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Abstract

We study a class of systems whose dynamics are described by generalized Langevin equations
with state-dependent coefficients. We find that in the limit, in which all the characteristic time
scales vanish at the same rate, the position variable of the system converges to a homogenized
process, described by an equation containing additional drift terms induced by the noise. The
convergence results are obtained using the main result in Hottovy et al. (Commun Math Phys
336(3):1259-1283, 2015), whose version is proven here under a weaker spectral assumption
on the damping matrix. We apply our results to study thermophoresis of a Brownian particle
in a non-equilibrium heat bath.

Keywords Generalized Langevin equation - Small mass limit - Multiscale analysis -
Noise-induced drift - Thermophoresis

1 Introduction

From physical sciences to social sciences, many phenomena are modeled by noisy dynamical
systems. In many such systems, several widely separated time scales are present. The system
obtained in the homogenization limit, in which the fast time scales go to zero, is simpler than
the original one, while often retaining the essential features of its dynamics [1-4]. On the
other hand, the different fast time scales may compete and this competition is reflected in the
homogenized equations.
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Of particular interest is the model of a Brownian particle interacting with the environment
[5]. The usual model for such system neglects the memory effects, representing the interaction
of the particle with the environment as a sum of an instantaneous damping force and a white
noise. Although such an idealized model generally gives a good approximate description of
the dynamics of the particle, there are situations where the memory effects play an important
role, for instance when the particle is subject to a hydrodynamic interaction [6], or when the
particle is an atom embedded in a condensed-matter heat bath [7]. In addition, the stochastic
forcing introduced by the environment is often more accurately modeled by a colored noise
than by white noise.

In this paper, we study a class of generalized Langevin equations (GLEs), with state-
dependent drift and diffusion coefficients, driven by a colored noise. They provide a realistic
description of the dynamics of a classical Brownian particle in an inhomogeneous environ-
ment; their solutions are not Markov processes. We are interested in the limiting behavior of
the particle when the characteristic time scales become small and in how competition of the
time scales, as well as inhomogeneity of the environment, impact its limiting dynamics. The
main mathematical result of this paper is Theorem 2, in which we derive the homogenization
limit for a general class of non-Markovian systems. Special cases are studied in some details
to obtain more explicit results. Their physical relevance is illustrated by an application to
thermophoresis models.

The paper is organized as follows. In Sect. 2, we introduce and discuss a class of GLEs, as
well as its two sub-classes, to be studied in this paper. In Sect. 3, we revisit the Smoluchowski—
Kramers limit for a class of SDEs with state-dependent drift and diffusion coefficients, under
a weaker assumption on the spectrum of the damping matrix than that used in earlier work [8].
Using this result of Sect. 3, we study homogenization for the GLEs in Sect. 4. We specialize
the study to two sub-classes of models in Sect. 5. In Sect. 6, we apply the results obtained in the
previous sections to study thermophoresis of a Brownian particle in a non-equilibrium heat
bath. We end the paper by giving the conclusions and final remarks in Sect. 7. The appendices
provide some technical results used in the main paper, as well as physical motivation for the
form of the GLEs studied here. In Appendix A we provide a variant of a (heuristic) derivation
of the equations studied in this paper from Hamiltonian model of a particle interacting with
a system of harmonic oscillators. Appendix B contains a sketch of the proof of Theorem 1.

2 Generalized Langevin Equations (GLEs)
2.1 GLEs as Non-Markovian Models

We consider a class of non-Markovian Langevin equations, with state-dependent coefficients,
that describe the dynamics of a particle moving in a force field and interacting with the
environment. Let x; € R, ¢ > 0, be the position of the particle. The evolution of position,
x;, is given by the solution to the following stochastic integro-differential equation (SIDE):

13
mi; = F(x;) — g(xt)/ k(t — s)h(xs)xsds + 0 (x,)§,, 9]
0
with the initial conditions (here the initial time is chosen to be t = 0):
Xp=x, Xo=0. 2)
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The initial conditions x and v are random variables independent of the process {&, : ¢ > 0}.
Our motivation to study the SIDE (1) is that study of microscopic dynamics leads naturally
to equations of this form (see Appendix A).

Here and throughout the paper, overdot denotes derivative with respect to time ¢, the super-
script * denotes conjugate transposition of matrices or vectors and E denotes expectation. In
the SIDE (1), m > 0is the mass of the particle, the matrix-valued functions g : RY — RI*4,
h:R? - R4 and o : R” — RY*" are the state-dependent coefficients of the equation,
and F : R? — R is a force field acting on the particle. Here d, ¢ and r are, possibly
distinct, positive integers. The second term on the right hand side of (1) represents the drag
experienced by the particle and the last term models the noise.

The matrix-valued function ¥ : R — R%*7 is a memory function which is Bohl, i.e.
the matrix elements of k(¢) are finite linear combinations of the functions of the form
t*e® cos(wt) and ¥ e’ sin(wr), where k is an integer and o and w are real numbers. For prop-
erties of Bohl functions, we refer to Chapter 2 of [9]. The noise process &, is an r-dimensional
mean zero stationary real-valued Gaussian vector process having a Bohl covariance function,
R(1) := E&,&; = R*(—1), and, therefore, its spectral density, S(w) := ffooo R()e ' dr,
is a rational function [10].

The SIDE (1) is a non-Markovian Langevin equation, since its solution at time ¢ depends
on the entire past. Two of its terms are different than those in the usual Langevin equations.
One of them is the drag term, which here involves an integral over the particle’s past velocities
with a memory kernel k (+ — ). It describes the state-dependent dissipation which comprises
the back-action effects of the environment up to current time. The other term, involving a
Gaussian colored noise &,, is a multiplicative noise term, also arising from interaction of
the particle with the environment. Therefore, (1) is a generalized Langevin equation (GLE),
which in its most basic form was first introduced by Mori in [11] and subsequently used to
model many systems in statistical physics [12-14].

As remarked by van Kampen in [15], “Non-Markov is the rule, Markov is the exception”.
Therefore, it is not surprising that non-Markovian equations (including those of form (1))
find numerous applications and thus have been studied widely in the mathematical, physical
and engineering literature. See, for instance [16,17] for surveys of non-Markovian processes,
[18-20] for physical applications and [21] for asymptotic analysis.

Note that the Gaussian process &, which drives the SIDE (1) is not assumed to be Markov.
The assumptions we made on its covariance will allow us to present it as a projection of a
Markov process in a (typically higher-dimensional) space. This approach, which originated
in stochastic control theory [22], is called stochastic realization. We describe it in detail
below.

Let I'y € R4 My e RI* € € R ¥ € RIX0, Ty e R2*2 M, €
Rébxd €y ¢ R7™*%2 ¥, € R2*% be constant matrices, where d;, do, q1,¢2, q and r are
positive integers. In this paper, we study the class of SIDE (1), with the memory function
defined in terms of the triple (I'{, M|, C1) of matrices as follows:

k() = Cre Nl CF. 3)

The noise process is the mean zero, stationary Gaussian vector process, whose covariance
will be expressed in terms of the triple (I'>, M, C5). More precisely, we define it as:

Et = C2ﬁz’ “4)

where S, is the solution to the Itd SDE:

dB, = —T2B,dt + Z2d W™, )
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with the initial condition, 8, normally distributed with zero mean and covariance M. Here,
W,(‘m denotes a g>-dimensional Wiener process and is independent of . Throughout the
paper the dimension of the Wiener process will be specified by the superscript.

For i = 1,2, the matrix I'; is positive stable, i.e. all its eigenvalues have positive real
parts and M; = M > 0 satisfies the following Lyapunov equation:

I'iM, +M,I': =X;%}. (6)

It follows from positive stability of I'; that this equation indeed has a unique solution [23].
The covariance matrix, R(¢) € R™*", of the noise process is therefore expressed in terms of
the matrices (I'y, M», C») as follows:

R(1) = C2e 21 M, C3, (7

and therefore the triple (I'y, M2, C2) completely specifies the probability distribution of &,.
It is worth mentioning that the triples that specify the memory function in (3) and the noise
process in (4) are only unique up to the following transformations:

(M =T:L;T;7 M, =T;M;T;,C. = C;T; "), (8)

where i = 1, 2 and the T'; are invertible matrices of appropriate dimensions.

The triple (I'y, M, C>) above is called a (weak) stochastic realization of the covariance
matrix R(z) in the well established theory of stochastic realization, which is concerned with
solving the inverse problem of stationary covariance generation (see [24,25]). Any zero
mean stationary Gaussian process, &, having a Bohl covariance function, can be realized as
a projection of a Gaussian Markov process in the above way. Let us remark that Gaussian
processes with Bohl covariance functions are precisely those with rational spectral density
[10].

Our approach allows us to consider the most general Gaussian noises that can be realized in
a finite-dimensional state space in the above way (i.e. as a linear transformation of a Gaussian
Markov process). In fact, the condition on the covariance function to have entries in the Bohl
class is necessary and sufficient for solvability of the problem of stochastic realization of
stationary Gaussian processes. We refer to the propositions and theorems on page 303-308
of [10] for a brief exposition of stochastic realization problems.

Remark 1 Physically, the choice of the matrices I'>, M», C, specifies the characteristic time
scales (eigenvalues of I'y 1) present in the environment, introduces the initial state of a
stationary Markovian Gaussian noise and selects the parts of the prepared Markovian noise
that are (partially) observed, respectively. In other words, we have assumed that the noise in
the SIDE (1) is realized or “experimentally prepared” by the above triple of matrices.

For our homogenization study of Eq. (1) we need the effective damping constant,
K= fooox(r)dtzclr;lMlc’; e RI*4, ©)
and the effective diffusion constant,
K> = fow R(t)dt = C2T5'M,C e R, (10)
to be invertible (see Sect. 2.2). This is equivalent to the matrices C; having full rank. Homog-

enization for a class of systems with vanishing effective damping and/or diffusion constant
[26] will be explored in our future work.
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660 S.H.Lim, J. Wehr

With the above definitions of memory kernel and noise process, the SIDE (1) becomes:
t
mi, = F(x;) — g(x) / Cie "M Cih(xy)k,ds + 0 (x)C2B,, (1)
0

where 8, is the solution to the SDE (5). To illustrate the results of the general study in
important special cases (which will also be used later in applications), we consider two
representative classes of SIDE (1). The driving Gaussian colored noise is Markovian in the
first class and non-Markovian in the second. We setd = d; = d> = q1 = q» = q = r inthe
following examples.

(1) Example of a SIDE driven by a Markovian colored noise. The memory kernel is given
by an exponential function, i.e.

