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Abstract We study in the present article the Kardar—Parisi-Zhang (KPZ) equation
ah(t,x) = vAR(t, x) + VA, x) > + VD, x),  (t,x) e Ry x R?

in d > 3 dimensions in the perturbative regime, i.e. for A > 0 small enough and a smooth,
bounded, integrable initial condition hg = h(¢t = 0, ). The forcing term 7 in the right-hand
side is a regularized space-time white noise. The exponential of 1—its so-called Cole-Hopf
transform—is known to satisfy a linear PDE with multiplicative noise. We prove a large-
scale diffusive limit for the solution, in particular a time-integrated heat-kernel behavior for
the covariance in a parabolic scaling. The proof is based on a rigorous implementation of K.
Wilson’s renormalization group scheme. A double cluster/momentum-decoupling expansion
allows for perturbative estimates of the bare resolvent of the Cole-Hopf linear PDE in the
small-field region where the noise is not too large, following the broad lines of lagolnitzer
and Magnen (Commun Math Phys 162(1):85-121, 1994). Standard large deviation estimates
for n make it possible to extend the above estimates to the large-field region. Finally, we
show, by resumming all the by-products of the expansion, that the solution # may be written
in the large-scale limit (after a suitable Galilei transformation) as a small perturbation of
the solution of the underlying linear Edwards—Wilkinson model (A = 0) with renormalized
coefficients verr = v+ O(W2), Dorp = D+ O(22).
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1 Introduction

The KPZ equation [40] is a stochastic partial differential equation describing the growth by
normal deposition of an interface in (d 4 1) space dimensions, see e.g. [6,14]. By definition
the time evolution of the height h(t, x), x € R9 s given by

dh(t, x) = vAh(t, x) + A|Vh> + VD n(t,x), xeR? (1.1)

where 7(t, x) is a regularized white noise, and v, A, D > 0 are constant. Three terms con-
tribute to Eq. (1.1): a viscous term proportional to the viscosity v, leading to a smoothening of
the interface; a growth by normal deposition with rate A, called deposition rate, and playing
the role of a coupling constant; and a random rise or lowering of the interface modelling
molecular diffusivity, with coefficient D called noise strength. In a related context, i also
represents the free energy of directed polymers in a random environment [15,20,34]. It makes
sense to consider more general nonlinearities of the form V (Vh) with V, say, positive and
convex, instead of | VA|?, which is in any case an approximation of 2(v/1 + |Vh(z, x)|2 — 1),
assuming that the gradient | V| (the slope of the interface) remains throughout small enough
so that the evolution makes physically sense, precluding e.g overhangs.

The interest is here in the large-scale limit of this equation, for # and/or x large. A well-
known naive rescaling argument gives some ideas about the dependence on the dimension of
this limit. Namely, the linearized equation, a stochastic heat (or infinite-dimensional Ornstein-
Uhlenbeck [50]) equation called Edwards—Wilkinson model [6] in the physics literature,

(1, x) = vAP(t, x) +Dn(t,x), (t,x)eR; xR (1.2)

where 1 requires no regularization — is invariant under the rescaling ¢ (¢, x) +— ¢°(¢, x) :=

_led_ _1 e e _1 d
7202 l)qb(e’lt,e 2x); we used here the equality in distribution, n(s’lt,e 2x) @

g2(1+9) n(t, x). Assuming that ¢ is a solution of the KPZ equation instead yields after rescal-
ing

3 ¢° (1, x) = VAGS (1, x) + a%@*“%ww(nwﬁ +VD iy, x), (13)

where (up to change of regularization) n® @ n. Ford > 2, 25~ vanishes in the limit
& — 0; in other terms, the KPZ equation is infra-red super-renormalizable, hence (power-
like) asymptotically free at large scales in > 3 dimensions, i.e. expected to behave, in a small
coupling (also called small disorder) regime where A < 1, like the corresponding linearized
equation up to a redefinition (called renormalization) of the diffusion constant v and of the
noise strength D.

Let us emphasize the striking difference with the one-dimensional KPZ; equation. For
this equation, scaling behaviors, see (1.3), are reversed with respect to d > 3, in other
words, KPZ; is (power-like) asymptotically free at small scales (i.e. in the ultra-violet), or
equivalently (in the PDE analysts’ terminology) sub-critical. A large part of the interest
for this equation comes from the fact that the large-scale strongly coupled theory [3,20] is
understood by comparison with integrable discrete statistical physics models [21,52,55,56]
relating to weakly asymmetric exclusion process [7] or the Tracy—Widom distribution of the
largest eigenvalue of random matrices connected with Bethe Ansatz [56], free fermions and
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determinantal processes [35],... Note that KPZ, is believed by perturbative QFT arguments
to be strongly coupled at large scales [6,14] and its large-scale limit is not at all understood.

We prove the diffusive limit of d-dimensional KPZ (d > 3) with small coupling in the
present work, thus establishing on firm mathematical ground old predictions of physicists,
see e.g. Cardy [14]. The space dimension d does not really matter as long as d > 3. In
the small-coupling regime, contrary to the 1d-case, we fall into the Edwards—Wilkinson
universality class.

In comparison with the achievements made in the study of strongly coupled large-scale
KPZ, this problem looks at first sight of lesser importance and difficulty. We believe that
the interest of our result lies in the precision of our asymptotics, and in the potential wide
scope of applicability of our methods.

Namely, the KPZ model is one particular instance of a large variety of dynamical problems
in statistical physics, modelized as interacting particle systems, or as parabolic SPDEs heuris-
tically derived by some mesoscopic limit, which have been turned into a functional integral
form analogous to the Gibbs measure of equilibrium statistical mechanics, e~ JLo—gf Lint
using the so-called response field (RF), or Martin-Siggia-Rose (MSR) formalism and studied
by using standard perturbative expansions originated from quantum field theory (QFT); for
reviews see e.g. [14] or [2]. Despite the lack of mathematical rigor, this formalism yields a
correct description of the qualitative behaviour of such dynamical problems in the large scale
limit.

The Feynman perturbative approach, see e.g. [43], consists in expanding exp —g f Lins
into a series in g and making a clever resummation of some truncation of it into so-called
counterterms, represented in terms of a sum of diagrams; as such, it is non-rigorous, since
it yields N-point functions in terms of an asymptotic expansion in the coupling parameter
g which is divergent in all interesting cases (at least for bosonic theories). A few years
ago, however, Gubinelli, Hairer, Weber,...[5,12,13,16-18,29-32,47], drawing sometimes
on a dynamical approach to the construction of equilibrium measures advocated by Nelson
[49], Parisi-Wu [51], and Jona-Lasinio, Mitter and Sénéor [36-38], have started developing
this philosophy in a systematic way to solve sub-critical parabolic SPDEs rigorously, i.e.
beyond perturbation theory. Such SPDEs have only a finite number of counterterms, each
counterterm being the sum of a finite number of terms (that can be interpreted in terms of
Feynman diagrams), which makes the task considerably easier, but still far from trivial.

