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Abstract We prove a large deviations principle for the total spin and the number of edges
under the annealed Ising measure on generalized random graphs. We also give detailed results
on how the annealing over the Ising model changes the degrees of the vertices in the graph
and show how it gives rise to interesting correlated random graphs.
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1 Introduction and Main Results

Recently, there has been substantial work on Ising models on random graphs, as a paradig-
matic model for dependent random variables on complex networks. While much work exists
on random graphs with independent randomness on the edges or vertices, such as percolation
and first-passage percolation (see [25] for a substantial overview of results for these models
on random graphs), the dependence of the random variables on the vertices raises many inter-
esting new questions. We refer to [4,5,8,11-13,18,19] for recent results on the Ising model
on random graphs, as well as [25, Chapter 5] and [9] for overviews. The crux about the Ising
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model is that the variables that are assigned to the vertices of the random graph wish to be
aligned, thus creating positive dependence. Since the Ising model lives on a random graph,
we are dealing with non-trivial double randomness of both the spin system as well as the
random environment. While [8,11,12,18] study the quenched setting, in which the random
graph is either fixed (random-quenched) or the Boltzmann—Gibbs measure is averaged out
with respect to the random medium (averaged—quenched), recently the annealed setting, in
which both the partition function and the Boltzmann weight are averaged out separately has
attracted substantial attention [4,5,13,19]. The random graph models investigated are rank-1
inhomogeneous random graphs [13,19], as well as random regular graphs and configuration
models [4,5,18]. Depending on the setting, the annealed setting may have a different critical
temperature. However, as predicted by the non-rigorous physics work [15,22], the annealed
Ising model turns out to be in the same universality class as the quenched model for all
settings investigated [5,12,13].

In this paper, we extend the analysis of the annealed Ising model on inhomogeneous
random graphs to their large deviation properties. We investigate both the large deviations
of the total spin, which is a classical problem dating back at least to Ellis [16,17], but we
also consider the large deviation properties under the annealed measure of purely graph
quantities, such as the number of edges or the vertex degrees. Such problems are in general
difficult since the strong interaction causes the rate function to become non-convex at low
temperatures (8 > f.), so the Gartner—Ellis theorem cannot be used directly.

Our main results provide a formula for the large deviation function of the total spin that
holds true even when the hypothesis of the theorem are not satisfied, i.e., at low temperatures.
This formula is indeed valid for all values of the parameters determining the phase diagram.
To overcome the lack of differentiability of the annealed pressure (which is a necessary con-
dition for the application of the Gértner—Ellis theorem) at low temperatures, we shall use the
key property that the annealed Ising model on the generalized random graph can be mapped
to an inhomogeneous mean-field (Curie-Weiss) model. As a consequence, the large deviation
function of the total spin can be deduced from classical results for independent variables and
an application of Varadhan’s lemma. Using this analysis, we also obtain alternative forms of
the annealed pressure. In [14], similar techniques have been used to derive the annealed pres-
sure for models with more general spins, including continuous spins on a bounded interval.

The study of large deviations for the number of edges brings the fact to light that, if one
focuses solely on graph observables and properties, then annealing can be described in terms
of a modified law for the graph. Our results show that in the annealed setting, the typical
number of edges present is substantially larger than the typical value under the original law
of the graph, thus quantifying the effect that the annealing has on the structure of the random
graph involved. As explained in more detail below, one could think of the annealed Ising
model on a random graph as giving rise to a random graph with an interesting correlation
structure between the edges. To gain more understanding on this correlation structure we also
investigate the degrees distribution under the annealed Ising measure. Again we find that the
degree of a fixed vertex (or the degree of a uniformly chosen vertex) under the modified graph
law has a distribution with a larger mean.

1.1 The Annealed Ising Model on Generalized Random Graphs

We now introduce the model. We first define the specific random graph model, the so-called
generalized random graph, and then define the (annealed) Ising model.
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1.1.1 Generalized Random Graph

To construct the generalized random graph [3], let I;; denote the Bernoulli indicator that the
edge between vertex i and vertex j is presentand let p;; = IP (I ij = l) be the edge probability,
where different edges are present independently. Further, consider a sequence of non-negative
weights w = (w;);e[») Whose label i runs through the vertex set [n] = {1, ..., n}. Then, the
generalized random graph, denoted by GRG,, (w), is defined by

piy = —i (1.1)
Y Ly + wiw j ’ '
where £, = >, e[n] Wi is the total weight of all vertices. Denote the law of GRG,,(w) by P
and its expectation by [E. There are many related random graph models (also called rank-
1 inhomogeneous random graphs [2]), such as the random graph with specified expected
degrees or Chung—Lu model [6,7] and the Poisson random graph or Norros—Reittu model
[23]. Janson [20] shows that many of these models are asymptotically equivalent. Even
though his results do not apply to the large deviation properties of these random graphs, all
our results also apply to these other models.

We need to assume that the vertex weight sequences w = (w;);¢[»] are sufficiently nicely
behaved. Let U, € [n] denote a uniformly chosen vertex in GRG, (w) and W,, = wy, its
weight. Then, the following condition defines the asymptotic weight W and set the conver-
gence properties of (W,),>1 to W:

Condition 1.1 (Weight regularity) There exists a random variable W such that, as n — oo,

(a) W, 2) W, where 2) denotes convergence in distribution;
(0) E[Wal = 5 Xicpu wi — EIW] < oo,

© EIW71 = 5 X wi — EIW?] < oo

Further, we assume that E[W] > 0.

As explained in more detail in [24, Chapter 6], conditions (a) and (b) imply that the
empirical degree distribution of the random graph converges to a mixed Poisson distribution
with mixing distribution W, i.e., the proportion of vertices with degree k is close to the
probability that a Poisson random variable with random parameter W equals k.

We note also that, by uniform integrability, Condition 1.1 (c) implies (b).

Notation Throughout this paper, we denote the average w.r.t. the probability measure © by
E..

1.1.2 Annealed Ising Model

Let 0 = (0i)iem) € {—1,+1}" =: Q, be a spin configuration. Then, for a given graph
26 (o) = ([n], E,), where E,, C [n] x [n] denotes the edge set, the Ising model is defined
by the following Boltzmann—Gibbs measure

expiB Y olcrj—l—BZU, , (1.2)

1
€, 0 py
Z (B, B) (i, J)€E,

where

Z,c}e(ﬂ, B) = Z exp { B Z 0i0j + B Z o;

o€, (i,j)eE, ie[n]
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1048 S. Dommers et al.

is the quenched partition function. Here 8 > 0 is the inverse temperature and B € R is the
external field. When G, is a random graph, this is known as the random quenched Ising
model [18].

To obtain the annealed model, we take expectations with respect to the random graph
measure in both the numerator and denominator of (1.2), i.e., we define the annealed Ising
measure by

]E[exp{ﬂ Z(i,j)eEn oio; + B Zie{n] 9i ”
Z3(B, B)

where the annealed partition function Z5" (8, B) is equal to

Z(B. B) =EIZ"(B. B)] = ) E[exp{ﬁ Y oioj+B Za”

0EQ, (i,j)€Ey i€[n]

1 (o) = , (1.3)

1.1.3 Previous Results for the Annealed Ising Model on the Generalized Random
Graph

In this section, we describe some important results about the annealed Ising model that have
been derived previously. An important quantity in the study of the annealed Ising model is
the annealed pressure defined by

1
a (B, B) = —log Z;" (B, B).
n

The thermodynamic limit of this quantity ¥*"(8, B) := lim,—« ¥2"(8, B) is determined
in the following theorem:

Theorem 1.2 (Annealed pressure [19]) Suppose that Condition 1.1 holds. Then for all 0 <
B <ooandall B € R,

sinh(8)
E[W]

¥ (B, B) = log 2+Ol(,3)+E|:log Cosh< Wz*(B, B)+B>i|—z*(ﬂ, B)2/2, (1.4)

where a(f) = lim,_, 5 @, (B) with a,,(B) defined in (1.19) below is given by
a(B) = 3(cosh(B) — DE[W], (15)

and 7*(B, B) is, for B # 0, given by the unique solution with the same sign as B of the
fixed-point equation

~ sinh(B) sinh(8)
1= ]E[tanh( W Wz—l—B) W W}, (1.6)

whereas for B =0, z*(B, 0) = limp\ 0 2*(8, B).

This theorem is proved in [19, Theorem 1.1]. In Sect. 2.2 we provide an alternative
expression for the annealed pressure that is instrumental for our large deviation analysis.

In[19, Thm 1.1] it is also proved that the annealed Ising model on the generalized random
graph has a second order phase transition at a critical inverse temperature 82" given by

E[W] )

EW2] 1.7)

B2 = asinh <
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Denote by

Sp = Z Oi,
ieln]

the total spin, and by

S

M (B, B) = Ean (*")

n
the finite-volume annealed magnetization. It is shown in [19, Theorems 1.2 and 1.3] that a
strong law of large numbers (SLLN) and central limit theorem (CLT) holds for the total spin:

Theorem 1.3 (SLLN and CLT [19]) Suppose that Condition 1.1 (a)—(c) hold. Define the
uniqueness regime of the parameters (8, B) by

U={B.B): B>=0,B#00r0<p <p™ B=0},

and suppose that (B, B) € U. Then, for all ¢ > 0 there exists a constant L = L(g) > 0 such
that, for all n sufficiently large,
) < e—nL

sinh(f8)
E[W]

I .
Py (lZS" — M

where

M*™ (B, B) =IE|:tanh( Wz (B, B)—l—B)],

being z* (B, B) the solution of (1.6), equals the annealed magnetization, that is lim,_, oo M3"

(B, B).
Furthermore,
Sy — E an (S
w 2, NQO, x*™), wrt. pi"asn — oo,
Jn
where x*™ (B, B) = aiBMan(ﬂ, B) is the annealed susceptibility and N (0, 0%) denotes a

centered normal random variable with variance o .

Analogously one can define the random quenched pressure:

Y98, B) = lim ¥,°(8, B) = lim llogz,‘fe(ﬁ, B).
n—oo n—-oo n

This has been determined for the GRG as well as other locally tree-like random graph models
in [8,11], where it is also proven that ¥9¢(8, B) is a non-random quantity. An SLLN and
CLT for the total spin w.r.t. ;- have been obtained in [18]. In general, the quenched and
annealed pressures are different, and also the critical temperatures of the models are different.
The only exception that we are aware of is the random regular graph (see [4]). The critical
temperature in the quenched setting will be denoted by 8.