K(t —s)=ki(t —s) = Ae Al=s] (12)

where A € R?*? is a constant diagonal matrix with positive eigenvalues. The driving
noise is the Ornstein—Uhlenbeck (OU) process, &, = 5, € R?, i.e. amean zero stationary
Gaussian process which is the solution to the SDE:

dy, = —An,dt + AdW'?. (13)

In order for the process 1, to be stationary, the initial condition has to be distributed
according to the (unique) stationary measure of the Markov process defined by the above
equation, i.e. §y = 5 is normally distributed with zero mean and covariance A /2. The
mean and the covariance of », are given by:

1
Eln]=0, Elnnl= Fei1t=s), 5,6 20. (14)

The resulting SIDE reads:

t
m¥; = F(x;) — g(xt)/o k1t —s)h(xg)xgds + o (x)7,. (15)

Let us note that Ornstein—Uhlenbeck processes are the only stationary, ergodic, Gaus-
sian, Markov processes with continuous covariance functions [27]. When all diagonal
entries of A go to infinity, the OU process approaches the white noise. For details on
OU processes, see for instance [27] and Sect. 2 of [28].

(ii) Example of a SIDE driven by a non-Markovian colored noise. The memory kernel
is given by an oscillatory function whose amplitude is exponentially decaying, i.e.
Kk(t —s) ;= Kk2(t — 5), a diagonal matrix with the diagonal entries:

%efa);z; ‘én‘j‘ cos (%fj’(l — s)) + %’l’ sin <%‘(}|t — S|> , if || <2

((2)ii (1 —s) := 5 li—sl 0 o 0

%e_wii Z5i | cosh (%(z - s)) + % sinh (%h‘ — s :| , it |wji| > 2,

where for i = 1,...,d, 7;; is a positive constant, w;; is a real constant, a)lol =

w,-,-,/l—wizi/4, d)?l. = wjj wl.zl./4— 1, a)l.ll. = w,-,-/‘/l—wl.zi/4, and cbl.ll. =
wii/ o /4 — 1.

Let 7 be constant diagonal matrix with the positive eigenvalues (t}; )?:1’ £2 be constant
d

diagonal matrix with the real eigenvalues (w; ;) 1>

2 be constant d x d diagonal matrix
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with the eigenvalues w;;, /1 — wij/4(if|a)jj| <2)andiwj; /a)?j/4 — 1(f|wj;| > 2),

and £2 be constant d x d diagonal matrix with the eigenvalues w;;/,/1 — a)?j /4 Gf

lwjjl <2)and —iw;;/ w%//4 — 1 (if |wjj| > 2), where i is the imaginary unit.

The driving noise is given by the harmonic noise process, §, = h; € RY, i.e. a mean
zero stationary Gaussian process which is the solution to the SDE system:

Tdh[ = u[dt, (]7)
rdu, = —R%u,dt — 2%h,dt + 22dW'?, (18)

with the initial conditions, kg and u, distributed according to the (unique) stationary
measure of the above SDE system. The mean and the covariance of k; are given by:

1
E[h] =0, E[h:h}]= EKQ(I —s), s,t>0. (19)

Note that k; is not a Markov process (but the process (k;, u;) is).
The resulting SIDE reads:

t
m¥, = F(x;) — g(xt)/ k2t — s)h(xs)xds + o (x)h;. (20)
0

The harmonic noise is an approximation of the white noise, smoother than the Ornstein—
Uhlenbeck process. It can be shown that in the limit w;; — oo (for all i) the process
h, converges to the Ornstein—Uhlenbeck process whose ith component process has
correlation time 7;;, whereas in the limit t;; — O (for all i) the process k; converges
to the white noise. For detailed properties of harmonic noise process, see for instance
[29] or the Appendix in [30]. We remark that the harmonic noise is one of the simplest
examples of a non-Markovian process and its use as the driving noise in the SIDE (1) is
a natural choice that models the environment as a bath of damped harmonic oscillators
[31].

Remark 2 Note that in the SIDEs for the above two sub-classes, the dimension of the driving
Wiener process, W;d), is the same as that of the colored noise processes n, and h;, as
well as the processes, x; and v,. One could as well consider realizing the noise processes
using a driving Wiener process of different dimension. Our choice of working with the same

dimensions is for the sake of convenience as it will help to simplify the exposition.
Remark 3 Without loss of generality (due to (8)), we have taken A and £2 to be diagonal.

Remark 4 1In cases of particular interest in statistical physics, the triples (I';, M;, C;) coin-
cide, up to the transformations in (8) (for i = 1,2), h = g* and g is proportional to o,
with the proportionality factor equals kg7, where kp denotes the Boltzmann constant and
T > 0 is temperature of the environment (see Appendix A). In this case, we have d; = d;
and ¢ = r. In particular, for the two sub-classes above we have

1
En’(m)*] = e =) 1)

for the first sub-class and 1
Elh}(h))"] = Sx2(t = ) (22)
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662 S.H.Lim, J. Wehr

for the second sub-class. In such cases, the SIDEs describe a particle interacting with an
equilibrium heat bath at a temperature 7', whose dynamics satisfy the fluctuation—dissipation
relation [13,32].

2.2 Homogenization of SIDEs: Discussion and Statement of the Problem

There are three characteristic time scales defining the non-Markovian dynamics described
by the SIDE (1):

(1) the inertial time scale, X,,, proportional to m, whose physical significance is the relax-
ation time of the particle velocity process v, := x,. The limit A,, — 0 is equivalent to
the limit m — 0;
(i) the memory time scale, A,, defined as the inverse rate of exponential decay of the
memory kernel k(t — s5);
(iii) the noise correlation time scale, A¢.

For the purpose of general multiscale analysis, we set m = moel, A = 1€’ and
Ae = 1z€”, where € > 0 is a parameter which will be taken to zero, mo, 7., ¢ are (fixed)
proportionality constants, and ., 8, v are positive constants (exponents), specifying the orders
at which the time scales A, A, A¢ vanish respectively. We consider a family of SIDEs,
parametrized by €, with the inertial time scale A, proportional to mpe”, memory time scale
re = 7€? and noise correlation time scale Ag = T€”, to be defined in the following.

We replace m with mge*, I'1 with Fl/(r,ce‘g), M with Ml/(r,(ee), and x; with x{ in
(11). Also, we substitute I'; with I'y/(tg€”), Xp with Xp/(tz€"), and B, with B in (5).
The SIDE (11) then becomes:

ey pt T
gt(’ife)/ Cre v M Cth(x6)ids + 0 (x)C2B5,  (23)
K 0

moe"¥; = F(x}) —

with the initial conditions, xg = x and vg = v, where ,8§ is the Ornstein-Uhlenbeck process,
with correlation time tg€", satisfying the SDE:

2
=2 aw®, (24)

r
dp = _Tzvﬁ;dz +
£€ ‘L’ge

with the initial condition, ,Bg, normally distributed with zero mean and covariance of
Mj/(tz€ V).
We will also perform similar analysis on the two sub-classes of SIDE, in which case:

(1) the SIDE (15) becomes (withm := mqoe*, A in the formula for k| replaced by A /(z, e,
A in (13) replaced by A/(t,€"), x, replaced by x{ and 7, replaced by 3}):

moe’¥; = F(x}) —

[ Ao
gf(’;;)/ A T TR ds + o (xOnS, (29
K 0

where 3¢ is the Ornstein—-Uhlenbeck process with the correlation time 7,€”, i.e. itis a
process satisfying the SDE:

A

A d
dnf = — “dr aw®, 26
n; Te nde + eV (26)
(ii) the SIDE (20) becomes (with m := mge™, 7;; := 1€ in the formula for (2);; in (16),

x; replaced by x¢, hy, u, replaced by hy, u$ respectively and T := 7¢I in (17), (18)):
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) (x€) ! _gru=» 20
moeti§ = F(x) — g ’9 e 2w’ | cos 5 (=)
.€? Jo Te€

) Q
+ 2 sin (=2t — ) ) | h(xS)ids + o (xRS, 27)
2 7€ S

where kj is the harmonic noise process with the correlation time 7;€”, i.e. it is a process
satisfying the SDE system:

1
dh¢ = thjufdt, (28)
2? 22 22
(d)
dute — —rhev ufdt — 'L’hjhfd[ + %dW, . (29)

Both SIDEs have the initial conditions xf = x, xg = v. The initial conditions 5§
(respectively, kg and uf) are distributed according to the stationary measure of the SDE
that the process 3¢ (respectively, A and uf) satisfies.

In this paper we set © = 6 = v, which is the case when all the characteristic time scales
are of comparable magnitude in the limit as € — 0. Our main goal is to derive a limiting
equation for the (slow) x-component of the process solving Egs. (23), (24), including the
special cases (25), (26) and (27)—(29), in the limit as € — 0, in a strong pathwise sense.

We explain the motivation behind the above rescalings. The rescaling of the memory
kernels k(t — s), k1(t — 5), k2(t — s) is such that in the limit € — O the rescaled memory
kernels converge to K6(¢) formally, where §(¢) is the Dirac-delta function and K is the
effective damping constant defined in (9). On the other hand, the noise processes &5 = C» 5,
¢ and h§ converge to white noise processes in the limit € — 0.

3 Smoluchowski-Kramers Limit of SDE’s Revisited

Let (x", v/") € R" x R", where t € [0, T], be a family of solutions (parametrized by a
positive constant m) to the following SDEs:

dxi' =v'dr, (30)
mdv" = F(x™dt — y(x™)"dt + o (x™)dW®. 31)

In the SDEs above, m > 0 is the mass of the particle, F : R" — R", y : R" — R"*",
o : R" — R™k and W® is a k-dimensional Wiener process on a filtered probability
space (£2, F, F;, P) satisfying the usual conditions [33]. The initial conditions are given by
xg = x, vy = v™. The above SDE system models diffusive phenomena in cases where the
damping coefficient y and diffusion coefficient o are state-dependent.

The Smoluchowski—Kramers limit (or the small mass limit) of the system (30), (31) has
been studied in [8,34-37]. The main result in [37] says that, under certain assumptions,
the x"-component of the solution to (30), (31) converges (in a strong pathwise sense), as
m — 0, to the solution of a homogenized SDE that contains in particular the so-called noise-
induced drift, not present in the pre-limit SDEs (see Theorem 1 for a precise statement). The
presence of such noise-induced drift in the homogenized equation is a consequence of the
state-dependence of the damping coefficient (and therefore also the diffusion coefficient if
the system satisfies a fluctuation—dissipation relation). For an overview of the noise-induced
drift phenomena, we refer to the review article [38].
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664 S.H.Lim, J. Wehr

In all the works mentioned previously, the spectral assumption made on the matrix y
was that the symmetrized damping matrix %(y + y*) is uniformly positive definite (i.e.
its smallest eigevalue is positive uniformly in x). The same results can be obtained under
a weaker assumption that matrix y is uniformly positive stable, i.e. all real parts of the
eigenvalues of p are positive uniformly in x [39].

Notation Here and in the following, we use Einstein summation convention on repeated
indices. The Euclidean norm of a vector w is denoted by |w| and the (induced operator) norm
of a matrix A by ||A||. For an R"2*"3-valued function f(y) := ([f1jx(¥))j=1,...n0:k=1,....n3

y:=(yh,..., [yl € R", we denote by (f)y(y) the njny x n3 matrix:
(Hyy) = (VylflixO)j=1,...n2:k=1,....n3- (32)
where V[ f];x(y) denotes the gradient vector (a[ggﬁl(y)’ o é)[g[]y"]k(y)) e R™ for every
ni

J, k. The symbol [E denotes expectation with respect to P.
We make the following assumptions.

