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Abstract We consider the sequence of Gibbs measures of Ising models with Kac interaction
defined on a periodic two-dimensional discrete torus near criticality. Using the convergence
of the Glauber dynamic proven by Mourrat and Weber (Commun Pure Appl Math 70:717—
812,2017) and a method by Tsatsoulis and Weber employed in (arXiv:1609.08447 2016), we
show tightness for the sequence of Gibbs measures of the Ising—Kac model near criticality
and characterise the law of the limit as the <I>3 measure on the torus. Our result is very similar
to the one obtained by Cassandro et al. (J Stat Phys 78(3):1131-1138, 1995) on 72, but our
strategy takes advantage of the dynamic, instead of correlation inequalities. In particular,
our result covers the whole critical regime and does not require the large temperature/large
mass/small coupling assumption present in earlier results.
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1 Introduction

Let N > 0 be a positive integer and consider the (periodic) lattice Ay = {Il — N, ..., N}%.
Fory > 0,let R : R2 — [0, 1] be a twice differentiable, non negative, isotropic function
supported on a ball of radius 3 and define «,, for x € Ay

ey () = Y2 R(yIx]) > k@=L (1.1)

zeAN\{0}
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Consider a spin system formed by a set of spins parametrized by the lattice A . Each spin can
assume the value 4 1 or — 1 representing two possible states of the magnetization and we will
denote with =y = {— 1, 1}V the set of all possible configurations. The Ising—Kac model
on the two-dimensional lattice with periodic boundary condition and external magnetization
b € R is given by the following Hamiltonian

My (o) = g > Ky —yowo,+b > o o€y (1.2)

x,yeAN XeAN

The Gibbs measure over Xy associated to the potential (1.1), with inverse temperature 8 and
external magnetic field b, is given by

Pl (o) = (z;v‘ﬂ,b)f1 exp (# ,(0)), (1.3)

where ZJI/v b is the partition function that makes (1.3) a probability measure. We will also

denote with Eg » the expectation under Pyy »- For technical reason, we set k), (0) = 0 and we
remark that its precise value doesn’t affect (1.3).

As in [12], we will let the inverse temperature 8 converge in a precise way as y — 0 to
Bc = 1 the critical value of the mean-field system. The purpose of this paper is to prove the
tightness of the magnetisation fluctuation field

y~ (o — B}, [ouvd]) (1.4)

in the strong topology of S'(T?) as both N — oo and ¥ — 0 in a precise way that we shall
describe later.

Moreover, in case b = 0, we are also able to characterise the limit as the ®*(T?) measure,
formally described by

—1 (_ / 1 2 i 4 _ é 2: >
Z7exp VO (x)|" 4+ —P™(x) O (x)dx ) do, (1.5)
2 2 12 2
where ®* denotes the Wick renormalisation of the fourth power of the field. For a more
detailed and formal definition, see for example [6,14].

The Ising—Kac model is a mean-field model with ferromagnetic long range potential
that has been introduced in statistical mechanics for its simplicity and because it provides
a framework to recover rigorously the van der Waals theory [9] of phase transition. It has
been then developed by Lebowitz and Penrose in [11], see also [15] for more details. The
model has already been useful to study the dDj theory, see [7], where a renormalisation group
approach has been used to approximate <I>j with generalised Ising models, and [16] with
classical Ising spins.

The present work is mainly built upon the article of Weber and Mourrat [12], where the
Glauber dynamic on a periodic two-dimensional lattice is shown to converge to the solution
of the two-dimensional stochastic Allen—Cahn equation on the torus. Their approach however
doesn’t imply the tightness for the invariant measure of the model, which is treated in this
article. The same result about convergence of Glauber dynamics in one space dimension
had previously been proven in [2,5], via a coupling with a simpler model, the voter model.
In a subsequent paper [18], Tsatsoulis and Weber show the exponential convergence to
equilibrium for the dynamical Cb‘z‘ model. In [3], the authors show the convergence of the
2d Ising—-Kac model on Z? to <I>g by proving the convergence of the discrete Schwinger
functions. In particular they were the first to explain, to the best of our knowledge, the small

@ Springer



634 M. Hairer, M. Iberti

shift of the critical temperature for the Ising—Kac model with the renormalisation constants
of the Wick powers. That result (see [3, Theorem 2]) is however restricted to temperatures
satisfying a condition allowing to use Aizenman’s correlation inequalities, which corresponds
to large negative values of A in (1.5).

Our main result resembles the one obtained in [3], with some differences. We will work
on a periodic lattice instead of 72, which we think of as a discretisation of a 2D torus. This
restriction is mainly due to our techniques for bounding the solutions globally in time and a
posteriori doesn’t appear to be strictly necessary since the limiting dynamic can be defined
also on the whole 2D plane (see [13]). Moreover, as our main proof exploits the dynamical
version of the model and not the correlation inequalities, we do not have the restriction on
the temperature present in [3, Theorem 2], so that we cover arbitrary values A € R in (1.5).
A correlation inequality, the GHS inequality, is then employed in a subsequent corollary to
partially extend the result to the case of arbitrary external magnetization b. Corollary 2.3 is
the only place where we use a correlation inequality.

As remarked by one of the referees, one advantage of the strategy described in the present
article is that it is robust enough to also imply tightness of the Gibbs measure of the Kac-
Blume-Capel, using the result about the respective Glauber dynamic provided in [17]. In order
to be able to identify the limiting law with the @g random field, thus generalising Theorem 2.4,
one then also needs a suitable convergence to equilibrium result for the limiting CIDS dynamical
model. While the result of [18] does not seem to generalised immediately (see Remark 6.2
there), this can be obtained by combining the strong Feller property obtained in [8, Sect. 5.3]
with the fact that one has good control over the return times to bounded/compact sets, as well
as the fact that the <I>g measure has full support, being equivalent to the free field.

The structure of the present article is as follows: our main result is Theorem 2.1 showing
tightness of the fluctuations of local averages of the magnetic field in a distributional space.
The proof of the theorem is based on the analysis of the dynamical d>‘2‘ model in [18, Sect. 3]
and makes no use of correlation inequalities (not explicitly at least), avoids the restriction of
[3, Eq. (1.8)] and exploits the regularisation provided by the time evolution of the Glauber
dynamic. As a consequence of Theorem 2.1, we obtain in Corollaries 2.2 and 2.3 tightness
in &'(T?) for the fluctuation fields (1.4).

In Theorem 2.4 we characterise the limit of each subsequence to be an invariant measure
for the dynamical d>§ model constructed in [4]. Since it was shown in [4] that (1.5) is such
a measure and in [18] that this invariant measure is unique, the result follows. For the proof,
we make use of the uniform convergence to the invariant measure and the convergence of
the Glauber dynamic in [12].

