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Abstract

In this paper, we study the truncated two-particle correlation function in particle systems
with long range interactions. For Coulombian and soft potentials, we define and give well-
posedness results for the equilibrium correlations. In the Coulombian case, we prove the
onset of the Debye screening length in the equilibrium correlations, for suitable velocity
distributions. Additionally, we give precise estimates on the effective range of interaction
between particles. In the case of soft potential interaction the equilibrium correlations and
their fluxes in the space of velocities are shown to be linearly stable.

Keywords Balescu—Lenard equation - Landau equation - Coulomb potential -
Long-range interaction

1 Introduction

1.1 Kinetic Limits of Particle Systems with Long-Range Interactions

A classical problem studied in statistical physics is the dynamics of systems of many identical
particles which interact by means of long range potentials. In particular, this problem has
received a big deal of attention in the community working on plasma physics in the case in
which particles interact via the Coulomb potential.

Early contributions to this topic were made by Bogolyubov [4], and have been extended
by the works of Balescu [1,2], as well as Guernsey [11] and Lenard [17]. These authors
obtained a kinetic equation which describes the behavior of the velocity distribution of
a spatially homogeneous many particle system with long range interaction (in partic-
ular Coulomb forces). Bogolyubov derived the following system of equations for the
density fi(z,v1) = fi(z,x1,v1) = fi(z,&)), rescaled truncated correlation function
& (t, x1,v1, X2, 1) = g2(7, &1, &), and a small parameter o > 0 tending to zero:
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o0 fi=0V,- (/ Vo (x1 —x3)82(81, &) d-§3> (1.1)

2 2
0:82 + Z ViV 82 — Z / Vo (xi —x3)Vy, f1(, §) 828 iy, &3) d&3
im1

i=1
= (Vo; = Vi) (f1(z, 8D f1(7, £2)) Vo (x1 — x2). (1.2)

Here ¢ is the interaction potential, and ¢ (1) = 2, ¢(2) = 1 exchanges the variables. Actually,
[4] derives analogous approximations for higher order correlations, but those are of lower
orderino — 0. In this paper, we will consider two classes of potentials, namely the Coulomb
potential ¢ (x) = ﬁ for some ¢ > 0, and so-called soft potentials, that are radially symmetric
functions in the Schwartz class.

In order to find the limit equation for f; as 0 — 0, Bogolyubov argues that all terms in
(1.2) are of the same order of magnitude, so the evolution of g, can be observed in times of
order one. Since g» is of order one, it can be expected that f] evolves on the longer timescale
t = ot. We assume that for f| given, g» has a globally stable equilibrium. We will call the
steady state equation

2 2
Y uiVigs— Y Vuhi / Vo (xi — x3)g8(E i), §3) d&3
i=1 i=1 (1'3)

= (Vo = Vi) (f1 /1) Vo (x1 — x2).

the Bogolyubov equation and the solution gp the (truncated) Bogolyubov correlation. In
the paper [4], it is argued that the equation (1.3) should be solved subject to the boundary
condition:

gp(x — TV, v, 00 — TV, 1) > 0 astT — oo. (1.4)

This condition can be interpreted as particles being uncorrelated before they come close
enough to interact. Then we can immediately predict the limiting kinetic equation for f; on
the timescale # by plugging g» = gp into (1.1). This yields the Balescu-Lenard equation:

d ft,v)=Vy- (/RS a(v = v, V)(Vy = Vo) (f(t,0) f (£, V) dv') (1.5)

(k)|

ek k- op % (1.6)

al-,j(w, U) = / k,‘kjﬁ(k . w)
R3
Here, ¢ is the so-called dielectric function, which we introduce in Definition 2.6. We remark
that the integral defining a is logarithmically divergent for large values of k in the case of
Coulomb interaction. We will discuss this in detail in Sect. 1.3. The equation (1.5) shares
many properties with classical kinetic equations like the Boltzmann equation and the Landau
equation. In particular, the steady states of (1.5) are the Maxwellian distributions:

3
2 7m|v|2
) e kBT, 1.7

Moreover, the entropy H[ f (¢, )] = — f f(t,v)log(f(t,v)) dv of a solution f of (1.5) is
(formally) increasing in time, as remarked in [17].

The Balescu-Lenard equation (1.5), was found independently by Guernsey [11] and
Lenard (cf. [17]), following the approach by Bogolyubov, and along a different line by

M ~—< m
W=\ ST

@ Springer



The Two-Particle Correlation Function... 3

Balescu (cf. [2]). There are also stochastic derivations of the Balescu-Lenard equation using
different arguments, which are discussed in Sect. 1.2.

The first characterization of the solution to the steady state equation (1.3) has been obtained
by Lenard in [17], yielding a formal derivation of the Balescu—Lenard equation (1.5). The
Lenard approach, which is based on a Wiener—Hopf argument, yields an explicit formula
for the right-hand side of (1.1), when g is a steady state of (1.2) with f; fixed. A Fourier
representation of the full steady state gp was found later by Oberman and Williams [23]
using a similar approach. There are few rigorous results on the Balescu—Lenard equation
(1.5). The linearized equation has been studied in [29].

The results presented in this paper are the following. First we study the well-posedness of
(1.3). Secondly, we study the stability properties of the steady state gp under the evolution
given by (1.2) for fixed fi. Thirdly, we study the decay properties of the steady states gp.
The steady state gp encodes the information on the range of interaction of particles within
the system. To understand this, consider two particles at phase space positions §; = (x;, v;),
j =1,2. Let b(&1, &) be the impact parameter, and d (&1, &) be the signed distance of the
first particle to the collision point. More precisely, the impact parameter b is defined as the
vector from x, to xp at their time of closest approach along the free trajectories, so b and d,
(and the negative part d_) are given by:

vy — V2

bErL &) = Py, (x1 —x2), d(E1.6&) = (x1 — x2) d— = max{0, —d}.

(1.8)

lvg —va|’

We show that the function gp encodes a characteristic length scale emerging in the system,
the so-called Debe-length L p (cf. (1.12)). In equation (1.3), this length has been rescaled to
one. The correlation of particles that remain at a distance much larger than the Debye length,
i.e. |b| > 1, is expected to be negligible. Moreover, one expects negligible correlations for
particles that (so far) have remained at a distance larger than the characteristic length, that
is d_ > 1. In this paper, we prove that for Coulomb interacting systems, the equilibrium
correlations gp satisfy the following estimate, for every compact set K C R? and § > 0

6, K) 1
— v (16l +d-)(1 + |b| +d_)r ="

Here y = 0 if f1(v) decays exponentially, and y = 1 if f; behaves like a Maxwellian for
large velocities. We observe that the result only shows the onset of a characteristic length
scale, when the one-particle function f; behaves like a Maxwellian for large velocities, but
not for exponentially decaying functions, indicating that a characteristic length in the system
can only be expected for functions f; with Maxwellian decay.

We further note that (1.9) indicates that the correlations become singular for particles with
small impact factor b. This is crucial for identifying the kinetic equation for Coulombian
particle systems and is discussed in Sect. 1.3.

In the case of soft potential interaction, we prove that the equilibrium correlations gp
satisfy the estimate (1.9) with y = 2, even if the potential decays exponentially. In this case,
we do not observe a singularity for |b|, |d—_| — 0.

A fact that will play a crucial role in the proof of (1.9) for the Coulomb potential are
the zeros of the function R(e(k, u)) for k — 0 (e as in (1.5)), for which J(e(k, u)) is
exponentially small. These zeros are well-known in the physics literature, and related to
the so-called Langmuir waves (cf. [18]). These are plasma density waves with very large
wavelength which damp out only very slowly. This is the physical cause for the slow Landau
damping of Maxwellian plasmas. More precisely, it has been shown in [9,10] that the rate of

C
lgs(&1,62)| < B v, v € K. (1.9)
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4 J.J. L. Velazquez, R. Winter

convergence to equilibrium is only logarithmic in time for Maxwellian plasmas, that is when
f1 is a Maxwellian. Furthermore, the zeros of R(e(k, u)) are crucial to the analysis of the
linearized Balescu-Lenard equation in [29]. In our paper, they account for the dependence
of the screening properties (cf. (1.9)) on the behavior of the one-particle function for large
velocities.

We study the linearized evolution of the truncated correlation function g, (1.2) with fixed
one-particle function. Similar to the Vlasov equation, the equation can be solved in Fourier-
Laplace variables (cf. [13]). We introduce in Definition 2.10 the representation of the solution
in terms of Vlasov propagators, and in Sect. 4 we show linear stability of the Bogolyubov
steady states gp

& (1,) —> gp() inD'(R%)ast — o0, (1.10)

as well as stability of the fluxes on the right-hand side of (1.1), for soft potentials ¢. The
result (1.10) can be understood as a linear Landau damping result for two particles.

We remark that the reduction of the evolution problem to Vlasov equations stresses the
importance of a good understanding of the Vlasov-Poisson equation, in particular the stability
of steady states. In the articles [9,10] it is proved that solutions of the linear Vlasov-Poisson
equation converge to spatially homogeneous states, however the result is restricted to the case
of initial data that are rotationally symmetric in the velocity variable. On a one-dimensional
periodic spatial domain, the spectral theory of the linearized Vlasov equation has been studied
in [6]. Due to the shortcomings of the current stability theory of the linear Vlasov-Poisson
equation, the rigorous stability results for the truncated correlations g, in this work are
obtained for soft potentials.

‘We now recall, in a more modern language, the main ideas in the original derivation of the
system (1.1)-(1.2) proposed by Bogolyubov. An overview over particle models and scaling
limits in kinetic theory can be gained from [27,28,31].

Consider a system of particles {(f( I3 \7])} jes with unitary mass, where J is a countable
index set and X s \Z, € R3 denote the position and velocity of particles. Let the evolution of
the system be given by:

0 Xi(r) = Vi(r), 9 Vi=-0 ZV¢(Xi —X). (1.11)
J#

The parameter & can be interpreted as the squared charge of an individual particle and will
be passed to zero later. We will assume that the initial configuration of particles is random
and distributed according to a spatially homogeneous Poisson point process with an average
of N = & ¥ particles per unit of volume for some ¥ > 0. More precisely, the process has the
intensity measure A(dxdv) = N fo(x, v)dxdv, where fo(x, v) = fo(v) is some probability
density in the space of velocities.

The average kinetic energy of a particle, that we also call the temperature of the system, we
will denote by T'. By rescaling velocities and time we can assume without loss of generality
that T = 1. We consider scaling limits of (1.11) and try to characterize the statistical behavior
of (1.11) depending on the choice of the parameter ¥ > 0 that determines the interdependence
of &, N, as well as the interaction potential ¢.

In spite of the fact that the Coulomb potential does not have an intrinsic length scale, a
characteristic length emerges from the dynamics of the system. To this end, we observe that
there are two independent quantities with the unit of a length that can be obtained from the
quantities &, N and 7' describing the system. One of them is the typical distance of particles

d = N=3. The second is the so-called Debye screening length:
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The Two-Particle Correlation Function... 5

T
Lp=|—=—, (1.12)
No

which is well-known in plasma physics. Note that the definition (1.12) makes sense without
a well-defined temperature, using the average kinetic energy instead of the temperature. We
assume the average momentum of particles is zero. This way of defining the Debye-length is
widely used in plasma physics for systems far away from thermal equilibrium, see for example
[18]. The Debye length will play a crucial role in many results of this paper. It measures the
characteristic (effective) range of interaction between the particles of the system, assuming
that the velocity distribution of particles f](v) satisfies a suitable stability condition (cf.
Assumption 2.13). Under this assumption, L p is the effective radius of a single particle, that
is the characteristic distance to which the influence of a single particle can be felt in a system
evolving according to (1.11), when ¢ is the Coulomb potential. We can assume Lp = 1
using the change of variables:

LpX =X, Lpt=1%, Lp#*=6> N=L}N. (1.13)

After changing units, the average number of particles per unit volume N and the rescaled
strength o of the potential satisfy the relation:

N=c!, 050 (1.14)

and the particle system {(X;, V;)} e, satisfies (1.11) with ¢ replaced by o. Hence, for
systems evolving according to (1.11) with ¢ the Coulomb potential, we can assume without
loss of generality that (1.14) holds. Therefore, we will consider particle system determined
by the scaling limit (1.14), and compare the case of Coulomb interaction and the case of
interaction with a smooth, decaying potential.

Let ¢ be a soft potential with characteristic length £ = 1. Then per unit of time, a
typical particle will interact with N many particles and each interaction yields a deflection
of order o with zero average. If the forces of all particles within the range of the potential
are independent, the variance of the sum of the deflections is:

Var(V(r)) ~or. (1.15)

Therefore, the variance will become of order one on a macroscopic time scale t = o't.