Assumption 1 For every x € R", the functions F(x) and o (x) are continuous, bounded
and Lipschitz in x, whereas the functions y (x) and (y ) (x) are continuously differentiable,
bounded and Lipschitz in x. Moreover, (¥)xx(x) is bounded for every x € R".

Assumption 2 The matrix y is uniformly positive stable, i.e. all real parts of the eigenvalues
of y (x) are bounded below by some constant 2k > 0, uniformly in x € R".

Assumption 3 The initial condition x{j = x¢ is a random variable independent of m and
has finite moments of all orders, i.e. E|lx|? < oo for all p > 0. The initial condition v{
is a random variable that possibly depends on m and we assume that for every p > 0,
E|mv™|P = O(m®*) as m — 0, for some o > p/2.

Assumption 4 The global solutions, defined on [0, T], to the pre-limit SDEs (30), (31) and
to the limiting SDE (33) a.s. exist and are unique for all m > 0 (i.e. there are no explosions).

‘We now state the result.

Theorem 1 Suppose that the SDE system (30), (31) satisfies Assumption 1-4. Let (x}*, v}') €
R" x R" be its solution, with the initial condition (x,v™). Let X; € R" be the solution to
the following It6 SDE with initial position Xy = x:

dX, =y " (X)F(X,) + SX)ldi + y ' (X))o (X )dWw®, (33)

where S(X;) is the noise-induced drift whose ith component is given by
a _ .
Si(X) = TXI[(V N OWHX), i j l=1,...,n, (34)
and J is the unique matrix solving the Lyapunov equation

Jy*+yJ =00". (35)

Then the process x}' converges, as m — 0, to the solution X, of the It6 SDE (33), in the
Sfollowing sense: for all finite T > 0,

sup |x]" —X;| — 0 (36)
1€[0,T]

in probability, in the limit as m — 0.
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We end this section with a few remarks concerning the statements in Theorem 1.

Remark5 (i) Because of the relaxed spectral assumption on y, a new idea has to be used to
prove decay estimates for solutions of the velocity equation. Once this is done, Theorem 1
can be proven using the technique of [37] (note that Assumption 1 is essentially the same
as the assumptions in Appendix A of [37], specialized to the present case). In Appendix
B we give a sketch of the proof of Theorem 1, pointing out the necessary modifications.
The reader is referred to [37] for more details.

(ii) Our assumption on the initial variable v{j' implies that the initial average kinetic energy,
K@™m) = E%m|v’" |2, does not blow up (but can possibly vanish) as m — 0. This is
analogous to the Assumption 2.4 in [37] and it is more general than the one in [8].

(iii)) With slightly more work and additional assumptions, one could prove the statement in
Assumption 4 from Assumptions 1-3. See Appendix C in [37] for a result along these
lines. However, such existence and uniqueness result is not the focus of this paper and,
therefore, we choose to take the existence and uniqueness result for granted in Assumption
4.

(iv) We make no claim that Assumptions 2—4 are as weak or as general as possible. In

particular, the boundedness assumption on the coefficients of the SDEs could be relaxed
(for instance, using the techniques in [35]) and the initial condition x could have some
dependence on m (see, for instance [37]) at the cost of more technicalities.
The main focus of our revisit here is to point out that the result in [8] still holds with a
relaxed spectral assumption on the matrix y and with the initial condition v{ possibly
dependent on m—this will be important for applications in later sections (see also Remark
11).

4 Homogenization for Generalized Langevin Dynamics

In this section, we study homogenization for the system of equations (23), (24) (with u =
0 = v) by taking the limit as ¢ — 0, under appropriate assumptions.

Without loss of generality, we set © = 0 = v = 1. We cast (23), (24) as the system of
SDEs for the Markov process (x¢, v¢, z¢, y¢, £¢, B) on the state space RY x R x R x
R% x R% x R%:

dx€ = vedt, (37)
moedv; = —g(x5)Cysdt + o (x5)CoB5dt + F(x5)dt, (38)
dzf = yidt, (39)
teedy; = —Tiyidt + M CTh(x;)v;dt, (40)
d{f = ,det, 41
tredBS = —TBSdt + Xpd W, (42)

where we have defined the auxiliary process

| L S
yoi= — [ e w I M CER(x)vEds. (43)
€ Jo

Here, the initial conditions x{ = x, v§ = v, z{, = z and ¢ = ¢ are random variables. Note
that y§ = 0, and B is a zero mean Gaussian random variable with covariance M, /t¢e.
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Let quz) be an R92-valued Wiener process on a filtered probability space (2, F, F;, P)
satisfying the usual conditions [33] and E denotes expectation with respect to IP.
We use the notation introduced in Sect. 3 and make the following assumptions.

Assumption 5 For every x € RY, the vector-valued function F(x) is continuous, bounded
and Lipschitz in x, whereas the matrix-valued functions g(x), h(x), o (x), (g)x(x), (h)x(x)
and (o) (x) are continuously differentiable, bounded and Lipschitz in x. Moreover, (g) xx (X),
(h)xx (x) and (0)xyx (x) are bounded for every x € R4,

Assumption 6 The initial conditions x, v, z, { are random variables independent of €. We
assume that they have finite moments of all orders, i.e. E|x|P, E|v|?, E|z|P, E|¢|P < oo
forall p > 0.

Assumption 7 There are no explosions, i.e. almost surely, for any value of the parameter €
there exists a unique solution on the compact time interval [0, T] to the pre-limit Egs. (23),
(24), and also to the limiting Eq. (45).

The following convergence theorem is the main result of this paper. It provides a homog-
enized SDE for the particle’s position in the limit as the inertial time scale, the memory time
scale and the noise correlation time scale go to zero at the same rate in the case when the
pre-limit dynamics are described by the family of Egs. (23), (24) (withu =6 =v = 1), or
equivalently by the SDEs (37)—(42). In the following, (D);; denotes the (i, j)-entry of the
matrix D.

Theorem 2 Let x§ € R? be the solution to the SDEs (37)—(42). Suppose that Assumptions
5-17 are satisfied and the effective damping and diffusion (constant) matrices, K1, K 7, defined
in (9) and (10) respectively, are invertible. Moreover, we assume that for every x € RY,

B;(x) =1+ gx)k(Ate)h(x)/Amg (44)

is invertible for all A in the right half plane {}» € C : Re()) > 0}, where k(z) := C1(zI +
ro-'m 1C7, for z € C, is the Laplace transform of the memory function.

Denote 0(X) := g(X)K h(X) € R¥? for X € RY. Then as € — 0, the process x
converges to the solution, X;, of the following It6 SDE:

dX, = S(X)dt + 0~ (X)F(X,)dt + 0~ (X))o (X,)C2;' £2d W\, (45)
with S(X;) = SV(X,) + S(z)(Xt) + 8O (X;), where the S® are the noise-induced drifts
whose ith components are given by

d .
st = ms [0~ O] T X, i j.l=1,....d, (46)

a
T —

2)
SiT =TTy,

[67'e); (X)) (C T T u(X), il=1,....d; j=1,....4q,
(47)

d _ . .
S}”=rga—xl[(0—‘a>,»j(X)] (€2 T3 ju(X), i l=1,....d; j=1,...,r. (48)

Here J11 = Ji € R Jy = Ji, € R and J3 = Ji; € R2*4 satisfy the
following system of five matrix equations:
gCJ, +J1Cig" =0CoJiz+ J13C50", (49)
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moJ11h*Ci1M 1 + 1.06CrJ5; = 1.8C1J0 +moJ 1217, (50)
1% gC1J23 +moJ i3T5 = 6 CoM>, (51D
M\Cih]2 + I, C My =T Jp+ JnlT, (52)
M\ CThJ 13 =1T1Jx+ 1 Jsl5.. (53)

The convergence is obtained in the following sense: for all finite T > 0,

sup |xf — X4 —> 0 (54)
1€[0,T]

in probability, in the limit as € — 0.

Remark 6 Invertibility of the matrices B, (x) is a technical condition which will be used
in the proof of the theorem. We are going to verify it in the special cases and applications
discussed later (see Corollaries 3 and 5). In particular, it follows from the stronger spectral
condition, namely that g (x)k (1) (x) has no spectrum in the right half plane for any p with
Re(ie) > 0. See also Remark 8.

Remark 7 1t is straightforward to extend Theorems 1 and 2 to the case when the coefficients
in the pre-limit equations depend explicitly on time, i.e. when y = y (x}", 1), 0 = o (x]", 1)
and F = F(x},t) in (30), (31), as well as when g = g(x{,¢), h = h(x{, 1), 0 = o (x},1)
and F = F(x{, t)in (37)—(42). In this case, we expect similar results to hold under additional
assumptions, analogous to those studied in [37].

Proof We denote %; := (x¢,z¢,¢¢) € RITIFE and §¢ = (v¢, y¢, ) € RITA+ and
rewrite the above SDE system in the form (30), (31):

dx; = v;dt, 55)
€dd = —p(x)vsdt + F(x$)dt +5dW, 56)

with
pap = | M) L g | Fan=| 0 | 6= 0|, 6D

where p € R@Hd+d)x(d+di+d) s 3 3 by 3 block matrix with each block a matrix of
appropriate dimension, F € RItd1+d: G ¢ R@+di+d)xa gnd the 0 appearing in 7, F and
6 is a zero vector or matrix of appropriate dimension.

We now want to apply Theorem 1 (withm := €, n := d + dy + do, y replaced by y, F
replaced by F , o replaced by 7, etc.) to (55), (56).

It is straightforward to see that Assumption 5 implies Assumptions 1 and 7 implies
Assumption 4.

To verify Assumption 3, note again that yj = 0 and so by Assumption 6, we only need
to show that for every p > 0, EleBg|” = O(e*) as € — 0, for some constant @ > p/2.
To show this, we use the fact that for a mean zero Gaussian random variable, X € R, with

variance o2,

e (o)

E|X|P =o? ,
|X] N

(58)
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for every p > 0, where I" denotes the gamma function [40]. Applying this to B, we obtain,
for every p > 0, E|B§|? = O(1/€P/?) as € — 0 and so EleBil? = 0P ase — 0.
Therefore, Assumption 3 is verified.

It remains to verify Assumption 2, i.e. that p is positive stable. Note that I'; is positive
stable by assumption and the triangular-block structure of p implies that one only needs to
verify that the upper left 2 by 2 block matrix of p:

0 g(x)Cl/m0:|

L = [—Mlca*h(x)/rk I/ 59)

is positive stable, where x € R4,

We thus need to show that the resolvent set of —L(x), p(—L(x)) :={A € C: I +
L(x))~! exists}, contains the right half plane {A € C: Re(A) > 0} for every x € R4,

Let A € Csuchthat Re(A) > 0. We will use the following formula for blockwise inversion
of a block matrix: provided that S and P — Q™' R are nonsingular, we have

[P Q]“ B [ (P— QS 'R)! —(P- QS 'R)"'Qs!