1.1 Notations

We shall consider spins arranged on a periodic lattice that we will think as embedded into a
two-dimensional torus T2 = [— 1, 1]?>.Lete = N~ ! and A, £ ¢An C T2 the discretisation
induced on T2. For f, g : A, — C we define

LAy = D2 EFWIP. (fgha, £ Y 2 F)g0),

xXEA, xeA,

respectively the discrete L” norm and the scalar product. We will use the discrete convolution

(@) = Y &2 f(x—yg(y).  forx €A,

YEA,
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and, when there is no possibility of confusion, we will drop the set A, from the above
definitions. We will make an extensive use of the Fourier transform

fw) & (fsew)n, » ew(x) =™ forw e Ay.
It will sometimes be convenient to also set e,, = 0 for w € ZZ\A ~ . With this notation, the
Fourier inversion formula reads

fx) = % > Fwew(x)  forx € A,. (1.6)

weZ?

We shall use the same notation Ext( /) as in [12] to denote the extension of f to the continuous
torus T? via (1.6) applied to x € T2. We recall furthermore the fact that the operator Ext
doesn’t commute with the operation of taking the product. (Of course we could have used
extensions that do commute, but Ext behaves nicely with respect to the scale of Besov spaces.)
We will measure the regularity of a function g : T> — R (or g : A, — R) with the Besov
norm, defined for v € R, and p, g € [1, oo] as

1
(St 270 1kl ey )i g < 0 W

llgllzy
8 Bp'q zvk S if _
supgs_1 2" 110kl Lr(12) if g =00

[see (4.1) below for the definition of the Paley-Littlewood projection ;] and we will denote
by B), , the completion of the set of smooth test functions over the torus equipped with the
corresponding Besov norm. We shall denote by C” the (separable) Besov space By, . In
particular, the parameter v € R represents the regularity of a function and the space B;’,’ q
contains distributions if v < 0. It will be useful to consider, for g : A, — R, a discrete
version of the Besov norm, that we shall denote by ”g”BZ,q(As) (resp. lIgllcvia,))s

1
1fllgy (ady &t <Zk2_] 2vka ||8kEXt(f)||zp(Ag))q if ¢ <o0
pr.q € .
supgs—1 2" ISKEXX ()l 1o (ag) if g =o00

see Sect. 4 for a more precise description and for some useful properties of this norm used
in the article.

2 Definitions and Statements of the Theorem

Assume for the moment that b = 0, which is also the case studied in [12] and consider for
X € Ay

hy () 2 Y Ky (x = 2)o, @2.1)

ZEAN

where the kernel is the same as in (1.2).

Following [2,12], we define the magnetisation fluctuation field over the lattice A, as
X, () = yflhy(s’lz). We will consider a dynamic of Glauber type on Xy in order to
gain insight into the properties of the fluctuations. In order for this dynamic to converge to a
non-trivial limit, we will enforce the relation between the scalings € and y given by (3.10).

The dynamic can be described informally as follows. Each site x € Ay is assigned an
independent exponential clock with rate 1. When the clock rings, the corresponding spin
changes sign with probability

@ Springer



636 M. Hairer, M. Iberti

1
cy(z.0) =3 (1 — o, tanh (Bh,(2)))., (2.2)
and remains unchanged otherwise. More formally, the generator of this dynamic is given by
Zf@) = Y ey o) (fe) = f@), 2.3)

zeAN

for f : Xy — R, where

Sl |0z ify=z
Y oy if y # z.

The probabilities ¢, (z, o) are chosen precisely in such a way that PZ o 18 invariant for this
Markov process. We shall use the notations oy (s) and £, (s, x) to refer to the process at
(microscopic) space x € Ay and time s € R;. We will use the notation P 5.0 (resp. ﬁ,o)
to refer to the probability (resp. expectation) of the process started with an initial condition
drawn from P%

In order to rewrlte the process in macroscopic coordinates, we speed up the generator .Z,
by a factor ! and we will abuse the notation writing

X, (s, %) =8 hy (@ s, e ), (2.4)
in (macroscopic) space x € A, and time s € R4. In [12, Theorem 3.2] it is proven that, if
the parameters §, o, € and the inverse temperature 8 are chosen such that

S=y, a=y% e=y% B-l=a(,+A), (2.5)

where ¢, is described in (2.8) below, and if the sequence of initial conditions satisfies
X, (0) — Xg in C™", then the law of X, on D(R,,C™"), converges in distribution to
the solution of the stochastic quantisation equation

1o
HX =AX — gX-3- +AX +26,  X©0,9)=Xx"ec™ (2.6)

where X, (-,0) — Xo in C™” and & denotes space-time white noise. The expression X 3:
stands for a renormalised power defined as in [4], where the relevant notion of “solution” to
(2.6) is also given. The solution theory of (2.6) will be briefly summarised in Sect. 2.1. The
use of the renormalised powers is necessary since the solution belongs to a distributional
space.

Forx € Ag, let Ky (x) = 8_2Ky (¢~ x), the macroscopic version of the kernel K, and
define the discrete Laplacian A, f = e 2y2(K y * f — f). Under the Glauber dynamic, the
process X, satisfies on [0, T] x A,

X, (t,x) =X,(0,x)

t 1 3
+/ Ay Xy (s, x) — (X (s,x) — ch,,(s,x))
0

+AXy (5, %) + Oy’ X5 (s, x)) ds + My (t, x) 2.7)
where M, (¢, x) is a martingale and ¢, is the logarithmically diverging constant
1 K, (o)
S Ky@l” 2.8)

4 weAn\{0} e72y2(1 — Ky (w))
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Tightness of the Ising-Kac Model on the Two-Dimensional Torus 637

The next theorem is the main result of the paper. Recall the definition of the Besov norm
givenin Sect. 1.1. We think of X, (z) as being a random function on T2, having been extended
to T2 with the Ext operator.

Theorem 2.1 Assume b = 0. Then for all positive v > 0 and for all ¢ > 0

lim SEPEZ,O [”Xy ”g,v] < 00.
Yy—

In particular, the laws of X, form a tight set of probability measures on C™".

From the above theorem it is possible to deduce

Corollary 2.2 Assume b = 0. Then the law of the field (y’lotgflxj)xe,ﬂ,z is tight in S’ (T?)
under PZ,O'

Proof We will actually prove the tightness in the stronger norm of H ~*(T?2), for k sufficiently
big. Letgp € S (T?) and consider

(o, @) = Y 2 (v o) @lex)
)CEAN
where @(ex) = €2 f\ylwﬁ‘ls ¢(ex 4+ y) dy. Using the differentialbility of ¢, we replace ¢
with k), * @ at the cost of
82y—2 sup : ||3i1 aiZ(p”LOO(']I‘2) s

i1,i2€{1,2

and thisis O(y?),as y — 0, if k is sufficiently big. Therefore (recall the form of the extension
(1.6) of X,, to the continuous torus)

<V_1”L8*1-J’ ‘/’>T2 = (X)” ‘/’>T2 +O(y)

the corollary follows from Theorem 2.1. O

As remarked in the proof, the topology with respect to which the convergence in Corol-
lary 2.2 is proved is not the optimal norm. Indeed we expect the result to hold also with
respect to the norm of C™". In the proof of Corollary 2.2 we didn’t only show the tightness
of the sequence of random variable, but we also proved that the limit of (y‘lat‘r] g <p>T2
coincide with lim,, <X v ‘p>1r2 for all ¢ sufficiently smooth.