1.2 Main Results

In this paper, we study the spin sum in more detail (i.e. beyond the CLT scale) and prove a
large deviation principle for S,,, as well as a weighted version that plays a crucial role in the
annealed Ising model. Let us start by recalling what a large deviation principle is. Given a
sequence of random variables (X ),>1 taking values in the measurable space (X, ), with X
a topological space and B a o -field of subsets of X', then the large deviation principle (LDP)
is defined as follows:
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1050 S. Dommers et al.

Definition 1.4 (Large deviation principle [10]) We say that (X,),>1 satisfies an LDP with
rate function / (x) and speed n w.r.t. a probability measure (P,),>1 if, for all F' € B,

1 1
—inf I(x) < hmlnf logIP’,l(Xn € F) <limsup —logP, (X, € F) < — inf I(x),

XEF? n—oo N xeF

where F° denotes the interior of F and F its closure.

In this definition 7 : X — [0, oo] is a lower semicontinuous function. Our first main result
is an LDP for the total spin in the high-temperature regime for both the random quenched
and the annealed Ising model.

Theorem 1.5 (Total spin LDPs in high-temperature regime) In the annealed Ising model,
under Condition 1.1, the total spin S, satisfies an LDP w.r.t. ui" for p < " and B € R,
with rate function

1% (x) = sup {xt —y™(B, B+0)}+v*(B, B). (1.8)

In the random quenched Ising model, under Condition 1.1, the total spin S, also satisfies an
LDP w.r.t. u,° for B < B and B € R, with rate function

19°(x) =sup {xt —y%(B, B+ 1)} +v%(B, B).
t

The proof of Theorem 1.5 is highly general, and applies to settings where the pressure
is known to exist and to be differentiable. As such, the proof is basically identical for the
annealed and quenched Ising models on GRG,, (w).

For the annealed Ising model we also prove an LDP for all positive temperatures. For this,
we also introduce the total weighted spin

S = E w;o;.

i€[n]

Theorem 1.6 (LDPs for the annealed Ising model and alternative forms of the pressure) For
all B > 0 and B € R, under Condition 1.1, the couple (S, S8y satisfies an LDP w.r.t. u3"
with rate function

sinh(B) ,
2E[W] x3 -

Ig7 (x1,x2) = 1 (x1,x2) — Bx; —log2 — a(B) + ¥*"(B, B), (1.9)

where
I(x1,x2) = sup (t1x1 + taxp — E[logcosh(t; + Wn)]),
(t1,12)

and y*™ (B, B) is an alternative form of the annealed pressure given by

s1nh(/8)
2EW]

VB B) = = inf <I(x1, X)) — — Bxy —log2 — a(ﬁ)) (1.10)
X1,X2

Furthermore, (S, S3") satisfies an LDP with the alternative expression of the rate function
given by

sinh(8) ,
2E[W]

1““<B>(x1 x2) = I1®(x1, x2) — x5 —logcosh B—log2—a(f)+v¥™ (B, B), (1.11)
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where

I® (x1,x) = sup (t1x1 + trxp — E[log cosh(B + t; + W1)]) + log cosh B,

(t1,12)
and Y*™ (B, B) is an alternative form of the annealed pressure given by

_ sinh(8) 2 _ _
SE[W] x5 —logcosh B —log?2 a(ﬂ)). (1.12)

Y*(B, B) = — inf (1(3)()61,362)
(x1,x2)

Naturally, in the high-temperature setting, the large deviation rate functions in (1.8) and
(1.9) [or (1.11)] coincide after the application of a contraction principle. Combining Theorems
1.2 and 1.6 we see that the annealed pressure is either given by the optimization of a real
function [as in (1.4)] or it can be expressed as the solution of a two-dimensional variational
problem [as in (1.10) or (1.12)]. In Sect. 2.2 we shall prove Theorem 1.2 starting from
Theorem 1.6, thus obtaining that the expressions for the annealed pressure do coincide.

We next discuss the LDP for the total number of edges in the annealed Ising model on
GRG, (w):

Theorem 1.7 (LDPs for the edges in the annealed Ising model) Suppose that Condition 1.1
holds. For all B > 0 and B € R, the total number of edges |E,| satisfies an LDP w.r.t. u3"
with rate function that is the Legendre transform of the function which is explicitly computed
in (3.18) below. Further, the number of edges under the annealed Ising model on GRG,, (w)
satisfies

1|E,,| £ lz*(ﬂ, B’ + 1cosh(ﬁ)E[W]. (1.13)
n 2 2

We continue by investigating the limiting distribution of the degrees of vertices. Our main
result is as follows:

Theorem 1.8 (Degrees in the annealed Ising model) Suppose that Condition 1.1 holds. For
all B > 0 and B € R, the moment generating function of the degree D; of vertex j under
Ui satisfies

cosh (z*(,B, B)e'w; SE‘E’VE,’SJ) + B)

Eygn[eP7] = (14 0(1)ecoh =D — SCREY
Sin
cosh (z*(ﬂ, Byw; Ewy + B)
Consequently, the degree Dy of a uniformly chosen vertex satisfies
cosh (z*(,B, B)e!'W Sghvi,ﬂ) + B)
Jim By [ePV] = E[e“’sb(ﬁ)WE’—“ i } (1.15)

cosh (= (8, BYW Sk + B)

In the above, 7* (B, B) is the solution to (1.6).

We remark that in (1.15) we both take the average w.r.t. the annealed measure u3" as well
as w.r.t. the uniform vertex U € [n].

Remark 1.9 (Degree distribution annealed Ising model) We can restate (1.15) as

cosh (z*(ﬂ, B)e!W Sg[hv(vﬁ]) + B)

% Z ]Emiln[etD”] N E[ecosh(ﬁ)W(etfl)

veln]

. ] (1.16)
cosh (2*(B, BYW /i + B)
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1052 S. Dommers et al.

In (1.14), we see that the moment generating function of a vertex having weight w is close
to

cosh (z* (B, B)e'w Sg[hé,ﬁ) + B)

ecosh(ﬁ)w(e’—l)

cosh (2*(8, BYw,/ S + B)

We recognize e<Sh(#)w(€ =1 45 the moment generating function of a Poisson random variable

with mean cosh(8)w, which is multiplied by another function. However, this factor does not
turn out to be a moment generating function.

By setting a(f) = ,/ SE‘FV%) for the sake of notation, we can rewrite the product of the
second and third factors in the r.h.s. of (1.14) as

ewjtB)a(B)z* qwj(cosh(B)+a(B)z*) (e’ —1) + e~ (Wj+B)a(P)z* qwj(cosh(B)—a(B)z*) (e’ —1)
2 cosh ( (wj + B) a(ﬂ)z*)

This shows that the limiting moment generating function of D; is a mixed Poisson random
variables with parameters w ; (cosh(B) + Ya(B)z*), where

ewj+B)a(p)z*

2cosh ((w; + B)a(p)z)

PY=1)=1-PY =-1)=
provided w; (cosh(B) £ a(B)z*) are both positive. We lack a more detailed interpretation of

the above two realizations.

Let us next relate Theorems 1.8 to 1.7. We can use (1.15) to show that, as in (1.13),
1 1, s 1
E;L‘,’,“ ;|En| - EZ (B, B)” + 5 cosh(B)E[W].

Indeed, note that

1 1d
By | 31801] = 4B, D01 = 5 B[]

2dt =0
Here, in the middle formula, we again take the average w.r.t. both 3" as well as the uniform
vertex U € [n]. Convergence of the moment-generating function implies convergence of all

moments, so that

cosh <z* . B)e' W /Simh®) | B)
lim B | 1, | = L LR | ecosh@we - 5 Sl
e it | 1 = o

t=0

cosh (z*(,B, B)W,/Smb(®) B)

sinh(B)
E[W]

%cosh(ﬁ)E[W] + %z*(ﬁ, B)E [W tanh (z*(8, B)

sinh(f)
)|

= %cosh(ﬂ)E[W] + %z*(ﬂ, B)?, (1.17)

as required, where we have made use of (1.6) in the last step. Thus, for (1.13), it suffices to
prove that %|En| is concentrated. ]
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In the next theorem, we extend Theorem 1.8 to several vertices:

Theorem 1.10 (Degrees of m vertices in the annealed Ising model) Suppose that Condi-
tion 1.1 holds. For all B > 0 and B € R and m € N, the moment generating function of the
degrees (D1, D, ..., Dy) under u3* satisfies

m m h * ,B iy, sinh(B) B)
B [5Fm 50| = [T et = T] (8 e w557 +
i=1 i=1 cosh (z*(ﬁ, B)w; SﬁE[hV(V’S]) + B)

(1+o0(1)).

Theorem 1.10 implies that the degrees of different vertices under the annealed measure
are approximately independent.

1.3 Discussion

In this section, we discuss our results and state some further conjectures.

1.3.1 Random-Quenched LDP

For the random-quenched model we only obtain an LDP in the high-temperature regime.
The difficulty in this analysis is that the rate function is non-convex at low temperature. This
means that the usual technique relying on the Gértner—Ellis theorem, by taking the Legendre
transform of the cumulant generating function, does not work. The cumulant generating
function can easily be expressed in terms of the difference of the pressure for different
values of the external field B. However, this Legendre transform is the convex envelope
of the cumulant generating function. This raises the question how to do this for all inverse
temperatures S.

1.3.2 Averaged—Quenched LDP

The averaged—quenched measure is defined as E[u (0)] (recall (1.2)). Here, even in the
high-temperature regime, we are in trouble since the averaged—quenched cumulant generat-
ing function is not a difference of pressures. Independently of the explicit computation, an
interesting question is whether it is possible to relate the random-quenched and the averaged—
quenched large deviation rate functions.

