E (xo, t)3/4)d1'
0 xo R 0 Xxo
1 3/2
+ —(sup E(xg, t)”/7). (3.68)
R

By Holder’s inequality,
sup E(x0,0) < R. (3.69)
X0

Making a bootstrap argument, suppose [0, 7] is an interval for which sup, , E(xo,?) < R,
and also T < R'/3. Then for any t € [0, T],

147
(3.68) <14+ RY* + (1 + /) |Juoll o4 + R84+ % + R'2. (3.70)
Integrating the right hand side of (3.70) on the interval [0, T'],
! 1/4 32 sas, L+0 172
/ 1+ R+ A+ ) ugll ca + R4 + s R 2dr
0
< RO/6 L R |ug|| o4 < R. (3.71)

Making a bootstrap argument, this proves sup,, E(xo, t) < Rforallt € [0, T]. This proves
Theorem 2. Using (1.7), we obtain |u(z, x)| < 18/3. o

Remark If we assumed smooth initial data, we could combine the previous proof with Gron-
wall’s inequality to prove bounds on higher order derivatives of the solution.

4 Real Analytic Local Well-Posedness

In this section we prove a local result for the one dimensional, nonlinear Schrodinger equation

d
ia—‘f’ =AY+ Yy, ¥(0,x) =y (4.1)
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T Oh [19] proved local well-posedness for almost periodic data. As a simple example consider
Yo(x) = cos(x) + cos(\fo). 4.2)

Such an initial value problem cannot be solved directly using the usual methods of Strichartz
estimates combined with the fact that the initial data is in an L2-based space. Moreover,
the fact that the data (4.2) consists of two periodic functions whose periods are not rational
multiples of one another prevents the study of (4.1) on a torus.

In this note, we study (4.1) for initial data that is real analytic in a strip of width 3, that is,
the set

Q={z:z=x+1iy, |yl <3} 4.3)
For example, the initial data
Yo = ane” " a,| <1 (4.4)
nel

satisfies this condition. In fact, (4.4) is an entire function since if z = x + iy,

Yo(z) = Zane‘(z_”)z = Zane_("_”ﬂe_ziy(x_”), (4.5)

neZ neZ

so the sum (4.5) converges uniformly in any compact subset of C, proving that v (x) is an
entire function.

We prove the local well-posedness result for real analytic data. We suspect that Gevrey
or very smooth data will suffice to get the existence of local solutions by using Moser’s
regularization [16]. See Hormander [11] for an abstract version of the Newton-Nash implicit
function.

Theorem 3 The initial value problem (4.1) is locally well-posed on some interval
[T (Yo), T (o)), where ug is real analytic in the strip (4.3).

Proof Define the formal iteration as follows. First let

Yi(r.x) = ¢y (4.6)
Next, define &, (¢, x), to be the linear correction to ¥ given by
iaaif =—An +2AY1Pe +yih + R, £0.x) =0, @.7)
and
R = —i% =AY+ [Py = [ Py 4.8)
and set
Yo(t, x) = Y1 (t, x) + &2(8, x). (4.9)
In general, iteratively define
Vnit = ¥n + Ent1, (4.10)
where
iaganijl = — A&t + 20V lPEntt + Yidart + Ruy £11(0,0) =0, (4.11)
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and whenn > 1,

3Yn
ot

Ry = —i—" — AV + [Vl ¥ = 2160 Y1 + E20n—1 + |Ea?En. (412)

The rapid convergence of the Newton iteration relies on the fact that R, is quadratic in &,.
For any n > 1, arguing by induction,

Y D - .
i+ A =i <¢1 + Zsm) +A <¢1 + Zsm) = [ ¥n — Rus1. (4.13)

m=2 m=2

Therefore, if we can show that £, — 0 and R, — 0 in a suitable Banach space as n — oo,
we are done.
It is convenient to rewrite (4.11) and (4.12) in matrix notation. Let

— ‘%-” — R" _ -A0 _ 2|1ﬁn|2 W,%
Uy = <§n> N bn = <_kn)’ MO = ( 0 A) N Vn(t,x) = < _1/—/3 _2|wn|2> .