Constructive approaches developed in the context of statistical physics by mathematical
physicists from the mid-60es, see e.g. [22-26,33,44,45,48,60] and surveys [27,46,53,54,
58], have developed sophisticated, systematic truncation methods making it possible to con-
trol the error terms. The partial resummations are interpreted in the manner of K. Wilson
[61,62] as a scale-by-scale, finite renormalization of the parameters v, A, A of the Lagrangian
Lo+ gLin:- In many instances it has proved possible to subtract scale counterterms explicitly
by hand and prove that the remainder is finite, yielding some description of the effective,
large-scale theory, see e.g. works in diverse contexts—random walks in random environ-
ment, KAM theory, etc.—by Bricmont, Gawedzki, Kupiainen and coauthors [9-11], and
recent extensions to the study of sub-critical parabolic PDEs [41,42], as an alternative to the
“global counterterm” strategy mentioned in the last paragraph. However, the implementation
of a full-fledged, multi-scale constructive scheme is for the moment limited to equilibrium
statistical physics models.

The present work is, to the best of our knowledge, the first attempt to use such a scheme in
the context of non-equilibrium statistical mechanics, here for a parabolic SPDE. Instead of
using the MSR formalism, we develop (as all previously mentioned mathematically rigorous
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approaches do) a more straightforward approach, starting directly from the equation and
cutting the propagator e'* into scales. We actually work on the following model.

The model Let d > 3. We consider the following equation on R x R?,

@ —vOMh(t, x) = AVR(E, )P+ VDO (n(t, x) —v ), h|_,=ho (14)

where 1) is a white noise regularized in time and in space; h is a smooth, bounded, integrable
initial condition, i.e. ||ho||Le = sup,cgrd [ho(X)], ||hol|1 = fRd dx |ho(x)| are < o0;
A > 0 is small enough; and v is a constant, average interface velocity which we shall fix
later on.

The precise choice of regularization for the white noise is unimportant; one should just
keep in mind that local (in time and space) solvability of (1.1) in a strong sense requires
that, for every compact set A C R? [equivalently, for any A € D° as in Definition 3.1
(iii)], t = sup,ca (In(z, x)| + [Vn(t, x)]) is locally integrable. For simplicity of exposition,
we define 7 to be a smooth, stationary Gaussian noise with short-range covariance. To be
definite:

We fix a smooth, isotropic (i.e. invariant under space rotations) function w : R x R — R
with support C B(0, %) and L'-norm fdt dxw(t,x) =1, and let

i, ), x")) == (xw)t —t',x —x)
= /dt” /dx”a)(t —t" x —xNo” -1, x" —x). (1.5)

Our main result is the following. Gaussian expectation with respect to 7 is denoted either
by (- ), or () oralso { -);.,® po 4o if one wants to emphasize the dependence on the
parameters v©@ DO 2 v©: the result also depends obviously on the initial condition /.
By convention, (-)o.,, p refers to the expectation with respect to the measure of the Edwards—
Wilkinson equation (0, — vA)p(t, x) = «/5n(t, x) with zero initial condition, where 1 is a
standard (unregularized) space-time white noise; for this equation we implicitly set v = 0.
By definition, ¢ (¢, x) = \/5](; ds (e(’_s)"Ans) (x) is a centered Gaussian process.

Theorem 1.1 (Main Theorem) Let d > 3. Fix DO vO < 0 and a smooth, bounded, inte-
grable initial condition hg. Let . > 0 be small enough, A < Amax = Amax (||holl L1, [[hol|Le).
Then there exist three coefficients Defy = DO 4+ o), Vepf = v® + 0(2) and
v@ = @O0 = 00, all independent of the initial condition hy, such that the solution h
of the KPZ equation (1.4) satisfies the following asymptotic properties:

1. forall (t, x) witht > 0,

_1
<h8“t(‘9 2x)>,\;u<0>,p<o>,v(o> = 08*0(“3[1/2)? (1.6)

2. for all (t1,x1),...,(an,x2n), N > 1 witht; > 0,i = 1,...,2N and (t;,x;) #
(t/,x/),l 7& j, lel‘tlng h, .—( e 1[( )))L:U(O),U(O),D«))’

2N ' , 2N
<H (hr‘tl- (e72x;) — hl)> ~es V37D <l_[ hy, (xi)>
i 200 1) pO) i=1

Osverf. Defy
(1.7)
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Since (- )o;v,/7, D,/ 18 @ Gaussian measure, 2. may be rephrased as follows. Let

Kepr (11, x15 12, X2) := 31_%5*(%*1)( (he-1y, (e7%21) = )

-1/2
(he1, (67" 222) = h2) ), 00 o0 po (1.8)
(t,t' >0, (t,x) # (', x")). Then
Kepr(t,x; 1, x') = (h(t, R, X))o .00y (1.9)
and
N 1 d
<l_[ (ha_l"' (&2 x) — hi) >A'v(0) »O po 0 ez
i=1 R
N
70T Kerr gy Xin s iy X)) (1.10)
pairings j=1
where the sum ranges over all pairings (i1, i2), ..., (iay—1,i2n) of the 2N indices
1,2,...,2N.

In other words, up to a Galilei transformation h;(x) — h;(x) — /DO vO¢ the N-point
functions of the KPZ equation (3, — v A)h = A|Vh|> + v/ DO y behave asymptotically
in the large-scale limit as the N-point functions of the solution of the Edwards—Wilkinson
equation with renormalized coefficients Defr, Veryf,

0 = verr Ahi(x) = \/Desrn(t,x)  (1=0), ho=0 (1.11)

where 7 requires no regularization. Generally speaking, main corrections to the above asymp-
totic behaviour (1.6,1.10) are smaller by O WDy as proved in §5.3 D. Effective coefficients
D.fr, verr have a (diverging) asymptotic expansion in terms of A; lowest-order corrections
in O(A?) are computed in (5.28) and (6.37). The O (€4/%)-term in (1.6) is a contribution due
to the initial condition; further contributions of the initial condition to N-point functions
come with an extra multiplicative factor in O(AS%_I), which is the scaling of the vertex.
Corrections to Gaussianity of N-point functions, of order 0()»28%’1), are examined in (2) a
few pages below. Furthermore, our multi-scale scheme actually involves an effective prop-
agator differing slightly from the effective Edwards—Wilkinson propagator e!=)e// & see
Appendix 2 section; this implies a correction w.r. to the r.h.s. of (1.10) with a small extra
prefactor, which is proved to be a O (¢) but could easily be improved to O (¢") with n arbitrary
large.

Remark A more common choice of regularization for 7 is to take a discretized “kick force”,

namely, we pave R4 by unit size intervals [n,n + 1), n > 0, and let §n+% = n|[n’n+]),

n =0, 1, ... beindependent, centered Gaussian fields on R4 which are constant in time and
have smooth, space-translation invariant covariance kernel with finite range, for instance.
This does not change the conclusion of Theorem 0.1, except that, the law of 1 being now
only Z-periodic in time, /5 (¢) := limy— 4o (h,4+(0)) isnow a 1-periodic function instead of
the constant 0. This regularization has several advantages (see Sect. 2); it allows in particular
an explicit representation of v’ in probabilistic terms. The scheme of proof extends without

any significant modification if the covariance kernel decreases heat-kernel-like in space, e.g.