We now show how to extend the previous result to the case b # 0. It is clear that, by
symmetry it is sufficient to assume b > 0. In the case of ferromagnetic pair potential x,, > 0
with positive external magnetisation b > 0, one has

Ej, [0 0y] <Ej o [ov;0y] 2.9)

where EZ b [O’x; ay] is the covariance between the spins. This follows from the fact that

%EE b [ax; ay] < 0, which is an immediate consequence of the GHS inequality (see for
instance [10] for a proof), valid for k,, > 0 and b > 0.

Corollary 2.3 Consider any map y + b, > 0 and denote by m,, (b) = Eg plox] the mean
of the spin o, which is independent of x € Ay. Then the law of the field

Xy () =y o1 —my(by), xeT? (2.10)

is tight in 8'(T?) under Pg,by'
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638 M. Hairer, M. Iberti

Proof Fixing a test function ¢ and replacing ¢ with k), * ¢ as in Corollary 2.2, we have

<)~(V, g0> = Z szy_l(ax — m,/(b),))(/c,/ * @)(ex) + Err,

XEAN

where Err converges to 0 in probability as y — 0. Decompose ¢ = ¢ — ¢~ into its positive
and negative part. For each of them, using the correlation inequality (2.9), we have that

2 2
EL, <Ejole? D (v o) (ky x5 (e)|

xeAn

&2 Z w(,(y *@i)(ex)

xeAn

Using Theorem 2.1 we see that, for v € (0, 1), this quantity is bounded uniformly by a fixed
|

multiple of ||<p ZBV Eg 0 [” Xy ||é,‘] up to an error of order O(y). In order to conclude,
1,1 ’
we observe that

|

lo* s < le* 10+ 1015, lo= ]2 S el + Vel

where the first inequality is (4.6), generalised to Lipschitz functions. O

The next theorem shows that in the symmetric case b = 0, the limit of these measures is
given by the @3 measures, as already suggested in [12].

Theorem 2.4 Assume b = 0. Then any limiting law of the sequence {X,}, is invariant
for the dynamic (2.6), and hence, by [18] and [4, Remark 4.3], coincides with the ®*(T?)
measure.

Proof In order to compare the law of a (discrete) random field X, with fields on the torus
T2, we will use the extension operator Ext defined after (1.6). For the sake of precision we
will explicitly write Ext(X,, (t)) where the process X,, has been extended to the whole torus.

We will use the Glauber dynamic and the solution of the stochastic quantisation equation
(2.6) introduced in the previous section: the idea is to exploit the exponential convergence to
the invariant measure of the solution of the SPDE (2.6) proved in [18] and the convergence
of the Glauber dynamic of the Kac—Ising model in [12].

By [12, Theorem 3.2], we know that if for 0 < k¥ < v small enough the sequence of initial
conditions Ext(X 3) is bounded in C~"** and converges to a limit X* in C™" as y — 0, one
has

Ext(X,) = X  inD([0,T]:;C™"), @.11)

where X solves (2.6) starting from X°. In the above equation we took into account the fact
that X, is defined on the discrete lattice and therefore has to be extended with the operator
Ext to be comparable with X.

We first want to show that (2.11) holds true when instead of a deterministic sequence
ExtX(]} — X%in ™", we have the convergence in law of the initial conditions ﬁ(ExtXB) —
£(X%) in the topology of C™". In order to do this call £, (resp. £o) the laws at time zero of the
processes ExtX,, (resp. X) and assume that £, — £o. Consider then a bounded continuous
function G : D ([0, T1; C‘”) — R: we want to show that

lim ’]E[G(Ext(Xy))|X3 ~2,] - E[GX)|X° ~ 20]’ —0.
'}/*)
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Conditioning over the initial conditions we can define
fLX9) =E [G(Ext(Xy))’Xy 0) = Xﬁ]
fo(X%) =E [G(X)’X(O) - XO] .

The result [12, Theorem 3.2] implies that fg (Xg) — f6(X%) whenever Exth — X%in
C™".Since C™" is separable, we can apply the Skorokhod’s representation theorem to deduce
that there is a probability space (P, F, 2) where all the processes Ext(X ?,) and X° can be
realised and the sequence Ext(X 8)(&)) converge to X 0(®) in C™" for P-ae. & € .

An application of the dominated convergence theorem then shows that, as y — 0

[E[GEXt(X,)[X) ~ £,] — E[G(X)[X° ~ 2]
< / | FEX@) - fo(X°@)|Bdd) > 0, 2.12)

so that we can assume (2.11) to hold even when the initial datum is convergent in law.
By Theorem 2.1 we know that, if at time O the configuration o (0) € Xy is distributed
according to PZ,O’ then the law of X' ;9 (x) = y_llcy *O| gl (0) is tight, and therefore there

exists a subsequence y; for k > 0 and a measure u* on C~" such that the law of Exthk
converges to u*. In the following calculations we will tacitly assume y — 0 along the
sequence Y to avoid the subscript. We will show that, if w if the unique invariant measure
of (2.6) then u* = .

Let F : C7” — R be a bounded and continuous function, then, by the invariance of the
Gibbs measure under the Glauber dynamic, for ¢ > 0

E} o | FEXXD)| =B}, [FEXX, 1)].

Recall that the evaluation map, that associates to a process in D ([O, T];C _”) its value at a
given time, is not continuous with respect to the Skorokhod topology, however the integral
map G : u — fOT F(u(s)) ds is continuous in its argument in virtue of the the continuity
and boundedness of F. Hence for any fixed 7" we have

T
E}, [F(Extxg)] = ]EZVO[T_I/O F (EXtX, (s)) ds]
and

lim =0.

y—0

T T
EZ,O[/O F (ExtX, (s)) ds] —E[/O F (X(s)) ds

By the uniform convergence to equilibrium of the stochastic quantisation equation [18, Corol-
lary 6.6] there exist constants ¢, C > 0

X(0) ~ M*]

|E[F(X(5))|X(0) ~ "] = u[F]| < C|Flo e

From the above inequality it follows that
T
'T‘/ ELF (X () |X (0) ~ u*] = ulFlds| S T~ |Fls
0
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and letting T be large enough the last difference can be made arbitrarily small. From the
above estimates we can see that, for arbitrary 7 > 0,

lim sup | EJ [F(Extxg)] - ,u[F]’ <CI|Fl, T
y—0
and the result follows. O
Remark 2.5 For b, = b constant, we actually expect the limiting points to vanish under
the scaling (2.10). On the other hand, for b, = by, one can follow an argument virtually

identical to the one given in this article to show that the limit is given by the law of the <I>‘2‘
measure with external magnetic field b.