We are interested in the correlation of particles in the scaling limit of particle systems
given by (1.11), (1.14). The presentation will be similar to the one in [30]. Denote phase
space variables by & = (x, v), let F,,(7, &1, ..., &,) be the n-particle correlation function of
the system, and f,, = F,,/N" be the rescaled correlation function. Formally, these functions
satisfy the BBGKY hierarchy (cf. [1]). In the scaling limit (1.14), the hierarchy reads as:

n n
D IAATED B VTS AT

i=1 i=1 (1. 16)

=0 Y Vo(xi —x)Vy fa-
i#]

Since we assume that particles are initially independently distributed, the correlation func-
tions at the initial time ¢ = 0 factorize: f,,(0,&1,...,&) = f1(0,&1)--- f1(0,&,). The
evolution given by (1.11) will create correlations between particles. In order to be able to
study this, we introduce the (rescaled) truncated correlation functions g,:

@ Springer



6 J.J. L. Velazquez, R. Winter

g1, &) = f2(61, &) — fié) f1(52),
g31, 8. 8) = f3¢1.6.&) — (Lfifoér &, &)

1.17
— f161)g2(82,83) — f1(82)g2(61.&3) — f1(53)g2(61, 62), (17

Rewriting the equations BBGKY hierarchy (1.16) in terms of the functions g, we find that
a consistent assumption on the orders of magnitudes is:

gn o (1.18)

Hence we expect that, to leading order, the equations for fi, g» (cf. (1.16)) can be approxi-
mated by:

0 f1=Vy- (/ Vo (x1 —x3)g2(61, &3) d%“s)

2 2
0+ Y wVyer— Y / Vo (xk — x3) Vo (f1(6082(Ec - 63) s (1 19
k=1 k=1

2
=0 ) Vy (1E)FiE)) Vo — xe1)-

k=1

Since the source term for g, in (1.19) is of order o, the function g = o~} g2 can be expected
to be of order one. With this definition, (1.19) is equivalent to (1.1)—(1.2).

In scaling limits with weak interaction, e.g. the weak-coupling limit, one can apply a
similar reasoning. In this case, steady state equation for the truncated correlations is

2

D 0V gs = (Vo — Vi) (fi fi) Vo (x1 — x2). (1.20)

i=1
Notice that the integral term in (1.3) disappears in the case of weak interaction. The equation
(1.20) can be solved explicitly using the method of characteristics. In this case the resulting
kinetic equation for fj is formally the Landau equation. Partial results on the derivation can
be found in [3,30]. Global well-posedness and stability for the Landau equation has been
proved in [12].

We then summarize the main implications of the results for the study of scaling limits
of Coulomb particle systems. Most importantly, the Debye screening becomes visible in the
length scale of the two-particle correlation function (1.9). It is worth mentioning that the
different decay exponents y in the result suggests that the screening properties depend on the
behavior of the one-particle function f; for large velocities. The Debye screening can also
be observed on the level of the linearized Vlasov equation. We will take a closer look at this
in Sect. 1.2.

Further, the argument identifies two regions in which the assumption f; > g, breaks
down, namely for particles &1, & with very small relative velocity v; — vy &~ 0, and very fast
particles. The critical region of particles with very small relative velocity is a result of the
fact that the collision time diverges, when particles only very slowly separate (see [30]).

A mathematical description of scaling limits of Coulomb particle systems requires to
understand the following aspects: Firstly, the emergence of the Debye length Lp from the
particle system (1.11). Secondly, one needs to estimate the deflections due to the interaction of
particles with an impact parameter much larger than the Debye length. Due to the screening,
the influence of a single charge decays much faster than the Coulomb potential itself. Thirdly,
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The Two-Particle Correlation Function... 7

one needs to understand the deflections produced by particles that approach closer than the
Debye length. The influence of these deflections turns out to be dominant by a logarithmic
factor log( é) and yields the Landau equation in the kinetic limit. This is discussed in Sect. 1.3.

1.2 Debye Screening in the Vlasov Equation

In this subsection, we discuss the onset of a screening length in the linearized Vlasov equation.
To this end, we will take a closer look at the steady states of the Vlasov—Poisson equation
in the presence of a point charge. The Debye screening can be observed in the decay of the
equilibrium spatial profile, which has a characteristic length scale that is given by the Debye
length Lp (cf. (1.12)), in spite of the fact that the Coulomb potential does not have a length
scale. The screening effect is related to the classical subjects in the Vlasov theory such as
Landau damping and Langmuir waves (cf. [9,10,15,18,20,24]).

We prove in this paper, that the evolution problem (1.2) can be reduced to the Vlasov
system. We remark that one can also formally derive the Balescu—Lenard equation from a
stochastic model involving Vlasov equations. The method consists in describing the evolution
of the probability density of a tagged particle which interacts with a random medium. The
random medium is assumed to evolve according to the Vlasov equation, linearized around the
velocity distribution of the tagged particle. The approach of a Vlasov medium is well-studied
in the formal theory in plasma physics [25,26]. Rigorous results on a related model can be
found in [14,16].

Let (X, V) be the phase space coordinates of the tagged particle traveling through a
continuous background, with which it interacts via the Coulomb potential. Here fp(v) is a
fixed velocity distribution, and /(t, x, v) the correction that is induced by the particle. Taking
as unit of length the Debye length L p (cf. (1.12)) as before, let the system be given by:

0ch +vVih — V(@ x0)V, fo =V, foVe(x — X (7)), h(0,x,v) =0 (1.21)

o(x) =/h(x,v) dv (1.22)
0:X =V, 9 V=-0Vi(¢*0)(X(1)), (X(0), V()= (Xo, Vo). (1.23)

In the derivations of the Balescu—Lenard equation in [14,16,25], the initial datum 4 (0, -) in
(1.21) is random. Then the dynamics describing the evolution of (X, V') becomes a stochastic
differential equation. Notice that the evolution of random measures under the Vlasov equation
has already been considered in Braun and Hepp (cf. [S]). In the system (1.21)-(1.23), (X, V)
can be interpreted as a particle traveling through a random background of particles, and
h(x,v), o(x) as the correction of the homogeneous density (or “cloud”) induced by the
particle. It is worth noting that the well-posedness of the problem of a moving point charge
interacting with a fully nonlinear Vlasov-Poisson system has been studied in [7].

For simplicity, assume fp(v) in (1.21) isradially symmetric. In the derivation of the Landau
equation and the Balescu—Lenard equation, we make the assumption that the trajectories
of particles are approximately rectilinear on the microscopic timescale. This suggests to
approximate X (t) in (1.21) by

X(1) ~ Xo — tVo. (1.24)

For the special case Vp = 0, it was observed in [18] that the Debye screening can be derived
from the equation (1.21). The spatial density of the steady state of (1.21) with a point charge
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8 J.J. L. Velazquez, R. Winter

at rest can be computed explicitly (without loss of generality Xo = 0):

Ocq (x) = e (1.25)

4 |x|

Remarkably, even though the potential ¢ (x) = 1/|x| does not have a length scale, the spatial

profile of o, decays exponentially with characteristic scale given by the Debye length L p.
Now consider the case of Vy # 0. Making the assumption of rectilinear motion (1.24), we

can again solve (1.21) explicitly. For T — oo, the solution converges to traveling wave with

velocity Vp. The spatial profile of the traveling wave can be represented in Fourier variables.

Let fy be a given one-particle function, then the formula reads:

f _kVfo)
k(

brran(k) = —” Yo)—i0 1.26
Qt v( ) |k|2D(k,k VQ) ( )
where D(k, u) is given by:
1 k-V fo(v)
Dk,u):=1— — _ 1.27
(k, u) |k|2/ﬂgsk-v—u+i0 (1:27)

We remark that (1.27) suggests that for |Vy| — oo, the spatial profile g4, (x) can have
large oscillations with long wavelength A = 1/|k| — oo. To see this, we decompose D =
Dpg + i Dy into its real and imaginary part. For |[k| — 0 and u of order one, we have the
asymptotic formula

Drlk,u) ~1—1/|ul* D,(k,u):1/|k|2/ k/1kIV fo(v) dv. (1.28)
k-v=u

Hence, the real part of D in (1.27) has a zero for |k| — 0, u ~ 1, and the imaginary part
depends on the tail behavior of the one-particle function fj. This suggests that the traveling
wave 0;rqp (cf. (1.26)) surrounding the particle (X, V') can lead to large deflections in other
particles for | Vg| > 1, depending on the decay of fp(v) for large velocities. In the presence of
very fast particles, the rectilinear approximation (1.24) does not hold. However, this should
not affect the validity of the final kinetic equation in the limit 0 — 0, since the number of
particles with velocity |Vy| > 1 becomes negligible.

This observation explains why the exponent in the estimate (1.9) depends on the decay
properties of the one-particle functions, and the estimate is only valid for velocities varying
on a compact set.

The zero of the real part Dy (cf. (1.28)) is also related to other important phenomena in
plasma physics, such as the so-called Langmuir waves. The length of the Langmuir waves
is much larger than the Debye length and the oscillation frequency has been normalized
t0 Qrangmuir = 1 in our setting. The amplitudes of these waves decrease exponentially
at a rate proportional to D; (cf. (1.28)), so the rate strongly depends on the background
distribution of particles. For a Maxwellian distribution of particles fo = M, the imaginary
part is exponentially small, which results in a very slow Landau damping as observed in
[9,10].

1.3 On the Range of Validity of the Balescu-Lenard Equation for Coulomb Potentials

The goal of this subsection is to determine the correct kinetic equation for scaling limits of
particle systems interacting with the Coulomb potential, or the Coulomb potential smoothed

@ Springer



The Two-Particle Correlation Function... 9

out at the origin. It was already remarked by Lenard in [17], that the integral (1.5) is not
well-defined for ¢ (x) = 1/|x|, since the integral

b (k)2

ek kO (1.29)

a,',j(w, U) = / k,'kjS(k . w)
R3
is logarithmically divergent for large k. This corresponds to the divergence (1.9) for small
values of the spatial variable x, so the main contribution comes from the singularity of the
Coulomb potential at the origin.

In the scaling limit (1.14), particle interaction is given by the potential ¢ (x) = o/|x]|.
Therefore, an interaction of particles with impact parameter |b| < o will result in a deflection
of order one. This yields a Boltzmann collision term in the limit equation, as observed in
[22]. We now analyze the influence of interactions with impact parameter |b| > o. This
corresponds to a truncation g; ; of the integral (1.29) to |k| < o~ 1. As Lenard observed in
[17], the function &(k, k - v) — 1 becomes constant for k — o0. Therefore, the truncated
coefficient a satisfies:

kik ;8 (k - w)|p (k)|
le(k, k - v)|?

dk ~ 8 — Twl;;’ (1.30)

a; j(w,v) = lim |10g(a)|/

o—0 Bafl
Hence, we obtain the Landau kernel in this limit. Now we discuss how this observation
connects to (1.1)-(1.2) for o — 0. Due to (1.30), the kinetic timescale is not given by
t = ort, but slightly shorter by a logarithmic correction. Therefore, the mathematically
rigorous kinetic equation associated to the scaling limit (1.14) is expected to be the Landau
equation, and the main contribution is due to the interaction of particles with very small
impact factor. However a more accurate description of physical systems might be obtained
by keeping the terms of the order | log(1/0)|~! in the equation, since in physical systems,
| log(1/0)| cannot be expected to be very large (cf. the discussion in §41 of [18]). Therefore,
the physical equation describing plasmas can be expected to involve a Balescu—Lenard term,
the Landau collision operator and a Boltzmann collision operator. The relative size of the
different collision terms would depend on the physical system in question. The Balescu—
Lenard equation is the correct limit equation for systems with soft potential interaction in the
scaling limits (1.14).

Consider particle systems interacting via the Coulomb potential and take as unit of length
the Debye length Lp (1.12). As a simplified problem, one can study a smooth variant of
the Coulomb potential, that is ¢c, € C* radially symmetric and ¢c ,(x) = 1/|x]| for
|x] > 1. Then the kinetic equation associated to the scaling limit (1.14) can be expected to
be the Balescu—Lenard equation. Notice that the equation includes the screening effect, that
is expected since ¢c - (x) coincides with the Coulomb potential for large |x|.

A characterization of the limit equations for scaling limits of Lorentz models with long-
range interaction (i.e. a tagged particle in a random, but fixed, background of scatterers) can
be found in [22]. For mathematical results in this direction see also [8,19].