. d . . . .
if§, 11 @ e“2 & where £ is a standard space white noise, and ¢ > 0 is some constant.
2
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Furthermore, it follows from the proof (see Sect. 6) that the value of v©® may be obtained
by equating it to the constant 7© such that (w(r, 0));0 = O(1) independently of ¢, in
coherence with the value obtained in Carmona and Hu [15] in a discrete setting for a random
directed polymer measure (see Sect. 3.1), where w is the Cole-Hopf transform of / (see
below). Let us note that the equality between v® and 7 points out to the fact that we
are in a weak disorder regime in which the annealed and quenched free energies coincide.
However, our proof is independent of that of Carmona and Hu (see [15], Theorem 1.5), based
on Gaussian concentration inequalities.

The proof follows closely the article by lagolnitzer and Magnen [33] on weakly self-
avoiding polymers in four dimensions, which is the main reference for the present work.

Namely, up to the change of function & +— w := ebh (called Cole-Hopf transform) and
of coupling constant, g := %«/5 the KPZ equation is equivalent to the linear equa-
tion (0; — vA)w = gnw, solved as w(t, x) := f dy G, ((t, x), (0, y))wo(y), where
G, = (6 —vA— gn)~! is a random resolvent. Formally then, our problem is a parabolic
counterpart to the large-scale analysis of polymers in a weak random potential solved in [33]
by studying the equilibrium resolvent (A + ign)_1 , where the “i”-coefficient is the Edwards
model representation of the self-avoiding condition (the model is solved for g < 1 but the
self-avoiding condition is recovered for g = 1). Though the two models are physically unre-
lated, one must analyze similar mathematical objects. As is often the case, the model with a
time evolution (i.e. the parabolic one) turns out to be easier than the equilibrium model (i.e.
the elliptic one), because of the causality constraint.

The general scheme of proof, following, as mentioned above, the philosophy of construc-
tive field theory, is to introduce a multi-scale expansion and define a renormalization mapping,
p=vO0 D 5 0= Verf, D = DO _ ph ... 5 plo) .=

D,ys or equivalently g := %VD(O) - gl — o g =g = u;}f'/De £
(later on interpreted as the flow of the coupling constant through the Cole-Hopf transform),
v =00 — @ — ... Y =y, = 0 ensuring the convergence of the

expansion at each scale and allowing to control error terms. The average interface velocity
v® is fixed by requiring that the asymptotic velocity vess vanishes. The original param-
eters v, DO O called bare parameters, describe the theory at scale O (1), while the
Edwards—Wilkinson model with scale j parameters v/}, DU) and drift velocity v/ give
a good approximation of the theory at time distances of order e~! = 27/, which becomes
asymptotically exact in the infra-red limit, when j — oo. This goal is achieved in gen-
eral by using a phase-space expansion, i.e. a horizontal cluster expansion casting into the
form of a series the interactions at a given energy-momentum level between the degrees of
freedom, and a vertical cluster or momentum-decoupling expansion separating the different
energy-momentum levels. Energy, resp. momentum, are the Fourier conjugate variables of
time and space; here a given energy-momentum level j is adequately defined by considering
heat-kernel propagators

Go((t,x), (', x') = "D (x — x') = pyy_py(x —x)

with t — #/ ~ 2J. Then the above series (roughly speaking, a truncated power series in
the coupling constants with a bounded integral, Taylor-like remainder) converge if the bare
coupling constant g(? is small enough.

With our choice of covariance function for n, however, the flow of the parameters v, v is
actually trivial starting from j = 1, i.e. () = Veff o) = vesr = O for j > 1, and the
noise strength D, defined by resumming connected diagrams with four external legs, though
scale-dependent, requires no renormalization at all, because the equation is infra-red super-
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renormalizable, and the total correction (obtained by summing over scales) is finite. This,
and also the causality condition preventing the so-called low-momentum field accumulation
problem [22,26,58], leads to a much simplified framework, from which the phase space
analysis has almost disappeared. Only scale 0, two-point diagrams need to be renormalized,
with a contribution at near zero momentum k

VO 4 epr = v = 0@ — (v —vD)A,

leaving a remainder of parabolic order three in the momenta, i.e. O(V3) or O(V3,). Scale 0
diagrams are connected by “low-momentum” heat-kernel propagators G((z, ), (', -)) with
t—1 ~ 2, j = 1. A crucial point in the proof is that, thanks to the V3, remainders integrated
over space-time cost a factor O (1), namely [see (3.19) and (6.21)]

t
/ dr’ /dx/G((t,x), ', XN V3G, x'), (", x")|
l//

< ( / dr’ (1+1t' — r”|>—3/2) Po—m(clx —x") = 0(1) pyg—rm(clx —x"))
(1.12)

or, simply said, GV3G < G. What is left of the cluster expansions is adequately resummed
as in [33] into the random resolvent in the form of localized “vertex insertions” (see Sect. 6),
thereby suppressing combinatorial factors which make the series divergent. Then the contri-
bution of all vertex insertions is bounded by some contour integral of a modified resolvent
through the use of Cauchy’s formula.

An extra complication comes however from the inverse Cole-Hopf transform. Applying
cluster expansions—which is done in practice by differentiation with respect to some addi-
tional parameters—to log(w) leads to rational expressions of the form w, where
the D;’s are differential operators, acting on “replicas” of w. Then the scale 0 diagrams
requiring renormalization can be factorized, hence averaged with respect to the measure ( - ).
Remaining terms are shown to yield a convergent series in the form of a sum over “polymers”
for A small enough.

The A and e-pre-factors contained in Theorem 1.1 may be guessed from the following
guiding principles, put into light by the cluster expansion.

(1) First, the two-point function of the renormalized Edwards—Wilkinson equation,

-1, —1/2 -1 -1
(h(e™ 't e 2™t &7 2x") )0, Dy
-1

et i i
= Deff‘/o ds /dy pvl,ff(a*‘tfs)(s 2x — y)pwf(rltux)(y — € 2x/)
ey \
= Dess /o A5 Py et rin—20) (2 (6 = X)) (1.13)

(@t >t > 0), scales like 8%_1, as can be seen by simply rescaling variables ¢/ —
et’, (x, x") = (e'/2x, e1/2x") in the integral. There are two regimes: the equilibrium regime
(t — 1" 5 |x = x'P), in which (h(t, )h(t', X"V ouves.Dyr = Jo dS P2i1—s)(x — X') ~
|x — x'|7@=2) is essentially the equilibrium Green function of the Laplacian; the dynamical
regime (t —t' > |x — x’|?), in which (h(zt, x)h(t’, X0y s Do R fé/ ds piyy—25(0) &
It — /|~
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connected

(2) The connected quantities ( T2, A1, (e~ 3x0)) ,, (also called truncated 2N~

2@ O, D
. p d_;72N-1 . . . .

point functions) are O [A e2” ] . Namely, Gaussian pairwise contractions yield the

L d_qy, . d_ .

expected scaling in 0(ENED) je. 027 per link, as expected from (1); whereas the

connected expectation requires N — 1 supplementary links and twice as much vertices (since

these are not present in the linear theory) in the expansion, contributing an extra small

N-1
o ([(Azs%_l)] ) prefactor. The cluster expansion makes it possible to develop those

links explicitly.