4.14)
Then (4.11) has the form
L O0Upg
17 =M, X)upt1 +by, My, =My+V,. 4.15)
Let ®(z, #1) be the fundamental solution operator to this equation,
ad(1,t
i% =M, ®,(t,11), Du(t1,11) = 1d. (4.16)
Formally, ®, (¢, t;) can be expressed as a time ordered integral
t
D, (t,11) = Texp(—i / M(s)ds). “4.17)
n
Then the solution to (4.15) is given by
t
Unp1 = —i<I>n(t,0)/ @, (s,0)" b, (s)ds. (4.18)
0
Indeed, under (4.18), u,+1(0) = 0, and
ou
i anzﬂ = by (t) + Mpup+1. 4.19)
Lemma 1 (Properties of ©) Let
[Va(@®)| = sup |V (s, x)|. (4.20)
s<t,x
Then,
1n fll2) < VN £l 2y 21

Proof @, is the solution operator to (4.15) with b, = 0. Standard local well-posedness
arguments show that (4.15) has a solution. Next, (4.21) holds for the interval of existence
via Gronwall’s inequality. The estimates (4.20) and (4.21) combine to show that @, (z, #1) is
well-defined for all 7, 11 € R. O
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Lemma2 (More properties of ®)

t
[% <bn(t2,t1)] = —i/2 P, (tg,s) V,,(s x)®, (s, t1)ds, (4.22)

4l

and

n

[x, @, (2, 11)] = Zif <I>,,(tz,s) d CD (s, t1)ds. (4.23)

n

Proof Without loss of generality suppose t; = 0 and #» = 1. Then for any N,

1 1
®,(1,0) = @, <1,1—N>o---od>n <N’O>' (4.24)
Therefore, by direct computation,
N .
d 1 d j j—1 1
[E,CDn(l,O)] z_: (1 1- 7) o0 [E’q)” (NT)} 0. 0®, (N’())'
(4.25)
Then compute,
d j—1 i d j—1
Lo, (L. )| ~—~ Ly, (L—x). (4.26)
dx N N N dx N
Similarly,
jj—1 1 d
o, (L)~ (4.27)
N N N dx
This proves the lemma. O

By taking the time derivative of ) 1o@() = 1d,

t
%@(r)") =—idN)2OOM@) = —i®@) ' M©@), @)= Texp(—i/ M(s)ds).
0

(4.28)
Next, if f is a real analytic function, making a Taylor expansion,
O f = Z f<”>(x) fx+a). (4.29)
Therefore, we have the identity,
d d
eaaén,ﬂf = an,aeaEfv (430)
where &, , is the fundamental solution for My + V,, (¢, x + a).
The norm that will be used to control the iteration is given by
f(n+q)(x) ;
110 py=sup D0 |l (431)

Y n=0,0<q<p

The following general lemma relates different norms.
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Lemma3 Letr,41 < ry and set 8, = ry, — rp41. Then,

1A Gt1s ) Sp L 11Crm, 008, (4.32)
Proof We consider the simplest form of the estimate
LA 1Garss 1) S 11 Crns 008, (4.33)

|fmD ()] et
(m + 1)! "n

11 Gragr. 1) =sup [( +1) ,’;111]. (4.34)

X
m=>0

The inequality follows since the factor in brackets is uniformly bounded by &, ! The case
for general p may proved the same way. O

Remark Tt may be possible to refine the estimates to bound the implicit constant in (4.32)
to ¢!, which would agree with Cauchy integral formula. However, it is not too important to
determine the exact constant here.

The proof of the convergence of the Newton iteration relies on the bound for the operator
d,(t,s), where [t], |s] < 1.

Lemma4 For |t| < 1and any rp+1 > 0,

1@, (2, )by || (Fg1, 0) < eV Oy | (g1, 3+ Vil (gt 3) + Vil (g1 3)2).
(4.35)

Proof As in the previous section we have

le"olle0) £ A+ Uolleo) + 1VV0lle.0) + 1V Volle.0).  (436)

This takes care of the case when V,, = 0. When V,, is not identically equal to zero, we
use (4.30) and the commutator estimates in Lemma 2. Let x; be a partition of unity, where

ij(x —j)= Zj xj(x) = 1forany x € R, and set

gnj =1+ (x — )HA1Du(t,0)x,by. (4.37)

Therefore,

@, (2, 0)bp | (r, 0) = |l Z(l = ) gl (. 0) < sup [|gn,jll (n, 0). (4.38)
j /
To simplify notation, let f = x;b,. Also, without loss of generality suppose that j = 0.
Then,

xzdbn(t,O)f:x¢n(t,0)xf+x/0t<b (. s) —®u(s.0)fds
:x@n(t,O)xf—i—x/Ot ®,(,0) (%f) ds
+x/0 @, (1, s)/ @, (s, m( Vi (s1, s)> ®,(s1,0) fdsids (4.39)
= x®, (1, 0)xf + 1xD, (7, 0) (%f)

+x/ / D, (¢, s1)< Va (s1,s)> D,,(s1,0) fdsds.