1.3.3 Large Deviations of Random Graph Quantities

As already mentioned in the introduction, if one is interested only in graph quantities, then the
effect of the annealing amounts to changing the graph law from P (the law of of GRG,,(w)) to
anew law IPg p depending on the two parameters 8 and B. Evidently limg .o g0 Pg g = P.
We know that under the law [P a uniform vertex has an asymptotic degree that is a mixed
Poisson distribution with mixing distribution W, see e.g. [24, Theorem 6.10]. In Theorem 1.8,
we derive the asymptotic moment generating function of a uniform degree under Pg p, see
(1.15). From this formula, we see that the single degree is still mixed Poisson distributed
(provided a technical condition discussed in Remark 1.9 holds true), however with important
differences. In particular, in zero external field B = 0, the moment generating function of a
uniform degree changes in two ways: firstly, in the high-temperature regime, the mixing dis-
tribution changes to W cosh(8) (since z*(8, 0) = 0 there); secondly, in the low-temperature
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1054 S. Dommers et al.

region a new effect appears due to the non-zero value of z*(8, 0). It would be of interest
to invert the moment generating function (1.15) and thus explicitly characterize the dis-
tribution of a uniform degree at low temperatures. This can be done once we know that

cosh(8) — %z*(ﬂ, 0) is non-negative (see Remark 1.9), but we do not know this to

be true in general. Also, as of yet, we have no interpretation for this novel mixed Poisson
distribution for the degrees. It might also be interesting to investigate other properties of the
random graph under the annealed Ising model. An example would be the distribution of trian-
gles, for which the positive dependence of edges enforced by the annealed Ising model might
have a pronounced effect. A further interesting problem is to identify the large deviation rate
function in a joint LDP for both the spin as well as the total number of edges.

1.3.4 Organisation of this Paper

We start in Sect. 1.4 by describing an enlightening computation that is at the heart of our
analysis. In Sect. 2, we derive the LDP for the total spin and the total weighted spin. In
Sect. 3, we investigate the large deviation properties, as well as the weak convergence, of
the number of edges in the annealed Ising model, thus quantifying the statement that under
the annealed Ising model, there are more edges in the graph than for the typical graph. In
Sect. 4, we investigate the degree distribution under the annealed Ising model. Finally in the
Appendix we re-derive the LDP for the total spin by combinatorial arguments.

1.4 Preliminaries: An Enlightening Computation

Our large deviations results are obtained from exact expressions for moment generating
functions of spin or of edge variables under the annealed GRG,,(w) measure. Such exact
expressions follow from the observation (already contained in [19, Sect. 2.1]) that the
annealed GRG, (w) measure can be identified as an inhomogeneous Ising model on the
complete graph, which is called the rank-1 inhomogeneous Curie—Weiss model in [19]. In
this paper, we will extend such computations significantly, for example by also including the
edge statuses. We can write the numerator in the Definition (1.3) of u3" as

E[exp{ﬂ Z oicj + B Z o'i}:l = ]E[exp{ﬁ Z lijoiocj + B Z Gi”

(i,))€En ieln) l<i<j<n ieln)
— eBLicmoai H E[eﬂlijffza.f]
i<j
— eBXicm i H[eﬁ"""/pij +1- pij],
i<j

where we have used the independence of the edges in the second equality. Define

1 1+pij(eﬁ—l)

L og _ 1+ pij(cosh(f) — 1)
2 1+ pijle P —1)" '

by = cosh(f;))

and Cj; (1.18)

Then, we can write
eﬂa,-a_,-pij +1- Dij = Cijeﬁi-faigj.
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Large Deviations for the Annealed Ising Model on... 1055

Hence, also using the symmetry 8;; = Bji,

1
E|expip Z oioj + B Z o; =G,(B) e? i jemn Bijoioj+B Yiem %,
(i,j)€En i€[n]

where
Gu)=| [I | |[]e""
I<i<j<n i€[n]

and f;; is defined as in (1.18) with p;; = w?/(¢, + w?). Defining

1
o (B) = ;10g Gn(B) (1.19)
one has
1
E|expiB Z oio; + B Z o b | = enenBed Xijepm Bijoioi+B Liepn %
(i,j)eE, i€[n]

We observe that the quantity e2 Zijetn Fiioii+B Ticn % can be regarded as the Hamiltonian
of an inhomogeneous Curie—Weiss model with couplings given by (8;;);;. Thus, the annealed
Ising model on the GRG,, (w) is equivalent to such inhomogeneous model, see [13, 19]. More-
over, since B;; is close to factorizing into a contribution due to i and to j, one can prove
[13,19] that:

E|expyf ) oioj+B Z o; b | = eran(B) 3 HHE (5 wio) +B By oitom),
(i,j)eEy i€[n]
(1.20)
This computation shows that, in the large n-limit, the annealed measure x3" at inverse tem-
perature f is close to the Boltzmann—Gibbs measure p)c" of the rank-1 inhomogeneous
Curie—Weiss model at inverse temperature ﬁ = sinh(B)
exp(H,"" (o))

ew —r 1.21
HO) = e (1.21)

with Hamiltonian
H (o) =-— <Z w,o,) +BY o (1.22)
i€[n]

and normalizing partition function

- ; 2
Z, (B, B) = Z B ictn i o3 ty (Zicim wioi)” (1.23)
oe,

The above analysis can be simply extended to moment generating functions involving (some
of) the edge variables (I;;)1<i<j<n, as these can be incorporated into the exponential term
and the expectation w.r.t. them can then again be taken. Of course, in such settings, the
connection to the rank-1 inhomogeneous Curie—~Weiss model is changed as well, and a large
part of our paper deals precisely with the description of such changes, as well as their effects.
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2 LDP for the Total Spin
2.1 LDP in the High-Temperature Regime

We first prove the LDP in the high-temperature regime for the annealed Ising model using
the Girtner—Ellis theorem.

Proof of Theorem 1.5 To apply the Gértner—Ellis theorem we need the thermodynamic limit
of the cumulant generating function of S, w.r.t. u3", given by

. 1
c(t) = nILH;O - log Ean [exp (15,)].

Observe that
Z¥™(B,B+1)
Epan [exp (85,) | = z -
wir | 2 Zi (B, B)
Hence,
Z™B, B+1)
Zi™B, B)

where the existence of the limit follows from Theorem 1.2. We know that, for B £ 0,

=" (B, B+1) —v*" (B, B),

1
c(t) = nli)n;o - log

d an __ agan
@W (B, B) =M™ (B, B).

I Or ﬁ —< ﬁC ?
1.“1 M N B = 11’]“ M N B = 0,

so that c(¢) is differentiable in 7. Hence, it follows from the Girtner—Ellis theorem [10,
Thm. 2.3.6] that S, satisfies an LDP with rate function given by the Legendre transform of
c(t) which is given by (1.8). The proof for the random quenched Ising model is analogous. O

Let us now elaborate on the interpretation of the above results. The stationarity condition
for (1.8) is
x = M8, B+1), @1

which defines a function 7 = 7 (x; B, B) such that
I (x) =xi(x; B, B) — ¥*"(B, B+1(x; B, B)) + ¥ (B, B).

Given (B, B), the total spin per particle will concentrate around its typical value M*"(8, B)
coinciding with the magnetization. To observe the atypical value x the field must be changed
from B to B+t, where ¢ is determined by requiring that x is the magnetization M*" (8, B+t1).
Note that we have not made use of any specifics about the graph sequence, or whether we
are in the annealed or quenched setting. Hence, the above holds for Ising models on any
graph sequence, as long as the appropriate thermodynamic limit of the pressure exists. It also
shows that in the high-temperature regime, the Girtner—Ellis theorem can be applied, since
the spins in S, are weakly dependent.

For g > B",
mt = lim M™(8, B) > 0 > lim M™(8, B) = —m™,
B\0 B0
and hence c(¢) is not differentiable for t+ = — B and the Girtner—Ellis theorem can no longer

be applied directly. This is caused by the strong interaction, and hence dependence, between
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the spins at low temperature. Since the spontaneous magnetization is not zero, it is not possible
to find a # such that (2.1) holds for —m™ < x < m™. Therefore, the Legendre transform (1.8)
has a flat piece. By the Gértner—Ellis theorem, this Legendre transform still gives a lower
bound on the rate function, but it is only an upper bound for so-called exposed points of
the Legendre transform, i.e., for x outside this flat piece. In fact, we show that the Legendre
transform in general does not give the correct rate function, since the Legendre transform of
the pressure is convex and we show that the rate function in the low temperature regime in
general is not.

2.2 LDPs for the Total Spin and Weighted Spin

In this section we prove Theorem 1.6 and then we deduce from it a new proof of Theorem
1.2 (thus by a method different from that of [19]). Following Ellis’ approach [16], we can

compute the annealed pressure ¥2"(8, B) and the large deviation function of Y, (o) :=

(mp (o), my"(0)) = (Su(0)/n, Sy”(0)/n) w.rt. the annealed measure 127, starting from

the LDP of (m,,, m)”) w.r.t. the product measure

(1 1
P=Q) (53_1 + 55+1> . (2.2)

i=1
The large deviations of Y,, = (m,, m$"”) w.rt. P, can easily be obtained by applying the

Girtner—Ellis theorem.

Proof of Theorem 1.6 Lett = (t1, 1) and compute

Ep,[exp(nt-Y,)] = Ep, [exp(11S, + 1S")]
= Ep, [Miem) exp(t1 + wit2)oi]
= Il;¢[n) cosh(ty + w;n),

where Ep, denotes average w.r.t. P,. Thus, the cumulant generating function of the vector
Y, = (m,, my") w.rt. P, equals

1 1
cp(t) = —logEp, [expn(t-Y,)] = — Z log cosh(t; + w;ty) = E[log cosh(t; + W, 12)],
n n
ieln]

here E represents the average w.r.t. the uniformly chosen vertex W,,. Since |log cosh(z; +
Wnto)| < |t1 + Wpta| < |t1| + Wy|t2] it follows from Condition 1.1(b) and the dominated
convergence theorem that

c(t) := nlingo cn(t) = E[log cosh(t; + Wt)],

with W limiting weight of the graph. By the Girtner—Ellis theorem, we conclude that Y,
satisfies an LDP with rate function

I(x1,x2) = sup (t1x1 + trxo — E[logcosh(; + W)]) .