RS| ~|-S'RP-QS'R)'S'+ST'R(P-QS'R)”! Qs—‘] 60)

where P, Q, R, S are matrix sub-blocks of arbitrary dimension.

Since the matrices A, := I'1/t + Al and B, (x) := I + g(x)k (At )h(x)/Amg are
invertible for all A in the right half plane by assumption, A1 + L(x) is indeed invertible for
every x and in fact using the above formula for the inverse of a block matrix, we have:

I + L(x))™!
_ [ B, (x)/x —B; ' (x)g(x)C1A; " /2mo ]
A'M\Cih(x)B (x) /At AN — M Cih(x) B, (x)g(x)C1A; ! /Amot,)
(61)
Therefore, p is invertible and one can compute:
mo ! —507'gC ;! 0 laCol;!
= molr 7'M C3ho™" © T7'(I — M\ C3h0~ ' gC TTY) oI 7'MCiho~ "0 CoT ! |
0 0 ;!
(62)

where § = g K h. The result follows by applying Theorem 1 to the SDE systems (55), (56).
In particular, a rewriting of the resulting Lyapunov equation (35) gives the system of matrix
equations (49)—(53). ]

Remark 8 In the above proof, the condition of invertibility of B, (x) is only used to guarantee
the positive stability of the matrix p. Therefore, the conclusion of the theorem holds also
when the latter can be established in another way. This can indeed be done in a number
of concrete examples (see, for instance, the matrix py in Eq. (83), or the line (90) and the
sentence below the line).

Remark 9 Our SIDEs belong to a special class of non-Markovian equations, the so-called
quasi-Markovian Langevin equations [41]. For these equations one can introduce a finite
number of auxiliary variables in such a way that the evolution of particle’s position and
velocity, together with these auxiliary variables, is described by a usual SDE system and is
thus Markovian. We remark that such “Markovianization” procedure works here because the
colored noise can be generated by a linear system of SDEs and the memory kernel satisfies
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a linear system of ordinary differential equations—both with constant coefficients. If, on
the other hand, the memory kernel decays as a power, then there is no finite dimensional
extension of the space which would make the solution process Markovian [16].

The following corollary uses a linear change of variables in a given SIDE, to arrive at an
alternative form of the corresponding homogenized SDE of the form (45).

Corollary 1 Fori = 1,2, let T; be arbitrary d; x d; constant invertible matrix, where dy, d»
are positive integers. For t > 0, denote I'; = TiFinl, M, = T;M;T}, C: = C,'T;l,
(B) =TaB;, X} = T; X; and consider the equations:

Hie _ € g&xp) ', *LIQ(I*S) I I NK Ty (€N € e REN
moe¥; = F(x;) — = | Cre = M (C)*h(x$)xSds + o (x$)CH(BE)
K 0
(63)
z€”d(BS) = —T5(B) dt + XhdW,, (64)

where W is a qa-dimensional Wiener process and the initial condition, (B()’, is normally
distributed with zero mean and covariance of M, /(tz€").

Suppose that Assumptions 5-7 are satisfied and the effective damping and diffusion con-
stants, K, = C;(I’;)_IM; (CH* = K; (i =1,2), are invertible. Moreover, we assume that
1 +g(x)lc~’()»t,()h(x)/)»m0 is invertible for all A in the right half plane {}. € C : Re()) > 0}
and x € RY, where k' (z) := C(zI + T'})"' M/ (C})* = k(z) for z € C.

Let p = 6 = v in (63), (64). Then as € — 0, the process x; converges, in the similar
sense as in Theorem 2, to X, where X, is the solution of the SDE (45) with the C;, I';, M,
X, replaced by C}, T I, M, X' respectively, and the driving Wiener process Wf(m replaced
by W,.

Corollary 1 is an easy consequence of Theorem 2.

Next, we discuss a particular, but very important, case when a fluctuation—dissipation
relation holds. This is, for instance, the case when the pre-limit dynamics are (heuristically)
derived from Hamiltonian dynamics (see Appendix A). We will further explore similar cases
of fluctuation—dissipation relations for the two sub-classes.

Corollary 2 Let x¢ € RY be the solution to the SDEs (37)~(42). Suppose that the assumptions
of Theorem 2 holds. Moreover, we assume that:

=T =71, 0=4g, h:g*, (65)
where T is a positive constant, and
Ci=Cr=C, I'=TIy =T, Mi=My,:=M, ¥ =X, =2X%, (66)

(so that ¢ = r and di = d»). Denote K := CT~'MC*. Then as € — 0, the process x5
converges to the solution, X;, of the following It0 SDE:

dX; = S(X)dr +[g(X)Kg* (X" ' F(Xdr +[g(X)Kg* (X)) ' g(XnCr='xaw'®

(67)
where S(X;) is the noise-induced drift whose ith component is given by
a _ .
500 = mo- [(gKg ™y O] T, i jil=1...d,  (©8)
where J 11 solves the following system of three matrix equations:
moJ118CM +1tgC(Jo3 + J53) =18CJ2n +gCM, (69)
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MC*g*gCM(I' )" = tMC*g*gC (I )*
+mo(FJo3 + Jo3T™), (70)
MC*g*gCM(I )"+ T~'MC*g*gCM = t(MC*g*T ' J3,C*g*
+I7' 50" g* gCM)
+mo(FJop + JoIT'™). (71)

The convergence is obtained in the same sense as in Theorem 2.

Equations (65) and (66) are a form of fluctuation—dissipation relation familiar from
non-equilibrium statistical mechanics [13]. As stationary measures of systems satisfying
fluctuation—dissipation relations are in equilibrium with respect to the underlying dynamics,
this result is relevant for describing equilibrium properties of such systems in the small mass
limit.

Remark 10 Therefore, if the fluctuation—dissipation relation holds, the noise-induced drift
in the limiting SDE reduces to a single term (later we will see how this term simplifies in
some special cases). This result may have interesting implications for nanoscale systems
in equilibrium. We remark that the conditions for the fluctuation—dissipation relation in
Corollary 2 can be written in other equivalent forms, up to the transformations in (8) and
multiplication by a constant.

Proof The above corollary follows from applying Theorem 2. Indeed, by assumptions of the
corollary, (49) simplifies to:

gCUJn—Ji) +J12—Ji13)(E0)* =0. (72)
This implies that J1» = J13 and, therefore, S@ and §@ cancel. Rewriting the resulting
system of matrix equations in (49)—(53) give (69)—(71). O

5 Homogenization for Models of the Two Sub-classes

We now return to the two sub-classes of SIDEs (11) introduced in Sect. 2. In this section,
we study the effective dynamics described by SIDEs (25) and (27) in the limit as € — 0.
By specializing to these two sub-classes, the convergence result of Theorem 2, in particular
the expressions in (45)—(53), can be made more explicit under certain assumptions on the
matrix-valued coefficients and therefore the limiting equation obtained may be useful for
modeling purposes.

5.1 SIDEs Driven by a Markovian Colored Noise

The following convergence result provides a homogenized SDE for the particle’s position
in the limit as the inertial time scale, the memory time scale and the noise correlation time
scale vanish at the same rate in the case when the pre-limit dynamics are driven by an
Ornstein—Uhlenbeck noise.

Corollary3 Letd = dy = dr = q1 = qo = q = r. We set, in the SDEs (37)-(42): B = n,
=1, W =W =W, and

(', My,Cy) = (A, A I), (I'2,M3,C2)=(A,A/2,1), (73)
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to obtain SDEs equivalent to Egs. (25) and (26) with u = 0 = v = 1. Let x{ € RY be
the solution to these equations, with the matrices g(x) and h(x) positive definite for every
x € R%. Suppose that Assumptions 5-7 are satisfied and, moreover, that g(x), h(x) and the
diagonal matrix A are commuting.

Then as € — 0, the process x; converges to the solution, X, of the following It6 SDE:

dX, = S(X)dt + (gh)” (X)) F (X))t + (gh)~ (X))o (X )dW,, (74)

with S(X;) = SV(X,) + SP(X,) + S®(X,), where the S® are the noise-induced drifts
whose ith components are given by

d
sP(x) = moa—Xl[((ghrl)i,-(X)](Jm,-xX), ij.l=1,....d, (75)
d
sP(x) = —rKE[((Ah)“»,-(X)](le),l(X), ij.l=1,....d, (76)
d
sP(x) = rna—&[«gh)—‘m—l)u<X>]<131>jz<X>, ijl=1,....d (7

Here J11 = Ji, Jo1 = Ji, and J31 = Ji5 are d by d block matrices satisfying the
Sfollowing system of matrix equations:

7,8 23 +moJ13A =0A/2, (78)
T AhJ 13 = 1,AJ 23 + T J 234, (79)
AhJ 2+ JhhA = AJ»n + J2nA, (80)
gl +Jng=0li3+ Jizo™, (81)
moJ11hA + v 53 = tegJ 2o + moJ 124A. (82)

The convergence is obtained in the same sense as in Theorem 2.

Proof We will apply Theorem 2. As K| = 2K, = I, clearly they are invertible. Also, being
positive definite, g and k are invertible.

Since g, h and A are positive definite and commuting matrices, the matrix B (x), defined
in (44), is invertible for all A such that Re(A) > 0. Indeed, in this case B, (x) = I +
gxX)Ate I + A)~'Ah(x)/Amyg. Since g, h and A are positive definite and commuting,
they have positive eigenvalues and can be simultaneously diagonalized. Therefore, all the
eigenvalues of B) (x) are nonzero for every A with Re(A) > Oandx € R4, so the invertibility
condition is verified. Therefore, the block matrix:

0 gkxp) _o(xf)

Anieey ™ mo
pap =| -4 A g, (83)

A

0 0 o
is positive stable (see Remark 8). The result then follows by applying Theorem 2. O

For special one-dimensional systems, the form of the limiting equation can be made even
more explicit.

Corollary 4 In the one-dimensional case, we drop the boldface and write X; := X; €
R, g(X) = g(X), with g : R — R, etc.. We assume that h = g and A := o > 0 is
a constant. The homogenized equation is given by:

dX; = S(Xp)dt + g 2(X)F(X)dt + g 2(X)o (X)dW;, (84)
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with S(X;) = SV(X,) + SO (X)) + SO (X,), where the noise-induced drift terms S® (X,)
have the following explicit expressions that depend on the parameters mg, T, and t,:

S(”(X,):< 1 )/ o (X,)? [f,ggZ(X,)eroa(rKJrrn)] 55)

g2 (X)) 282(Xy) | t282(Xy) 4+ moa(te + 1)
1y o (X))t (e + )
SOy = - < ) K , 86
X0 g(X) ) 2g8(Xnlr2g*(X;) + moa (e + 1)] (80)
§®(x) = < o(Xy) ), J(Xt)fn(ffc + Tn) ’ 87
X0 =) 2[r28%(X,) + moa(tc + 1)) ®7)

where the prime ' denotes derivative with respect to X;.