@ Springer



NLS with Bounded Data... 931

Making a similar calculation,

X®,(t, 0)xf = D, (t, 0)x> f + 1D, (1, 0) (%(xf))

(4.40)
/ / b, (1, sl)< V. (s1, s)) D, (s1,0)(xf)dsyds.
Then, remembering that f = by, since 0 <t < I,
lx®y (2, 0)xf 2 Se"v”(’)‘llxzflle + 1Ol £l 2
+ze"V"<’>‘||x —fllz +e"V"'| —Valllxf 2 .41

SelVnl (1 + |—Vn<1>|> 151l (Pt 1).
dx

By a similar calculation, since 0 < < 1,

10 2. 0) (iuf)) 2 < el (1 + |ivn(1)|> Iall (s, 2. (442)
dx dx

Finally,

//<I>n(t S1)( Vi (s1, S))<1>n(S1,0)de1ds

/ / o, (1, s1)< V,,(sl,s)> x®,,(s1,0) fdsids (4.43)

// / D, (t, r) <I> (z, S1)< Va(s1, S)> ®,(s1,0) fdsids.

Also, by (4.22),

///Cbn(t r) <1> (z, S1)< Va(s1, S))Cl>n(S1,0)de1ds
/ f / O, (1, 7)), (7, sl)— |:< V. (s1, s)) <I>,1(s1,0)fi|ds1dsd‘r

(4.44)
/ / / D, (1, r)/ Dy (7, f)( Va(T, x)) ®, (7, 51)
(d Vi (sl,s)) D, (s1,0) fds1dsdrdr.
X
The L? norm of the last term is bounded by
OV a1 32 £l 2 (4.45)
The other remaining terms,
/ / @, . s1)< v, (sm)) @, (51, 0) fdsids, (4.46)

and

/ / / D, (t, T)P, (T, sl) |:< Va (sl,s)> <I>n(s1,0)f] dsidsdt, (4.47)
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may be handled in a similar manner.
Finally, using the Sobolev embedding theorem,

lign,jlloe < Ngnjllz + 1Vgn,jll 2, (4.48)

completes the proof of the lemma. O

Newton iteration: The induction argument makes use of the fact that if b, is real analytic,
then u,,41, given by (4.18), is also real analytic. Additionally, a product of two real analytic
functions is real analytic, as well as the complex conjugate of a real analytic function is real
analytic.

We start the induction by assuming

€1 = flurll(ri,0) K 1, (4.49)
and define
€r = lukll(re, 0), k=2 (4.50)
It is always possible to assume (4.49) after rescaling. By Lemmas 3 and 4,
€2 = llu2l|(r2,0) < CllY1 G2, p)* =< ClLIYlI (1. 008, T = [Cers, "P. (451

In general, the remainder b,, is quadratic in u, by (4.12), and therefore, for any n,

€ntl = C[C5115_p]2(C€15_p). (4.52)
If €; > O is sufficiently small, p = 3 and §, = n=2,
i1 < Cen* < C"(n)*e] — 0, (4.53)

as n — oo. Thus, ¥, converges as n — oo.
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5 Appendix: Linear Schrodinger Time Evolution on Z
Let ¥ (¢, n) = e!"2yo(n) where o = Y ja;j8; and A is the finite difference Laplacian.

LemmaA We can choose ay, |a;| < 1 so that |y (t,0)| > §t1/2,§ > 0.

Proof The fundamental solution to the lattice Schrodinger equation can be expressed in terms
of the integral

2w
Fu(t) = (2n)*1/ s OFint gy n ey,
0

which is closely related to the Bessel function. This integral has two saddle points 65, 7 — 6
where sin(6;) = n/t, cos(fs) =[1 — (n/t)z]l/z. By classical stationary phase, if |n| < t/2

Fy(t) ~ [t cos(85)17 /% cos(p(t, n)(1 + O(1/1))
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when n is even and

F(t,n) = i[t cos(85)]~ "% sin(p (¢, n)(1 + O(1/1)),

when n is odd. Here

¢(t,n) = /4 +1tcos(by) + nbs .

Since |y (1, 0)| = | Y, anFu ()| we will choose a,, so that the sum equals

> F@ )] =8

In|<t/2
To prove this lower bound note thatif | cos(¢ (¢, n))| is small when nis even then | sin(¢ (¢, n+
1)| > 1/4since |¢p(t,n 4+ 1) — (1, n)| ~ |6;| = arcsinn/t < §¢1/2. o
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