(t1,12)
We have

tfx1 +t5x2 — E[logcosh(t] + Wt3)], if [x1] < I, |x2] < E[W],
+00, otherwise,

I(Xl,x2)={
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where t} = 1] (x1, x2) and t] = #;'(x1, x2) are given by the stationarity condition

{xl = E[tanh(tl + Wt2)]a (23)

xp = E[W tanh(r; + Wn)],

for |x1| < 1, |x2| < E[W].
For any function f : €2, — R we can write

Y fley=2" /Q f(@)dPy(0).

oe,
Hence, also using (1.20),
1 sinh(8)

2
Z(B, B) = 2"e"en / o2 nEmy] (2 Wio) +B Liey ko g p (7

n

n sinh(B) (w)\2
— DMt / e W, ) +ann+o(n)dPn ()
n

and, similarly,
, 2N eltdn 2 silh(8) . (w)\2
M;iln(') = Zani (+) e2 ElWal (") +n3mn+0('1)dPn ().
(B, B) Ja,

Then, by applying Varadhan’s lemma [17, Thm. I1.7.1],

Y, B) = lim 206, B) = log() +(f) + sup

(x1,x2)

sinh(B)
[ZIE[W] x5 4 Bxj — I(xl,xz)]

which is equivalent to (1.10), and the rate function of (m,,, m$”) w.r.t. the annealed measure
is [17, Thm. I1.7.2]

inh
szl;[;f]) 22 — Bxy —log(2) — a(B) + ¥ (8. B).

15 (x1,x2) = I (x1,%2) —

This shows that indeed (S, S*) satisfies an LDP w.r.t. 13" with rate function given by (1.9).
By applying the contraction principle, we obtain the rate functions /5" of m, and Jg"; of

my as

1§ (x1) = i)ICIZf Ig°p(x1,x2),  Jg'p(x2) = i)Icllf 157 (x1, x2). 24

In a similar way, we can also immediately obtain an LDP by incorporating the magnetic field
in the a priori measure on the spins. For this, define

- o B B
) —
P _®<eB+e—3871+eB+e_36+l)’

i=1

Then
cosh(t; + w;t)
cosh(B)

EP;B) [exp(nt-Y,)] = EP,EB)[I_[ exp(t] + win)o;] = l_[ R

ie[n] i€[n]

where E 3 denotes average w.r.t. P\ . Hence, the cumulant generating function is given
n

by
P (t) = E[log cosh(B + t; + W,12)] — log cosh B,
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(with E the average w.r.t. the uniformly chosen vertex W,) which, as in the previous case,
converges to
c¢®(t) = E[log cosh(B + t; + Wty)] — log cosh B.

We can apply the Gértner—Ellis theorem to obtain that (m,,, m{”) satisfies an LDP w.r.t. P\%’
with rate function

I® (x1, x3) = sup (t1x1 + taxo — E[logcosh(B + t; + Wt)]) + log cosh B. (2.5)

n.,n

The stationarity conditions are given by

x1 = E[tanh(B + t; + Wnp)], (2.6)
= E[W tanh(B +t; + Wn)]. ’
Note that
3" flo)el Tiem = 2 cosh B)"f f(@)dP®) (o).
0EQ,
Hence,
(2 cosh B)’l noy n sinh(8) (m(w))2+0(l’l) (B)
an n
My () = TZmB.B) f”( ) 2 ElWa] dPi?) (o) 2.7
where
Zi™(B, B) = (2cosh B)"e"™ / &3 B (ni” o) 4 p(B) )
n ’ - Q n ’

As above, it immediately follows that (m,,, m4) satisfies an LDP w.r.t. the annealed measure
with rate function

h .
I enx2) = 19000,x2) = SEUNR — logcosh B — log2 = a(B) + (5. B),
where the pressure is given by
. sinh
(B, B) = sup (“n D3 I“*><x1,xz>> +logeosh B +log2 +a(f).  (28)
xi \ 2E[W]

This proves that also (1.11) is a rate function for the LDP of (S,, Sy, The uniqueness of
the large deviation function [17, Thm. I1.3.2] implies that (1.11) and (1.9) coincide. ]

We can rewrite the pressure in (2.8) to prove Theorem 1.2:

Proof of Theorem 1.2 Note that (2.8) is equivalent to

(smh(ﬁ)
2E[W]

Y8, B) = x5 i)rcllf I””(xl,xz)) +logcosh B +1log2 + a(B), (2.9)

where it should be noted that, by the contraction principle, infy, 1® (x;, x2) is equal to the
rate function 1™ for the LDP of m"" w.r.t. P.®. Setting #; = 0 in the above computations,
this can be proved to be

1" (x) = sup (tx — E[logcosh(B + Wt)]) + log cosh B, (2.10)
t
so that

Y B, B>=sup<s nh(p) 2
X2

2]E[W]

— 1™ (x, )) + logcosh B +log2 + a(B). (2.11)
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The supremum in (2.10) is attained for ¢ satisfying
x = E[W tanh(B + W1)] =: f(¢).
Since f(¢) is strictly increasing, its inverse f~! is well defined. Hence,

1™ (x) = f~'(x)x — E[logcosh(B + Wf~(x))] + log cosh B,

and
d (sinh(B) , ., ) _ sinh(B)
- (—ZE[W]x 1) ) = S~ 00 = (x ~ BIW tanh(B + Wf ™! )
L1
X I [
. smh(ﬂ) _
-~ E[w] !
Hence, the supremum in (2.11) for x satisfying f~!'(x) = Smhv(vﬁ]) x, or equivalently,
_ . (sinh(B) \ sinh(B)
= f< E[W] x) =K |:Wtanh (B + E[W] Wx)]. (2.12)
For any solution x* of (2.12),
*Y . Slnh(ﬂ) *2 (w) *
F(x™): ZE[W] (x™) 4+ logcosh B +log?2 + a(B)
__sinh(B) 2 smh(ﬂ) "
= 2E[W] +E |:10g cosh< SEW] Wx )i| +log2 + a(B).

For B > 0, f(¢) is an increasing, bounded and concave function for t > 0 with f(0) > 0,
and hence there is a unique positive solution x* to (2.12). For any negative solution to (2.12),
X~ say,

F(x7) < F(=x7) < F(x™),

since x* is the unique positive local maximum. An analogous argument holds for B < 0.
Hence,

smh(ﬂ) e
2E[W]

s1nh(ﬂ)

V(8. B) = SE[W]

+E |:10g cosh ( Wx*>i| +log2 + a(B),

where x* is the unique solution to (2.12) with the same sign as B. The value for B = 0
follows from Lipschitz continuity. This is equivalent to the formulation in (1.4) by making a

change of variables z* =,/ Sg[hv(vﬁ])x*. o

3 LDP for the Number of Edges: Proof of Theorem 1.7

So far we have considered large deviations of the total spin. We now consider observables that
depend only on the graph and investigate their large deviation properties w.r.t. the annealed
Ising measure. Such an analysis sheds light on what graph structures optimize the Ising
Hamiltonian.
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3.1 Strategy of the Proof

In this section, we investigate the large deviation properties for the number of edges |E, | =
Doie ; 1ij under the annealed Ising model on the generalized random graph, where we recall
that (/;;)1<j<j<n denote the independent Bernoulli indicators of the event that the edge i
is present in the graph, which occurs with probability p;; in (1.1). We aim to apply the
Girtner-Ellis theorem, for which we need to compute the generating function of |E,| w.r.t.
the annealed measure 3" given by

E I:Z e2i<j liji+Boio)+B 3 icpn "i:l
o

o [e"En‘] - 3.1)

IE[Z eli<i If/(ﬂf’fffj)JrBZie[n]"f] '
o

For later purposes, we will generalize the above computation and, introducing the variables
t;j, instead compute the generating function of the Bernoulli indicators (/;;);; defined for
t= (tij)ij c Rn(n—l)/Z

E [Z eXi<j lij(tij+poio)+B Zie[n]ai:l
o

Rg g n(t) :=Eyan [eZ‘fl’</f" ”'f'l"f'] = (3.2)

E I:Za eZi<j 1ij(Boioj)+B 3 i f"i]

This can be carried out in a similar way as in [19]. Let us focus on the numerator in the
previous display, which we denote by A, (t, 8, B), so that

A, (t, B, B)
Roon® = 2 05 B - >
n bl 9
We have
At B.B) = Y P Xiem T [eXies Ty tithoion)]
oeR,
= Z eB Zie[n] %i H E[CIU (@ij +/f5<7[<7_/)]
e, i<j
_ Z B Yicin) Oi l_[ (etijJr,Bainp[j + (l — p,'j)) .
oe, i<j
We rewrite

e tPo% pij 4 (1= pij) = Cij(tij)ePi i,
where B;;(#;;) and C;;(t;;) are chosen such that
etij*ﬁpij + (1 _ Pij) — Cij (tl.j)e*/gij (tij) and
i pij+ (1= pij) = Cijtij)eli i),
From the above system, we get
e pij + (1= pij)
e'i =P pij + (1 = pij)

e'ii pij cosh(B) + (1 — pij)

Bij(ti)) = 5 log cosh (i (1))

, Cij(tij) =
(3.4
By symmetry B;;(t;;) = Bji (t;;). Furthermore, defining #;; =t;; for 1 <i < j <n and
it pii + (1 = pir)
ei=P pii + (1 = pii)

1 .
Bii(tii) =  log with  pii = w}/(l, +w})  (3.5)
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we obtain
Au(t, B, B) = Ga(t, B) Z eB Licin % g Lijetn Bij 1ij)oio) (3.6)
0EQy
where
Gut. )= [] Cij@y [T e Pt (3.7)
I<i<j<n I1<i<n

The Equations (3.3) and (3.6) give us an explicit formula for the moment generating function
of the edge variables (/;;);; in the annealed GRG,, (w) that will prove useful throughout the
remainder of this paper.