2 Preliminary and Main Results
2.1 Definitions and Assumptions

For future reference we fix the notation for some classical integral transforms.
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10 J.J. L. Velazquez, R. Winter

Notation 2.1 We will use the following conventions for the Laplace transform L(f), the
Fourier transform f and the Fourier—Laplace transform f:

L(f)(2) = fo eI () dt 2.1
N 1 .
F(f)k) = fk) = | e dx 2.2)
2m)2 JRre
fz, b)) = ! ;/ foof(t,x)e*”e*“‘"‘ dr dx. (2.3)
)2 Jr3Jo

Definition 2.2 We define operators P, P~ and P on LQ(R), that on Schwartz functions
f € S(R) are given by:

f(x")
x'—xFid

]j(x) dx’
X —x

PE[f1(x) :== lim / dx’, P[flx) = PV/ (2.4)
§—0+ Jr R
where the principal value integral PV is defined as: PV [ dx’ = lims_,o+ [ 1(Jx — x/| >
8) dx’.
Notation 2.3 (Relative velocity and impact parameter) For vectors k, vy, vy € R3, v # U2,
k # 0, we will use the following shorthand notation:
k vy

w=-—, V=V —V, Up=—. 2.5)
LT " vl

The impact parameter b € R> and the distance to the collision point d € R of particles
(x1, v1), (x2, v2) with relative position x = x| — xp and relative velocity v, = v| — vy is
defined as:

X-v v (x - vy)
d(x, Ur):|T|rv b(x,vr)zx—Pv,(x)zx—ﬁ
r r

(2.6)

Due to the translation invariance of the system, the truncated correlation function
g2(x, v, x’,v') is a function of x — x’, v, v" only. By a slight abuse of notation, we iden-
tify g» with the function:

g —x",v,0) =g, v, x, V). 2.7)

Also the function should be invariant under exchanging the two particles, so we impose the
symmetry:

g2(x,v,v) = gr(—x, vV, v). (2.8)

This symmetry we include in the space of functions in which we solve the Bogolyubov
equation.

Definition 2.4 Define the functionals |k|[g], k[g] given by the following formulas:

Ihl[g]=/|g(x, vi, v2)| dvy, hlg] ng(x,vl,vz) dvs. (2.9)

Let W be the function space given by:

W ={geL,.(R%): (2.8)holds, |h|[g] € L},., sup ||h[g](-,v)]|l;2 < C(R)forR > 0}.
[v]<R

(2.10)
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We now give a definition of a solution to the Bogolyubov equation. We recall the space
L' + L? of functions ¢ that can be decomposed as ¢ = ¢ + s with ¢ e LY, &5 € L2

Definition 2.5 (Bogolyubov correlation) Let V¢ € L' +L2%, and f € WL (RIHNW L2 (R3)
be a probability density. We say gg € W is a solution to the Bogolyubov equation if for all
¥ e C(RY)

- /(m —v2)8Box Y —/Vf(vl)vfi)(x + Vhlgpl(y, v2)¥(x, vi, v2)
2.11)

- / Vf @)V (—x + y)hlgpl(y, vV (x, vi, v12) = /(Vv1 —Vu)lf ® fIVe ()Y,
and it satisfies the Bogolyubov boundary condition

gp(x —t(v1 — ), v1,v2) > 0, ast — oo, ae. (2.12)

Definition 2.6 (Radon transform and dielectric function) Let f € LY (R3) N L®(R3). We
define the Radon transform F : R? x R — R associated to f by (v = w(k) as in (2.5)):

F(k,u) = / f(v) dv. (2.13)
{v: w-v=u}
Further we define the dielectric function ¢ : R3 x R — R associated to f e wLLR3) N
W12°(R3) and a potential ¢ by:
ek, —|klu) := 1 — ¢(k) P~ [3, F (k. )](u). (2.14)

Here the operator P~ defined in (2.4) is applied in the second variable of 9, F'. As a shorthand
we also introduce the functions o, ¢~ given by:

a(x,u) == PO, F(x, ), o (x,u) =P [0, F(x,)]u). (2.15)

Remark 2.7 Note that the dielectric function ¢ coincides with the function D introduced in
(1.26), which quantifies the correction to the homogeneous density induced by a single point
charge.

The following definitions will be useful in studying the linear evolution problem (1.2) for g.
When f is time independent, the equation (1.2) for g can be solved explicitly. To this end
we introduce some notation.

Notation 2.8 We introduce the function:

Ok, v) = kV f(0)p(k). (2.16)

Furthermore, for a function h(x, v) and a potential ¢ we set Ej, to be the self-consistent
potential associated to h:

E[h](x) = Ej(x) = //(b(x — Y)h(y,v) dvdy. 2.17)

Definition 2.9 (Vlasov and transport propagator) Let ¢ be a radially symmetric Schwartz
potential. Let V be the linear Vlasov propagator associated to f, so let V(¢)[ho] = h(t) be
the solution to:

oh +vVh —VE,Vf =0, hQ,) =ho(), (2.18)
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12 J.J. L. Velazquez, R. Winter

with Ej, as in (2.17). In Fourier-Laplace variables (cf. (2.3)) the solution is given by:

o . - hokv') 4
- hotk,v) | iQk, 3@z k) J T '
h(z, k,v) = , k) = , 2.19
ko= T it ik 0@k == iy (2.19)
with Q as introduced in (2.16). Further let T be the free transport propagator so
T(®)[gl(E1, §2) == g(x — vit, v, X2 — V21, V2). (2.20)

Definition 2.10 Let go(£1, &) = go(x1 — X2, v1, 12), g0 € S((R3)?) be symmetric in
exchanging the variables &, &, and set S(§1,&) = 6(& — &) f(v1). We define the
Bogolyubov propagator G by:

G(D[&o] := Ve (1)Ve, (OIS + gol — T (D[S], (2.21)
where V, is the Vlasov propagator acting the set of variables (x{, vi) = &;, and V%, the
propagator acting on (x2, v2) = &.

We will analyze the equilibrium two-particle correlations for so-called soft potentials and
the Coulomb potential. Notice that we restrict our attention to radially symmetric potentials.

Assumption 2.11 (Potentials) Letpc € C (R3\{O}) be the Coulomb potential, so ¢>c x) ==

for some ¢ > 0. Assume without loss of generality that ¢ = /%, when (ﬁ(k) We say

os = ¢s(|x|) is a soft potential if ps € S(R3).

V<I2

On the one-particle distribution function f we make the following regularity assumptions.

Assumption 2.12 (Regularity and Decay) Let f € C3(R3) be nonnegative and
V" f(v)| < Ce ™, form=0,1,...,8. (2.22)

Further let f be normalized to:
/ f(w)ydv=1. (2.23)

Our proof of existence of Bogolyubov correlations requires the plasma to be stable. This can
be mathematically formulated in terms of the dielectric function ¢ (cf.(2.14)) associated to

f.

Assumption 2.13 (Plasma stability) We say f is stable if for all k € R3, x € S, u € R we
have:

|k|2 % P[0, F(x,-)(u), inparticular |e(k,u)| #0, e asin(2.14). (2.24)

Remark 2.14 The physical relevance of this condition is discussed in [18]. A necessary and
sufficient condition for stability (cf. (2.24)) was given by Penrose in [24]. For example the
condition (2.24) is satisfied by functions f, for which F(«) has precisely one maximum and
no other critical points.

In order to prove (exponential) linear stability of the equilibrium correlations and their
fluxes we make a stronger analytic stability assumption on the plasma, which requires that
we can extend the dielectric function to a strip in the complex plane.
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The Two-Particle Correlation Function... 13

Assumption 2.15 (Strong plasma stability) Let f > 0 be a Schwartz probability density on
R3. Let F be the Radon transform defined in (2.13) and ¢ = ¢s a soft potential. Assume
that there exists ¢ > 0 such that for all x € S2, F(x,iz) hasa holomorphic extension to the
strip He == {z € C : |R(2)| < ¢} and on H, satisfies the estimate

C
F(x.iz)| < 2.25
IFGG il = 1 (2.25)

J(2)?

We will assume that the associated extension of the dielectric function z — e(k, —i|k|z) to
the shifted right half-plane H-. := {z € C : R(z) > —c} is bounded below uniformly:

le(k, —ilk|z)] > co >0, for0#keR’ ze H,. (2.26)

We now introduce some technical assumptions, that we later use to quantify the rate of decay
of the equilibrium correlations. We distinguish functions f that behave like an exponential
as |v| — oo, specified in Assumption 2.17, and functions that behave like Gaussians, as
specified in Assumption 2.18.

Notation 2.16 We recall the function « introduced in (2.15). For k € R3, X € 82, let
u(';'(k, x) >0, ua'(k, x) < 0 be the solutions to:

k> — a(x, ug) =0, (2.27)
whenever (2.27) has a unique solution with the prescribed sign. Further write I(k, x) for
the set

1k, x) = (ug (k) — 1ug (k) + D) U (g Gk, x) = 1, ug G, x) + 1), (2.28)

Let LY (k, x), VE(k, x, y) be given by:
_ %uF QG uotk, X))
duee(x, uo(k, x))’

e F (x, uo(k, x))
W, X, y) = ug(k, X) + y T
duor(x, uo(k, x))
Assumption 2.17 (Asymptotically exponential behavior) Let f satisfy the Assumptions 2.12-
2.13. Let L* = L*(k, x) and W™ be as in Notation 2.16. We say f behaves asymptotically
like an exponential if it satisfies the following for some r, c, C > 0:

LE(k, %) fork eR3, x € 2, (2.29)

fork e R? x € 2,y e R.  (2.30)

/P (%) <C, forlkl<r,xeS% |yl <L, (2.31)

Vi oy (W) <C, forkl<r.xeS <L, (2.32)
‘(W) >c, forlkl<r xeS <L, (2.33)
Yy (%) <C, forlkl<r xeS|yl<L*". (2.34)

Assumption 2.18 (Asymptotically Maxwellian behavior) Let f satisfy the Assumptions 2.12—
2.13. Let L* = L*(k, x) and W™ be as in Notation 2.16. We say f behaves asymptotically
like a Gaussian if it satisfies (2.31)—(2.33) and the following for some r, C > 0:

kxoy \ k[0, F (x, )

)’ <C, forlkl<r xeS |yl <L*". (2.35)
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14 J.J. L. Velazquez, R. Winter

Remark 2.19 For example, the Assumptions 2.17 and 2.18 are satisfied by probability den-
sities of the form:

®) ) —(+ %
V)~ (14— ) e 2 2.36
f) ( FENNEY (2.36)
Here y = 1 if f satisfies Assumption 2.17, y = 2 if f satisfies Assumption 2.18, « > 0 and
® e Cp° is smooth with bounded derivatives and |®| < 1. Note that this includes anisotropic
velocity distributions.

2.2 Results of the Paper

The first result of this paper is the well-posedness of the steady state equation (1.3). We prove
that the solutions formally obtained by Oberman and Williams [23] by means of the method
introduced by Lenard in [17] are indeed well-defined solutions to the equation in the sense
of Definition 2.5.

Theorem 2.20 (Bogolyubov correlations) Let f satisfy the Assumptions 2.12 and 2.13 and ¢
be either the Coulomb potential or a soft potential. In the Coulomb case, assume further that
f satisfies Assumption 2.17 or 2.18. Then there exists a weak solution gp to the Bogolyubov
equation in the sense of Definition 2.5.

The proof of this theorem is the content of Sect. 2.4.

After making precise the well-posedness of the equation, we study screening properties of
the Bogolyubov correlations. The following theorem describes the decay of the solutions of
the Bogolyubov equation (1.3). Note that the equation is written taking as unit of length the
characteristic length ¢ of the potential in the case ¢ = ¢s soft or the Debye length L p (1.12)
for the Coulomb potential. Therefore, the following estimate proves that the characteristic
range of interaction is given by £ or Lp respectively. Furthermore, we find that the decay
rate of the Bogolyubov correlations differs from the decay rate of the potential.

Theorem 2.21 (Screening estimate for the Bogolyubov correlations) Let f be a function that
satisfies the Assumptions 2.12-2.13 and ¢ be either Coulomb potential or a soft potential.
We recall the definition of the impact parameter b and the distance to collision d, as well
as d_ (cf. (2.6)). Then for x € R3, and vi,v; € K varying on a compact set K C R> the
following estimate holds:

C(K,9) 1 1
lorl 1Bl +d— (1 +1b] +d-)r~=*"
If ¢ = ¢c, we can choose y = 1 for f behaving like a Maxwellian in the sense of Assump-

tion 2.18, and y = 0 for f satisfying Assumption 2.17. For ¢ = ¢g the statement holds for
y = land C(K, §) can be chosen independently of K.

lgp(x, v, v2)| < fors > 0. (2.37)

More precise estimates can be found in the Theorems 3.1 and 3.6.

The derivation of the Balescu-Lenard equation proposed by Bogolyubov postulates that
steady states do not only exist, but are also stable in microscopic times. More precisely,
Bogolyubov’s argument requires that the fluxes in f; induced by the function g5 (cf. (1.19))
converge to the fluxes associated to the equilibrium correlations gg[ f1]. In the case of soft
potential interaction, we prove the stability of the equilibrium correlations if fj in (1.19) is
assumed to be time-independent.
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Theorem 2.22 Let ¢ be a soft potential and f satisfy the strong stability Assumption 2.15.
Further let go(&1, &) = go(x1 — x2, v1,v2), g0 € S((R33) be translation invariant and
symmetric:

201, &) = Zo(&2. &) forallé, & e R xR, (2.38)

Go(x1, v1, x2, 12) = go(x1 +a, v, xa +a,v2)  forallxy, xa,a,v, v € RP. (2.39)
Consider the function g(t) := (G(t)go) given by (2.21), which (using (2.39)) we identify with
g(t, x1 — xz,v1,v2) = g(t, x1, v1, X2, V2). (2.40)

Thenwe have g, 3,g € C(RT, S(R®)) and g solves the Bogolyubov equation (1.2) with initial
datum go. The steady state gp given in Theorem 2.20 is linearly stable, more precisely:

g(t) — gg inD' R} xR} x R ast — oo. (2.41)

Furthermore, the associated fluxes in the space of velocities are stable, i.e. for all v € R3 we
have:

v, - (/ Vo (x)g(t, x,v,v") dv dx) —V, - (/ Vo(x)gp(x,v,v) dv dx> ast — oo.
(2.42)

This theorem is proved in Sect. 4.