Proof With x¢ := (x,z¢, &) € R and v§ 1= (v, y¢, nf) € R, SDEs (55), (56) become:

dx; = vidt, (88)
edvé = —y(x$Hvédt + F(x)dt + odW,, (89)
where
exf) o) F(xf)
TR T 0
y(xp) = —%g(xf) % 0 , F(x}) = 0o |, o= 2 (90)
0 0 % 0 7,

It follows from Corollary 3 that the matrix yp is positive stable; one can also calculate its
eigenvalues explicitly and see that their real parts are positive. The eigenvalues of y are

@ @ 1 [a?mg — dag(xf)2t, ©1)
T, 2t 2 mot2 ’
and so their real parts are indeed positive.
On the other hand, the solution, J € R3*3, to the Lyapunov equation,
yJ+Jy*=o00", (92)
can be computed (using Mathematica®) to be:
o2 T,(zgz—&-moa(r,(—&-rn) a(rz(r,(—&-r,]) a0 (T +15)
2mog* | 78> +moa(te+ty) | 2g(r7g>+moa(te+1y) 2(t7g>+moa(tc+1y))
J = ao-z(-[)(+-,;r,) aUZ(TK+Tn) o g . (93)
2g(z2 g2 +moa (te+1y) 2(t7 g2 +moa(te+1y))  2(2g>+moa(te+1y))
ao (te+1y) A0 g o
Z(T%gz+m00‘(fk+fn)) 2(‘[%g2+m0a(t,(+tn)) 2y,
The result then follows from Corollary 3. O

Remark 11 Note that here the matrix y in (90) is not symmetric and the smallest eigenvalue of
its symmetric part can be negative. Moreover, the initial condition v§ depends on € through
the component 7 (which is a zero mean Gaussian random variable with variance zf—rn).
Thus, we cannot apply the main results in [8] to obtain the convergence result. This is our
main motivation to revisit the Smoluchowski—Kramers limit of SDEs in Sect. 3 under a
weakened spectral assumption on the matrix y (or y in the multidimensional case) and a

relaxed assumption concerning the € dependence of v (or ¥ in the multidimensional case).
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Remark 12 In the important case when the fluctuation—dissipation relation (i.e. 7. = 1y,
h = g and g is proportional to o) holds for the one-dimensional models of the first sub-class,
the correction drift terms @ and S® cancel each other and the resulting (single) noise-
induced drift term coincides with that obtained in the limit as m — 0 of the systems with
no memory, driven by a white noise to which Theorem 1 applies directly! However, when
the relation fails, we obtain three different drift corrections induced by vanishing of all time
scales. Again, the presence of these correction terms may have significant consequences for
the dynamics of the systems (see Sect. 6).

5.2 SIDEs Driven by a Non-Markovian Colored Noise

The following corollary provides a homogenized SDE for the particle position in the limit,
in which the inertial time scale, the memory time scale and the noise correlation time scale
vanish at the same rate in the case when the pre-limit dynamics are driven by the harmonic
noise. We emphasize that in this case the original system is driven by a noise which is not a
Markov process.

Corollary5 Letd =dy = dr = q1 = qo = q = r. We set, in the SDEs (37)—(42): 1z = 1,
W = w® =W, and

0 —1I 1] 2% 41 — 22 _
= [szz 92}’ Fi=3 [—92 22 ] = TraT, O
1{1 0
M, = 5 [0 92] , M| =2TM,T*, 95)
Cr=1[I0], C;=CT", (96)

to obtain SDEs equivalent to equations (27)-29) with u = 0 = v = 1. Let x§ € RY be the
solution to the SDEs (37)—(42), with the matrices g (x) and h(x) positive definite for every
x € R Moreover, g(x), h(x) and the diagonal matrix 2° are commuting. Suppose that
Assumptions 5-7 are satisfied.

Then as € — 0, the process x; converges to the solution, X;, of the following It6 SDE

dX, = S(X)dt + (gh)" (X)) F(X,)dt + (gh)""(X)o (X,)dW,, (97)

with S(X;) = SO (X)) + SP(X,) + S (X,), where the S® are the noise-induced drift
terms whose ith components are given by the expressions

d
sVx) = moa—m[«gh)“)i,v(xnum (X)), (98)

d d
S,-(2>(X) =T (TX (1 X)) ji(X) + — [k~ (T —2272));; (X)](J3l)jl(X)> ,
i 0X;
99)

0 d
sPx) =, (87[(<gh>*la),»,- X)1(Ja1)j1(X) + 87[((gh)*‘a:rz)i,»(X)](Jso ﬂ(X>> ,
1 1

(100)
where i, j,l =1,...,d. In the above,
Ju ... Jis
Ji=| 1 0 [ eRP where Jiy e R, kK I=1,...,5, (101)
Js1 ... Js5
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is the block matrix solving the Lyapunov equation

Jp*+pJ =66 (102)
and
0 N gD _ex)
h(X) ?29 21 "o 27 - 0
e omowowm 00 0
r=| 0o % £ 0 o |, &=|0 | (103)
o 0 0 -1 o
2° 5215 £
0 0 0 ?Iz ; Th

In the above, p € R334 js q 5 by 5 block matrix with each block an R?*?-valued matrix,
6 € R¥*d s 4 5 by I block matrix with each block a R4*4 -valued matrix, I is a d x d
identity matrix, 0 in y and 6 is a d x d zero matrix, and W is a d-dimensional Wiener
process. The convergence is obtained in the same sense as in Theorem 2.

Note that the oscillatory nature of covariance function of the harmonic noise in the pre-
limit SIDE makes the noise-induced drift in the resulting limiting SDE more complicated
(there are more terms) compared to the case of OU process in the first sub-class. Therefore,
we write the system of matrix equations that the J; satisfy in the form of a matrix Lyapunov
equation in Corollary 5, without breaking it up into equations for individual blocks. This
could of course be done, leading to a (more complicated) analog of (78)—(82). The proof of
Corollary 5 is essentially identical to the proof of Corollary 3, so we omit it.

Again, for special one-dimensional systems, we are going to make the result more explicit.

Corollary 6 In the one-dimensional case, we drop the boldface and write X; := X; €
R, gx) := gx), with g : R — R, etc.. We assume that h = g and £ = §2 is a
real constant. The homogenized equation is given by:

dX; = S(X)dt + g > (X)F(X)dt + g (X))o (X)d W, (104)

with S(X;) = SV (X)) + S@(X,) + SO (X,), where the noise-induced drift terms S® (X,)
have the following explicit expressions (computed using Mathematica®) that depend on the
parameters mg, T, and Tp:

1 /
(1 _
SO (X) = myg <g2(X)) Ji(X), (105)
1Y 2
SP(X) = —1, (ﬁ) <J21(X) + (1 - E) 131<X)) : (106)
SOX) = 7 ("(X)) (J41<X) + iJmX)) (107)
"\ g2(X) 22 ’

where the prime ' denotes derivative with respect to X and the Ji;(X) are given by:
o2

2mog? R(X)

+ Tt (2% = 2)) + mo 228 (v + )ty + 277 (22 = 2) + (27— 1)

Jnu(X) = (g“r,f(r,(z + ‘L',(‘L'h.Qz + 1,12.(22) + m%ﬂ“(r,{ + rh)z(f,f + rhz

+ 3,2 327 + 94)]) (108)
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2 2
o (T + 171)82
Di(X) = W <m092(r,( + o) (2 + T+ Tt (22 - 2))
+ 2@+ 4 (2 - 1))), (109)
o (t + w)2° 2 2, .2 2
JSl(X)=—W —mo2°(te + ) (ty + 1 + (27 —2))
+ g2+ P — 4 (2% - 1))), (110)

_ 1 2 2.4 2 2, 2 2
Jy(X) = 5 o 2°(ve + g T, +moR2° (v + ) (e + 1, + TeTh (27 = 2))1 ),
(111)

1
J51(X) = —5(092(@ + )Mo (te + T) (17 + T + Tt (2° — 2))

— &2t T} (te + T (2% — 1))1), (112)

where g = g(X), 0 = o(X) and
R(X) = g41'2(r,(2 + T,(Th.Qz + 1:5[22) + m(2)[24(tK + rh)z(vc,(2 + ‘L'}% + T T (.92 —2))

+ &2 motP 222 + 1 2(2% = 2) + P u 2K (27 - 2) + P (2 — 227 + 2Y).
(113)

Note that if we send £2 — oo in the expressions for the SD(X) (i = 1,2,3) above,
we recover the corresponding expressions given in Corollary 4 (with « = 1). This is not
surprising, since in this limit the harmonic noise becomes an OU process (with o = 1).

Moreover, when t, = 1, = t, the noise-induced drift becomes S(X) = SV (X) +
S (X) + SO (X), where

s _ L ( ! ) o? (114)
2\g?) &’
G0 _ 21822 (1)’ git +moR2*(2? - 1) (115)
B g g) \4ml26 +2g2mor24(2% — 1) + g*c2(1 +222) |
/ 2 2 2
2222 -1
§® = 2: Q% <%) 5 87T + mo27( ) . (116)
g 4m3 26 4+ 2g2moT24(2% — 1) + g4r2(1 4 222)

Again, in the case when the fluctuation—dissipation relation holds we see that the noise-
induced drift coincides with that obtained in the limit as m — 0 of the Markovian model in
Sect. 3.

6 Application to the Study of Thermophoresis

6.1 Introduction

We revisit the dynamics of a free Brownian particle immersed in a heat bath where a tem-

perature gradient is present. This was previously studied in [42]. It was found there that
the particle experiences a drift in response to the temperature gradient, due to the interplay
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between the inertial time scale and the noise correlation time scale. Such phenomenon is
called thermophoresis. We refer to [42,43] and the references therein for further descriptions
of this phenomenon, including references to experiments.

Here, we will study the dynamics of the particle in a non-equilibrium heat bath, where
a generalized fluctuation—dissipation relation holds, in which both the diffusion coefficient
and the temperature of the heat bath vary with the position. In contrast to [42], we take
into account also the memory time scale (in addition to the inertial time scale and the noise
correlation time scale) and model the position of the particle as the solution to a SIDE of
the form (11). Unlike the model used in [42], the model can be derived heuristically from
microscopic dynamics by an argument very similar to that of Appendix A.

For a spherical particle of radius R immersed in a fluid of viscosity p, which in general
is a function of the temperature 7 = T (x) (and thus depends on x as well), the friction (or
damping) coefficient y satisfies the Stokes law [13]:

y(x) =6mru(T)R. (117)

On the other hand, the damping coefficient y (x) and the noise coefficient o (x) are expressed
in terms of the diffusion coefficient D(x) and the temperature 7 (x) as follows:

- kpT (x) ( kpT (x)v/2

y(x) = , 0(x) = ———.
D(x) v D(x)

In the following, we study two one-dimensional non-Markovian models of thermophore-

sis. The first model is driven by a Markovian colored noise and the second model by a
non-Markovian one.