2.1 Solution of the Limiting Equation

Before the proof of the main theorem, let us briefly explain the construction of the solution
in [4] to the following SPDE

n
dX = (AX + Y azj X" )dr + /24 W.
j=1

Asin (2.6), the powers in the above SPDE have to be renormalised in order to find a nontrivial
solution. The precise way the process is renormalised follows [12,17]. Consider at first Z(¢)
the solution of the stochastic heat equation

dZ = AZdt +~2dW  Z(-,0) =0,

and therefore in two dimension Z belongs to C([0, T']; C™") a.s. for any v > 0. Consider the
Galerkin approximation

dZ, = AZ.dt +V2dW,  Z.(-,0) =0, (2.13)

where d W, is the L2 (T?)-projection of the space time white noise on the span of the Fourier
modes generated by {e,}|w|<n-

From the above SPDE we see that Z, has a representation in terms of the stochastic
convolution with the heat kernel P, = ¢/*

t
Zo(t, x) = ﬁf Py_sdW (s, x).
0

Define the renormalisation constant
t 1
= lim E |:Z£2(t 0) — 7] = E —.
’ 2012
t—00 2 weATA(0) 4% |o|

In order to renormalise the process Z, (¢) at finite time, it is more convenient to use its time
dependent version

—2t72|w|?

. _ 20,012 1—e
() EE[22¢,0)] = Z/ 2momlely 7+ > e

a)EAN weAn\{0

We therefore define the renormalised powers of the process Z, as

def

Z"(t) = Hy(Ze (1), co(1)).
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Tightness of the Ising-Kac Model on the Two-Dimensional Torus 641

By [4, Lemma 3.2], the process Z." () is Cauchy in L? (C([0, T]; C™"), P) for every p > 1
and we will be referring to its limit as Z”"*. To be precise, the result in [4, Lemma 3.2] is
proven for a fixed time, but the extension to the whole process is immediate.

By the variation of constants formula, the solution to (2.13) started from the initial con-
dition Xg i I, XY is given by Zg(t) = eA’Xg + Z.(t). To extend the definition of the
renormalised powers to the process Z.(r) one uses the following property of the Hermite
polynomial

n

Hya+b.c)= (';)b"—ij (@, c)

j=0
and let

n

Zrn =3 <J) (¥ x0)" Z7 ).

Jj=0

The above random variable is well defined because e X 2 is a smooth function and the product

with Z;j () isin €™V for any ¢t > 0 (see for instance [13, Corollary 3.2] or Theorems 2.82
and 2.85 in [1] for a proof).
We then set X (¢) the Galerkin approximation of X (¢) solving

[an(t) z(AXa(t)vLZ?:l azj—lHn(Xs(’)"8))"”*@1‘”8(” (2.14)

X.(0) =I,X%ec™

Since H,, is a polynomial in both variables, it is possible to replace ¢, in the above formula
with ¢, (¢) provided one compensates it in the coefficient of the polynomial.

n n
D @i Hy(Xe(t). o) = ) apj1(t. &) Hy(Xe (1), cc (1))
j=l1 j=1
with new coefficients a;_1(¢) depending polynomially only on the old coefficients and on
the difference ¢, — ¢ (¢). From the definitions of ¢, and ¢, (¢) one can see that their difference
is diverging logarithmically as t — 0 and therefore each power of az;_1(¢) is integrable in
[0, T']. Hence we can rewrite (2.14) as

{dxg () = (AXe() + Xy a2j-1(t, &) Ha (Xe 1), € (1)) di + 24 W (1)

(2.15)
X, (00 =T,X%ec™

We decompose X (1) = Zg (t) + Ve () where, for a.e. realisation of Z,, the process V; solves
the PDE

{afvg(z) = AVe() + Yj_  azj-1(t, &) Hy (Zs(’) + Ve, CS(I)) (2.16)

Ve(@) =0
where
Ho (Z:0+ Ve, c0) = (';) VIO ZE ).
j=0

The last product is again well-posed thanks to the fact that V, (1) € C>~"~* for any « > 0,
from the regularizing properties of the parabolic Eq. (2.16).
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642 M. Hairer, M. Iberti

As proven in [4], the processes V. converge in C([0, T']; C%7) to the solution of

2.17)

AV = AV + Ty Leo (VT 0250
V) =0

where Z7:(r) = lim,_o P,X° + ZJ*(1). For all k > 0, the solution of the above PDE is
unique and V € C([0, T]; C%2 V=) and only depends on the realisation of the process Z
via the tuple (Z, ..., Z2"~1) e L®([0, T]; C™")". We summarise it with the following
proposition, essentially proven in [4].

Theorem 2.6 Forallv > 0 and T > 0 there exists a locally Lipschitz continuous function
Sr 1 L%([0, T1: C™")" — C([0, T]; C*7"7%)
that associates to (Z, 72 72 the solution of 2.17).

Using the definitions above, we now outline the skeleton of the proof in [12]. First of
all we want to remark that we made the decision of absorbing the initial conditions in the
process Z., instead we could have started (2.16) from IT, X 3 and defined a similar solution

map S;(O. Consider Z, the solution to the linearised part of (2.7) satisfying

'
Z,(t, x) :/ Ay Zy (s, x)ds + My, (t, x), (2.18)
0

which is an approximation to the stochastic heat equation. In [4] and [12] the authors provided
a useful definition of ZJ'" the renormalized powers of Z,, that we will not introduce here. In
this article will only use the fact that forany 7 > 0,¢ > 0,v >0, j > 0and A > 0,

limsupE | sup s H H; (Zy(s, ), cy)“g,U < 00, (2.19)
y—0 5€[0,T]
which follows from [12, Eq. (3.15), Propositions 5.3 and 5.4].

In [12, Sect. 6] it is proven that processes (Zy, Z;,ZZ, ey Z;,Z”’h) jointly converge in law
to (Z,z*,..., 2"~ 1). Using the decomposition X, = Z, + V,, itis possible to see that
V, satisfies an equation similar to (2.16), with initial condition X 3 and

‘ V. _ng (Z Z:2: Z:Zn—l:) -0
Y T v Ly Zy .
Leo([0,T];C67Y)
Therefore, by the continuity of S7, we have that, as y — 0,
X(V) 2: 2n—1: L X0 2t 2n—1:
X, ~Z, +8, (zy,zy,...,zy )—>Z+ST (z,2%,..., 2271 = X,

as required.