2.3 Auxiliary Results

The following lemmas provide a version of the well-known Plemelj-Sokhotski formula,
which allows us to write the original function f in terms of P¥[f]and P~[ f] as introduced
in Definition 2.2. In a more general setting, such formulas are discussed in [21].

Lemma 2.23 The operators P and P are bounded from L? to L?. Let f € L*(R; R), then
we have PT[f] = P~[f]. Furthermore for f € L2(R; C) there holds:

I _
f=s=@"If1=-PLfD. (2.43)

2mi

Proof By aclassical result, P* are Fourier multiplication operators with symbols +27i Leso.
The same holds for P with multiplier i7 sign £. Combining this with Plancherel’s theorem,
we find that the operators are bounded on L? and satisfy the identity (2.43). For real-valued
functions f, the identity PT[ f] = P~[ f] holds, since these operators are obtained in a limit
8 — 0 (cf. (2.4)) and the identity holds for all § > 0. ]

Lemma2.24 Let f € L>(R), and g be analytic on the upper half plane, ¢~ analytic on the
lower half plane and decaying: |g*(z)| — 0, |z| — oc. Assume that lims_, o+ g* (- £ i8)
exists in L*(R) and:

lim L(q*(-+i8)—q—(-—ia)) =7 (2.44)
s§—0t 27i ’ ’

Then we have: PT[f] = ¢*.
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16 J.J. L. Velazquez, R. Winter

Proof We consider the differences ¢* := g& — P*[f]. The functions are analytic in the
upper, respectively the lower half-plane and decay as |z| — o0, [3J(z)| > 1. We claim the
function £, given by ¢+ on the upper half-plane and ¢~ on the lower half-plane, is an entire
function. To see this, fix zg € C arbitrary and consider Z(z) := f}/[zo,z] ¢(z))dy (2), where
¥ [zo, z] is an arbitrary curve connecting zg and z. Then Z is an analytic function above and
below and is continuous at the real line by (2.43) and (2.44), hence an entire function. Using
Z' = ¢, we infer that ¢ is an entire function as well. Outside the strip with |3(z)| < 1, ¢ is
bounded and decays for |z| — oc. On the strip, we use the L? convergence of P*[f] and
g™ together with the mean value property of 94(¢), J(¢) to obtain:

1¢()] = C/ It de' < C <||f||L2 + sup llg™ (- iir)lleR)) =C.
B1(z) Iri<2

So ¢ is a bounded entire function, hence constant. By limg_ o £(iR) = 0 we get { = 0 as
claimed. D

We make Assumption 2.13 to ensure that the dielectric function & does not vanish. In
many arguments later we will make use of quantitative lower bounds on ||, one of which is
provided by the following lemma.

Lemma 2.25 (Estimate on the degeneracy of €) Let f satisfy the Assumptions 2.12-2.13. If
¢ = s is a soft potential, there exists ¢| > 0 such that for all k € R and v € R we have:

le(k, =k - v)| > ¢; > 0. (2.45)

If ¢ = ¢c is the Coulomb potential, for any K C R compact and § > 0 we have:
le(k, —k - v)] = c1(K) > 0, forall0 # k eRvek (2.46)
le(k, =k - v)| = c2(8) > 0, forall k| > 8, v eR>. (2.47)

Proof Let ¢ = ¢¢ be the Coulomb potential. Then we have:

letk, —k -v)| = |1 — #P‘[BMF(LU, )(w - v)|. (2.48)
Since |P~ [0, F(w,-)]| is bounded, |e(k — k - v)| attains its minimum on (k,v) €
(R3 \ Bs (O)) x R3 for any > 0. This minimum is nonzero by (2.24), so (2.47) holds.
On the other hand, since P~ [d, F'] # 0 (cf. (2.24)), the mapping v > inf; g3 |e(k, —k-v)|
is continuous, so (2.46) holds on compact sets K.
The estimate (2.45) for soft potentials is immediate. ]

Remark 2.26 In the Coulomb case, the estimates (2.46)-(2.47) cannot be improved, since it
is known (cf. [24]) that:
inf  |e(k, —k-v)| =0.
keR3 veR3
Lemma 2.27 (Asymptotics of a(x, u)) Let f satisfy the Assumptions 2.12-2.13. We recall
the function « introduced in (2.15). There exist constants C, R > 0 such that for |u| > R:

=D/ + D! c

B (6 w) = | < 5 forj €No.j <6, (2.49)

A C
|9 0ac () < =5 forj €No, L €N, j+ £ <6, (2.50)
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Proof The derivative 8,{ can be taken inside the operator P:
j i+1
dna(x.u) = P35 F(x,)1w). (2.51)

Using that P is a Fourier multiplication operator with multiplier i sign(§) we write:

o —

dHa(x, )E) = imsign(EF @ F(x, ))(E).

Now we perform the Fourier inversion integral and integrate by parts:
0
i L. e j+1
shatrn == [ Gplicnral Fo e ds
—00

+/ (m/2)2ie S F @I F (3, ))(E) dE
0

0 té -u
=(7T/2)%/ 8éJ”'"(ajHF(X (&) d“?-i—(ﬂ/Z)2 f(ajHF(X )(0)

—00

00 téu
— (1/2)? /0 0 FOL T F (3. ))(€) dE + (m/2)7 f(af“F(x 2)(0).

Since 8,{“ F is a derivative, we have }"(8,{+1F(X, ) (&) = 0. Iterating the argument we
find:

1.
Walx,u) =— %3”1}‘(3,{“1:()(’ D) — 2m)*
%W”ﬂmf“m, O
AR APy AE py
+/0 G % F@a Fx,0)E) d
0 iEu; . )
- / #Bﬁﬂad“nx, N(E) dé. (2.52)

The leading order term is explicit by (2.23):

i 4 1)

o F @I F O N0) = ———. (253)

(2m)2
Combining (2.52), (2.53) gives (2.49). The derivative of (2.53) in x vanishes, so we obtain
(2.50). [}

The implicit function theorem gives the following Lemma on the function uo defined in
Notation 2.16.

Lemma 2.28 Let f satisfy the Assumptions 2.12-2.13. Using (2.49), for |k| < r,r > 0 small
enough there are unique ua[(k, X)) such that (2.27) holds, and we have the estimates:

07uy (ks 01 = Gy ford € No.j <6, (2:54)
Laj + C
|8X8 uo(k,)()|_|k—| forjeNy,LeN,j+£<6. (2.55)
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18 J.J. L. Velazquez, R. Winter

We can represent the solution to the Bogolyubov equation (1.3) explicitly in Fourier
variables. The decay properties of the solution are encoded in the singularity of their Fourier
transform at the origin, which motivates to make the following definition.

Definition 2.29 Let0 <« < 1 and f : R" \ {0} — R. Define the functional [ f], by:

h —
[Fle () = [f(x +h) f(X)|.
0<|hl<1 ||*

x+h#0

The following lemma gives sharp decay estimates for functions that have an isolated singu-
larity in Fourier variables.

Lemma 230 Letl € N, f : R*\ {0} — R be € times continuously differentiable with
IV/f| € LA1 for0 < j < L. Furtherlet 0 < k < 1 and [V¢f. € L'. Then the Fourier
transform f decays like:

, 9
lf ()] = Tr e (2.56)

Proof Since f € L' we know f € L™ with ||f||Loo < C|fl.1. For the additional decay
we inspect the transformation formula directly. We distinguish the cases £ even and ¢ odd.
For £ = 2m even, we use

—imkx 1 m —imx
e ik = G A “). (2.57)

Further we use that f isin f € W/ (R") to compute

N 1 : 1 1 ;
frx) = _ / fkye Rk = —— / A" f(k)e ™k dk.  (2.58)
(2n)2 (|k)?™ (27)3
Now g := A" f satisfies |g| + [g]c € L. Therefore we can estimate
R 1 —im(k—25)x 1 X k
g(mrx) =— - /g(k)e W27 dk = _ / (g(k) —glk+— >e X dk.
Q)2 2027)? |x|?

Taking absolute values and using [g], € L' gives
1
2(27)2

[g(mx)| <

/ el (k)/Ix[ dk <

[

Inserting this into (2.58) gives | f ) < ﬁ as claimed. For £ = 2m + 1 odd we repeat

the computation, except that we now use e 7% = (ﬂli"‘)m -V A" (e~ 17xky instead of (2.57).
O

As a corollary we obtain bounds for the (inverse) Fourier transform of functions that depend
k

on the modulus w = T
Lemma231 Letl € N, Ok, x) € CZ‘H(Bl(O) x S"=1). Then the Fourier transform of the
mapping T (k) = |k|¢® (k, %) on R" decays like:

A C(
IT(x)] < T ® ford > Qarbitrary.

|x|”+‘3*5 ’
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Proof Follows by applying Lemma 2.30 to 7. Differentiating the function we obtain the
estimates:

CO)Ik[* [P cnre
|k|£+”7‘3 ’

CIKI || cree

VITk)| < :
VTRl < ——

[V s (k) < O<j<n+e—1
Since T is compactly supported in the unit ball, we can apply Lemma 2.30 and obtain the

claim. O

2.4 The Oberman-Williams-Lenard Solution

The Fourier representation formula for the Bogolyubov correlations, more precisely a Fourier
representation gp of the solution to (1.3) has been obtained by Oberman and Williams in
[23], following the complex-variable approach by Lenard in [17]. We will briefly restate
their result in the mathematically rigorous framework of this work. We will define a function
gp via its Fourier transform gp. In order to complete the proof that g is a solution of the
Bogolyubov equation in the sense of Definition 2.5, we need to show that gg is in W and
satisfies the Bogolyubov condition (2.12). This is the content of Sect. 3, in particular of the
Theorems 3.1, 3.6.

Notation 2.32 We introduce functions A*, BE derived from € and F (cf. (2.6), (2.13)):

O S GO
ATk, u) = (1 - BHP [|e(k,—|k|-)|2](u) (2.59)
Bk, u) .= d(k)PT[0, F(k, )] (u). (2.60)

Definition 2.33 For v, v € R3, consider the Schwartz distribution gp(, v, ) € S/(]R3)
given by the following linear functional (¢, gz (vi, v2))s. s onS (R3) (w as defined in (2.5)):

(¢. 88 (v1, 1))
[ (PRI (Voy = Vi) (fF) + Vf gk, v2) = V f (w2)hp(k, o))

dk.
(2.61)

a)(vl - U2) —i0

Here —i0 represents taking the limit § — 07 with —i§ in (2.61), and h B is given by the
formula:
A~ (k, wv)

1 —e(k, —kv))  »
TR A e s CARACNE (2.62)

Fpk,v) = F)

Then we will call gg(-, vi, v2) € S'(R¥) = F~! (25(-, v, v2)) the Bogolyubov correlation
associated to f.

The strategy for solving (1.3) is solving integrated versions of the equation first. To fix
ideas, let g be a solution and consider the functions i (x, v), H (k, u) defined by

h(x, v1)=/ g(x, vy, v2) dvs
]R3

A A kv
Hk,u) = / h(k,v)d (u — —) dv.
R? k|
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The key observation is that g, 7 and H solve the equations (as before: ¢(1) =2,¢(2) = 1)

(v1 — v2)0x g
2 .
= va(vj) / Vo (=D x + Wh(y, vej)) dy + (Vo — Vi, HI(FFIV(x)
i=1

(2.63)
v / bR (Vay = Voo Y +V )tk v2) = VF )btk v)
R

w(v; — ) —i0

(2.64)
Ak, ) = —(k) (BMFP’[F] — P [,FIF + 0, FP"[H] — P’[auF]ﬁ) . (2.65)

Note that the equation for H is closed. This suggests to solve the equations (2.63)—(2.65) in
reverse order: Once we have found the solution H to (2.65), we can use (2.64) to compute
h and then compute g using (2.63). Following this reasoning, we show the existence of a
solution to (2.65) in the first step of our rigorous analysis.