Recent related results Gu et al. [28] consider the same scaling for the Cole-Hopf transform
e*/" of the KPZ field—though starting from an initial condition varying at a macroscopic
scale, while ours varies at a microscopic scale. To lowest order in ¢, they prove convergence
to an Ornstein-Uhlenbeck process with effective, renormalized parameters independent of
the initial conditions, see their Theorem 1.1 and §1.2 for comparison to our results. However,
entirely different methods are being used as based on Itd6’s formula, homogenization-type
results and a martingale central limit theorem for the fluctuations of the Cole-Hopf transform.
The plan of the article is as follows. We start by recalling the Cole-Hopf transform in Sect. 2,
and make the bridge to previous results on the subject stated in terms of the associated
directed polymer measure. We then introduce in Sect. 3 a multi-scale expansion for the
propagators, together with multi-scale estimates (also called “power-counting’), which are
the building blocks of our approach. Sections 4, 5, and 6 are the heart of the article. The
dressed equation, and the cluster expansion thereof, is presented in Sect. 4. Section 5 is
dedicated to renormalization; the scale O counterterms obtained by factorizing two-point
functions through a supplementary Mayer expansion are bounded. Then we show in Sect. 6
how to bound the sum of all terms produced by the expansion, and obtain final bounds for N-
point functions, proving thus our main result, Theorem 0.1. Finally, there are two appendices.
In the first one, we provide detailed combinatorial formulas for the horizontal and Mayer
cluster expansions. The second one is merely dedicated to a technical result. Pictures are
provided, which are there to help the reader visualize the outcome of the various expansions.

Notations

1. (parabolic distance) Let d((t, x), (', x")) == /|t —t'| + |x —x'|2 (1,1 € Ry, x,x' €
R%). Similarly, for U, U' C Ry x R, d((t, x), U) := inf( ey d((t, x), (', x")),
d(U,U") := max (sup ey d((t, x), U"), sup ey d(U, (', x))) (Hausdorff dis-
tance). Then d is the space projection of the distance d, i.e. d(x,x) :=d((0, x), (0, x"))
= |x — x'|, etc.

2. Let f,g : E — R be two functions on some set E. We write | f(z)| < |g(z)] if there
exists some inessential constant C (possibly depending on the parameters D, v and on
the space dimension d), uniform in A for A small enough, such that | f(z)| < C|g(2)|.
Then, by definition, |g(2)| 2 | f (D). If | f(2)] S |g(2)| and |g(2)] S | f(2)], we write
|f @]~ g(2)].

3. In many situations, one obtains (¢, x)-dependent functions f (¢, x) such that f decays
Gaussian-like, f(z,x) < e~ P/t for some positive constant ¢ bounded away from 0.
We then write f(t, x) < e~/ without further specifying the value of ¢, which may
change from line to line. For instance, if p,,(x) = e"’ A(x) is the heat kernel, then we
may write p,(x) < §=d/2=clxl? /vt < 1=d/2=c 5P/t leaving out the dependence in the
parameter v as explained in 2. Note however that, if v/ < v, p,,(x) < pys(x), whereas
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the inequality p,;(x) < py(x) does not hold uniformly in x because the space decay of
Py (+) is slower than that of p,,(-).

2 Cole-Hopf Transform

It is well-known that w := ev?") " is a solution of the linear equation with multiplicative
noise,
@ —vOMNw(t, a) = g©@ (n(t, a) — v<°>) w(t, a) 2.1)
where
g© .= %\/W — oM 2.2)

plays the role of a bare coupling constant, from which (representing the solution as a Wiener
integral by Feynman—Kac’s formula)

© .
h(T, a) — vT IOgU)(T, a)7 LU(T, Cl) — R4 |:eg(0) f()T dt (YI(T—{,Bt)—v(o))eth(B]'):I ,
(2.3)

where the expectation E“ is relative to the Wiener measure on d-dimensional Brownian
paths (B;)o<;<r issued from a € R? with v(®-normalization, i.e. E*[(B! — a)?] = 2v©¢,
i=1,...,d . Thus w(T, a) may be interpreted as the partition function of a directed polymer,
see e.g. [15] and references within, but we shall not need this interpretation in the article.

d . . .
Note that (B;);>0 @ (W5,0,)i=0, where W is now a standard Brownian motion, from
which—forgetting about the regularization and using the variable 2v®¢ instead of 1 —

T 1 2O 7 u @ 1 2O7
dtg(T =1, B)) ~ —— d (—,W): / dun(u, Wy).
/0 77( f) 2U(0) ‘/0 u 7] 21)(0) u W o u 7](” M)

. o ©
Thus w(7T', a) may be expanded in a series in the parameter g := J% = % W\/ DO,
v

v® vu
Aow?

e
Similarly, Vw = v?},) v th, or conversely Vi = from which

VI(T, a) = ¢ 50" T <E“ [eg«» Jo dt (T =1.B0—v®) 5oy hO(BT)Vho(BT)] +vDO E¢

T
X |:/ dt €8 Jods (1T =5.B)—v®) V(T —t, B) - e”%o)hT_t(Bt)}>
0
(2.4)

Without using the general theory developed in [57,59], Egs. (2.3) and (2.4) show that a.s.
h,Vh exist and are C! for h, say, C! and compactly supported. The Cole-Hopf solution
coincides with the solution defined for more general Hamilton-Jacobi equations in [57,59].

For the rest of the subsection only, we assume that n is a discretized “kick force”, i.e.

n‘[n ntl) = &.r 1 are independent and constant in time, in order to compare with the
existing literature. Since (1|[,—1,n))n>0 are independent fields, letting @ = 7O where
- 1 ,0) (1
5O . & log <IE0 [eé«l) fy dtn(O,B,):I> 2.5
¢©
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leads to (w(n, a));0 = 1foranyn e Nanda € R? if wy = 1, whence more generally
(w(n,a));o = O(1). (2.6)

Expanding the exponential in (2.5) and using

( / an©. 8)|") / di (I ©, BYD < CPP(p/D (20, )P = 0(CYPT (p/2),
2.7)
one gets: (E° [eg(o) by d’"(O*B’)]) = eO()‘Z), whence 7 = O(1).
Let us state an easy preliminary result, adapted from Carmona and Hu [15].

Lemma 2.1 There exists some positive constant v such that the solution of the KPZ equa-
tion with zero bare velocity,

@ —vO A, x) = VDOy(t, x) + A|Vh(t, x)|? (2.8)
verifies
l<h(T X)) =700 liminf l<h(T x)) =: v ® (2.9)
T ’ T TS T ’ o '

Furthermore, 0 < v©® < 3O,
Proof (see [15], Lemma 3.1) Let, for f general forcing term,
wr(alf) = E° I:eé’(m foT di f(f’aJrBsz):I (2.10)
and
= O [o8© fo dt ft.a+Br_) _
wr(a,b|f) =E" et Jo 4. |a+ Br =b (2.11)

Conditioning with respect to the terminal condition, a + By = b, means that we average
with respect to the law of the Brownian bridge from (0, a) to (T, b) (see e.g. [39]). Then, for
T,T' €N,

w77 (x|n) /PT(x,dy)wT(x,yln(-+T’))wr/(yln)

wT(X|n(~+T’))/pr(x,dy)nr,r/(x,yln(-+T’))wr/(y|n) (2.12)

YIn(+T’ .
where tr 7/ (x, y|n(-+T")) := %-BYCOH“WCUOH,IPT(X, dy)mr 7 (x, yln(-+

T')) = 1. Hence (by concavity of the log)
hryr (x) = (T, x) + / pr(x, dy)mr r(x, yinG- +T))hz/ (). (2.13)

Taking the expectation with respect to the noise and using independence of n(- + T”) from
together with space translation invariance, one gets the superadditive inequality,