(118)

6.2 A Thermophoresis Model with Ornstein-Uhlenbeck Noise

In this section we model evolution of the position, x; € R, of a particle by the following
SIDE:

t
mi; = —/y (x)) / a0y (xg)dsds + o (e, (119)
0
where 17, is a stationary process, satisfying the SDE:
dn; = —an:dt + adW;. (120)

The above equations are obtained by settingd =1, F =0,h = g = ¢ := ,/y,0 =0 in
(15) and A = « in (13), where y and o are given by (118). Note that the noise correlation
function is proportional to the memory kernel in the SIDE (119), i.e.

Elnins] = %e—“"—f' = %/q(t —5), 5,120 (121)
as in (21). Together with (118), this implies that (119) satisfies the generalized fluctuation—
dissipation relation (see the statement of Corollary 2 and Remark 12). Note also that g is a
constant multiple of o if and only if T is position-independent.

We now consider the effective dynamics of the particle in the limit when all the three
characteristic time scales vanish at the same rate. In the following, the prime ' denotes
derivative with respect to the argument of the function.
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Corollary 7 Let € > 0 be a small parameter and let the particle’s position, xf € R (t > 0),
satisfy the following rescaled version of (119), (120):

dx€ = vedr, (122)
t
moedv; = o (x{)n;dt — /v (xf) </ 167?(’7” y(x§)v§ds) dt, (123)
0 TE€
tedn; = —an;dt + adW;, (124)

where mg, a, T are positive constants, and (W;) is a one-dimensional Wiener process. The
initial conditions are random variables x§; = x, vy = v, independent of € and (statistically)
independent of (W;), and nj is distributed according to the invariant distribution of the SDE
(124).

Assume that the assumptions of Corollary 3 are satisfied (in particular, y (x) > 0 for every
x € R). Then, in the limit as € — 0, x; converges (in the same sense as in Corollary 3) to
the process X; € R, satisfying the SDE:

dX; = b(X,)dt +/2D(X,)dW,, (125)
with the noise-induced drift, b1 (X) = SV (X) + S@(X) + SO (X), where
D(X)T'(X)
D(xy — D/(X) —
SY(X) = D'(X) T (126)
kT (X)D'(X) TD(X)
@xy— | _*B / )
8 (X)_[ by kel (X)] |:rkBT(X)+2m0aD(X)] (127)
SOx) = |:kBT(X)D (X)} _ [ 1D(X) } . (128)
D(X) thpT (X) + 2moaD(X)

Proof The corollary follows from Corollary 4. In particular, the expressions for (), §?
and S follow from applying Corollary 4 to the present system (see (85)—(87)). O

We give some remarks and discussions of the contents of Corollary 7 before we end this
subsection.

Remark 13 We see that in this case a part of S@ cancels S and therefore the noise-induced
drift simplifies to:

o 2moa D*(X) T'(X)

bi(X) = D'(X) = kg T(X) + 2moaD(X) T(X) (129)

Using the Stokes law (117) which gives

_ ke TO
D(X) = 6rR u(T) (130)
where w(7T) = u(T (X)), we have
_ / T W(MTX)

bir(X) = kpT'(X) <2(am0 37 Reu(T)) 6nR;L2(T)) ' (131)

Equation (129) gives the thermophoretic drift in the limit when the three characteristic time
scales vanish. Since it arises in the absence of an external force acting on the particle, it is a
“spurious drift” caused by the presence of the temperature gradient and the state-dependence
of the diffusion coefficient. Compared to Eq. (101) in [8], the drift term derived here contains
a correction term due to the temperature profile.
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Discussion We discuss some physical implications of the thermophoretic drift given in (129).
As discussed in [42], the sign of b{(X) determines the direction in which the particle is
expected to travel. The particle will eventually reach some boundaries, which can be either
absorbing or reflecting. We are going to consider the reflecting boundaries case.

In the reflecting boundaries case, the position of the particle, satisfying the SDE (125),
reaches a steady-state distribution p,(X) in the limit # — oo. Assuming that the particle is
confined to the interval (a, b), a < b, one can compute the stationary density:

poo(X) = Cexp (- /X e T/(y)dy), (132)
a Ty +2a T(y)

where in terms of the original parameters of the model, » := t/mg > 0, and C isanormalizing
constant. In particular, in absence of temperature gradient (7'(y) = 0), the particle is equally
likely to be found anywhere in (a, b), whereas when a temperature gradient is present, the
distribution of the particle’s position is not uniform. In the limit r — o0, the particle’s
position is again distributed uniformly on (a, ). On the other hand, in the limit r — 0 the
stationary density is inversely proportional to the temperature, i.e. poo(X) = CT(X)~",
where C is a normalizing constant. Thus, the particle is more likely to be found in the colder
region. In the special case when D(X) is proportional to 7'(X), so that y is independent of
X, we have

poo(X) = CT(X) %577, (133)

where C is a normalizing constant, so the particle is more likely to be found in the colder
region, with the likelihood decreasing as r increases.

Next, we are going to study the sign of the thermophoretic drift directly using (129) (this
is in contrast to the approach in [42], where (T') is expanded around a fixed temperature).
We find that by (X) > 0 if and only if » > r. and r is the critical ratio of t/mg, given by:

__ ¢ ( W (1T (X) )
3 Ru(T) \(T) — W (DHT(X) )’

where u(T) = (T (X)) is obtained from the Stokes law. For r = r,, the stationary density
(132) reduces to:

(134)

Te

w(T (X))
T(X)
where C is a normalizing constant. Importantly, note that the drift does not change sign if 7'

is independent of X.
We now discuss a special case. When p(T) = o > 0 is a constant (so that y(X) is a
constant), the thermophoretic drift is given by:

kpT'(X) [ o i|
bi(X) = 11— . (136)
67 R Lo o+ 37rRug

Pl (X)=C , (135)

In agreement with the result in [42], b1 (X) has the same sign as T'(X), leading to a flow
towards the hotter region. The steady-state density is

poo(X) = CT(X) & (137)

where C is a normalizing constant, and the particle is more likely to be found in the colder
region for all » > 0, even though the thermophoretic drift actually directs the particle towards
the hotter regions. This effect is in agreement with experiments, and is explained by the
presence of reflecting boundary conditions.
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Remark 14 Strictly speaking, reflecting boundary conditions should be first considered for
the positive-epsilon version of the process. For instance, at the moment of hitting a bound-
ary point, the velocity can be required to change its sign instantaneously. One has to ask
whether such a modification might have an effect on the limiting process. One could, in
principle, resolve this problem by adopting the following strategy. Instead of reflecting from
the boundaries, the particle may continue going in the same direction, with the coefficients of
the equation obtained by reflection in the boundary point (i.e. o (b+x;) = o (b —x; ), where
b is one of the boundary points etc.). The above asymptotic analysis may be conducted for
the resulting system. The coefficients of this system are periodic (with the period 2(b — a))
and continuous, but nondifferentiable at isolated points, so this would involve additional
technical work. Also, one would have to prove that putting the limiting system back on a
bounded interval indeed gives rise to a process reflecting at the boundaries. We do not pursue
the details here.

6.3 AThermophoresis Model with Non-Markovian (Harmonic) Noise

We repeat the analysis of the previous subsection in the case when the colored noise is a
harmonic noise. Wesetd =1, F =0,h =g =g:= /y,0 =0, 82 =2, 20 = 2y :=
21— 2%/4, 2, = 2 := 2//1 — 22/4 (where | 22| < 2) in the SIDE (20) and study
the effective dynamics of the resulting system as before. The case where |£2| > 2 can be
studied analogously. The following result follows from Corollary 6.

Corollary8 Let € > 0 be a small parameter and the particle’s position, x{ € R (t > 0),
satisfy the following rescaled SDEs:

dx; = vidt, (138)
/ € t 2 Q
moedvf = — v(er) (/ ¢ 5 1=9) |:COS (—O(t — s))
T€ 0 T€
Ql . QO €N q.€ €\7,€
+7 sin ;(t —8) ) |Vy&Hvids | dt + o (x;)hidt, (139)
tedh! = ufdt, (140)
tedul = —Q%usdt — Q2%hdt + Q*dW,, (141)

where mg and t are positive constants, §2, 29 and §21 are constants defined as before, and
(W) is a one-dimensional Wiener process. The initial conditions are given by the random
variables xi = x, v§ = v, independent of €, and (h{, ug) are distributed according to the
invariant measure of the SDEs (140), (141).

Assume that the assumptions in Corollary 5 are satisfied. Then, in the limit as € — 0, the
process x; converges (in the same sense as Corollary 5) to the process X, € R, satisfying
the SDE:

dX; = by(X;)dt + 2D (X;)dW;, (142)
where the noise-induced drift term is given by:
by(X) = D'(X) (143)
B (Am32°D*(X) + t2 (kT (X))®)D(X) T (X)
4m2Q26D2(X) + 2kpT (X)mor 24(22 — 1)D(X) + t2(1 +222) (kg T(X))2 T(X)
(144)
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We next discuss the contents of Corollary 8.

Remark 15 Note that b (X) differs from b;(X) obtained previously and b>(X) — b1 (X),
with @ = 1 in the expression for b1 (X), in the limit £2 — oo.

Discussion In the reflecting boundaries case, the stationary distribution of the particle’s
position is

Poo(X)
X D(y)(4R2°D*(y) + r*(kgT ()% T'(y)
=Cexp|— 62 T2 2 2 2 dy |,
a 482°D*(y) +2r$2%(82° = DD(y)kpT (y) + r=(1 +225)(kgT (»))* T(y)
(145)
where r := 7/mp > 0 and C is a normalizing constant. Similarly to the previous model,

in the absence of temperature gradient (i.e. when 7 is a constant), the particle is equally
likely to be found anywhere in (a, b). When a temperature gradient is present, distribution
of the particle’s position is not uniform. However, in contrast to the previous model, in the
limit r — oo the particle is not distributed uniformly on (a, b) and in the limit » — O the
stationary density is no longer inversely proportional to the temperature. Both distributions
depend on the diffusion coefficient D (X) as well as on the temperature profile 7 (X).

We can also study the sign of the thermophoretic drift. In this case there can be up to two
critical ratios, r., at which b, (X) changes sign, as the equation b»(X) = 0 is a quadratic
equation in r. In the special case when (7)) = o > 0 is a constant (and thus so is y (X)),
the thermophoretic drift is given by:

kpT'(X) 26 +972R*r?pd
by(X) = 1-— 5 |- (146)
67 R0 20437 Rr24(22 — Do + 972 R2r2(1 + 222)
In contrast to the result in previous model, b (X) has the same sign as 7/(X) provided that
221 — 2?)
> (147)
6 RMO

Thus, b(X) and T’ (X) do not share the same sign for all » > 0, unless |£2| > 1. According
to this model, presence of a temperature gradient allows us to tune the parameters (myg, 7, £2)
to control the direction which the particle travels. The steady-state density in this case is
3 204972 k223
Poo (X) — CT(X) 96+3nRrQ4(92—1)p.o+9n2R2r2(1+2.(22)p.(2) , (148)

where C is a normalizing constant. The particle will be more likely found in the colder region
for all » > 0 if |§2| > 1, whereas this might not be true for all > 0 if |£2| < 1.