3 Proof of Theorem 2.1

We are now going to prove the statements used in Sect. 2 and in particular Theorem 2.1.
We first obtain a very suboptimal bound on X, which can be used as a starting point for the
derivation of sharper bounds.
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Proposition 3.1 Let p > 2 an even integer, and ). € [0, 1] then there exists C(p, L) > 0
such that

EL X, 9 oa, ] = € (BLIXy 097500, 1775 ) vt

In particular, if we start the process from the invariant measure, we obtain that there exists
C = C(p) > O such that forallt > 0

[”X ”LI’(A )] = Eg,o[ | X, . ')”ip(/\g)] <cyt 3.1)

Proof In the following proof we will denote with C a generic constant whose value depends
on p and might change from line to line. Recall the action of the generator of the Glauber
dynamic (2.3):

thj’f(z,x) = Z cy(z,a(t))((hy(t,x) —ZUZ(I)K,,(z—x))p —h}’f(z,x))

ZEAN
_ -2
< p( = hy +ky xtanh(Bhy)) (1, )RD (1, x) + C(1hy (1. )| + 1) y2

The second inequality is a consequence of the fact that H/c), Hoo < y? and chy ” o S 1 We
can take the average over x € Ay to obtain

2y [y s n,y = PR O 1y @b Bl @) = p By O,
Ay N
2 2p—2
+CV ||h (I)HLP 2(1\ )+Cy P .
We use the fact that p is even and the hyperbolic tangent is monotone to bound

<hl;—1 (1), Ky * tanh(ﬂhy(t))>AN = <h5_1 (), taﬂh(ﬁhy(t))>AN

1
+3 D k= (L (e x) — kD72, ) (tanh(Bhy (2, ) — tanh(Bhy (2, x)))

X, YEAN
< {7 @), tanh (Bl @)

Moreover, it is easy to see that there exists a constant ¢y > 0 such that

tanh;ﬂh) < p—col?

Since |hy, (t,x)] < land B=1+y (cy + A), we can bound .7, ”h (I)HL,,(AN) by

forh € [1, 1].

pIB =11 hy () ”iP(AN) —cop ”h)/(t)szfz(AN) +Cy? |y @) ”LP 2am T Cy?r?

p+2 co +2 P2 _
<CW?) 7T - 2P [y O 7 riny + €Y 7oy

p+2

<——p (I (t)”LP(AN)+Cy i

where we used the fact that |A| < ¢, < y ! for y small enough and the generalised Young
inequality in the last line. Therefore, taking the expectation

E[ ”h (@ ') ”LP(AN) ]

- . P2
<1y O,y 4o [ = FoEl I o, ]+ 0r P
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and multiplying both sides by y ~? and applying Jensen’s inequality we obtain

t
BL1% Oy 1= ELIX O, T+ [ BLZ 12,0, Tds

€0
2

From the comparison test in Lemma 4.10 we have that
E[ [ X, @], ]
2
(1+ CrE[ [ X, O] 7pn,, 17)

and the result follows. ]

=E[[X, OlLrx, ] -

! pt2 2—
LP(Ag) p)/2/0 E[ ”XV(S)Hil’(AS)] r ds-f—C)/Tp.

-4
E\/y ?
2

E[ | x, @] Zp(Ag)] <

Remark 3.2 Despite its simplicity, Proposition 3.1 has the advantage of making the proof
of [12, Theorem 6.1] simpler, avoiding the need for the stopping time 7, 1, and providing
sufficient control over [12, Eq. (6.7)].

Proposition 3.3 Recall the definitions given in Sect. 2 of the processes X, Z,, and V, =
X, — Z,. We want to remark that V,, is not similar to of V, because of the initial condition
[see (2.17)]. Let p > 2 an even integer. Then there exist vo > 0, 1;; > 0 fori = 1,2 and
j =0,1,2 such that forall 0 <v <vgpand 0 <s <t <T

vy, ] IL?P(AS) — vy, ')Hivmg)

t t
e / IV, |22 dr 4y / (Ve o) —ap vy o) dr
s S ¢

t 3 N t
< c2/ SO Hizy 0 -),cy)||2’;'u(As) dr—i—/ Err(r) dr (3.2)

S j=0i=1,2
where, for every g > 0
”—72—2\)(”72)

1
sup B} o [Em?(n]e < Ca(p.q, T)y's T (3.3)

0<r<T

Proof The proof follows the argument provided in [18, Proposition 3.7] for the dynamical
<1>‘21 model, but applied to the model of [12], with the important difference that in our case all
the operators are discrete operators. Without loss of generality, we will prove (3.2) starting
at time s = 0 from V)f) = Xg.

In the following calculations, since there is no possibility of confusion, we will use L?
instead of L?(A,), and (-, -) instead of (-, -) o,. From (2.7) and (2.18) we see that V,, (z, x)
satisfies, forx € Ag,t >0

V) (t, x)
t t
= V{(x) +/0 A,V (s, x)ds +/O y 2K, x (v~ tanh(By X, (5, X)) — X, (5, x)) ds

and in particular V), (¢, x) is continuous and weakly differentiable in time, for all y > 0.
Recall that 8 =1 + yz(cy + A) and expand the hyperbolic tangent up to third order

3
tanh(By Xy (5)) = ¥ X, () + > (¢, + A) Xy (s) — %Xi(s)
+7 B -0 (X)) +0(r X ®).
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With the above formula the derivative of the discrete L” norm of V,, is calculated

f 1
v, @], = H V0 Hin + p/o (vy/’—l, A, vy> (5)ds + D)+ B)ds  (34)
where
D(s) = — <1<y £ VI (5), X3 () = 3(cy + A)Xy(s)>

and B(s) is produced by the remainder of the Taylor expansion of the hyperbolic tangent

B(s) < Cy? <|Vy”—‘ |(5), ¢y 1%, 1P (5) + |Xy|5(s)). (3.5)
where we used the fact that |A| < ¢, for y small enough.We will first replace D (s) with
Di(s) = = (V7160 X36) = 36, X, () + 34 (V7. X, )
<

— v, +3| (v @, 2,0)| + 3|6, Bz, 6. 00)

L 34 ‘(V)f’_l(s), z, (s)>‘
(3.6)

+[(vi' o). 132, 9. )| 434 | Vi

Let

def

Ly &

def

2 _
Volih. K2 (e, 8,v6).