(hr47'(x)) = (hr47/(0)) = (h7(0)) + (A7 (0)). (2.14)

On the other hand, by convexity of exp, (h7(0)) > 0. Fekete’s superadditive lemma allows
us to conclude to the existence of some constant v(®) verifying (2.9). This is the constant
whose existence is asserted in Main Theorem [see (1.6)]. Furthermore, by Jensen’s inequality,
v©® < 5O a5 observed already in [15], Prop. 1.4. O

n 0,71
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As mentioned in the Introduction, Carmona and Hu [15] actually prove the existence of a
limit random variable /4, (0) :=a.s.-lim;_, oo/ (2, 0) for the solution of the KPZ equation with
velocity 7@ and a Gaussian lower large deviation theorem (Theorem 1.5 in [15]) for /15, (0)
of the form

Plhoeo(0) < —A] S e, A0 (2.15)

from which it is clear in particular that v©® = 5@,
Because the equation for w is linear, there exists a random kernel G, = G, ((t, x), (', x))
(t > ') such that

wy (x|n) = /dx,Gn((l,x), ", x"Nwp (x'n). (2.16)
From the above formulas one sees that
G,((T,a), (0,b)) = wr(a, bln). 2.17)

The kernel G, called random propagator, is the matter of the next subsection.

3 Multi-scale Expansion and Vertex Representation

We discuss in this section two different points of view on the KPZ equation (1.1):

1. First (see Sect. 2), due to our specific choice of quadratic nonlinearity V(Vh) = |Vh |2,
the Cole-Hopf transform maps (1.1) into a linear equation for a Cole-Hopf field w with
multiplicative noise, which is explicitly solved in terms of an average over Brownian
paths, giving rise to Cole-Hopf solutions. Conjugating with respect to the Cole-Hopf
transform, these may be seen to coincide with the VW-solutions introduced elsewhere [59].
This point of view, in combination with martingale theorems and Gaussian concentration
inequalities, is extensively used in the literature [8,15,19,34], where people have been
at least as much interested in the resulting weighted measure on paths, interpreted as a
directed polymer measure. A lot of properties of this measure have been derived in all
dimensions, in the small (A < 1) orlarge (A >> 1) disorder regime, with attention focused
on asymptotic theorems, large-deviation properties, scaling exponent, etc. However, not
much can be derived therefrom concerning the asymptotic behavior of N-point functions
of the original KPZ field h for N > 2, because they are not directly accessible from the
directed polymer measure due to necessity of taking the inverse Cole-Hopf transform.

2. Second (see § 3.2)—and this our approach here—, starting either directly from the KPZ
equation or the Cole-Hopf transformed linear equation, one may try to expand the solution
in powers of A for A small enough. In the first case, the idea is more or less to apply
iteratively Duhamel expansion. In the second case, one is led to a vertex representation
based on an expansion of the random resolvent.

The second point of view may look very naive to mathematicians at first sight—though
physicists have long known how to build predictions out of perturbative expansions—; such
approaches in PDE theory lead in general only to existence “in the small”, i.e. for a small
enough initial condition. Because here we have a SPDE with a right-hand side, one may
expect to get only short-time existence. However, it turns out that combining it to very basic
finite-time bounds for the solution in a finite box, and to the apparatus of cluster expansions
and renormalization, yields exact asymptotics for N-point functions in the large-scale limit!
Thus this semi-perturbative approach for A < 1 is much more successful than previous
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approaches 1. and 2., whose results are not required, and actually can be rederived directly
up to some point. The key point is to assess the precise amount of expansion needed to get
the leading large-scale behavior without producing at the same time diverging series.

3.1 Multi-scale Decompositions and Power-Counting

In the following somewhat technical section, we cut propagators into scales, and space-time
into scaled boxes, paving the way for the cluster expansions of Sect. 4. The more PDE-minded
reader may find it more reassuring to read Sect. 3 first, and then navigate between Sects. 2
and 4.

Definition 3.1 (Phase space)
(1) (boxes) Let
DV = Uy penxzd k027, (ko + 127 x [k 272, (ki + 12777
x oo X [kag20?, (kg + 1)27/7]

(j>0)and D = U;.:BDf. If (1, x) € A with A € D/, we write A{t,x) = A.

(ii) (momentum-decoupling r-pqrameters) If ;0 ‘DO — [Q, 1], we write 1:,0 = _T(A?).

(iii) (space projection) If A € A/, A := [ko2/, (ko + 1)27) x [k127, (ki + D2/ x - x
[ka27/%, (kg + 1)27/%], we let A := [k127, (ki + D27/2] x -+ x [kq27/%, (kg + 1)27/7].
Then D is the union of all such cubes in R?.

Letv > 0. We let G, := (3, — vA)~! be the heat kernel with diffusion coefficient v,

Gy(t,x;t',x") == pyg_ry(x —=x")if t,#' > 0andt — 1" > 0,  Oelse 3.1

—x—x'12/av(—t") . (—A
where py_n(x —x') = W is the kernel of the heat operator e"¢ )2, When
v = v s the bare viscosity, we write simply G ,0) =: G.

In the following definition, if f : Ry — R, welet: f/(r) :== fQ2 /1) (j = 1).

Definition 3.2 (Multi-scale decompositions) Choose a smooth partition of unity 1 = x© x
O+ ;;ocl’ (x *x)’ of R, for some smooth functions x : Ry — [0, 1] with compact support

C [%, 2], and x° : Ry — [0, 1] with compact support C [0, 1]. Let A/ (¢, '), B/ (z, 1)
(j > 0,t >t > 0) be the operator-valued, time-convolution kernels defined by

A%, 1) = BO(t, 1) := xO( — 1) =A (3.2)
and, for j > 1,
Al 1)y =Bl 1)) =271y  (t — 1')e" =2, (3.3)

They define operators A}, B : L*(Ry x R?) — L?(Ry. x RY) through (A7 f)(1) =
Jodt' AT 1) f(&)), (BIf)(@) = [y dt' BI(t, 1) f(1).
Remark If (¢, x) is connected to (¢,' x) by some A/ or B/ with j > 1, thenr—¢’ > 1, hence
(n(t, x)n(’, x")) = 0. This property (due to an adequate choice of cut-offs) is convenient

since it implies that two-point functions require only a scale 0 renormalization (see §5.1).

Note that (x * x)/ = 277/ 2x7) % (2712 ¢ /) (j = 1). Hence, by construction,
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o The A{ ’s provide a decomposition of the kernel G,, into a sum of positive kernels: namely,
S ALBI 1) = (O O — e 2
j=0
+ Y@y @Iy ) = 1) TR dE = Gy (1. 1),
izl
(3.4)
Furthermore, letting
Gl :=AlB), j=0 (3.5)
we have Z/zo G‘(,' = G,, and G(; is “roughly” 2//2A‘£ (we say “roughly”, because

(x * x)? and x/ do not have exactly the same time support—a more precise statement
may be e.g. that 2//2A7,(-, ) <G} < 2j/2A£/C(-, -) for some 0 < ¢ < 1).