Lemma 2.34 Let f satisfy the Assumptions 2.12-2.13. We recall the definitions of F in (2.13)
and AT in (2.59). The function Hg : R3 x R — R given by

Hp(k,u) := %(A+ — A7) — F(k,u) (2.66)

is measurable in R? x R and satisfies Hp (k,-) € L* a.e. ink € R3. Further, for a.e. k € R3
it solves the equation:

Hy(k, 1) = —(k) (a,,FP—[F] — P [8,F1F + 8, FP [Az] — P—[auF]f}B) . Q.67

Proof As a pointwise a.e. limit of measurable functions, I-AIB is measurable again. By
Lemma 2.23 we know that A* = A—, so Hp is real-valued. By (2.47) |e| is bounded
below, so % is L2, We can rewrite A~ using ¢ (as in cf. (2.14)):

F(w,u") ,
du’, 2.68
e et kP — - +70) .

Ai(ka ) = E(kv _|k|)

and find this function is in L2, since PE are bounded on L2. It remains to show that H B
satisfies the equation. Since Hp is real-valued, equation (2.67) is equivalent to

A+ F = F =) (3, FP™IF + Hyl — (F + Hp) P~ [8,F1).
Using that |1 — ¢A>(k)P+[8u F]| = |e] is non-zero, Lemma 2.23 shows that the equation is
equivalent to:

PT[Hp + F] P[Hp+F] 271 F (1)

1— ¢k PHI,Fl  1—¢k)P-[3,F1 (1 — k)P[0, F(1 — k) P-[3,F])
(2.69)

So it remains to check (2.69) is satisfied for H p as defined in (2.66) above. The equation is
satisfied, if we can show that

PE[Hp] = AT — PE[F]. (2.70)
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By the definition (2.66) of ﬁg, this is the case if for A as in (2.59) we have:

1
AT = p* [—,(fﬁ — A—)] . (2.71)
2mi
This however follows from the uniqueness proved in Lemma 2.24. O

Lemma 2.35 Let f satisfy the Assumptions 2.12-2.13 and consider the function hp defined
by the Fourier representation (2.62). Then hg is a measurable function in R? x R3 and for
k # 0 it satisfies:

lhpk, v)] < Ckye "l (2.72)

Furthermore, for k # 0 the function h g(k,-), k # 0 solves the equation:

i [ 0B (Va, = Vi, ) + VI @Dk, v2) = V f (02)hp k. v1)
gk, v) = - dvy.
R3 w(v; — ) —i0
(2.73)

Proof Measurability and decay of hp follow from the regularity and decay properties of
f. IE remains to show hp(k,-) solves (2.73). To this gnd, we first show H,(k,-) :=
fR3 hp(k,v)6(- — wv) dv coincides with the function Hp(k, ) (cf. (2.66)). This can be
seen by integrating (2.62):

— ek, —|k|u) A (k,u) 1

— (Bt — B").
ek, —|k|u) e(k, —|k|u) 2mi

1
Hy(k,u) = F(k,u)
Since g(k, —|k|) = 1 — B~ (k, u), the claim Hg = H, is equivalent to verifying
FB~ AS 1
—(B* = B"). (2.74)

1-B~ 1- B 2ni
We add F on both sides and use (2.70) to see this is equivalent to

. | A .
H=_—(PT[H]- P [H]) =
27i

1(A+ A-) = FB~ A~ 1(3+ B)4+F
27i " 1—-B— 1—B 27 '

Rearranging terms, the claim can be rewritten as:
1
(AT -B)—AT(1+B") =F,
2mi

which is equivalent to (2.69). Hence we have verified (2.74) and proven H, = A . Using
this we can prove & g as defined above solves (2.73). To this end, we integrate in vy and bring
the last summand in (2.73) to the left-hand side, when the equation reads:

e(k, —kv)hp(k, vy)

N

k =
= /R L <(Vv1 =V, N1, v2) + Vf(v)hp(k, vz)) duvy

3w-(vp — ) —i0

= —¢(k) (@V£ ) PTIF + Ag] = PTIFIf@)).

Replacing P~ [F + A Bl = AA‘ by means of (2.70), we have shown the claim to be equivalent
to (2.62), the definition of & 5. O
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Now it is straightforward to check that gp defined in Definition 2.33 is a weak solution of
the Bogolyubov equation, assuming that gp has marginal f gp(x,vy,v2) = hp(x,vy) and
satisfies the Bogolyubov boundary condition (2.12). These conditions will be proved in the
Theorems 3.1, 3.6, whose proof does not depend on the results in this section.

Theorem 2.36 Let f satisfy the Assumptions 2.12 and 2.13 and ¢ be either the Coulomb
potential or a soft potential. In the Coulomb case, assume further that f satisfies Assump-
tion 2.17 or 2.18. If gp defined by (2.33) satisfies ng(x, v1, v2) = hp(x,vy), and the
Bogolyubov boundary condition (2.12), then gp is a weak solution to the Bogolyubov equa-
tion.

Proof Since g € W by assumption, the equation (2.11) holds weakly if the Fourier-
transformed equation

(01 — v2)ikgp — kY F gk, v2) + iV F 1)K, v2) = ik(Vy, — Vo) (F£),
(2.75)

holds in the sense of distributions. This is true by the definition of gp (cf. (2.33)). ]

3 Characteristic Length Scale of the Equilibrium Correlations

In this section, we estimate the Bogolyubov correlations gp, and give sufficient conditions
for the onset of a characteristic length scale. In the Coulomb case, we observe the onset of
a characteristic length scale for one-particle functions f that behave like Maxwellians for
large velocities, and the characteristic length is given by the Debye length Lp (cf. (1.12)).
In the soft potential case, the Bogolyubov correlations always have a characteristic length
scale, which coincides with the length scale of the potential. For both types of potentials, we
derive the rate of decay. This will provide the assumptions on / g, g made in Theorem 2.36,
and hence complete the proof of Theorem 2.20.
To this end, for vy, vy € R we define I'(-, vy, v2) € S'(R?) by:

Bk, o1, v2) 1= Uk (Vg = Vor ) + V@D (K, v2) =V f (0)ip (k. v) )

3.1
This allows us to get a representation of gp (cf. (2.61)) of the form:
3k, v1, v2) R R (32)
y V1, V2) = -0~ , U1, U2). .
8B 1, V2 k(w1 — v3) — i0 1, V2
Using the notation introduced in (2.5), this yields the identity:
2mi 1
gp(x, vy, 1) = T'(x, v1, v2) *¢ (L(0,00)(x - ¥) - H'Lspan{v,}) . (3.3)

lor |

Here we have used the one-dimensional Fourier transform F~! (ﬁ) = (271)%1' 10,00y (),
and the notation H!L_Y for the one-dimensional Hausdorff-measure supported on a line Y.
The properties of the equilibrium correlations gz can be analyzed by first characterizing the
properties of I', and then using the convolution representation (3.3).
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3.1 Coulomb Interaction

In this paragraph, we analyze the onset of a characteristic length in the Bogolyubov corre-
lations gp (cf. (2.61)) in the case of Coulomb interacting particles. Taking the Debye length
Lp (cf. (1.12)) as unit of length, the Bogolyubov equation has the form (1.3) with ¢ = ¢c.
The result we will prove in this paragraph is the following.

Theorem 3.1 (Screening in the Coulomb case) Let gp be defined by (2.61), where f satisfies
the Assumptions 2.12-2.13 and ¢ = ¢c is the Coulomb potential (cf. Definition 2.11). Fur-
ther let f satisfy Assumption 2.18 (Maxwellian behavior for |v| — o0) or Assumption 2.17
(Exponential behavior for |v| — o0). Then the marginal of gp coincides with hp:

/gB(x, vy, v2) dvy = hg(x, vy). (34
We recall the definition of v, in (2.5), and b,d,d_ in (1.8). Let K C R3 be compact and

§ € (0,1). Under Assumption 2.18, gg, hp satisfy the following estimates for x € R3,
v, v € K

lgpCr v )| < ) 1 = (3.5
ol b1+ d) (1 + o]+ d )1
C(K.9) (3.6)

hgx,v)| < ——m———.
e T )

Under Assumption 2.17, gg, hp satisfy the following estimates for x € R3, vi, v2 € K:

C(K,8) (1+|b| +d_)°
lgp(x, v, v12)| < T blrd) 3.7

C(K,d)
DS e

(3.8)

Note that the result (3.5) shows the onset of a characteristic length in the correlations gp if
f satisfies Assumption 2.18, but the estimate (3.7) indicates this is not in general true for
functions satisfying Assumption 2.17. Furthermore, the estimates (3.5) and (3.7) prove that
gp satisfies the Bogolyubov boundary condition (2.12).

For estimating the decay of the function gp, we use Lemma 2.31, i.e. we expand the
Fourier transform of 4 g near k = 0 into

hpk,v) = [k|"T (k, w, v), (3.9)

where T is some smooth function. Note that the representation formula for h B (2.62) suggests
that (3.9) holds with » = —2, in which case Lemma 2.31 gives an estimate of |h(x, v)| <
C/|x| for [x| — oo. In other words, naively one might expect the decay of the correlations to
be the same as the decay of the Coulomb potential. However, since b (k) appears also in the
dielectric constant ¢ in the denominator, we obtain r > —2 in (3.9). Computing the precise
value of r is subtle, since the denominator |e(k, —|k|u’)|2 in P7[A] (appearing in (2.62))
becomes singular for |u’| ~ 1/|k|, k — 0 as observed in Remark 2.26. The following lemma
allows to separate the critical region from the remainder.

Lemma 3.2 Assume that f satisfies the Assumptions 2.12-2.13 and ¢ = ¢ is the Coulomb
potential. There exists ro > 0 and T (k, x,v) € C6(Br0 0) x 8% x R3) such that for |k| €
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0,r9), x € S%, v eR3:

/ Pk)(w -V f)F(w,u')
R

A du' = Dk, w, v) + [k|*T (k, , v). (3.10)
11— ¢k)a= (o, u')*(w-v—u' +i0)

Here D is given by the formula (u(jf, I as in Notation 2.16)

Dk, x, v) = / PO VIOF) G.11)
1.0 11— @)™ (x, u)>(x - v —u')
Moreover, T satisfies the estimate:
ITC. - v)llcos, ©0yxs2) = C- (3.12)
Proof We decompose v~ (cf. (2.15)) into its real and imaginary part:
o (x,u)=a(y,u) —ind, F(x,u). (3.13)

By Lemma 2.28, for |k| € (0, rg) small enough and x € $2 there exist ua—L(k, X ) such that
(2.27) holds. By the estimate (2.49), after possibly choosing a smaller ro > 0, the following
holds for |k| € (0, ro) and u # I(k, x):

<O+ uP. 3.14
WP o oo = 0D 19

Now the claim follows by decomposing:

/ Pk (@ VfW)F (0. u') "
R |1 — (k) (o, —|k|u")|>(@ v —u' +i0)
— |k|2 ((l) : Vf(U))F(a), M/) du/

Rk K+ e~ (@, u) > (@v — u’ +i0)

/ (- Vf)F(@,u)
+ = du’,
1) |1 = dk)a— (o, )2 (wv — u')

since by (3.14) the function 7" given by:

Tk, x,v) .:/ (X -VF@)F(x,u')
T Jrum HRP A am (G u) P (x - v — w4 i0)

satisfies the estimate (3.12). ]

du’ (3.15)

Now we have decomposed the integral (3.10) into a well-behaved part 7', and the singular
integral D. The behavior of D for large v depends on the behavior of f as v — oo. If
f behaves like a Maxwellian, we have D(k, v) ~ |k| for small k. If f behaves like an
exponential, the function is of order one close to the origin.

Lemma 3.3 (Expansion of D atk = 0) Let f satisfy the Assumptions 2.12-2.13. Rewrite the
function D defined by (3.11) in the following form:

Dk, x,v) = vi(k, x,v) if f satisfies Assumption 2.17, (3.16)
Dk, x,v) = |klyn(k, x, v) if f satisfies Assumption 2.18. (3.17)
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We can choose yy, € C(By,(0) x S2 x R3) (ro as in Lemma 3.2) such that for any K C R3
compact

|V,{’th(k, X,V <C(K), forj=0,1...,6ke B,(0), x € S%andv € K. (3.18)
Similarly, for x € S2 ke B, (0), v, v € R3 write :

x(Vf(2)D(k, x,v1) =V f)D(k, x,v2)) = |klyg(k, x, vi,v2) under Assumption 2.17,
(3.19)

x(Vf(2)D(k, x,v1) = Vf(i)D(k, x,v2)) = |k|2yg(k, X, V1, V2) under Assumption 2.18.
(3.20)

In both cases, we can choose y, € C(By,(0) x 52 x R3 x R3) such that for all K C R3
compact:

V] ek, . v, v2) < C(K), for0 < j < 6.k € Byy(0), x € S>andvy, vz € K.