Those terms are the good terms of (3.4), and the idea is now to bound all the other errors
|D(s) — Dj(s)| with expression containing Lg and K. In the following calculations we
assume y to be small enough such that |A| < c,. The cost of replacing D(s) with D (s) is
given by

D6 = DIl = Y &Ky (=) |V ) = VI )

x,yeAe
X ’(X?,(s, y) — Xf,(s,x)) —3(cy +A) (Xy(s, ) — X, (s, x)) ‘

<3 Z 84Ky(x -y) ‘Vyp_](S, y) — Vyp_l(&x)‘
x,yeA;

X (|Vy(s, y) — Vy(s,x)| + |Zy(s, y) — Zy(s,x)|) (ZCV + Xi(s,x)) .
Denote with

D> =3 Z 'K, (x — ) IVJffl(s, y) — V}l’fl(s,x)’
X, yEA,

X [Vy (s, 9) = Vy (5, 0] (26, + X2(5,))

D; =3 Z 84Ky(x —-y) ’ij’_l(s,y) - V}f’_l(s,x)‘

X, yEA;
% |2y (5. 3) = Zy (5, 0] (2, + X205, )

We will now bound D3 with a small multiple of L; and K plus an error in (3.3), the term
D5 can be bounded in a similar way.
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Bya" —b" = (a — bY@ ' +---+b"1) and the generalized Young inequality

all— P = (@ —b)@P P4+ bPT?)
Ia bl

< la? ' =P ——
24

+(lalP™! + o7~ Ha2r
Therefore, applying the previous inequality to each summands of D3 and choosing A =
T 1?25, 9) = Zy (5, 0] (26, + X35, %)) we have that

Dy < c1Ky + Cei (D) Y 2V s 0l1Zy 5. )] (cy + X2 (s, x))
xelAe

12,2 2 (P=2/3
= ako+ali+Cert |y 2Z,01 (6 + X30)| o2 37

where ¢; > 0 can be chosen to be for instance ¢; = 1/8. The last term will be part of the

error (3.3). Recall that ¢ = y2 and the last term of (3.7) is bounded in expectation using
Proposition 3.1, Lemma 4.2 and (2.19)

B | -azyw<cy+x2<s>>u“’;”1

<E, [”ZV () II?”,}éif] (

(r=2)
3

_ 1/2
+ B o[ Iy X, 0% ])

(3.8)

<cmy's

which is negligible if v is small enough and p > 2. It is immediate to generalize (3.8) to any
power, as in (3.3).

We will then bound the term B(¢) in (3.5) with Proposition 3.1. Using Young’s inequality
we have that

B = P IV, ¢ + [ Z26) + 2,02, () + V26| 1%, P5)
1 P2
<5 1w (s)H’L’,sz +Co |3 X, 2,

11z, P |+ 2 e o+ oo

The constant 1/24 has been arbitrarily chosen in order to control B(s) with a small multiple
of L plus a quantity that will be paﬂ of the error in (3.3) and can be bounded in expectation,

as we did in (3.8), by C(T)yT_ZV - , which is negligible for v small enough.
We are now in the setting of [18, Eq. (3. 13)], namely the discrete process V), satisfies

t5 5
0] —p/O Kot > Lo ds
3 o 4 . ] y §), 13— j(£y(S5), Cy N
j=

t
(V' @), V) + 2, o) | ds + /0 Err(s)ds, (3:9)

<

t
/
0
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r=2_5, =

1 2)
where Eg’0[|Err(s)|q]q < C(T,p,q)y s ~ 3 for any positive g. We will now show
that, for v small enough and j =0, 1, 2, there exist A 1, A1 > 0

(V=7 sy (2, 90, )
P p—14j

p=ltj_,
< (LS R ) H H3_j(Z,(s), cy)HC,v(AS)

1

1 i
< oKt 3oL+ ci;2 | Hy(Zy ), ) 6oy (3.10)

where the last line follows from the Young inequality for v sufficiently small. In a similar
way,

A ‘<V;’—1(s), (V, (s) + zy(s))ﬂ < %K n ;—OLs +C(A) (1 + \|zy(s)”é';vmg)) 3.11)
Recall that all the norms appearing the proof so far are norms on the discrete lattice. The
same proof of [18, Prop. 3.7] can be used to prove (3.10) and (3.11), provided the same
inequalities hold in the discrete setting.

We are going to prove (3.10), (3.11) being essentially the same. Using the duality for
discrete Besov spaces proved in Proposition 4.6,

(Vyp—m‘ (5). H_ ;(Zy (). cy)>A€ < H vyt (S)‘ 2y, ) v, -

By | (Ae

We then control H VVP ) (s)’ with Lemma 4.7. From (4.7) applied to f(x) =

A BY [ (A¢)
vy (s, x)
2v
1Ay a0 S IFIGG | Do e Ky G =0 YIfF@) = fOI ] + 1 i, -
X, yEA,

We will now estimate the term inside the brackets. For p even and j € N, we have

-1

P
— i — ji| p—=1+j — —
‘ap I+j _ pp—1+j| =i+ §|ap L _pp 1|

the above equation follows easily from the Minkowski inequality if one assumes a and b to
have the same sign. If the @ and b have different signs, the inequality follows by the fact that
p is an even integer and hence the right-hand-side is equal to |a|”~! + |b|?~!. Therefore
from the generalized Young inequality for A > 0

‘ap—l+] _ bp—1+]’ < |ap—1 _ bp_l’ |ap—1 _ bp—l 1

c . .
< kfar! =60 la bl 5 (i 22 o),
we have for every A > 0

S Ky = ey [V s, 0 = v G, )|
x,yeA

1 .
SV @ 8,V 0) + 5 [viie)| |
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and optimizing in A we get (3.10). Finally we can combine (3.9) and (3.10) to conclude the
proof.

We remark that the right-hand-side of (3.10) is slightly different from [18] since we have to
use Ay, the discrete (long range) Laplacian, which is a good approximation of the continuous
Laplacian only on low frequencies. O

‘We now turn to the proof of Theorem 2.1, which follows the lines of [18, Corollary 3.10].