Definition 3.3 1. Let A, (-; -, -) be the following kernel on (R x R?) x (N x R, x R9),

Ap((t, x); J, (¢, X)) i= AL ((t, x), (¢, x)). 3.6)
2. Let B, (-, -; -) be the following kernel in (N x R4 x R7) x Ry x RY),
By(j, (t,x); (t', X)) := B ((t, x), (t', x)). (3.7

In other words, letting 7 be an auxiliary separable Hilbert space with orthonormal basis
denoted by e/, j > 0, or equivalently, |j) (in quantum mechanical notation), A, (-, -) is the
kernel of the operator

Ay H®L*(Ry x RY) - L2(Ry x RY) (3.8)
defined by Ayl ® f) = A(; (f); equivalently, A, := > >0 A{ (j| has a linear form-valued
kernel on (R4 x RY) x Ry x RY),

AC) =Y AT (3.9)

Jj=0

Dualizing, B, (-, -) is the kernel of the operator
B, : L*(Ry x RY) - H® L*(Ry x RY) (3.10)

defined by B, (f) = ijo Bﬂ (f)e’; in other words, B, := ijo B,{ |j), with associated
vector-valued kernel

By(,) =Y B 3.11)
Jj=0
Thus the decomposition of G,,, see (3.4), is equivalent to the identity
ABy = Y ALB]liY =) AlB] =G, (3.12)
J.J'=0 Jj=0

which lies at the core of the vertex representation in § 3.2.

As in the case of G, we write simply A o =: A, B, =: B.

The following estimates for the kernel A/(r, x;¢',x’) = B/ (t,x;t',x") of A/ = BJ are
easily shown:
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Lemma 3.4 (multi-scale estimates for A and B) Let j > 1.
(i) (single-scale estimates)
|a;(/vl(A] (t, X t/, x/)| 5 (2—j/2)2k’+|lc|(2—j/2)d+le—02*/|x—x’|2 1[_1/%2],; (313)
/dz’ dx' AV, x; 1, x') ~ 2072 (3.14)
A7 fll2 S @772 £l 2. (3.15)
(i1) (two-scale estimates) let 1 < j and k, k' > 0, then
(VAT V% BIY((1, x), (1, x| S Q12 dFIHIR =2 =Py (3.16)
From (ii) it results that (V¥ A/ V¥ BJ)(-, -) scales like V¥4 GJ' (., -)—or, more precisely,
like VTG (-, ), with v ~ v @, or equivalently, like 2//2V<+¢ BJ (.. ). Also, it is clear

that G(-, -) < Zkzo 2k/2A]’§(-, -). As immediate corollary, expanding G over scales, it comes
out

(BIG)(-, ) S22GI( ). (3.17)

(V3GT - G)0l 1@ VG - G S2777GI () (3.18)
and finally the first of our two key power-counting estimates,
(V3G - G). ), 13 VG - G, S Gl o), (3.19)

whereas 3,°V¥G - G, |«| := 2ko + |k| = 2k0 + k1 + - - - + kg diverges in the stationary
limit when |k| < 2,i.e. (3/°V*G - G)((t, x), (0, x)) ~ t'7/% (|«| < 2),log(t) (|| = 2),

t . e .
therefore ey +o00. In all these estimates it is intended that v ~ v©.

Proof (i) Immediate consequence of the elementary heat kernel estimates, |9, v DPu(i—1y (X)]

S@-r )k Ik /2 D2v(—1'y(x). Note that the time support and scaled exponential space
decay leave an effective space-time integration volume O (21(174/2)) The L?-norm esti-

mate is also a consequence of: ||Ajf||2L2 S S ,d_’,/ IIe(’_’/)"Af,/Hi2 and the easy
inequality IIe(F’/)VAfIIiZ <t =172 f] |2L2 (standard parabolic estimate).

(i) Integrating [dt" [dx" V¥AI((1,x), (¢",x")V* BI (", x"), (', x")) by parts with
respect to ¢, and remarking that ¢’ ranges in a time-interval of size O (2/), we obtain

(VAT V¥ B 0), ()| = | VB x), (5
< (2/'/2621%9@ ) (27./'/2)1+\lc|+|lc/\ezj/@A) ((t, x), (¢, x'))

. PN )
S QI ST A (1, x), (X)), (3.20)

One gets similarly
Git,xit,x) <2 7ddRe=e2 ety (3.21)

At this point we introduce a very useful
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Universal notation Let f = Zjﬁg £ be a function/random field/multi-scale diagramy/...
decomposed into its scale components, then

fﬁj — Zf(k) =t f(j+2) + f(j+1) + f(j) (3.22)
k>j
is the scale j low-momentum part of f, while
= Zf(k) = D4 pU-D 4. 4 gD O (3.23)
k<j

is the scale j high-momentum part of f.
In the particular case of the kernels A and B, the following is intended,

AT =) ARG, AT =) ARG (K (3.24)
k>j k<j

B7I(, ) =Y Bk, BIT( =) BRC I (3.25)
k>j k<j

3.2 The Vertex Representation

Consider the KPZ equation (1.4). Recall (v@, D@ y©) are the bare parameters. Expanding
blindly the exponential in Feynman—Kac’s formula (2.3) would yield a series in the bare
coupling constant g = ﬁ\/ DO This is the starting point for our expansion. In the end
(see Sect. 6), we shall see that it is possible to make partial resummations, and obtain thus
expressions bounded by products of short-time kernels G, ((¢, x), (¢', x")) witht —t' = O(1),
which are in turn bounded using (2.3).

Let us start with some general considerations. Let f = f(¢, x) be any right-hand side,
and v > 0. The integral version of the equation

(0, —vA)w(t,x) = f(t, x)w(t, x), (3.26)

coinciding—up to the replacement of (@ by v—with (2.1) when f (¢, x) := g(o)(n(t, x) —
)y ;
v, is

w(t, x) = Gy((t,x), (0, Nwo(-) + Gu((r, x), )(fw)(). (3.27)
Iterating yields
w(t, x) =(Gy + G fGy + G fGufGy +---) (1, X), (0, ))wo (). (3.28)

The series converges under suitable hypotheses on f, and the general term in the series
has the form of a chronological sequence, or string of propagators G, with g’s sandwiched
in-between, namely,

t
(Gof - fGy) (.30, y>=/0 dnfdxl Gt x: 11, ) £ (11, %1)

1 n
f drz/dxzcu(n,xl;rz,xz)f(rz,xz)/ dt3/dx3 (3.29)
0 0

‘We now turn to a representation in terms of the operators A,,, B, defined in Definition 3.3
by means of the auxiliary space H indexing the scales.
To an arbitrary function f, we associate the following general vertex

Vu(N(, x) := By (-, (1, X)) f (1, X) Ay (2, X)), ). (3.30)
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Since A, B, = G,, one sees immediately by expanding (1 — X)~! = 1+ X + X%+ - - that

—1
w=A, (1 —/dt dx V,,(f)(t,x)) Bywo. (3.31)

Here (1 — f dtdx V,(f)(t, x)~! plays manifestly the role of a resolvent.

Remark Other choices of vertices and scale decompositions are possible; for instance, letting
instead B, = A, := /G, = f0+°° eVt %, and decomposing B,,, A, into scales in a similar
way as we did in Definition 3.2, Eq.3.30 defines a scalar vertex. However, the orthogonal
projection structure of (3.9, 3.11) yields significant simplifications, see (5.6) and Appendix

2 section.