3.2 Moment Generating Function for the Number of Edges

Since the moment generating function for the number of edges in (3.1) can be obtained from
Rg .u(t) in (3.2) by choosing #;; = t forall 1 < i < j < n, we continue by studying
the asymptotics of A, (t, 8, B) for such case, which we denote as A, (¢, 8, B). By a Taylor
expansion of x — log(1l + x),

1 1
Bij®) = log(1+ pij (P = 1)) = Slog (14 pij " = 1)
1 1 _ _
= 3PP =1 = Spy P =D+ 0T = DD + 0 = 1))
= e’ sinh(B)pij + O(pjj ™ —1)?), (3.8)
therefore

1
A, (t, B, B) = G,(t, B) Z eB Licim oi exp Ee’ sinh(B) Z pijCiC;

oeQ, i,j€ln]

Lo Z pizj(etiﬁ — )2

i.jelnl

t+p

For any fixed ¢, the term O(Zi’je[n] pizj (e 1)2) can be controlled by using p;; <

w;w; /£, and Condition 1.1(c), which implies that

2
wiw;\2 iet) Wi
|5 il= 5 () = (B) =

i,jeln] i,jeln]

so that

1
A, (t, B, B) = G,(t, 5)30(’1) Z eB Xicim oi exp {Ee’ sinh(B) Z pija,-oj}.

oe, i,jeln]

We can proceed further and write

1 . w;w ;
Au(t, B. B) = Gt p)e”® ) &P ietn 12 L Tt
oe,
1 ¢! sinh(B) 2
= Gu(t, "™ Y B Xiemier o (Kiem vioi)
oeRy,
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where we have also used that, under Condition 1.1(c),

wrw?

wl-2 w;w i 1,
Ze—zo(n), Z[ Z/—Pij]= Zm=0m)-

ien) " ijen " i,jeln]

Recalling the definition of the partition function of the inhomogeneous Curie—Weiss model
we can thus rewrite

Au(t, B, B) = Gy(t, B)e”™ Z)V (¢ sinh(B), B),
while the denominator in (3.1) equals
A,(0, B, B) = G, (0, B)e”™ ZI™ (sinh(B), B).

Therefore, the annealed cumulant generating function of the number of the edges is

1
g Ba(t) 1 = ;10g]EM2,, [et|En|]

1 1
= —log Z)*V (¢! sinh(B), B) — — log Z,*" (sinh(B), B)
n n

Gn(t, B)

1
+ —1lo
n G0, B)

+o(1). (3.9
In order to apply the Girtner—Ellis theorem, we need to compute the limit of g g , (f). We can
deal with the first and second term in the r.h.s. of (3.9) by using the results obtained in [19],

in which the limit pressure of the Inhomogeneous Curie—Weiss model has been computed.
Indeed, by [19],

Y sinh(B), B): = lim  log Z1™ (sinh(£), B)

sinh(8)
E[W]

(8. B)’
2 9
(3.10)

=log2 + |:Elogcosh < Wz*(8, B) + B)i|

with z*(8, B) defined in Theorem 1.2. Similarly

Y'Y (" sinh(B), B) = lim_ %log (ZXY (¢' sinh(B), B))

log2 + | Elogcosh [ /S5 B v v 5. By + B
= 10 0g Ccos s s
g g T

k t, , B 2
_M. 3.11)
2
with z*(z, B, B) the unique fixed point having the same sign as B of the equation
e! sinh(B) e! sinh(B)
=E | tanh ——Wz+ B —W|. 3.12
‘ o Ew) o E[W] ©12)
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Next, we have to deal with the third term in (3.9) which, recalling (3.7) and (3.4), we write
explicitly as

1 G,t,B) 1 e’ pijcosh(B) + 1 — p,-j> 1 <cosh(ﬁij(0)))
—_ne P 1 -V AT
£Ga0.p) n ; °g< pijcoshB) +1—py ) " n ; 8 \ Cosh(By; (1)

1 ;i (0) — Bii
+;Z(7’3 ()2’3 m). (3.13)

i€[n]

We start by computing the first term in the r.h.s. of (3.13), then we show that the remaining
terms vanish in the limit. We start by recalling that, on the basis of the Weight Regularity
Condition 1.1(a) and (c), £, = n(E[W] 4+ o(1)) = O(n) and Zl§i<j§n pl.zj = 0mh.
Thus, we write the first term in (3.13) as

1 e pijcosh(B) +1—pij\ 1 (¢ — 1) pij cosh(B)
§ 2o ( pij cosh(B) + 1 — pjj ) =2 (1 T piy(cosh(B) - 1)>

i<j i<j

1 t N 2
=~ Zlog (1 + (¢' — D) p;j cosh(B) + 0(pij)>

i<j

= (e — l)cosh(ﬂ)% Zpij +0omn™",

i<j

where the Taylor expansions of 1/(1 + x) and log(1 + x) have been used. Therefore,

o1 e'pijeosh(B) +1—pi;\ 1
nlgrolo . Zlog( Py cosh(B) + 1= puy ) = E(e — 1) cosh(B)E[W], (3.14)

i<j

since % Zi<j Dij —> %E[W]. By (3.8) and a Taylor expansion

= 0(p}).

(COSh(,Bi (0)) )
cosh(B;; (1))

Then, by Condition 1.1(c) and p;; < w;w; /£y,

Lo (SO T
n Z;log (cosh(ﬁi_i(;))> - gj: O(pij)) =0 ). (3.15)

Furthermore,

1 i1(0) — Bii (1) 1 _
-y (%) ==Y 0(piy = 07, (3.16)
; n
ie[n] i€[n]
where the definition of §;; (¢) in (3.5) has been used. Combining (3.13) with the estimates in
(3.14), (3.15) and (3.16) leads to

1 Gt B) 1,
nll)rr;o " log Gr (0. ) = 2(6 1) cosh(B)E[W]. (3.17)
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Considering the limit » — oo in (3.9) and using (3.17), (3.11) and (3.10), we conclude that

»B B(t) = lim ©¥B.B ([)—E 1 gC h il ( )”Z*(t ,3 B)+B
: 1 0, 0S e — s P
’ n—oo ' M ]E[VV]

B sinh(B) = Lo 2 2
]E|:logc0sh( EwT Wz* (8, B)+B):| + 3 (z*(B, B)* — z*(t, B, B)?)

1
+ E(e’ — 1) cosh(B)E[W]. (3.18)
3.3 Conclusion of the Proof

With (3.18) in hand, we are finally ready to prove Theorem 1.7. Equation (3.18) identifies
the infinite-volume limit of the cumulant generating function of the number of edges. By
the Girtner—Ellis theorem, this also identifies the rate function as its Legendre transform,
provided that t — @g g(¢) is differentiable.

We compute the derivative of # — @g g () in (3.18) explicitly as

d B lef sinh(B) e sinh(B)
EQ”,B,B(I)—E tanh WWZ (t,B,B)+ B \/7E[VV]W

(l *(t, B, B) + 4 *(t B))
3¢ P di P
— 75, B, B)%z*(r,ﬂ, B) + %e’ cosh(B)E[W]. (3.19)

Since z*(¢, B, B) is the fixed point for the ICW with B = e’ sinh(B), which is an analytic
function of ¢, it holds that z*(¢, B8, B) is analytic in ¢ for B # 0 and hence %z*(r, B, B)
exists. By (3.12), the first expectation equals z* (¢, 8, B), so that the two terms containing the

factors %z* (z, B, B) cancel, and

d 1 1
Fpﬁ,B(r) = 5z*(r, B, B)> + Eef cosh(B)E[W]. (3.20)

For B =0, ;—tz*(t, B, B) might not exist in the critical point €’ sinh(8) = ﬁc. However,
since the specific heat is finite, both the left and right derivative exist. Therefore, the above
argument can be repeated for the left and right derivative, which both give the r.h.s. of (3.20),
so that this equation is also true for B = 0.

This shows that t + @g p(t) is differentiable and it concludes the proof of the main
statement in Theorem 1.7 about the large deviations function for the number of edges in
the annealed GRG,,(w). Formula (1.13) for the expected number of edges is immediately
obtained by evaluating (3.20) in r = 0.

Finally, we note that by the LDP derived in the previous section, and the fact that the
limiting rate function is strictly convex (this can be seen by noting that both terms on the r.h.s.
of (3.20) are strictly increasing) the rate function has a unique minimum, which immediately
shows that | E, | /n is concentrated around its mean, which has already been derived in (1.17)
as well as in (3.20). O

Remark 3.1 (Moment generating function of total degree for GRG,,(w)) At zero magnetic
field B = 0 and infinite temperature 8 = 0, the annealed average of any function of the
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graph coincides with the average with respect to the law of the graph. Then, ¢ o ,(¢) is the
cumulant generating function of the number of edges of the GRG,, (w). In this case, (3.18)
gives

1
@o.0(t) = E(e’ — DE[W], (3.21)

because z*(0, 0) = 0, which can also be seen by direct computation.

4 Degree Distribution Under Annealed Measure: Proof of Theorem 1.8

Given (D;);e[n), the degree sequence of the GRG,(w) we want to compute its moment
generating function with respect to the annealed measure 3", i.e.,

gﬂ,B.n (S) = Eu'«rlln I:ezie[n] SiDi],

fors = (s1, 52, ...,5,) € R". Since D; = Zi#i I;j, where (I;})1<i < j<n are the independent
Bernoulli variables with parameters p;; representing the indicator that the edge ij exists and

1ji = ljj, we can write } ., 5i Di = >, _; Iij (si + s;), then recalling (3.2) we have

gg,8,n(8) = Rn g B(t(S)) 4.1
where we define #;;(s) :=s; +s; for 1 <i < j < n. Furthermore, by (3.3),

An(t(s), B, B)
Aq (0, B, B)

where we recall that A, (t, 8, B) was defined in (3.6). This is the starting point of our analysis.
In Sect. 4.1 we simplify the expression for the moment generating function of the degrees by
using the mapping of the annealed Ising measure to the rank-1 inhomogeneous Curie—Weiss
model. We then investigate the degree of a fixed vertex under the annealed Ising model in
Sect. 4.2 and we consider finitely many degrees in Sect. 4.3.

9p.B.n(8) = 4.2)

4.1 Moment Generating Function of the Degrees

We start by rewriting the generating function of the degree gg g , (S). To this aim, due to (4.2),
we need to rewrite .4, (t(s), B8, B). This can be done using again the Hubbard-Stratonovich
identity. Introducing the standard Gaussian variable Z, we will show that we can extend the
arguments in [19] to show that

An(t(s), B, B) = G,(t(s), B)2" e “WE, |:exp [Zlogcosh (an(B)e’iw; Z + B) H
i=1
x (14 0(1)), (4.3)

where a, () = /sinh(B)/¢,, k(t) is some appropriate constant and Ez denotes the expec-
tation w.r.t. the Gaussian variable Z. This boils down to proving convergence of the moment
generating function, which requires sharp asymptotics for A, (t(s), 8, B), while in [19], it
sufficed to study the logarithmic asymptotics.