Proof of Theorem 2.1 By the monotonicity of LY norms it is sufficient to prove the statement
of Theorem 2.1 for ¢ large enough. In the following proof C will denote a constant possibly
changing from line to line. The Gibbs measure PZ’O is an invariant measure for the Glauber
dynamic. Let T > 0 and consider

2 T
Brall% e =7 [ Ehol ol Jas (3.12)

From the definition of V), we can write

1%, @l = 12y ® ] e + [Vy O e

By (2.19) proven in [12, Proposition 5.4], we have that

Ez,o[ sup ||H,»(zy<s),cy)||"V}SC(T,q,j) (3.13)
se[T/4,T]

where the proportionality constant may depend on 7" and ¢g. From the definition of the discrete
Besov norm it follows that (3.13) holds true also when we replace the Besov norm with the
discrete Besov Norm. By Proposition 4.4 and Lemma 4.2, for any ¢ > d/v and k > 0 there
exists C(p, k)

[Vy @l = [EXV, )] Lo ey

1

1-1 2q
SOy + e IOl | X 2060 - %607

lx—yl=¢
x,yeA,

(3.14)

where the proportionality constant depends on g and «.
In Proposition 3.3, using (3.13) and (3.3) we obtain that

t q+2
Efo [H V)’(I)qu(As)] + Cl/; E;o[” Vy(r)H(,{q(Ag)] " dr
t
+01/ E} [(vy’f—‘(r),(—Ay)vy(r)>A ]dr
=B o [V 4en ]+ €@ D (3.15)

From Lemma 4.10, applied to EE,O [“ V, (1) ”
that forall 7/4 <s <t < T we have

‘zq ( As):l we have that there exists C(g, T) such

EZ,O |:H Vy (1) ”Zq(Af):I SCQ@. 1) (|f - S|_% \Y2 1) .
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Let us choose s = T'/4 and t € [T /2, T]: from the above inequality we have that

o [ IV, Ol sn) ] = €0 1. (3.16)

At this point we only need to provide a bound for

Y V) = Ve )2 S Y oIV ().
\X—y|=€ L!)E/\N

x,yeA;

By (4.9), the operator A, approximates the discrete Laplacian only for low frequencies
jof <y~

1A,V ($)(@)] = y2(1 = K, @)V, () (@)] = clol?|V, (s)(@)].

On the other hand, for high frequencies y ~! < |w| < y 2

, we have
1A, Vy () (@) = y 721 = Ky @)V, )@)] 2 ¥ 2V () @)1,
hence forall w € Ay,
lw* 1V, (1> < y 20l Ay DIV, () (@) < y (1 — Ky @)V, () (@)

and therefore

Y PV <y (Vo) (=4,)V, (), -

weAN

Equation (3.15) holds for any positive even integer ¢ > 2and 7/4 < s <t < T, if we
choose s = T/2,t = T and ¢ = 2 we can conclude that

T
/ > EVy(s.y) = Vy(s.x))ds
T/2

[x—yl=e
T
<2y /m B} o[ (v ), (=8 V), Jdr < e, (3.17)

Itis sufficient now to control the right-hand-side of (3.12) with (3.14). Again choose s = T/2,
t =T in (3.15): by (3.13), (3.16) and (3.17)

2 T
Bu1x 0] = 2 [ BhlIZ, 0l ) Bl ol s

T
scan [ B 1201+ 5 1ol

1
2

T
—1 _
+C(T,q,fc>E;,0/ Ve[ Fomr &7 ] D V(s y) = Vy(s.x)* ¢ ds
/2 lx—yl=¢
x,yeA,

T 12
<C(T,q,x) (1 +e ey {meg,o [(Vy(r)» (—Ay)vy(r»[\g]dr} ) ,

where in the last line we applied the Cauchy-Schwarz inequality. The claim follows by
choosing ¥ > 0 small enough. O
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4 Bounds for Discrete Besov Spaces

In this section we collect and prove some results in the context of discrete Besov spaces which
are difficult to find. Let us first define the Besov norm on the discrete torus as follows. The
definitions and proofs are based upon [12,13] and [1]. In [1, Proposition 2.10] it is proven
the existence of continuous functions %, x : R — R such that

supp(x) S Bo(4/3).  supp(x) < Bo(8/3) \ Bo(3/4)

and such that, setting

155w =ExQFy for k= 0)
one has 7 (r) + Y fog x (2% r) =1 forall r € RY.
For g : T? — R define the projection onto the k-th Paley-Littlewood block as
8eg(@) =271 " Ji() F@)ew(x) @.1)
weZA

forx € T¢ and k > —1.[The factor 2=¢ is such that 3", ;g = g, see also (1.6).] Recall that
the continuous Besov norm given in (1.7) is then defined in terms of these projections.

‘We now define a version of the Besov norm for functions defined in the discrete lattice. This
is obtained by not only extending the function with the extension operator of Sect. 1.1, but also
performing the L? norm in (1.7) on the discrete space Ag instead of T¢. Let f : A, — R,
forv e R, p, q € [1, oo], with ”"'B}’,,q(/\?) we define

1
. vkq q q :
”f”B;,q(Ag) &t (Zkz—l 2 ||8](EXt(f)||Lp(Ag)) if g <oo 4.2)
' SUPg>_| vk ||5kEXt(f)||Lv(Ag) if g =00

It is clear, from the definitions of Ext(g), (4.1) and (4.3), that for x € A‘g

SEXUA)(0) =271 Y xu() Flwen(x) =n * f(x)  for x € A

wEA%
where 1 (x) is defined, for k > —1 and x € T¢, by

) =27 Y @en(x), 4.3)

weA%
where we abused the notations omitting N from the definition of n,iv .

Remark 4.1 We could have easily avoided the definition of a discrete version of the Besov
norm. There is only one point where such definition is really needed, and this is in Propo-
sition 3.3 and Lemma 4.7, where we need to control the Besov norm with a combination of
discrete L” norms.

The next lemma is a minor generalisation of [12, Lemma B.6].

Lemma 4.2 For p € [1, co] and k > 0, there exists a constant C such that forall f : Ay —
R,

IEXX(A) o er2y < Clog*(e™ ") £ lloa,) (4.4)
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IEXX(O) Lo er2y < C U llLrca,)

9|
S

1

T T4 PV B STV 10 B 160 SRS
[x—yl=¢
x,yelA,

The same lemma holds true in any dimension, with a factor C(d) logd (=Y in (4.4).

Proof We firstshow (4.4). Recall that from the definition of the extension operator Ext f (x) =
f(x) forx € A2, and

EXt(H)(x) = 3 62 £(2) ]_[ sin(re @ —2p) o

z€h: Zip 2sin( (xl =)

Using the inequality sin(28’la)/ sin(a) < e~ Ala|~! we can bound

Ext(H@I S Y elf@l [T e Atz —xil™

ZEA, j=12

For x € T2, denote with [x], the closest point to x in A,. We can then rewrite the above
inequality as

Ext(H)@ S Y lfe+Ixlol [] e Alai 4+ xlei —xil ™"

ZEA, ]:12

we observe now that if |z;| < e, then |z; + [x]; — xil_] P ¢~ !, while if |zi| > & we have
that |z; + [x]e; — x| 7" < lzil 7' <!, hence

Ext(HIS Y lf+Ixll [ e Alal™,

z€h, j=12
and taking the L? (T2, dx) norm yields
1 2
([or@aoran) (142 3 &) S0l loge ™,
T 1<k<e~!

as claimed. The inequality (4.5) is a consequence of Holder’s inequality

||Ext(f)||Lp(T2) S IfI7 LP(A) +/|| /zlExtf(x +y) — fo)|Pd*y
yl<e

Nl—=

< U1 IEX 1 ey | D / £+ 9= Fody

xeA, v VI=e/2

<A any+ IEXUAI S ey | D / |f (e +y)— f@IPdy

xed, ¥ I=e/2

< U0 pea,) + € NEXUFNDS s o) IEXEF I 2y
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where we denoted by [|[EXt f| ;71 (T2) the homogeneous Sobolev seminorm. From the definition
of the extension operator it is easy to see that

~ (f) — f(x))?
IEXS 150y = D 0P If@P S Y 82%,
weAy [x—y|=¢
x,yeA,
and an application of (4.4) yields (4.5). ]

Letd € NT and Af; a discretisation of the d-dimensional torus T¢ = [—1, 1]¢.