Let v = v Recall that we write for short in this case G = G0, A = A, 0, B = B 0.
Choosing f = g@ (5 — v®), we obtain the

Definition 3.5 (Cole-Hopf vertex)
Vy(t,x) == B(-, (1, %)) (g“”(n(r, x) — v“’))) A((t, %), ) (3.32)

Then the solution of (2.1) is

-1
w=A (1 — /dt dx Vr,(t,x)> Bwy. (3.33)
In other words, letting

Definition 3.6 (Random resolvent/propagator)

-1
R, = <1 — /dt dx V,](t,x)> , G, :=AR,B (3.34)

we have

w(t, x) = (AR, B)((t, x), (0, ))wo(-) = G((z, x), (0, -))wo (). (3.35)

4 Cluster Expansions

The general principle of multi-scale expansions is that each field has one degree of freedom
perboxinD = U jzo]D)j (an idea made precise by wavelet expansions). In order to understand
the effect of the weak coupling between the degrees of freedom belonging to different boxes,
one interpolates between the totally decoupled theory and the coupled theory by introducing
parameters. These are of two kinds. Horizontal parameters (denoted by the letter s) test the
coupling between two boxes of the same scale. Vertical parameters (denoted by the letter 7)
test the coupling between a given box A € D/, j > 0 and the boxes below it, i.e. the boxes
A¥ € DX, k > j (one per scale) such that A¥ > A/, (In the case of the KPZ equation in
its Cole-Hopf formulation, the only essential counterterms for renormalization are produced
at scale 0, so we shall only test the coupling between a box in D and the boxes below it).
For the coupled theory, these parameters are equal to 1; for the totally decoupled theory, on
the other hand, they are equal to 0. Taylor expanding to some order around 0 with respect
to the s- and t-parameters produces in general a combinatorial sum over products of so-
called multi-scale polymers (unions of boxes). Any polymer is connected by links between
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boxes for which the relevant parameter, s or 7, is > 0; such terms are written in terms of
Taylor integral remainders. In equilibrium statistical field theory, there appear pieces totally
isolated from remaining boxes; they correspond to vacuum diagrams, and—as well-known—
disappear when one computes connected expectations. In our context, these do not appear
(Z = 1 automatically for dynamical theories, because the noise measure is normalized from
the beginning). On the other hand, renormalization is in general a necessity in either setting,
due to the following reason. Differentiating with respect to a r-link originated from a box
AJ e D/ produces low-momentum fields in some box AK > A/, k > j.Imagine one applies
> 1 differentiations with respect to some of the vertical parameters located in boxes at the
bottom of the polymer, in total N,y of them, and then sets all of these vertical parameters to
0. Thus this polymer “floats” at a certain height with respect to its external legs, measured
by the difference joxs min — Jjint,max = (min of scales k of the N,,; low-momentum fields) -
(max of scales j of bottom boxes). Then the quantity integrated in volume obtained by
summing over all possible locations of the polymer with respect to its external legs is not a
vacuum diagram; it is to be seen rather as some insertion contributing to the evaluation of
the polymers located below. Computations show that, for N,,,; small enough (in our case,
for N.x; = 2 only), this contribution diverges in the limit when jexs min — Jjint,max — ©°.
Thus such insertions contribute to the large-scale limit. The idea of Wilson’s renormalization
scheme is to absorb the diverging part of these insertions into a scale by scale redefinition
of the parameters of the theory.

Here an essential simplification comes through the fact that only scale 0 diagrams need
to be renormalized, but the general philosophy remains the same.

In most theories, N-point functions are of the form (P (h)), where P(h) is a polyno-
mial in the random field 4 = h(¢, x); however, here / is the logarithm of w. This a feature
specific to this particular model. Let us write down here explicitly the effect of succes-
sive differentiations on an expression of the form P (log /). Incorporating the interpolating
parameters transforms w (¢, x) into w(ro, s;t,x), where s and 70 are scale 0 parameters.
Now, we need to differentiate with respect to s- and 7% —parameters the N-point function
(log(wl(ro, s)) - log(wN(TO, 5))), where we have let wi(-) := w(:; #, xx). Then (letting
D1, D, - - - denote the derivative with respect to various s- or rO—parameters)

Diwy () DyDywi () — Diwe()Dowi()

Dy log(wi (1)) = . D2 Dylog(wi () =

wi(+) wi(+) (we(N? 7
4.1
n
Dy Dilogwi() =Y (=" tm—-D! YN
m=1 4 Fim=n I, Iy
[l_[iell Di] wr () -+ [l_[ieln Dm] wi (+)
X : , 4.2)
(wi ()"
where the last sum ranges over all partitions of {1, ..., n} into m disjoint subsets I, ..., I,
with |I1] = i1, ..., |Im| = in. Thus the derivatives apply to a product w; 1 ---w;k of k

“replicas” of w;. The latter expression generalizes easily to some combinatorial expression
of the same type for D,, - - - D1 {logw1(+)) - - - log wx (-))} which is of the general form

Mien Ty ([TTics, i i)
e J_Hkkgzl[)k(-;ﬁ% Jox)

(k)

4.3)
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with Wy W<, I j = {1, ..., n}, for some coefficients c¢; depending on the choice of the
sets (I, j), plus terms involving one or several log w which have not been differentiated. The
conclusion of this discussion is that we need only evaluate the D;’s on so-called replicated
products H,{V:/] wy (s, % ¢, x) taking into account the “replicas”, or equivalently [by (3.35)]
on a product of N’ := )", _n my noisy resolvents R,. This is what we do in the next
paragraphs. -

Let us finally mention our implicit integration convention: whenever a formula contains
more space-time variables in the r.-h.s. than in the L.-h.s., supplementary variables are implic-
itly integrated over.

4.1 The Dressed Equation

We now proceed—as a preparation to the renormalization step—to separate the O-th scale
from the others. The outcome is a “dressed” vertex V(ro). Let 0 : DY — [0, 1]. First we
need to dress the operators A, B.

Definition 4.1 (Dressed fields)

1. (A-field)
Let

A (1, %), ) = A%((2, %), (0] + 1 A7 (%), ) (4.4)

2. (B-field) The dressing procedure is the same, except that it acts on the second set of
variables, namely,

B ., ', x") = B, (', x")|0) + rg,yx,)Bﬁl(-, ', x") 4.5)

The idea is the following. Start from a space-time dependent field, say, ¢(, x), and
make it t-dependent as indicated. Then Taylor’s formula, d)(rt(? otx) = @051, x) +

r}?xa,t()x(p(o; t,x) + --- reads simply (b(‘[r(?x; t,x) = ¢, x) + rt9x¢_’1(t, x). In other

words, by differentiating ¢(r,?x; t, x) with respect to r,(fx, one separates the zeroth scale
component ¢ O (¢, x) from the low-momentum field ¢~ ! (¢, x).

Renormalization involves a priori the introduction of scale counterterms §g¢/) := gU+D —
gV (recall g\ := %mby definition), §v/) 1= vU+D —p(D g1 = pU+D (),
Due to our hypotheses on the covariance kernel (n(z, x)n(¢’, x')), it actually happens (as
proved in Sect. 5) that only two-point scale 0 diagrams absolutely need renormalization; thus
we choose to take Sg(j) = 0 forall j > 0, and sv), sv) = 0 for every j > 1. Since
we want V) — ;o vepr, v — ;o 0, this implies simply that g = g©@ () =
Veff, v =0 forall j > 1. Thus dressing the vertex is a very simple matter. First (in order
to avoid having to differentiate characteristic functions of scale 0 boxes coming out of the
horizontal cluster, see § 4.2), we introduce

A0 = 5O A, (4.6)

where ¥ @ : R? — Risany normalized smooth “bump” function, such thate.g. supp(x @)
B, 1), f dx )'((0) x)=1;A"04s aregularized version of A. It is useful to assume that )Z(O)
is isotropic though (see Appendix 2 section), which improves the precision of the asymptotics
in Theorem O.1.