To see (4.3), we define the s-dependent rank-1 inhomogeneous Curie—Weiss model mea-
sure as

HY(0) = =L X sith(peet o108 K0
’ ZiY (sinh(B). B)
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with Z"¥'(sinh(B), B) the appropriate partition function. Then, using (3.6), we can follow
[13, (4.64)] to obtain that

Au(t(s), B, B) = Gu(t(s), B)ZY (sinh(B), B) E Icw[ Fn<s>], (4.4)

where now

1
F,(s) = > Z [ﬂ,](€, +5;) —e' itsj smh(,B) ]a,a],

P n
L]

and we have adapted notation from E,, in [13, (4.64)] to F, here to avoid confusion with the
total number of edges. To further simplify (4.4), we observe that, following the proof of [13,
Lemma 4.1], one has

n
Z,Y (sinh(B), B) = 2"Ez |:exp {Zlog cosh (an(B)e* w; Z + B) ]i| )
i=1
Further, under Condition 1.1(a)—(c), we can follow the proof of [13, Lemma 4.7] to identify
the limit of E, icw [eF n (5)], as formulated in the next lemma:

Lemma 4.1 (Asymptotics correction term) Define W, (s) = wye’V, where U € [n] is a

uniform vertex. Assume that s is such that W, (s) 2 W (s) and E[W,(s)?] — E[W(s)?].
Then, there exists k(s) > 0 such that

lim EMICWI: F”(S):I =e K,

n—0o0
In particular, k(s) = «k(0) when s = (s1,...,Sy) only contains finitely many non-zero
coordinates.
Proof of Lemma 4.1. We follow the proof of [13, Lemma 4.7] to obtain that

2
2

Fy(s) = —% sinh(B) cosh(B) | > e%i% + o(1).

i€ln] n

Due to the negativity of this term, Lemma 4.1 follows when we prove that, for some « (),

Zes’a, w; ks, 4.5)
ie[n] n

and then Lemma 4.1 follows with «(s) = %(E (s))? sinh(B) cosh(B). We proceed to prove
(4.5), which, in turn, is equivalent to proving that as n — oo

w?
S . 1 -
EMICW [er 2iem €1 0i g, ] — k),
n,s

Following [19, (4.71)]] we start by applying again the Hubbard-Stratonovich identity that
gives

ZUEQHEZ[CXP{Z (r eSiw? + /I P esiyy Z+B) ”

Y ooeq, Ez[exp [ > (,/%esi w;i Z + B)ai”
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The sum over the spins can now be performed yielding

Z ToaSia2 sinh(B) s; .
E ’Z,-e[n]e"imi%"z — Ez[exp{ j log cosh (@ne wi t o © w,Z+B)”
e [© 1T [sinh(p)
Ez[exp{ ) ilogcosh( ‘Tesiwiz—i-B)”

By introducing the random variables W, (s) = wye®V, where U € [n] is a uniform vertex,
the previous expression can be rewritten as

2
Y et oL
E jcw|e” ~ie ™ i
Hns

Jr exp [ 222+ nE[log cosh (ﬁW”z(s/Z) + %Wn(s)z + B)]}dz

Jrexp { —z2/2 +n]E[logcosh< %Wn(s)z + B)]]dz

We do a change of variables replacing ﬁ by z, so that

w?
Si g —L
E 1w | e Lietn €10 7,

Mns

s | o (20 + M+ )]

Jz exp { —nz?/2+ nIE[log cosh ( Sﬁ%ﬁ) W, (s)z + B)] }dz

Assuming that W, (s) 2 W (s) for some limiting distribution, as well as E[W, (s)2] >
E[W (s)?] (which in fact is a condition on s), an application of the Laplace method yields

i, U2 i W(5)?
Eu}&w |:er e © ’”"an| = exp |:rIE |:tanh ( S;;[h‘%) W(s)z*(s, B, B) + B) E[(‘?V)] :|i|

x (I +o(1)),

where z*(s, B, B) is the solution with the same sign as B of

i=E |:tanh ( Sinh(B) o)z + B) sinh(p) W(s)i| .

E[W] E[wW]

All in all, the previous computation shows that (4.5) holds with

_ sinh(B) . W(s/2)?
k() =E [mh( W] W(s)z*(s, B, B)) “EW] } .

When s only has a finite number of non-zero coordinates, it holds that W, (s) 2. W and
E[W,(s)?] — E[W?2], so that & (s) = & (0), as required. ]

Armed with (4.3), we recall (4.2) and thus conclude that the moment generating function
of the degrees is given by
Gu(t(s), BEz [exp Xi_, log cosh (a,(B)e” w; Z + B)]

_ K (0)—k(s)
gg,B,n(8) = (1 +o(1))e G0 PES [exp S Tog cosh (an (B)wrZ + B)] ,
(4.6
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with
sinh(B)

w() == =0 (n—%).

4.2 Degree of a Fixed Vertex: Proof of Theorem 1.8

We want to study the distribution of the degree of a fixed vertex. With no loss of generality
we can fix, for instance, vertex i = 1. Thus, we choose s = s; withs; = (5,0, ...,0), and
write

exp |:Z log cosh (a, (B)e" w; Z + B) cosh(a, (B)w Z + B)

i=1

} _ cosh(@,(f)e'wi Z + B)

X exp |:Z log cosh (a, (B)w; Z + B)i| .

i=1

Defining

h,(Z; B, B) := exp {Zlogcosh (an(B)w; Z + B)]

i=1
= exp {nEy, [logcosh (a,(B)W,Z + B)]}, (4.7)
where Ey, is the average w.r.t. W, = wy being U an uniformly chosen vertex in [n], we
can introduce the probability measure on R by
Ez[ - ha(Z; B, B)]
Ezlha(Z; B, B)]

Vﬁ,B,n(') =
and write (4.6) as

(4.8)

Galt ? h (a, SwiZ + B
gﬁ,B,n(Sl)Z(l—Fo(l))M _— (COS (an(B)efwi Z + ))7

G (0, 8) cosh (a,(B)w1Z + B)
since, by Lemma 4.1, « (t) = «(0).

Now, under the measure yg g n, Z/Jn LN z*(B, B), which can be seen by performing a
Laplace method on the integral

+o0 n
Ez[ - hy(Z; B, B)] = /_ _ e [Zl log cosh (a, (B)w; Z + B)} e—*/z%.

In fact, that is precisely the interpretation that z*(8, B) in Theorem 1.2 has. As a result,

: sinh(f)
(COSh (an(ﬂ)exwlZ—i-B)) . cosh (Z*(,B, B)e*w g%;[W] + B)
VB,B.n o :
cosh (a,(B)w1Z + B) cosh (z*(,B, Byw, s]lg[hv(vﬁ}) T B)

Thus,

Go(t(sn), ) <5 (27(B BYeswn [ + B)

Eun[e"P1] = (1 + o(1)) (4.9)
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and we are left with the problem of studying the limit of G, (t(s1), 8)/ G, (0, B). We have
Gu(t(s1), B) € PHCVPTT C1j() Tliciey Cij(O) [Ty e #1072
Gn (07 13) e~Pu@/2 l_[j>l Clj ©) 1_[1<i<j Cij (0) I—[i>l e~Fi0)/2

_ e P11(25)/2 1_[ Cij(s) “.10)
T e An0)/2 1 Ci;0))’ ’
J= :

where (3.7) has been used. From the definition of C;;(s)’s, we get

Clj(s)) e’ cosh(B)p1j + 1 — pij cosh(f1;(0))
= . . 4.11
1_[ (Cu(O) H cosh(B)p1j + 1 — pi1; H cosh(B1;(s)) @11

j>1 j>1

Putting p;; = w;w;/(€, + w;w;), the first term in the Lh.s. is rewritten as

s h . 1— . Y S h : . s
Bl e’ cosh(B)p1j + 1= p1j _ nt e cosh(Byuwiw; _ comepyu e “D(1 4 o(1))
cosh(B)p1; +1— p1;j £y + cosh(B)wiw;

j>1 j>1

as n — oo. Next, we consider the second factor in the r.h.s. of (4.11). Arguing as in (3.15)
in the previous section,

2
cosh(B;;(0)) ) 2 Y
> log (7 => 01 <wi)_ —+ =o(l), (4.12)
1<j cosh(B;; () 1<) ' 1<) G
since max je[,] w; = o(n). Taking the exponential of the previous relation, we obtain

1—[ cosh(B;(0))

=1 1),
cosh(Br sy oW

j>1

as n — o0. Finally, since B;;(s) = o(1) as n — oo (since p;; — 0 in the same limit), the
second factor in the r.h.s. of (4.10) is 1 4+ o(1). This proves that

Gu(t(s). B) _
Ga (0. B)

and from (4.9), we finally obtain

eCOSh(ﬂ)w](esfl)(l + 0(])).

cosh (Z*(,B, B)ew; Sg[h‘%) + B)

By [eP1] = (1 + o(1))eeshPwie -

sinh(B) ’
cosh (z*(,B, B)w W] + B)
as required. O

4.3 Degree of a Fixed Number of Vertices: Proof of Theorem 1.10

We can generalize the previous computation by considering the degrees (Dy, Da, ..., D),
with m € [n] fixed. The generating function of this random vector can be obtained by
plugging s = s;,, with s, = (51,52, ..., 5n,0,...,0) into (4.6). By the same arguments of
the previous section, we obtain

ep (o) = (1 oy G2 EE B (1-[ cosh (an(B)e" wi Z + B)) @
i=1

G (0.8) cosh (a,(B)w; Z + B)
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with

iy [STHCE)
. (l—['” cosh (a, (B)e w; Z + B)) n cosh (2*(8. B)e" wi [ *Hiify + B)
YB.B.n N :
i Cosh(@n(PwiZ + B) im1 cosh (2*(8, Bywi By + B)

(4.14)
asn — oo. Now we have to study the limit of G, (t(s;,), 8)/ G, (0,,, B). From the definition
of G,(t, B) given in (3.7) and recalling that #;; (s) = s; + s/,

Gn(t(sm). ) _ Cij(si +5) ) Cijs)\ o (€ i
Gi(0.8) [ < Cij(0) ) [l (c,-j(m) E(Mf@/z '

I<i<j<m 1<i<m
j>m
4.15)
We analyze the three factors separately:
> First and third factors of (4.15). By the definition of C;; (;;),
1—[ (CU(S,'-{-S]')) _ l_[ e'ie’ cosh(B)pij + 1 — pij
I<i<j<m Ci;(0) I<i<j<m cosh(B)pij + 1 — pij
h(B;; (0

1—[ cosh(B;;(0)) 4.16)

cosh(Byj (si + ;)

I<i<j<m

where, by definition of p;;,

1—[ e%ie’i cosh(B)pij + 1 — pij . 1—[ Ly +eie’i cosh(B)w;w;
COSh(,B)pij +1— Dij Ly + cosh(,B)wiwj

I<i<j<m I<i<j<m

We show that this factor is 1 4+ o(1). Indeed, following [24], we expand log(1 + x) to obtain

log 1—[ L, +e%ie’i cosh(B)w;w; _ cosh(B)

_ (e — 1
0y + cosh(B)wiw; 0 D, wiwjEe 1)

I<i<j<m I<i<j<m

sh
cose%(ﬂ) o Z wizwi)

I<i<j<m
=om™,

since £, = O(n) and m is fixed. The second term in the r.h.s. of (4.16) and the third factor
of (4.15) converge to 1. Thus, we have shown that that the first and third factors of (4.15) are
14+ o0(1).