(3.21)
Proof After changing variables with W (k, x, -), D reads:
VEIKPX Y f)F (x WO LK, ) 1
Dk, x,v) = / > 5 5 dy (3.22)
—1/L Nkl> = (U ()I* + 10 F (x, WONI* x - v —W(y)
VE kP V) (F/9,F)(x. W) k™! d
= > y. (3.23)
~1/L due(x, V) M‘ 24 XV
You F(x, W) y
If f satisfies Assumption 2.17, then for |k| < X small enough, the functions F /9, F, %
and % are bounded, as well as their derivatives in k, x. Furthermore, |%| >

¢ > 0 is bounded below. Additionally, we use ¥ (k, x, y) € I(k, x) and |x - v| < C(K) to
infer that the function
kv y) = — K (3.24)
K, X, 0, YY) = ——————— .
x-v—W(y)
is bounded as well as its derivatives in k, x. Hence, under Assumption 2.17 the expansion
(3.16) with the estimate (3.18) follow by differentiating through the integral. Similarly, we
prove (3.17) with the estimate (3.18) under Assumption 2.18.
The expansions (3.19)-(3.20) with the estimate (3.21) are proved analogously, using the

fact that
k|2 k|2
Zam (s 20 91012, ) = <x v —W(y) xv— \I/(y))
_ k|21 (v2 = v1) ’ (325)
X -v1 =YD -vi — V()
is a bounded function, as well as its derivatives in k, x. m]

We now prove an integral estimate for h gk, v) (cf. (2.62)).

Lemma 3.4 Let f satisfy the Assumptions 2.12-2.13, and Assumption 2.17 or 2.18. Further
let ¢ = ¢c be the Coulomb potential and hg be given by (2.62). Then there exists C > 0
such that
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/ / hgk,v) dv
B |J/R3

Proof We start by performing the integration in the direction orthogonal to w using Fubini’s
Theorem:

/ / sz(k, v) dv
B, |JR3

5/ /F(w, py L ek k) gy AR ke ) du
By |/R

e(k, —Ik|u) ek, —|klu)
F(w, u) A A7 (k, u)
§C+/ / ——— du dk+/ /(ﬁ(k)iau]:(k,u) du
By |/R S(k, —|k|1/l) By |/R

e(k, —|klu)
Now the estimates follow similar to the proof of the last Lemma. We observe that for |k| >
A > 0 bounded away from the origin, the integrand in the first integral in (3.27) is bounded.
Further, for A > 0 small enough we know that | F () /e(k, —|k|u)| < |F(u)/d, F|is bounded
for |u — uéﬁ(k, )| < 1. Finally, on the region |k| < A, |u — ug| > 1, the integral is bounded
since |e(k, —|k|u)| ™! < C(1 + |ul?).
In order to bound the second integral in (3.27), we recall the definition of A~ (2.59) to

rewrite:
A

dk < C. (3.26)

dk = dk

hgk, v)8u — wv) dv du
R3

(3.27)

A~ (k, u)
/¢() 0, F(k,u) du| dk

ek, —|klu)
“h

/¢() [ Fk. ) ]()BF(k )d

u ,u)du
ek, —|k|)[? !

Now the claim follows if we can show that |/ P~[£3160)8, F (k, u) du| < C is uniformly

bounded, for |k| sufficiently small. For 7 (k, w) as introduced in (2.28) we can estimate

<C+ du’ du|.

_F
/P [—=1m)d, F(k,u) du
‘ le|?

/ F(k, u'), F ()
10 Jra ek, —1klu)|>(u — u’ —i0)

(3.28)

F(k,u")d, F(u)
le(k,—1klu")|?
in u’ is bounded for u, u’ € I(k) and |k| sufficiently small. Therefore, the integral (3.28) is
uniformly bounded and the claim follows. O

Now since f satisfies Assumption 2.17 or 2.18, the function and its derivative

From the expansion of D near k = 0 in Lemma 3.3, we can now obtain an expansion of h B
and gp near k = 0.

Lemma 3.5 (Expansion of fLB for |k| — O and |k| — o00) Assume that f satisfies the
Assumptions 2.12-2.13 and ¢ = ¢c is the Coulomb potential. Let h g be given by (2.62) and
K CR3 compact. Then there exists a function hp o(k, x,v) € CO(B1(0) x §2 x R3) such
that:
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115,0C, - V)l o (s 0yxs?) < CK), forvek
(3.29)

hg(k,v) = — f(v) + |klhgok, k/|k|,v),  under Assumption 2.18
(3.30)

hg(k,v) = —f () + hpolk, k/lk|, v), under Assumption 2.17.
(3.31)

Furthermore for |k| > 1and £ € 1, --- , 6 we have:
\Vihp(k, v)| < _C (3.32)
=1+ [k|EF2

Proof On the reA:gion |k| € (rg, 1), the function ﬁB (k, v) is smooth by (2.47). For |k| € (0, rg)

small, we use ¢ (k) = ﬁ and the decomposition (3.10):
; _ 2 S B
hpk,v) = —f(v) + k] (W ot ey~ ke v))
+ Dk, w, v). (3.33)

The first two summands can be written in the forms (3.30), (3.31) respectively, as can be
inferred from from Lemma 3.2 and (2.24). For the last summand, the claim follows from
Lemma 3.3. It remains to prove the estimate (3.32). This however follows from the lower
bound (2.47) on |¢| for |k| > 1. ]

Proof of Theorem 3.1 Let n € C° be a cutoff function with n(k) = 1 for |k|] < 1/2 and
n(k) = 0 for |k| > 1. We recall the functions I" (cf. (3.1)) and i p (cf. (2.62)), and separate
the contributions of large and small Fourier modes:

Pk, vi,v) =0+ A =k =T+ (3.34)
hg(k,v) = n(kohg + (1 —n)(hp =t hg1 + hpa. (3.35)

The function hp 1 satisfies the estimates (3.6),(3.8), which can be seen by applying
Lemma 2.30 to the expansions (3.30),(3.31). The function hp satisfies the estimates
(3.6),(3.8) by (3.32).

In order to estimate I'|, we again apply Lemma 2.30. To this end, we insert the expansion
of h p into the definition of I" (cf. (3.1)) to find:

U (k, vi, v2) = k/IkI*(V f (uD)hpo(k, v2) — V f()hp ok, v1)), for k| < 1.

Hence for any § > 0 and R > 0, Lemma 2.30 shows that I'; decays like

C(K,$)
IT1(x, v, 1) < 1

T x> forx € R, |ui, [va] < R, (3.36)

where m = 3 if f] satisfies Assumption 2.18, and m = 2 under Assumption 2.17. On the
other hand, the estimate (3.32) shows that

‘V,{ (f(k, V1, v2) — kJIkP(Vo, — Vo) (1) (1, v2)>’
C(K)

< Ty Pri=0.6k =1
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Therefore, I'y satisfies the estimate:

Ce—(v1l+I2D)

IF2(x, v, )| £ —————7-
I (1 + |x)*

3.37)
Now inserting the estimates (3.36) and (3.37) into the representation (3.3) shows the estimates
(3.5) and (3.7).
It remains to show that gp is in the space W introduced in (2.10)). We remark that by
construction gg (k, v, v2) = gg(—k, va, v1), S0 gp satisfies the symmetry property (2.8).
To show that ||[gg] € L we use the decomposition (3.34):

loc
2mi |
gB = o] (T + T2)(x, vi, v2) #x (L0,00)(x - ) - H'Lspan{®,}) =: gp.1 + gB.2-
r
(3.38)
From the estimate (3.37) we deduced that gp > satisfies |h|[gp 2] € Llloc'
We now estimate |i|[gp,1]. To this end, we decompose the function further into:

88,1k, v1,12) = L1 —v0)>18B.1 + Lo —v)<18B,1 =: §B,a + &B.b- (3.39)

Inserting the definition of gp (2.61), and using |v;| < R we can estimate gg 4 by:

/ lgB.a(x, v1)| dvy <C <1+// IV f()llhg(k, U1)|dkdU2>
R3 B

+/ / sz(k, v) dv
B, |/R3

§C(R)+C/ /eikxﬁg(k,v)dv
R3

B

dk

dk,

which is bounded by (3.26). Hence |h|[gp 4] € Llloc‘

In order to estimate gg; given by (3.39), we use the fact that |w(v; — v2)|] < 1 and
|v1] < R implies |wv2| < R 4 1. Hence |e(k, —kvy)| > ¢ > 0 is bounded below uniformly
on the support of g5 p, and |h|[gp ] € L}oc follows. Hence also |k|[gp] € L}oc as claimed.

It then immediately follows that % p is indeed the marginal of gp (cf. (2.61)), since:

/ﬁB(k, v, v2) dup

/ $®)0 (Vo = Vi) (F1) + Y F gk, v2) = V f @)k, v1) )

, duvy,
w(vy —v2) —i0

and sz satisfies the equation (2.73). The estimates (3.6)-(3.8) imply SUP|y| <R 1hlgrI(, V)| 12
< C(R) as claimed. ]

3.2 Soft Potential Interaction

Theorem 3.6 (Decay estimate for soft potentials) We recall gg as introduced in Defini-
tion 2.33, and assume f satisfies the Assumptions 2.12-2.13 and ¢ = ¢s is a soft potential
(cf. Definition 2.11). Further we use the shorthand notation v,, ¥, in (2.5), and b, d, d_
introduced in (1.8). Write v, = vi — v2, U = v, /|v.| and let § € (0, 1). For almost every
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(x,v1) € R3 x R3, there holds gp(z,v1,) € LY(R3), and the marginal of g coincides with
hp:

ng(x,vl,vg) dvzth(x,vl). (340)

Furthermore, for n € N the function gp satisfies the estimate:

C($) 1

< —(lvil+lv2D 341

lgp(x,v1, 12)| < T (1+|b|+d_)2*56 , (3.41)
c@e)

lhp(x,v1)| < We (il (3.42)

Proof The identity (3.40) follows analogously to the Coulomb case. For proving the estimates
(3.41), (3.42), we recall the definition of / in Fourier variables:

1 —e(k, —kv)) A(k)A_(k,kv)( Vi) (3.43)
sk ko) PWOTE T @V SO '

hp(k,v) == f(v)(

Since ¢ is non-degenerate by Assumption, the functions (1 — ¢)/e and A~ /¢ are bounded,
as well as their first three derivatives in k. Using the exponential decay of f(v) and V f(v),
the decay estimate (3.42) follows from Lemma 2.31. A similar argument proves (3.41). O

We observe that the result shows that the rate of decay is independent of the rate of the decay
of the soft potential. Further, we do not observe a singularity for small impact parameters b.

4 Stability of the Linearized Evolution of the Truncated Two-Particle
Correlation Function

4.1 The Linearized Evolution Semigroup

The goal of this subsection is to prove that the Bogolyubov propagator G introduced in
Definition 2.10 provides a strong solution to the linear Bogolyubov evolution equation (1.2).
We start by proving the well-posedness of the propagator. Since the definition involves the
action of the Vlasov semigroup both on smooth initial data and on Dirac masses, we first
derive properties for both cases. We recall that for translation invariant functions, we can
reduce the number of variables using (2.7).

Since we prove the well-posedness of the linear evolution problem in the Schwartz space,
we recall the seminorms generating this space.

Definition 4.1 Fork,/ € Npandn € N, let | - | ¢t (mny be the seminorm defined by:

Ifll ekt gy = sup A+ 1D Af O+ IVEFOOD. 4.1)

Remark 4.2 The collection of norms || - || o,/ @) Withk, I € Ny generates the Schwartz space,
which can be equipped with the associated Frechet-metric.