7 Conclusions and Final Remarks

We have studied homogenization of a class of GLEs in the limit when three characteristic
time scales, i.e. the inertial time, the characteristic memory time in the damping term, and
the correlation time of colored noise driving the equations, vanish at the same rate. We have
derived effective equations, which are simpler in three respects:

1. The velocity variables have been homogenized. As a result, the number of degrees of
freedom is reduced and there are no fast variables left.
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2. The equations become regular SDEs, since the memory time has been taken to zero.
3. The system is driven by a white noise.

Importantly, noise-induced drifts are present in the limiting equations, resulting from
the dependence of the coefficients of the original model on the state of the system. We have
applied the general results to a study of thermophoretic drift, correcting the formulae obtained
in an earlier work [42]. In systems, satisfying a fluctuation—dissipation relation, the noise-
induced drifts in the limiting SDEs for the particle’s position reduce to a single term, and for
special cases the limiting SDEs coincide with that of [8]. However, in the more general case,
new terms appear, absent in the case without memory. To prove the main theorem, we have
employed the main result of [8], proven here in a different version under a relaxed assumption
on the damping matrix and the initial conditions.

Homogenization of other specific non-Markovian models can also be studied using the
methods of this paper. An example is a system with exponentially decaying memory kernel,
driven by white noise in the limit as the inertial and memory time scales vanish at the same
rate. In this case the noise-induced drift in the limiting equation will consist of two terms,
not three, as in the case studied here. Moreover, one could also study the case when the time
scales of the system do not vanish at the same rate, along the lines of [3].

The colored noises considered in this paper have correlations decaying exponentially
(short-range memory). It would be interesting to study cases where the GLE is driven by
other colored noises such as fractional Gaussian noises, with covariances decaying as a
power, relevant for modeling anomalous diffusion phenomena in fields ranging from biology
to finance [44]. As mentioned in Sect. 2, we will explore homogenization for GLEs with
vanishing effective damping and diffusion constant in a future work.
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Appendices
Appendix A: Derivation of SIDEs From a Hamiltonian Model

For completeness, we provide a derivation for a special case of SIDEs (11), (15) and (20)
from a Hamiltonian model of a small system (Brownian particle) in contact with a heat bath
in thermal equilibrium. The particle is moving in a potential U. The heat bath is modeled as a
system of non-interacting harmonic oscillators whose initial energy is distributed according to
the Gibbs distribution at temperature 7. The Brownian particle is coupled to each oscillator
in the bath. This model is used widely to study many systems in statistical physics [11,
45]. Our goal is to derive, heuristically, a stochastic integro-differential equation (SIDE)
for the position and momentum variables of the particle from the Hamiltonian dynamics.
This derivation serves to motivate the class of SIDEs that we are studying in this paper. We
emphasize that our derivation here is certainly not original and follows closely that in [46]
(see also an abstract approach in [47]).

One approach to derive the equations is to assume first that there are finitely many harmonic
oscillators in the bath (Kac—Zwanzig model [32,48]). We then take the thermodynamic limit
by sending the number of oscillators to infinity in the resulting equations (replacing finite
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sum over oscillator frequencies by an integral), arguing that the set of frequencies must be
dense to allow dissipation of energy from the system to the bath and to eliminate Poincaré
recurrence. Another approach, which is more technically involved, is to replace the finite
system of oscillator equations by a system modeled by a wave equation [27,49]. We will
derive the SIDEs by adopting the former approach in the multi-dimensional case.

We consider the situation where the coupling is nonlinear in the particle’s position and
linear in the bath variables. Let £ = (x, x1,...,xy) € R P and p = (p, p;,.... py) €
RA+NP (here, x, p € R? and x;, p; € RP fori = 1,..., N). Hereafter, the superscript
* denotes transposition and |b|? = b*b = Yo b,% denotes square of the norm of vector
b:=(by,...,by) eR".

The Hamiltonian of the system plus bath is:

2

HE, p) = —+U()+Z "’k' tyet - Lrw| | g
k

where m is the particle’s mass, x € R? and p € R? are respectively the particle’s position

and momentum, x; € R”, p; € R? and wy € Rt (k =1,...,N) are respectively the
position, momentum and frequency of the kth bath oscillator (with unit mass), f(x) :=
(fi(x), ..., fr(x)) € R"is a vector function of x := @D, ... x@Dyand the ¢, € R"™*P (so

c¢; € RP”*") are coupling matrices that specify the coupling strength between the system and
the kth bath oscillator.

To derive an equation for the particle’s position and momentum, we start by substituting
the expression for H (X, p) into the Hamilton’s equations to obtain:

i=2 (150)
m
2
P=-V U@ +gx)) o xk—yf(x) ; 51
k k
Yt=p k=1,...,N, (152)
Pe=—wixi+cif(x), k=1,...,N, (153)

where g(x) € R?*" denotes the Jacobian matrix ( i (} )

Next, we eliminate the bath variables x, p;, k =1, ..., N, from the system’s dynamics.
Solving for x () in terms of x (¢):

*

_ pi(0) . Cr r
xi (1) = x(0) cos(wit) + sin(wgt) + o sin(wr(t — 8)) f(x(s)ds. (154)
k JO

Substituting this into (151), we obtain:

. cep (1.
PO = —ViUED) +gx1) )~ ( /0 g sin(wg (1 — $)) f (x(s))ds — f(x(t)))
k k

+gx @) F (1), (155)

where

Fi) =Y« (xk(O) cos(ugr) + 269 sin(wkt)> . (156)

k
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In the integral term above, we integrate by parts to obtain:

t
fo wk sin(wi (t — ) f(x(s))ds = f(x(1)) — cos(wkt) f(x(0))

t
—/ cos(aw(r — ) g*(x(s))x(s)ds. (157)
0

Using this, the equation for p(#) becomes the generalized Langevin equation (GLE):

t
p(1) =—-VU(x@) — g(x(t))/o Kt —s5)g" (x(s)X(s)ds + gx(1)E),  (158)

where .
CiC
k() = Y ok cos(wxt) € R (159)
r %k
and

i 0
£0) = FO) — k) fxO0) = Y e ((ka) - :’;f(x«)))) costan) + P40 sin(wm) .
k k

(160)
Note that £(r) € R” is expressed in terms of the initial values of the variables x/ (0) :=

x;(0) — ;—’% f(x(0)) € R? and p,(0) € RP. If all these initial values are known, then &(z)

is a deterministic force. However, one rarely has a complete information about these initial
values and this is where the introduction of randomness can help to simplify the model. In
view of this, we assume that the variables x}((O) and p, (0) are random and are distributed
according to a Gibbs measure, with the density:

2

pel> 1,
) T

N *
PP | xO =x) =2 exp [ -8 [ 3 xi— 5 f@| || asy
k=1 k

where § = 1/(kpT) and Z is the partition function. Taking the averages of the bath variables
with respect to the above density:

E, [x,(0) | x(0) =x] =0, Ep[p(0) | x(0) =x] =0, (162)
kpT
Eplx(0)(x(0)* | x(0) = x] = %1, Epl(pr(0)(pr(0)* | x(0) = x] =kpT1,
k
(163)

where E, denotes mathematical expectation with respect to p and I € RP*? is identity
matrix.

Note that & (7) is a stationary Gaussian process, if it is conditionally averaged with respect
to p [32]. It follows from this distribution of the bath variables that we have the fluctuation—
dissipation relation:

EplEM]=0, EplE0E) ] =kpTr(t —s), (164)

where k (t —s) is the memory kernel whose formula is given in (159). Later, we will generalize
the resulting covariance of the process &(7) to an integral expression. We remark that the
memory function k (¢) and the “color” of the noise & (¢) are determined by the bath spectrum
and the system-bath coupling.
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Now we pass to the continuum limit by replacing the sum over k in k() by an integral
f]R+ dwn(w), where n(w) is a density of states. Then, if the ¢ are replaced by ¢(w) € R™*?,
the memory function « (¢) becomes the function:
c(w)c(w)*

2

K(t) :/ don(w) cos(wt), (165)
R+

where £.(w) = n(w)e(w)e(w)*/w* € LY(RT). Repeating the same procedure for the noise
process and also replacing the x}( (0) and p; (0) by x"(w) and p(w) respectively, & () becomes:

E@) = / don(w)c(w) (x’(a)) cos(wt) + pi)w) sin(wt)) . (166)
R+

The choice of the n(w) and ¢(w) specifies the memory function and therefore (by the
fluctuation—dissipation relation) the statistical properties of the noise process. We write  (¢)
as an inverse Fourier transform of a measure:

k() = %/}RS(a))em’dw, (167)

where the measure is absolutely continuous with respect to the Lebesgue measure, with the
density S(w) = mk.(w) > 0. The density S(w) is known as the spectral density of the bath.

In the following examples, we take n(w) = 2w?/m (Debye-type spectrum for phonon
bath).

Example 1 Tf we choose ¢(w) € R*? to be the identity matrix I multiplied by a scalar

constant that is independent of w, then k (¢) is proportional to §(¢)I. This leads to a Langevin

equation driven by white noise, in which the damping term is instantaneous. In this case, we
have the SDE system for (x;, v,) € RY*?:

dx[ = v[dt, (168)

mdv, = =V U (x)dt — g(x,)g"(x,)v,dt + g(x,)§,dt, (169)

where &, is a white noise.

Example 2 If we choose ¢(w) € R?*? to be the diagonal matrix with the kth entry
o

a— (170)
‘/a,% + w?
where the o > 0, then we have:
k(t) = Ae Al (171)

where A is the constant diagonal matrix with the kth entry equal ok. This gives SIDE (15).
On the other hand, choosing ¢(w) to be the diagonal matrix with the kth entry

Wkk 1
(7) (172)
Tk \/wz(a),fk/rkk)2 + (0% — (0 /Tr)?)?

allows us to obtain the covariance function of a harmonic noise process, where the wy; and
Tk are the diagonal entries of the matrices $2 and 7 respectively. In the general case where
k(1) is of the form (3), one may take M| = I, I'| to be positive definite (so that the Lyapunov
equation gives I'1 = X1 X /2) and choose

1

ﬁcl(r% + o’ D)3, (173)

c(w) =
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Conclusion The goal of this paper is to study effective dynamics of systems which can be
modeled by equations of the form (11). As argued above, Hamiltonian systems describing
particles interacting with heat baths can be modeled by equations of the form (11).