> Second factor of (4.15). For any fixed 1 <i < m,

]_[ (C,-j(s,-)) _ 1—[ £, + €% cosh(B)w;w; . 1—[ cosh(B;;(0))

Cij(0) £y + cosh(B)w;w; cosh(Bij(si)

j>m j>m
The second factor in the r.h.s. of the previous display can be treated as in (4.12), showing
that it is 1 4 o(1), while the first factor is close to the generating function of D; in a GRG
with vertex set {i,m + 1, ..., n} and weight of vertex i given by cosh(8)w;. We can deal

with this term as we have already done, that is,

Ly + cosh(B)w;w; 2 J

j>m n j>m

£, + €% cosh(B)w;w; . 1 cosh(B) 2
10g1_[ et :cosh(ﬂ)wi(e"—l)g—ij-l-iO Zw-
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Since m is fixed - 3", w; = 1+ o(1), and @iz O(X oy wH < maxien wi/ly = o(1)
by Condition 1.1. Then,

= BT (1 4 o(1)),

1—[ £y + e cosh(B)w;w)
: £y + cosh(Bw;w;
j>m :

and the second factor in (4.15) is [T, e*shB)wi€ =1 (] 4 5(1)). Thus we conclude that
1

i=

Gy (t(Sm)v ,3) _ lﬂ[ecosh(ﬁ)wi(es"—l)(l + 0(1))

G.0.p) 1}

Going back to (4.13), we finally obtain that

m cosh (z*(ﬂ, B)esiw; /SmB) 4 B)

m
\m S ]E W
B [eX11 90/ = [ Jeomhme=b } h[ ] (1 +o(1)),
i=1 i=1 cosh (z*(ﬁ, Bywi\/ St + B)
as required. O
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Appendix: LDP for the total spin using combinatorial arguments

In this appendix, we obtain the large deviation function of the total spin in the rank-1 inho-
mogeneous Curie—Weiss model (and thus in the annealed Ising model) by employing direct
combinatorial arguments. We will restrict to the finite-type setting in which, roughly, there is
a finite set of values for w;’s. More precisely, we define this setting as follows:

Condition A.1 (Finite-type setting) The vertex weight sequences w = (w;);c[n] Satisfy the
following conditions:

(a) There exists a K € N and a set of positive numbers A = {ay, az, ...,ag}, with a; <
ay < ... <ag, such that w; € Aforalli € [n];

(b) Denoting by ik (n) the number of weights (w;)iepn) such that w; = ay, then the following
limits exist

. hg(n)
lim =

n—oo n

pe, k=1,...,K,

(obviously p = (py, - .., pk) is a probability vector). We define also py(n) := ""T(") and
ex(n) == pr(n) — pr.

Hereaffter, for the sake of notation we drop n from the notation of ny(n), pr(n), er(n).
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In this finite-type setting, the previous Condition A.1 is equivalent to Condition 1.1 in
which W, is the uniformly chosen weight with

K
E[W,] = Zakpk, EIW?1 = aipr.
k=1

and W is the limit weight assuming values a; with probability py, so that

K K
EIW1=) apr, EIW’ =) aipi. (A1)
k=1 k=1
Assuming Condition A.1, we consider the Hamiltonian (1.22) and defining
Z Oi, m(u) = Z w;oj, (A2)

lE [n] lE [n]

we rewrite

HN (o) = B (m("’)) +nBmy. (A3)

ZIE[W]
In the theorem below, we write | x | for the integer part of x > 0.

Theorem A.2 (LDPs for the total spin in the finite-type ICW model) In the inhomogeneous
Curie—Weiss model defined by (1.22), and assuming the finite-type setting in Condition A.1,
the total spin S,, satisfies that form € (—1, 1), with A = [%(1 +m)ay, %(1 + m) aK],

1
lim — IOgPMICW (S, = |mn))
n—oo n n

: B 213 2 2 ICW
~ inf [—ZE[W] — Ewpt 2P Bt Tuo + ', B)} . (A4)

where 'V (B, B) is the pressure of the model and where

A WAy AW+ 1 1
In()=E [1 + erWtia 10g<1 + eMWW) 1 + ertWiia log (1 + eMWHz)] '

(A.5)
with A1 = A1(x, m), Ay = Aa(x, m) defined implicitly by
MW—&-M 1+m
1+ eMW-HQ 2
Wt (A.6)
1+ Wik =X

Remark A.3 The expression for the large deviation rate function of the total spin in the
Theorem A.2 coincides with the one that is obtained from Theorem 1.6 by application of
the contraction principle and the relation between the annealed Ising model and the inho-
mogeneous Curie—Weiss model. Indeed, recalling that the annealed measure u3" at inverse
temperature § is close to the Boltzmann—Gibbs measure p)-" of the inhomogeneous Curie—
Weiss model at inverse temperature ﬁ = sinh(fB) (in the sense of Eq. (2.7)) and by using
YY(B, B) = —a(B) + ¥* (B, B), one finds that the large deviation function of the total
spin in the inhomogeneous Curie-~Weiss model obtained from (2.4) reads

. §
I1(m) = 1)r{12f |:l(m, X2) — ZE[W]

— Bm —log(2) + 'V (B, B):| ) (A7)
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To see that (A.7) is equal to the r.h.s of (A.4) one employs the substitution x, = 2x —E(W).
In doing so clearly the energetic contribution are equal, since

»_ B 2p

= ——E[W] -

2= =W B

__B
2E[W]

It remains to prove that

x>+ 2,5x.

I(m, x2) —10g(2) = I (x).
This can be shown by changing the spin variables o; to the variables y; = %(O’i + 1) and

introducing
$o= i, S =7 wiy.

i€ln] i€[n]

Observe that A A
Sy =28, —n, SV =28" —nE[W,],

so that we can write
Ep, [exp(t1 Sy + 12S3")] = exp(—n(t; + HE[W,]) Ep, [exp(21, S, + 26280)].
Since
o A 1 )
Ep, [exp(2t1 Sy + 262S")] = Ep, [Miem) exp(2t1 + 2w;it)yi] = 271_11‘e[n](1 4 e2lhiHwi)y,
we obtain that the moment generating function of (S,,, S5”) w.r.t. the product measure (2.2)
can be expressed as
cn(t) = —log2 — (11 + E[W,]) + Eflog(1 4 &> W)y,

Thus, arguing as in the proof of Theorem 1.6, we obtain that the limit of ¢, (t) exists and
equals
c(t) = —log2 — (1 + HLE[W]) + Eflog(1 + >N1+Wn)y,

By applying the Girtner—Ellis theorem we get the expression for the rate function
11, x2) = sup (1131 + 2% +log2 + (1 + LE[W]) — Ellog(1 + X1V}
(11,12)

The stationarity conditions read as

B e2(1+Wn) 14x
1+62(11+W1‘2) - 2

(A.8)

E 2+ W) _E[W]+x
| 42 +Wn) | ™ 2 )

Since x| represents the magnetization m and x; represents the weighted magnetization m ™,
and using again the substitution x = (x +E(W))/2 we obtain that (A.8) is identical to (A.6)
provided that A; is identified with 27, and A, with 2¢;.

Proof of Theorem A.2 Given a configuration o, we denote by n4 and n_ the number of its
positive resp. negative spins. We can group the spins in o according to either m,, or n, since
these quantities are related by n = n(1 + m,)/2. We can also identify each configuration
of spins o with the set I C [n] of vertices in which ; = 1, obviously the cardinality of this
setis [I4| =n.
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Given any I C [n], we define
L.
gk = ;#{l €l lwi=a}, kel[K] (A.9)
to be the frequency of type ay in 1. Then

Il=ni=n) q. (A.10)
k=1

and
K
ro Z wi=Y aqg=a-q. (A.11)
l€I+ k=1

Moreover, given n, we define the set

14 14
Qn::{(—l,.. K>|€keN b <), k=1,. K}
n n
of the possible frequency vectors ¢ = (g1, 2, - - -, gK)-

Exponential estimate for the conditional probability of ¢ = (¢1,¢2,...,9x). We
start by counting the number of sets 7, with |n(1 4+ m)/2] elements and a given ¢ =
(g1, g2, ...,9K) € Q, that satisfies the condition n Z,{;l qr = Ln(HT’”)J = |I+| = ny.
Foranyk =1, ..., K, in [n] there are n py, sites corresponding to ay, and we choose ngj out
of them to.form 1. On the other hand, thejr.e are (n’: ) = ( n(1 +"m) P J) possible ways to form
a set I with n elements. Thus, the conditional distribution of ¢ = (g1, 92, . .., gk ) given

m is multi-hypergeometric, i.e.,
K .
f62)
el Mk
Pulqr.q2, .. qx |m) = 7———— ﬂ{qepmzlg:lqkzﬂn(lzm)J}- (A.12)
(LM‘*{”)J)