Lemma 4.3 (Solution of the Vlasov equation for Dirac masses) Let ¢ = ¢s be a soft poten-
tial, let f € S(R3) satisfy Assumption 2.15 and let xg,vo € R3. We ser ho(x,v) =
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8(x — x0)8(v — vo) f(v). Consider the function h(t) = V(t)[ho] defined by the Fourier-
Laplace representation (2.19). Then there exists a function Y € C(R*, S ((R®?)) such that
8, Y(r,x) € CRY, S(R*3)) and:

h(t,x,v) =Y(t,x — x0, v, v9) + 8(x —x0 — tv)§(v — vo) f (V). 4.2)
Furthermore, h is a weak solution to the Vlasov equation (2.18), and Y solves:
Y +vV,Y —VE,;Vf =0, Y0, =0. 4.3)

Proof We start by proving that & can be decomposed as claimed in (4.2). W.l.og. let xo = 0.
By the Fourier-Laplace representation of 4 in (2.19) we have:

~ 1 -
h(t,x,v) = i h(z, k,v)e dz
Ly

1 ho(k, i Q(k, v)d(z, k
_ b / o .v)ez, dz+/ 1 0( U).Q(Z )ez, dz (4.4)
2mi \Ji, z+ikv L z+ikv

where L, 1= {z € C : 9%(z) = y} is the line with real part y, oriented upwards. The line
integral is evaluated in the improper sense

f(z) dz = lim / f(@1(z| <T) dz. 4.5)
Ly T—o00 Ly

The first line integral in (4.4) is explicit and yields:

1 ho(k, v

—ikvt 1
- h k, ’
2mi L z+lkv ¢ ok, v)

so we obtain the second term in (4.2). It remains to show that the second line integral in (4.4)
gives a function Y with the desired properties. Using the formula (2.19), the term can be
rewritten as:

Y(t, k, v, vo) =

dz. 4.6)

fvo) 1 / iQ(k, v)es
(271)2 27i L, &k, —iz)(z +ikv)(z + ikvg)

Now &(k, —iz) is smooth and bounded below by Assumption 2.15. The line integral is
absolutely convergent and differentiating through it shows that forall £, £5, £3 € No, T > 0,
there exists a C > 0 such that:

eZt

“V@l Viz vis L
komi Ji, ek, —iz)(z + ikv)(z + ikvy)

dZ”C([O,T]XRg) < C. (47)

Using that Q and f in (4.6) are Schwartz functions, we obtain ¥ € C(R*, S (R%)). Next
we observe that [ h(z, x,v) dv = o(t, x). To see this, we use [ h(z,k,v) dv = 8(z, k).
The integration in v commutes with the Laplace inversion (4.4), so g is the spatial density
of h. Hence the Fourier-Laplace definition (2.19) of & gives a weak solution of the Vlasov
equation. Combining this with the decomposition (4.2) we find that Y is a weak solution to
(4.3). Using equation (4.3) we find ;Y € C(RT, S(R)) as claimed. O

Lemma 4.4 (Vlasov equation with Schwartz initial data) Let ¢ = ¢s be a soft potential, let
f e S(R3) satisfy Assumption 2.15. Further assume hg € S((R3)2). Let h(t) = V(t)[ho]
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be defined by formula (2.19). There exists an m € Nq such that for any k,l € Ny, there is a
C > 0 such that:

”h”Cl([O,T];Ck*’) f C||h0||ck+m,l+m. (48)

Further, the function is a strong solution to the Viasov equation (2.18).

Proof For proving the estimate (4.8), we use the definition of V(¢)[A¢] in Fourier-Laplace
variables (cf. (2.19)) to obtain the representation:

hx vy = ! (/ hok: v) dz+/ 19k viek.2) dz), 4.9)
L

2mi | 2+ ikv L z+ikv

fho(kv) dv’

ok, z) = =ikl 4.10

ok 2) = = (4.10)
Since ¢(k, —iz) is uniformly bounded below on the line L1, the claim follows by differenti-
ating through the integrals in (4.9). O

We recall the Bogolyubov propagator G introduced in (2.21). The previous two lemmas
allow us to prove that the Bogolyubov propagator is well-defined. In order to show that the
function g(¢) := G(¢)[go] indeed solves the Bogolyubov equation, we show commutativity
for Vlasov operators acting on different sets of variables. To this end we introduce the
following shorthand notation.

Notation 4.5 Let S be the Schwartz distribution given by:
S(&1, &) =861 — &) f(v1). 4.11)

Lemma4.6 Let go(&1, &2) = go(x1 — x2, v1, v2) + S(&1, &2), where gy € S and S as intro-
duced in (4.11). Then the compositions of operators Ve Ve, [go0l, Ve, Vg, [g0] as introduced
in Definition 2.10 are well-defined and the following commutation relation between Vg, and
Vg, holds:

Ve, 1)V, (1)[g0] = Ve, (1) Ve, (1) g0 (4.12)

Proof By Lemma 4.3, Vg, (t)[go] is the sum of a Schwartz function and a Dirac mass, so the
composition with Vg, (') is well defined. The commutativity relation (4.12) follows from the
explicit Fourier-Laplace representation (2.19). O

Now can now prove that G(¢) gives the solution of the Bogolyubov equation (1.2). For
convenience we introduce the following notation.

Notation 4.7 We write E[g], j = 1, 2 for the following expressions:
Er[g](x, v2) = /¢(x + )8y, v1, v2) duy,
Ei[gl(x, v1) = /qb(—x + ¥)g(y, v1, v2) dva. (4.13)

Theorem 4.8 (Solution of the linearized evolution equation) Let go, f be as in Theo-
rem 2.22. The function g given by g(t) = G(1)[go] satisfies g € C(RT,S((R?)?)),
9,g € CRT, S((R*3)) and solves the Bogolyubov equation (1.2).
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Proof First we observe that using the notation (4.13), the Bogolyubov equation (1.2) reads:

08 + (v1 —v2)Vig — Vf() Vi Ea[gl(x, v2) = Vf(v2) Vi E1[gl(x, v1)

(4.14)
= (Vy; = Vi) (f (01) f(v2)) Vo (x).
We decompose g(t) = G(t)[go] into two parts:
8(t) = Ve Ve lgol + (Ve Ve, [S1 = T(1)S) = G1 + Ga. (4.15)

We take the time derivative of both expressions. For the first term, the existence of the time
derivative follows from Lemma 4.4, and using Lemma 4.6 we find:

%G1 ==Y vVyG1+ V[ )V ElG1l. (4.16)
i#]
To prove differentiability in time for G, we observe that

Ga(1) = Ve, O[Ve, (DIS] — T(1)S1+ (Ve, (D[S] — T (1)S) 4.17)

satisfies G, 3;,G> € C(RT, S(R)?)) by Lemma 4.3 and Lemma 4.4. Differentiating G»
yields:

0,Go(t) = — Z Vi Vy, G2 + V f(vj)Vy, Ei[ Vg, Vs, [S]]. (4.18)

i#]
Now the claim follows from 21'27&,':1 VIHEIT OS] = (Vy, =V, (f () f(12)) Ve (x).
]

4.2 Distributional Stability of the Bogolyubov Correlations

In Theorem 4.8 we have proved that the Bogolyubov propagator G(¢) gives a solution to the
Bogolyubov equation. In this subsection we prove the result (2.41) claimed in Theorem 2.22,
that is the distributional stability of the Bogolyubov correlations. We split the problem into
analyzing the solution A of (4.14) with non-zero initial datum g, but without the right-hand
side in (4.14), and the solution W of (4.14) with zero initial datum. The following lemma
gives this decomposition in Fourier-Laplace variables.

Lemma4.9 Let gg € S(R)3) be a function such that go(x1 — x2, v1, v2) is symmetric in
exchanging & = (x1, v1), & = (x2, v2). We make the decomposition

8(t. 81, 6) =G([gol = W(r. 1,81, 6) + A1, 1,81, 62), (4.19)

where W(t, 1", &1, &) 1= Ve, (1)Ve, (1) [S1 — T ()[S], A(t,t") = Vg, (1) Ve, (t)[g0]. Then the
Fourier-Laplace representation of V, written in the form (2.7), satisfies:

W(z, 72 k,vi,v2) = Wi(z, 2k, v1, v2) + Walz, 2/ k, v, v2) + Wa(Z, 2, —k, v2, v1)

S(vj—v3) f(v))
Ok, v1)Q(—k. v2) [ s v dup

ek, —iz)e(—k, —iz')(z + ikvy)(z’ — ikvp)
Sf (1) i0(—k, v2)
(z +ikvy) e(—k, —i7')(z2 — ikv)) (2 — ikvo)

V(z, 7, k, v, v2) i= — (4.20)

Wy (z, 7k, v1, v2) =
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and the Fourier-Laplace representation of A is given by:

Az, 2 kv v) = Az, 2k, vi, v2) + Aa(z, 2k, vi, v2) + A2, 2, —k, va, v1)
go(k, vi, =k, v2)
(z +ikvi)(z2 — ikv)

g0 (k, v}, —k, v
Q(k, v1) Q(—k. v2) [ bt dvf dup @21)

ek, —iz))e(—k, —iz2)(z1 + ikvi)(z2 — ikva)
i0(=k, vy) [ SEREt) dy
e(—k, —iz2)(z1 +ikvy)(z2 — ikva)’

Ai(z, 7 kv, v) =

Ar(z, 7 k vy, v2) 1=

Proof Follows directly from the Fourier-Laplace representation of V in (2.19) and the defi-
nition of the Bogolyubov propagator in Definition 2.10. O

We will start by proving two Lemmas that we will use throughout this whole section.

Lemma4.10 Let H, = {z € C : |R(2)| < y} and f(k,z) € L} (R, C), such that there
exist R, ¢ > O with || f (k, i) || Lt < R forall k € R3. Define the function

zt k. i
I(t, k,v,v") :=/ ¢ S ,lz).
iR—|clk (24 ikv)(z + ikv')

Then for all M, N € Ny, there exists C > 0 such that
—clklt

Ik]

Ce

VMY It kv, 0)] < (4.22)
Moreover, let I be a function satisfying (4.22) and k € S(R3) be a Schwartz function. Then
for p(k,v) :=PV [ %_I;,';") dv’ we have

Ce—clklt

lp(k, ')”CIL(R3) = T (4.23)

Proof We start by proving (4.22). To thisend, let M, N € Ny be arbitrary. Since f is bounded
on H.x| , we can differentiate through the integral:

kIN M| f K, i2)]

VMUN 1tk v )| < ﬂ-\k\z/ .
| v v ( v U)| se iRclk| |Z+ikU|M+1|Z+ikv/|N+l V4
<Ce_“|klf/ k| N+M "
B & (k| + [r — ko )MHL(k| £ |r — ko/PNHT
<Ce_clk|z/ |k|N+M+l
) R (kL + Irlk] = kDM (K] + I k] — ko' DN
- Ce—clklr / 1 dt<Ce—c|k\t
<———— sup < .
|kl 4perJr (141t —aMHI(L + |r — b))NH! ]

To prove (4.23) we remark that P (¢, k, v, u) := [ 1(t,k, v, v)k(v))8(kv' — u) dv’ satisfies

Cefc\k|t

VMNP kv )| < —
v kI (1 + |ul)?
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On the other hand p(k,v) = PV [ £ (,ivk ’;”) du’ and the principal value integral can be
bounded by

'PV/ PO g
u—u

C(IPllct + IPlL1)-

[m}
Lemma4.11 Let f € S(R? x R3) be a Schwartz function.
(i) Fort — oo, the following convergence holds in the sense of Schwartz distributions:
e—ik(vl—vg)t
PV—— — —inzd(k(v) — n)) € S'(R?). (4.24)
k(vy —v2)
(ii) For M € Ny arbitrary, the following convergence holds in Cé” (R3) as t — oo:
71k(u1 )t
PV/ f(k, Uz)i dk dv, — —irr/ S(k(vy — v2)) f (k, v2) dvy dk.
k(vi —v2) R3xR3
(4.25)

Proof We start by proving the convergence (4.24). Let w(k, vi, v2) be a Schwartz function
and W(k, u) := fR(, S(k(vy —v2) —u)w(k, vy, v2) dvy dvy. Let W be the Fourier transform
in u, then:

—zk(vl )t —zut
PV// ——w(k, v, vp) dvy dvy dk = PV// Wik, u) du dk
R3xR3 k(v —v2)

=/—i\/§sign(§ +OW(k, &) dE dk — —in/W(k, 0) dk, ast — oo.

For proving (4.25), we observe that f € S implies that F (k, u) := f S(kv+u)f(k,v) dvis
also Schwartz. Furthermore, we have

—lk(vl v)t
PV / F k) dk dve
k(vy —v2)
F(k, —i(kvi+u)t Flk.u—k —iut
/PV/ (k, we dudk:/PV/ (kou = kv)e ™ 4 4k
kv +u R u

—>/F(k,k-v1)dk, ast — oo.

Differentiating through the integral, we obtain the convergence for arbitrary derivatives in
V1. O

Lemma 4.12 The solution g(t) = G(t)[Nolto (1.2) with zero initial datum Ngy := O converges
to the Lenard solution in the sense of distributions, so

G(O[Nol — g inS' R%)ast — oo.

Proof By Lemma 4.9 we have g(¢,-) = G()[Nol(-) = ¥(z,¢,-). We use the Fourier-
Laplace representation W (z1, 22, k, v1, v2) = W1(z1, 22, k, v1, v2) + W2 (21, 22, k, v1, V2) +
W7 (22, 21, —k, v2, v1) in (4.20). We will show the distributional convergence term by term,
starting with Wy.
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Lemma 4.13 The following convergence holds in the sense of distributions:

JACH)
Ok, v)Q(—k, v2) [ek, —kv)) 2 ,
W (t,t,k, vy, — - . —d 4.26
1( VL v2) k(vy —vp) —i0 k(vy —v') —i0 v ( )
f@)
Ok, v1)Q(—k, v2) [etk,—kv')[2

dv', ast — oo.

k(v —vp) —i0 k(vy —v") —i0
4.27)

Proof First we perform the integration in v}

Q) Q(—k ) [ i 4
ek, —iz1)e(ka, —izo)(z1 + ikvi)(z2 — ikvp)
f)
=_/ Ok, v1)Q(—k, Uz)m dv/
ek, —iz1)e(ka, —iz2)(z1 +ikvi)(z2 — ikvo)

Wi (z1, 22, k, v, 12) =

Now for k fixed, we can perform the Laplace inversion integral both in z; and z». For
N(z;) > O the integrand has no singularities, so we can carry out the Laplace inversion
on the contour with M(z;) = 1. By Assumption (2.26), |e(k, —iz)| is bounded below for
N(z) = —iclk| and some ¢ > 0. The estimate (2.25) allows to use Cauchy’s residual theorem
to move the contour to the left of the imaginary line:

1 Ok, v)e

Py d
21 Jime ek, —i2)(z + ikv)(z + ikv))
_ 1 Ok, v)e d v 0k, v)e—ikvr
T 27 iR—clk| €(k, —iz)(z + ikv)(z + ikv) < e(k, —kv)ik(v' —v)
—ikv't
LPV Ok, v)e

ek, —kv)ik(v — ')

» e—ikvi _ e—ikv't
— Ok.v) L/ et dz 4 Py 2E—F)  EG kD)
’ 271 Jir—cpp) €k, —i2)(z + ikv)(z + ikv') ik(v' —v)

QU V) (t, k,v, V) + R(t, k, v, V).