Appendix B: Outline of the Proof of Theorem 1

We provide minimal outline of the proof of Theorem 1 in the following.

Appendix B.1: Derivation of Limiting SDE

Denoting Wﬁk) = W,, we start by rewriting SDE (31) as
vdt = —my ' (Mdv" + y T M Fx™de + y T (xMe (xMd W, (174)

The integral form of the above is given by

t t

y“(xT)F(x;”)derf y LMo (x™)dWy.
0
(175)

t
x) =x—m/0 y_](xg”)dvg”—{—](;

We are interested in the limit as m — 0 of the process x}'. As m — 0, we expect
the sum of the second and third integral terms in the right hand side above to converge to
Jey N XOF(Xyds + [y~ (X))o (X)dWs.

To examine the asymptotics of the first integral term when m becomes small, we integrate
by parts to write its ith component as:

t
/0 @ HiEMdmu™ ;= (D EMmE™); — (i em@™);
|
—~ / a—m[(y‘])i,'(xg”)]m(v?)j(v:”)/ds. (176)
0 909X

Note that the product m (v]") ; (v"); is the (j, [)-entry of the matrix mvy' (v]")*.

We now examine the asymptotic behavior of the above expression in the limit as m — 0.
Following [8], we express the matrix mv}' (v}')*, s € [0, ¢], as a solution to an equation by
applying Itd’s formula to the matrix (mv}") (m(v§')*). This leads to:

d[(mv")(m(v{"))] = —[y () mvf v)*ds) + (mv (v{")*ds)y* (x{")]

+ a(xf)a*(x;”)ds +dUT + d(U?’)*, (177)

where
dU7T = (F(xTds + o (x)dWo)m (i)™, (178)
dUM* = mvl (F*(x!Nds + dWio™ (xT)). (179)

Denoting mvY' (vi)*ds by V, —y (x¥) by Q and letting
C :=d[(mv])(m@W"))] — o x{)o*(x{ds —dUY —d(UT)H*, (180)
we can write the above equation as the following Lyapunov equation

oV +VQ*=C. (181)
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By Assumption 2, all real parts of the eigenvalues of @ are negative, thus the Lyapunov
equation has a unique solution given by:

oo
V=— / e27Ce?Vdy. (182)
0
Writing this out explicitly, we obtain:
o]
mv! (v ds = — / eV A[(mv!) (m (vl *)le ™ S dy
0
o0 m * m
+/ e Vs )y(a(xg")a*(x;”)ds)e_y >y gy
0
o0 m * m
+ / e YE(@UT 4 d(U™)*)e ? F)V dy, (183)
0

Based on the prior result in [8], we expect that only the second term on the right hand side
has a nonzero limit as m — 0. The other terms are expected to vanish as m — 0. Thus, in
the limit m — 0, we expect that mv}" (v}")* converges to the solution, J, of the Lyapunov
equation:

Jy* +yJ =oac*, (184)

given in the statement of Theorem 1 (see Eq. (35)).

Appendix B.2: Moment Estimates

To justify the above convergence arguments, we provide estimate on the pth moment of the
momentum process p}’ := mv}", in the limit m — 0.

Proposition 1 Suppose that Assumption 1-4 hold. For all p > 1, T > 0, there exists a
positive random variable m such that:

E| sup |p/"/’sm <m;|—0 (185)
1€[0,T]

asm — 0.

Proof Fort € [0, T], m > 0, the process p}* satisfies the SDE:

dp" = — "( ") pldt + F(x™")dt + o (x")dW,. (186)

Let t € [0, #] and rewrite the above equation as:

y(x7)
m

1
dp" = — plldt + ~ (y (&7 —y(x})) p'dt + F(x})dt + o (x])dW,, (187)

which admits the following solution representation:
re, Y !
pl=e"nlpy / c 5 )ds +/ <
0

2 ) (1—s) m
/ (Y (I =y pids. (188)

o (xdW
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We set T = ¢ in the above representation to obtain:

m —y<x;’l>t m ! —y(x”n)(t—s) m ! —*y(xl’n)(t—s) m
pl =e "m ‘py+ A e m F(x()ds + A e " m o(xy)dW;

1 ! —y(x;”)(t—s) m m m
+% ) e m (y(x[)_Y(xs ))p\“ ds. (189)
Therefore,
(xm) t (x’”) t (xm)
Pl < | ply +/ e~ T = | F (™) |ds + / e~ g (™) AW,
0 0
m 1 ! —Y(x;n)(t—s) m m
tsup (0 [ el - yalds. (190)
s€[0,T] m Jo

By assumption on the boundedness and spectrum of y (x;) € R"*" (see Assumption 1-2),
there exist positive constants k > 0 and C > 0 such that

r(&)

e m

; ’ < Ce i, (191)

forall s, t € [0, T], m > 0. Indeed, applying the formula (A.2.4) in [50], one has:

n—1 k
_4 L (2]l
<e ms<1+2||y||2k’( p : (192)
k=1"

where A := ming Re(Ar) > 0 and the A are the eigenvalues of y. Therefore, there exists a

_ye

e m S

m

e _4
constant C > O such that |[e” m || < Ce™ 2n?.
Using this, we obtain the following [P-a.s. estimate:

t
sup |p| §C|pg‘|+C sup / e_ﬁ(’_s)lF(xg”)Ms
tel0,T] t€(0,7]J0

t yxM)
+ sup /e_ w9 (M) dW,
0

te[0,T]

C [ . .
+ sup [p{'I| sup — [ e n Iy —yx™lds |, (193)
te[0,T] te[0,T] m Jo

where C > 0 is a constant.

Next, the key observation on (193) is that the term in parentheses in (193) can be made
small by choosing a sufficiently small m. More precisely, using an adapted version of Lemma
A.2.41n [50], there exists a (generally random) m > 0 such that for m < m,

t
sup |p}'| < C|p§|+C sup / e m | F(x™)|ds
t€[0,T] t€[0,T]J0

Loyah
/e’ o (”A)a(xT)dWS

1
+5 sup [Pl (194)
0

t€[0,T]

+ sup
1€[0,T]

and so:

t
sup |p'| <2C ‘p{)"’ +2C sup / e m T F(x™)|ds
1€[0,T] 1€[0,7]J0
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¢ y(x
/ e~ m - Do (x"
0

<2Cm|v{| +2C— sup |F(u)|+2 sup
ueR? 1€l0.T]

+2 sup
tel0,T]

(195)

t (x
f g (kMW |

(196)

Therefore, for p > 1,

E{ sup |p)'1Pim < ml} < Ci(PE[|mv}|”;m <mi]+ C2(p)E [mP;m < m]
t€(0,T]

P
ym=my |,

(197)

! y(x!")
/ e~ T (’_s)a(x_’;’)dWs
0

+ C3(p)E [ sup
t€(0,T]

where C(p), C2(p) and C3(p) are some positive constants.
We estimate the last term in the above, using in particular the Burkholder-Davis-Gundy

inequality [33]:
P
ym =mj

gL AT
e m Vo (xdW,

E| sup
t€[0,T1]

4 y ]! X/ )(t ) P
<E sup / e - O’(xm)dW (198)
1€[0,T]
T yem p/2
= C(p,mE (/ lle” m— ”*”a(x?)ll%ds) (199)
0
- T r/2
<C(p,mE </ e‘z“"”/’"ds) (200)
0
C(p.
e o)
K
where C(p, n), C’(p,n) are positive constants dependent on p and n, and | - || F
denotes Frobenius norm. Using this estimate, (197) and Assumption 3, we see that
E [supcpo.7) 1P/ [Psm < mi] — 0asm — 0. o

We also need the following estimate on a class of integrals with respect to products of
the components of the momentum process p}* = mv}". The estimate is a straightforward
modification of the one given in Proposition 2.3 in [37].

Proposition 2 Suppose that Assumption 1-4 hold. Let h : R" — R be a C bl Sunction (i.e.
continuously differentiable and bounded function) on [0, T], with bounded first derivative
Vih(x) foreveryx € R". Thenforanyp > 1, T >0,i,j=1,...,n,

E| sup
t€[0,T]
as m — 0, where the m is from Proposition 1. Here i, j denote the components of the
momentum process p}' in the standard basis for R".

t
/ h™Md((p);

m§m1i| —0 (202)
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Using the above moment estimates and the proof techniques (the main tools are well
known ordinary and stochastic integral inequalities as well as a Gronwall type argument)
in [36,37], one obtain the convergence of x}' to X in the limit as m — 0 in the following
sense: for all finite 7 > 0, p > 1,

E| sup [x —X/"sm <m;|—0, (203)
t€[0,T]

as m — 0, where the m is from Proposition 1. This implies that for all finite 7 > 0,
sup;co.7) 1*f" — X¢| = 0 in probability, in the limit as m — 0 (see Lemma 1 below).

Lemma 1 LetY,, > 0 (m > 0) be a family of random variables. Suppose that there exists a
strictly positive random variable m* (w) such that

”lliinOIE[Ymp; m*>m]— 0

for some p > 1. Then Y, — 0 in probability as m — 0.

Proof Let g be a bounded continuous function on R.. We have
Elg(Y)] =E[g(Yy);m* < m] +E[g(¥Yp); m* = m]. (204)

The first term is bounded from above by (sup |g|)P [m* < m] which goes to zero as m — 0,
since Ny=o{m™* < m} = @. To estimate the second term, let € > 0. Choose § > 0 such that
|g(y)| < € whenever y < §. We have

E[g(Yy):m* = m] <E[g(¥);m* = m, Y, < 8] +E[g¥);m* = m, ¥, >4].
(205)
The first term is bounded from above by €. The function 80) o {y : ¥y = &} is bounded by
some constant M, so the second term on the right-hand side of the above equation is bounded
from above by ME [Ym; m* > m] which goes to zero as m — 0 by assumption. The lemma
is proven. O

We end this appendix with a remark on the mode of convergence stated in Theorem 1.

Remark 16 Provided that for p > 1, there exists a constant C > 0 such that
Esup,cpo.ry 1P{'1? < C for all m > 0 (so that the family of random variables
(supeo,77 1P{" 17 Im=0 is uniformly integrable), one could, using Proposition 1, Lemma 1 and
Theorem 13.7 in [51], obtain L?-convergence of sup, (o 7} | 7" | to zero and hence strengthen
the convergence result stated in Theorem 1 to L?-convergence. The uniform integrability con-
dition is satisfied if E sup, (o 71 |@™ (1)]|” is bounded uniformly in m, where @™ () is the
fundamental matrix that solves the random initial value problem:

8 xm
—@"(t) = —Mﬁn(t), " 0)=1, re[0,T]. (206)
ot m
However, it is not obvious how one could verify the latter condition from our assumptions
on y. Roughly speaking, one does not have a good control of sup, 9 7} |pf'|? outside of the
set {m < mq}. If y was, in addition, symmetric (and so all the (real) eigenvalues of y are

bounded from below by a positive constant—c.f. [37]), the condition can be easily verified.
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