The asymptotic behavior of this probability asn — 0o, can be obtained by using the Stirling’s
approximation n! = e "n"v/2wn(1 + o(1)) to estimate of the binomial coefficient as

<nb> _ enlblogh—aloga—(b—a)log(b—a)] | Vb(1 + o(1))

na Jaxb —a2an’

where 0 < a < b. Then, generalizing the previous formula to a set of variables ay < by, k =
1,..., K, we obtain

K nb
I1 ( ") = Gy (ag, b) (1 + o(1)), (A.13)

iy nag
where
K
Gnla, b) == c1 Qan) K2 exp (n > [bilog b — ax log ay — (b — ax) log(by — ak)]> :

k=1
(A.14)

withc; = ]_[k W (bk oy and the function is defined on the set

{ar,....ax.,b1,....bg) e R*X|0 <ap <b, k=1,...,K}.
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We now compute the asymptotics of the numerator in (A.12). Recalling that py = py + ex
and Taylor expanding the sum in (A.14) and c as a function of b;’s, we obtain

K n(pe + ) K
H( P ") . p)[1+Zc“)ek+ZO(e,%)]

k=1 "k k=1 k=1
X exp ( Zc<2>ek(1 + O(ek))> (1 +o(1)), (A.15)

for some constants c<1> and c,(f). The second factor in the r.h.s. comes from the substitution

Pk — Pk + e in the factor ¢1 of (A.14), and the third form the sum in the same equation.
From Condition A.1 we have that these terms are both (1 + o(1)). Then, we conclude that
the numerator in (A.12) is

K A
I1 ("p") = (g, p)(1 +o(1)). (A.16)

n
k=1 \4E

We can deal with the denominator in (A.12) in a similar fashion, obtaining:

C2 Sy n

1+m 14+m 1—m 1—m
exp<n|:— > log( 7 )— 5 log( 7 )i|>(1+0(1)), (A.17)

2

with ¢ = > and 5, = 5,(m) = exp[(n 5= Lm g 1+’"J) log(l m? )]. By plugging this
estimate and (A 13) in (A.12), we finally obtam that

Po(g1. qon ... qx | m) = j—‘ su () 7@ (1 4 o(1)), (A.18)
2
with .
h(g,m), if < Pk, _7 |,
8(a.m = { (ZO . Othzl;wmgk 2k v ( ? )J (A-19)
and

hig.m) = 1+m10g(1+m)+ 1—m10g(1—m)

2 2 2 2
K
+ > [pxlog pr — qilog g — (px — gr) log(px — gi)l. (A.20)
k=1

) Let use introduce

1 1+
An(m) = !qm1+---+q;<a1<|q€9m qu=;{n <2m>”
k

(w) __

Exponential estimate for the conditional probability of 7,

which are the sets of values of r,
[n(1 4+ m)/2] elements. We have that

1 w 2_icq, Wi corresponding to subsets /4 C [n] with

%(1 +m)a — Pulm) <inf A,(m),  sup A,(m) < %(1 +m)ax — M, (A2
n n
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with p, (m) = n(1+m)/2— [n(1+m)/2]. Obviously 22" = O (n~1), since 0 < p, (m) <
1. Moreover, by (A.21) and the fact that inf A, (m) > a1 >, qx and sup A, (m) < ag Y ; qk.

1 1
inf A, (m) — E(l—l—m)al, sup A, (m) — E(l +m)ag (A.22)
as n — oo. The previous remark implies that " is close to some x € [%(1 +m)ay, %
(14+m)a K] for large n. Therefore, we claim that

. 1
lim —logP,, Z wi=nx||lL]=n(1+m)/2]

n—>o0o n

iely

_ {Sm(x), xe[fd+mya, S +m)ak].

—oo, otherwise, (A.23)

where S, (x) has to be computed. To this end, we observe now that the probability in (A.23)
can be written as

P, | D owi=nx|llfl=(+m/2] | = Y Pulgq....qx | m),
i€1+ qun
a-qg=x

where the sum is extended to those k-tuples g € Q, for which the event ) _; [ Wi =nx is
realized. In the previous sum the term that corresponds to the larger value of the exponent
g(q,m) in (A.18) controls the behavior in the limit, the remaining terms being sub-leading.
The quantity depending on m in the definition of h(q, m), see (A.20), is negative and the
sum on k is positive, while /1 (g, m) is negative in the range defined in the first line of (A.19).
Thus, defining

K

(g1, q2. - qk) = Y _[prlog px — gk log gk — (px — qi) log(px — qi)],
k=1

we have to find

Iy = sup h(q1,q2. .- .. qK)-
a-qg=x,
Spdr = Ln(m+1)/2]

In the previous equation, the notation .#;, emphasizes the fact that due to the constraints, the
sup depends on n. As a consequence, the optimization point ¢* = (g7, ..., ¢{) will depend
on n. In order to find g* we introduce the multipliers A; and A, conjugate to x and m, and
write the Lagrangian function as

K
L(q1, g2, - g M1, 72) = h(q1, g2, ... g)+ M (ZakCJk —X>+)»z (ZCM —ﬁn> ,

k=1 k
where we set

~

iy = %Ln(mﬂ)/zJ _lam pulm) _1tm

-1
2 " 5 TOow.
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By imposing that 9L /dgx = 0, k = 1, ..., K, we obtain that the stationarity point ¢*(n) =
(gf (), ..., g (n)) of the function £ satisfies
pkell (mag+22(n)

* .
%M = T omarem: K ek

with A1 (n) = A1 (x, my), Aa(n) = Aa(x, m,). By introducing the notation

gin)  eMmatiam

ug(n) =

o 1+ ermatiam

we write

T = h(gim), g5(n), ..., q5 1)

K
== pelu(m)logur (n) + (1 — u(n) log(1 — ug (n))]
k=1
A (n)WHra(n) A (n)WHAra(n) 1
=B oo P2\ T | T T Eonmwinm
1
x log (—1 oM )j| . (A.24)
The relation between the multipliers A1, A2 and the parameters x, i, can be made explicit
by recalling that, since the probability vector (p1, ..., px) is the distribution of W, and by
(A.11),
er(mag+iz(n) et (mWra(n)
x = ];akpk 1+ ermactiom — [ 1+ ell(ﬂ)W+K2(n)] (A.25)
and, from (A.10),
K A1 (m)ag+nrz(n) A1 (m)W2z(n)
~ 1+m et (mag e
My = ——+ 00" h= ;pk |+ e matiam — [1 +e)hl(")W+)L2("):|’ (A.26)

where (A.11) and (A.10) have been used. By taking the limit of (A.25) and (A.26) asn — oo,
we see that 11 (n) and A»(n) converge to A1 and A, that solve

K eMaktiz et Wiz
L
k Pk 1 + eMakti2 |: 1+ eX1W+k2i|
k=1
and
1+m K e)qa;;-ﬁ-kz e)\.lW+A2
Z 1 4 eraktra T 1+ erW+ia

that is (A.6). From this fact it follows that in the same limit n — oo,

Aag+Xro e)\lak +A2

e
Pk and wur(n) — up =

* *
qk(n) - Qk - 1+e)hlak+}\2

1 + eMakti2

and, thus,
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MWL erWHia 1 1
Iy —> S =E oW log 14 Wiz + 1+ M Wi 1°g<1 +exlw+xz>

(A.27)
Then, from (A.18), (A.20), and the previous display, we obtain the limit in (A.23) with

1+m 1+m 1—m 1—m
Sm(x) = 2 log 2 + 5 log 5
MW+ A WA 1 1
+E [ [ 4 et Wtk 1og(1 +eMW+?»2) 1 T oWk log<1 T MWk >:| - (A28)

Moment generating function of the Hamiltonian H,"¥ (). Our next step to compute the
cumulant generating function of the Hamiltonian (A.3) that we rewrite as a function of

(u) § wl ’

Z€I+

for which we have proven (A.23). In this way we obtain

2 2
26y _ g BVl ) | PELWL +an}

HX (", my) = n |: i
E[W] E[W] 2 E[W]

Now, writing E[W,,] = E[W] + ¢, and defining

W w ‘~ w Q.. (w !/ ]E
hIC ( ( ) ):_— 7[ ](r,i ))Z—Zﬂr,(l)-f—* [W]+an,
we have
H w W w 2,5 p 2 E
ICW(r( ) )_—nhizc (r;(1)7mn)+n€n _7E[ L”r;l)—i_ﬂ—i_ZE[”]e” .

Since Condition A.1 implies that &, = o(1) the last addend in the previous display is o(n).
Now we can finally write the cumulant generating function and apply Varadhan’s lemma to
compute

(w)
lim flogIE [ et (" mn) | m, = m]
n—oon

— lim 1logEnn [ n R 0 ) +o (D] | gy m]
n—oon

éIE[W] + Bm + sup 2'5 X2 — Zﬁx —Sn(x) |, (A.29)
xea | E[W]

where the large deviation property (A.23) has been used and A = [% (1+m)ay, %(1 +m)
ak |. We can now move to the final step.

Asymptotic behavior of ]P)MLCW (m, = m). Let us observe that, since the conditional
average on the left hand side to the previous display is computed with respect to the uniform
measure 77, (0) = 27" on the spins o,

ICW
E [eHJCWw)W _ m] Y Wy @y=mpe™ P (0)
TTn n — =
Pﬂn (ml’l = m)

2—n ZICW
B R
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with Z)V =3~ MY @) the partition function of the ICW model. Thus,

1 1 HICW () 1
~log P yicw (m,, = m) = — log Ex, [e G T m] + log Py (mn = m)
n n n n
1
— —log Z}¥ +1og2.
n

Since Py, (m, = m) =27" (n( HTm )), by (A.17),

.1 I+m I+m I —m I—m
nl;rr;ozloan,,(mnzm):—logZ— > log( > )— 5 log( > ),

and ’
lim —log Z!V = y'“V(B, B),

n—-oo n

is the pressure of the Inhomogeneous Curie—Weiss model [13]. Thus, by (A.29),

.1 -
nl;rr;o p log]P’M}lcw (m, =m) = gE[W] + Bm+ fgﬁ ]E[W]x2 —2Bx — Sp(x)
_ wICW(Ig’ B)
14+m 14+m 1—m 1—m
— log ( ) — log ( ),
2 2 2 2
from which, recalling (A.28), we obtain (A.4) and (A.5). O
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