Writing W in terms of the functions / and R we obtain
Witk 01, 02) = = [ @000 )T + Rt 01 0T+ R w2, d

We expand the product (I 4+ R)(I + R) inside the integral. We claim all terms containing an
integral term / tend to zero in the limit # — oo by Lemma 4.10. For the terms containing
products of the form 7 R this follows from (4.22), for the products of the form 7/ this can be
inferred from (4.23) and the fact that the singularity in k in estimate (4.23) is integrable. It
remains to study the limiting behavior of the residual part:

Wik, v, v2) +/f(v’)R(t, o1, V)R, v, v) Y = 0 in D'(RY).
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In order to find the distributional limit of ¥| we have to determine the limit of
Woo(t, k, vy, v2) 1= — / FQHR@E, v, V)R, v2,v") dV

= —Q(k, v1)Q(—k, v2)

e~ikvit e—ikv't ekt ikt
PV U/ e(k,—kvy) e(k,—kv") e(—k,kva) e(—k,kv") dv’.
/ 7 k(' —vy) k(@' —v2)
The denominator we split as
1 . 1 1 1 4.28)
k(' — oDk —v2)  k(vr —v2) \k(V' —v1) k(' —wv)/)’ '

Using this we can split Wy, = 23: ! Z?: | \IJé;;Z, where \IJé;;Z are given by (here £(1) = 2,
¢(2) =1y
e—ik(vl—vz)t

WL @k v ) = (=1 Q(k, v) (k. v2) f J )AL gy
k(v —vj)k(v) — v2)

e(—l)jik(ij —u)t

Jj.2 (1)) _ ry ek, —kvpe(=k,kv) /
W™ (1, k, vi, v2) == (=17 Q(k, v1) Q(—k, vz)/f(v )k(v’ o k(u1 — v2) dv

1
WLk, v, v) = (<1 QK v1) Q(—k, v2) f FO)ZETAECRA gy
k(v —vj)k(vi — v2)

e(—l)-iik(v/—v§(j)))t
T ek, —kv)e(—k.kvg(jy) ,
k(v —vj)k(vy — v2)
We compute the limits of these terms separately. Applying the Lemmas 4.10 and 4.11 yields
fort — oo:

Wt kv, v) == (= 1)) Q(k, v1) Q(—k, v) f f@)

. . ié(k(vy — v2)) f)
wll (e, vy, —pitt T k. v1)Q(—k, Pvfi v’
% (t,v1,v2) = (=1 sk, —kvy)e(—k. ko) Q(k, v1) Q(—k, v2) ko —op &
j ' S(k(v" —v;))
Wi, v, — 0k, v) Q(—k, / Nl W Gy
B v ) > S0 DOk v) [ W) d
;  Q(k, —k, !
W3t vy vy) = (—1)) Qk, v)Q( vz)/ J ) a’
k(vi —vj) le(k, —kv") |2k (v — v1)
\1/554(:, vy, 12) = 0 forvy # vs.
The terms \I/éél and \lfczx’)l cancel. The remaining terms can be rearranged to:
—k, /
Uit vy, v2) — Q) O v.z) JACH) v
k(vi —vp) —i0 le(k, —kv") |2k (v — v1) —i0
k —k !
| Qv Ok ) f) . st o oo,
k(v —vp) —i0 le(k, —kv") |2k (v — v2) —i0
using Plemelj’s formula. O

Lemma 4.14 For \V; we have the following convergence in the sense of distributions:

J ) Q(=k, v2)

Wo(t, t. k. vy, - ,
2 UL ) e k(o1 — vg) — 10

ast — oQ.
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Proof We argue similarly to the case of W;. We start from the definition of ¥,
S (1) iQ(—k, v2)
(z1 + ikvr) e(—k, —iz2)(z2 — ikvi)(z2 — ikvp)

and invert the Laplace transforms to obtain:

W (z1, 22, k, vy, 12) =

Wy (11, 1, v1, v2) = R(t1, 1y, vy, v2) + 1(11, 2, V1, V2)

eikvzrz . eikvltz
R(t1, 12, v1, v2) := e K01 £ (0)) Q(—k, vy) £ eChoiv)
—k(v1 —v2)
. 1 ie22Q(—k, v
[(t1, 12, v1, v2) = f(vp)e *FV10 7/ - o . 2) -
27l Jir—cik| €(—k, —iz2)(z2 — ikv1)(z2 — ikvy)

We have I(z, ¢, -) — 0fort — o0, arguing as in the previous lemma. Hence we are left with
the residual term R, which by Lemma 4.11 converges to

elkvpt _ elkvit
Rt 1,01, v2) =e M0 £ (01) Q(—k, v) Hom2l L)
—k(vi —v2)
im f(v1) Q(=k, v2) J ) Q(=k, v2)
— 8(v1 —v2) - ,
e(—k, —kvy) e(—k, —kv)k(vi — v2)
as t — oo. Using Plemelj’s formula this proves the claim of the lemma. O

Combining the two previous lemmas, we obtain the following convergence in the sense of
distributions:

(1, v2) = Ok, v1)Q(—k, v2) f@h dv’
gl v, b2 k(v —v2) —i0 ] |elk, —kv)) k(v — v1) — i0
Q(k, v1) Q(—k, v2) / f@) a’
k(v —v2) —i0 ] letk, —kv)) k(' — v2) — i0

_ f(vl)Q(_ks v2) + f(v2)Q(_ks v2)
e(—k, —kv)k(vy —v2) —i0  e(—k, —kvp)k(vy —vp) +i0’
which by a rearrangement of terms coincides with gp (cf. (2.33)). This finishes the proof of

Lemma 4.12. o
We now prove that the memory of the initial datum is erased by the evolution.

Lemma4.15 Let gy € S((R3)3) be a function such that go(x1 — x3, v1, v2) is symmetric in
exchanging &1, &. Then the following holds:

AL, t,x,v1,v2) = Vg, (1)Vg, (D[gol(x, v, v2) —> 0 in S/(]Rg) ast — oo.
Proof We start with the Fourier Laplace representation in (4.21):
A(z1, 22, k. v1, v2) = A1(z1, 22, k, vr, v2) + Aa(zr, 22, k, v, v2) + Aa(zo, 21, —k, v2, V1)
The first term in A is simply given by the action of the transport operator
T(1)go(x, vi, v2) = go(x — t(v1 — v2), V1, V2).

Since gg € S (R?), this term converges to zero in distribution. In the second term we perform
the Laplace inversion, to split into a residual part and a contour integral left of the imaginary
line:
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1 / /

280(k. vy, —k.v)
/ ez1tezth(k, UI)Q(_k7 Uz)ff m dva dvé
Ye YYe

e(k, —iz1)e(—k, —iza)(z1 + ikv1)(z2 — ikva)
1
= Q(k,v1) Q(—k, Uz)_//igo(k, vy, =k, v))(I + R)(1, k, v, v])

(I + R)(t, —k, v2, v5) dv] dvj
'

el
I(t, k,v, v ::f . - - dz
( : yeu €Ky —iz1)(z1 4 ikv)(z + ikv’)
e—ikvt e—ikv't

R(t, k,v,0V) = .
. kvv) = T ek =k

Arguing as in the proof of Lemma (4.13), all terms containing an / converge to zero in
distribution after expanding the product (I + R)({ + R). The residual part R converges to
zero since ¢! ™) — 0in S'(R3 x R3). The convergence A, — 0 follows by an analogous
computation. O

4.3 Stability of the Velocity Fluxes

In this Subsection we prove the convergence result (2.42) in Theorem 2.22. Consider the
marginal j (¢, x, vy) = fg(t, X, v1, v2) dvy of g(t, -). From (2.19) we obtain the represen-
tation formula
J, x, ) =Y, 1, x1 —x2,v1) + At 1, x1 — x2, V1)
Yt t, k,v) =91, 1,k v1) + Yol £k, vp) — fvr)

. S(v—v5) f(v]) ;g
ik v) [ [ (11+ill<vi)(zz—ilkv§) dvj dv;

(z1 +ikvy)e(k, —iz1)e(—k, —izn)

f 3(v1— Ug)f(vl) dv /

22 —kv)

Yi1(z1, 22, k, v) ==

» 22,k v1) =
V2(z1, 22, k, v1) 1+ ikune(—k. —iz2) (4.29)

Mz, 22, k, v1) = M (21, 22, k, v1) + A2 (21, 22, k, vp)

Lo iQkvgotkvvy) 4 g0
go(k, vy, v2) vy b /I Grtiko) G ikoy V1 4V
(z1 +ikvy)(z2 — ikvy) ek, —iz1)e(—k, —iz2)(z1 + ikvy)

ok, vy, v") 407
f z22+ikv’ dv

e(—k, —iz2)(z1 + lkvl)
Further, we define the flux operator J given by

rM(z1, 22, k,01) =

A (21, 22, k, v1) ;:/

JYl(vy) ==V - (/ —ikd;(k)w(k, V1) dk) . (4.30)
Lemma 4.16 The flux J[V] (cf. (4.30)) converges to

JIY1, vi) — Vy, (/ Yook, v1) dk) forallvy € R3ast — oo

1,80k = V) (k @ k)|p (k)|

d /
le(k, —kvp) 2 0

Yook, v1) —/<vv1 VDD
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which is the velocity flux on the right-hand side of the Balescu—Lenard equation (1.5).

Proof We show the convergence term by term, considering J[W], J[W] separately. Observe
that J[ f(v1)] = 0, since the function is independent of the space variable. Let us first take
a look at yr,. The integration in vé can be carried out, and in the usual fashion we split the
Laplace inversion in a contour integral left of the imaginary line and a residual:

f)
t,t, k, = ——— + I(t, k,vy),
¥ ( v1) (k. ko) + I( v1)
. ed2l
1t k,vp) := e*”"“l/ : , dz,.
: iR—clk| €(—=k, —iz2)(z2 — ikvy) :

The contour integral vanishes in the limit 1 — oo, i.e. J[I](¢,v;) — 0. Therefore the
contribution of J[v] is

@) N o ([ FEnetk —ku)
J[Yn2] — =V, (/lk¢(k)8(—k,kv1) dk) =—Vy (/lkd)(k) ek, —ko) P dk)

$(k(vi —v) fDV f(v}) dk)
le(k, —kvi)|? '

= -V, ( / (k ® k)|p (k)| (4.31)

It remains to find the limit of J[]y (¢)]. Again we can perform the integration in v/z, obtaining
. S —vh) f(v)) , ,
iQ(k, Ul)ffm dv) dv,

(z1 +ikvy)ek, —iz1)e(—k, —iz2)

P0Gk, V) [ ey 4t

_ VD (2 —ikv))
(z1 +ikvy)ek, —iz1)e(—k, —iza)
As in the previous lemmas, the Laplace inversion integral can be proved to be exponentially
decaying in time up to a residual, which is given by

Yi(z1, 22, k, vp) =

Jlim J[y1] = lim V,, - </ k() Q (k. m)/f(v{)R(r,k, vr, v) duj dk)

eilkv/ e—itkv e—itkv/
R(t, k,v, V) = . — . .
e(—k, kv) \ ek, —kv)ik(v/ —v) ek, —kv)ik(v + )

Applying Lemma 4.11, we identify the limit as:

. B o S(k(vi — v f )
tgxgof[wlw,vl)—vvl~(fk®k|¢<k>| Vf(v)/ PRl dk>.

(4.32)

Summing (4.31) and (4.32), we obtain as a limit of J[y/]

: , ok ® klp (k)2 ,
tl_l)ITolo Jy] = Vvl . (/(Vm = Vu O (1, v)8k(vy —v ))m dk dv )

as claimed. O
By a similar computation we obtain the following lemma.
Lemma 4.17 Let J be the operator introduced in (4.30). For all vy € R? there holds:

J[M(t, v) — 0 ast — oo.
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Combining Lemma 4.17 with Lemma 4.16 shows the convergence of the velocity fluxes
claimed in (2.42). This concludes the proof of Theorem 2.22.
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