Lemma 4.3 Let x : RY — R be a smooth function with compact support. For every p €

d(1-1
[0, 00] we have sup; ¢ .1y A ( p) HZweAN X(Aw)ew’ Lr(Ad) <

The above result is proven in [12, Lemma B.1] for the continuous L™ norm, the gen-
eralisation to Af follows trivially from the same argument. See also [13] for a proof in the
case of a continuous Fourier transform. We quote in the next proposition a useful embedding
between Besov and L? spaces proven, for instance, in [1, Proposition 2.39].

Proposition 4.4 Foranyv > 0, and p > % there exists C > 0
If gz ey = C I f e eray

We also mention some classical estimates for Besov norms restated in case of discrete
Besov spaces. The proofs are omitted since they follow closely their continuous counterparts.

Proposition 4.5 (Product estimates for discrete Besov spaces) Let 8 < 0 < « and p,q €
[1, oo]. There exists C > O such that, uniformly over ¢ € (0, 1],

I Wt any = C NS Mg a0 1818 (4, -

Proposition 4.6 (Duality for discrete Besov spaces) Let « € R, p,q,p’,q" > 1 with
% + % = % + % = 1. There exists C > 0 such that, uniformly over ¢ € (0, 1],

(£, 80a, = C I flsg an Igss a)
’ P.q

The next proposition is the main technical tool of the paper, and it allows to control the
discrete Besov norm with the same discrete Laplacian of the dynamic. Recall that, in the
case of continuous Besov spaces, for a differentiable function f and v € (0, 1), one has [13,
Proposition 3.8]

Iy, S A+ DI IV £ (4.6)
We have the following analogue of this result.

Lemmad4.7 For f : A, —> Randv € (0, 1/2)
2v

£y a0 S| Do €Ky =0 yIf @) = fOI] + 1 leia,

X,yeA;

4.7)

where the constant is independent of € or f.
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Remark 4.8 Here we write x — y for the shortest element in the corresponding equivalence
class (viewing A, as a quotient of Zg with Z, = ¢7Z). In cases where this might be ambiguous
one has K, (x — y) = 0 for all possible interpretations anyway. Another equivalent interpre-
tation is that one of the variables runs over A, and the other one runs over all of Z,, f being
identified with its periodic continuation.

Compare (4.7) with (4.6). The factor 2 in front of v depends on the scale at which A,
changes its behaviour, and this is not the best result that is possible to obtain.

Proof Rewrite the definition of || f| B (Ae) in (4.2) as

1fllsy an = D 2% 4.8)
’ k>—1

N
*
‘le f‘ L1(A)

where n,iv are the projections on the Paley-Littlewood blocks defined in (4.3). In the discrete
case the summation over k extends up to a multiple of log(¢~1). In the proof, since there is
no possibility of confusion, we will use L? instead of L?(A.). We will divide the sum into

k|, N k|, N
Z 2 ’77/( *fHL‘ + Z 2 ‘nk *fHL‘
—1<k<L L<k<—1log,(e)
where L will be chosen later. We bound the first part with
vk N vk N vL
ookl er| = X 2w ] 0sln S2E UL @)

—l<k<L —1<k<L K=L

In order to control the second summation we will now prove, for k > 0, the inequality

S Fver™) X ke Q=T 1)

) 8)/_1

[+ 7]

x,yelAe

If k > 0 the projection kernel n}z{v has mean zero and therefore

[ s, =2 Y el en (e + - fw)).

XEA, yeAe

At this point the treatment differs from the proof of [13, Proposition 3.8], because of the
particular form of the Laplacian. The definition of K, (in particular the continuity of R)
implies that there exists by > 0 such that

inf > &Ky () A Ky (w—2)) > 1/2.

—1
lwlboey =t 7
If |y| < boey !, then

e+ - o] <2( X 2K @ A Ky =) £+ ) = £

7€l
<222 Y Ky - 0|+ ) - fo 2|+ Ky @) f@ 0 — @)
2€Z¢
If |y| > boey_l on the other hand, then there exists a path {yo, yi, ..., y»} in Z; of length n

1 1

proportional to |y|y&e™" connecting yo = 0 with y, = y and such that |y; 1 —y;| < boey ™~
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for j = 0,...,n — 1. We can then apply the above inequality to every step of the path.
Combining these bounds, we obtain

[ s r] LS X Eml el vy Y S K @I G+ - f0L,

A

yeA; xX€Ng,2€%¢

(4.11)

and (4.10) follows from the fact that

> ollvle™y vy ||, +e7v2™ 3 imf od s 1vety2 .
YEA, YEA,

Summing over k yields

k N
Z 2U ‘nk * f‘ L!
L<k<log,(¢~1)
4
_ _ &Ky (2)
S Y Meytvay Y LR Ifa+ ) - FWL.

&y

L<k<log,(¢~!) XEAg,7€Zs

At this point we use the fact that ey =1 v 2% < 275 for k < —log,(e) = —2logy(ey 1)
and, recalling (4.8) and (4.9), we obtain

bl
||f||B;¢,(AE>52”L||f||L1+2( DY Sk @I+ -

XEAg,2€Zg
The claim now follows by optimising this expression over L. (The second term in (4.7) comes
from the fact that we had to impose L > 1.) O

The next proposition quantifies the decay in the Fourier space of the kernel K, used in
the article. The proof is given in [12, Lemma 8.2]

Proposition 4.9 (Estimates on the kernel) For w € Ay and y small enough the following
inequalities hold

o There exists a positive constant C > 0 such that,
-2
Ky @) < 1A Y
|l

o There exists a positive constant ¢ > 0 such that, for |w| > y !

1—Ky(@) = c(yol* Al)
For completeness, we state the following simple but crucial comparison test which can be
found in this specific form in [18].
Lemma 4.10 (Comparison test) Let A > 1 and f : [0, T] — R differentiable satisfying
fort €[0,T]
'@ +2e (F0) <.
Then fort € [0, T]

1 1

f@) < 1O v (9> < (1= DT v <9) .

C1

(I+ci(r— 1)tf(0)*—1)"A11
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