Definition 4.2 (Dressed vertex and effective propagators) Let, for t° : D° — [0, 1],
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(i
Vy(@i0,2) =BG 0) (€000, ) = ) AG: (100,
+B7C 1 0) (= @D ey = 0)A™0) A7 (1), )
4.7
(i)
—1
R, (%) = (1 —/dtdx Vn(‘co;t,x)) : (4.8)

Let us comment formula (4.7), which is the starting point of all subsequent computations.
The first line of (4.7),

VO 10 = B ) (8Q 060 = v ) A% )0 (49)

is simply a dressed version of the Cole-Hopf vertex (3.32).
The second line,

§Vy(z 1, x) := B, (1, ) ((1 — (@) Wers — v“’))A*O) A~ N, %), ) (4.10)

vanishes when t° = 1, which ensures that one recovers the original Cole-Hopf vertex, i.e.
V,,(TO = 1;-) = V;(-). Itmay be decomposed into two pieces, which are proportional but play
avery differentrole. The firstone, — (t, )2 B~ (-, (1, %)) ((vers — v AT0) A7 1((1, %), ),
is a low-momentum counterterm which resums the corresponding zero-momentum contri-
bution of scale 0 two-point functions (see §5.1). The second one,

+B71(, (1, x)) ((veff — v(o))A_’O) A~ (2, x), -), leads to an effective propagator

Gogp = A7 3 (8v," = 0))" B!

n>0
—1
— Al (1 —(ueff—u(o))BﬁlA*OA*l) B! @.11)

which plays an essential role in the large-scale limit discussed in Sect. 6. As proved in

Lemma 8.2, Ge ¢ may be replaced in that limit by Grr := (9 — verr A)™ ! with an excellent

approximation. Thus v,y is, indeed, an effective viscosity. Namely, it is shown in §7 that
(”;Eff((e—lt’g—l/zx) ' ey = G ff((e e 2y (67 e 2xY) + <0 (e),

(4.12)

meaning the following (see Lemma 8.2). Assume t — ¢’ ~ 1 and ¢ &~ 27/ « 1, so that

e L@t — ') ~ 2J. Then the error term “O(g)" is equal to O(g) times an exponentially

decreasing kernel which is bounded by G000 (6™ T, e=12x), (71, e71/2x")) =

8d/2GV(0)+0(A2)((t x), (', x")) in a very large space-time region including the “normal
. »» |x X |2 < 1.

regime” =—7~

4.2 Horizontal Cluster Expansion

The general principle is outlined in Appendix 1 section. We only need a scale O cluster

expansion, which we apply using (7.4) to

F=FA° B%n; A~ B~ i=log(wi1 (%, s = 1) - - - log(wn (t%, s = 1)), (4.13)
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where the A~ !’s and B~ !’s are only spectators. To be specific, w(z?, s) in the above
expression is defined as follows:

w(t% 531, x) = (AR (t")(s)B)((z, x), (0, Nwo(-); (4.14)

R,,(to)(s)(t, x;t',x) =81t —1)s(x —x') + Z/dxl...dxn
n=I1

n
TT[ (sar g BOGt 5o (i) 10) + 20 B (Gt o), (11, 500))

i=1
(P, x) — v )

(s Ay A% 0, i, xi) O]+ 70 AT (30, i, xi+1))

+ B im0, o) (= @)D gy =) A7) A7 (30 G xi) |
4.15)

where (by convention) (fy, xo) = (£, x), (ta+1, Xn+1) = (', x’). This way, F appears as a
functional of A?, B?, to which the BKAR cluster expansion formula (7.4) applies.
The outcome is an expression of F in terms of a sum over scale 0 forests FO,

! d
(F(A%, By = > ( I1 /0 dwe) (( 11 m) <F(A°<s<w)),B°<s<w)>>|n>s<w>),

FOeFO \LeL(F0) LeL(F0)
4.16)
see Appendix 1 section for detailed notations.
Let £ = (A,A), A,A” € D" be a pair of linked boxes. We use the short-
ened notation V,(z%)(s(w)) = V,(t°)(A%s(w)), B(s(w))) and R,(z")(s(w)) :=
1

T dr dx Vy (50 (A0 (@), BOG ) A direct computation yields

0 d
8—Rn(r°)<s(w)> = Ry (%) (s(w)) (— / dtdx V(% nx)(s(w))) Ry (%) (s (w))
Se dsg

(4.17)
Then
%/dtdx V(2% 1, x)(s(w)) = /dtdx B(°, s(w))(, (¢, x)) -

4

: (g(o)(n(t, x) — v<°>)) <d%A<r<°>, sw)((t, x), ->)

+/dt/dx/ <iB(T(O)a S(U)))(, (t/5'x/))> :

dsy

(000 x) = v ) (A, @) 1), )

(4.18)

Finally, if (£, x) € A, (//,x") € A/, A, A € D°,

0 0
8—A<r°, s(w)((1, ), (', x") = — A%(s(w))((t, x), (', x)) (0]
S¢ ds¢
= A%, %), (', XNO] - L=any  (419)

and similarly for B. Hence (¢, x), resp. (t', x’) in (4.18) is integrated over A, resp. A'.
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On the other hand [see (7.6)], ddT{ also acts on the covariance kernel of n, according to the
rules: ’

d ) 1)
—(( - = d dz, Ne=t - (————( - 4.2
ds[<( )>s(w) Ae e fA/@ Ze nzan@p)s=1 <87](Z[) 577(12)( )>s(w) (4.20)

) )
— Ry (") (s(w)) = Ry(z")(s(w)) (W / dz V<r°><s(w>)(z>) Ry (%) (s (w))

8n(ze)
4.21)
5 / dz V(") (s(w))(z) = B, s(w) (-, z)g P A0, s(w)) (ze, 1),
n(ze)
(4.22)

with now averages defined with respect to the s-dependent Gaussian measure - ) ().
Clearly, d% (or %, 7 = zg Or z}z) can also act directly on one of the AT, s(w))(-, 1),
B(%, s(w))(-, ) or n’s produced by previous differentiations.

Summarizing, turning to the specific case (4.13), the result of the expansion (4.16) may
be rewritten, using the notations of (4.3), and separating the action of the s-derivatives on
the covariance kernel of 7 from the action on the propagators A%, B, and splitting the s-
derivatives according to the index (k, j) of the string on which they act—or possibly the pair
of indices (k, j), (k’, j) for n-pairings between two different strings—

1
2. ( [1 f dwz) > cr (l_[/ dze /,dzun(a)n(z;»s:])
FoeF0 \teL(F0) 0 A¢ A

(LG)k,/‘»(Ln)k,/‘»(Ln)(k‘/),(k’,j’) LeLy,

<Hk§N [ <m ([(Dc)k,j(Dn)k,j(Dn)ac,j).-(Dn)-.(k,j)]wk(fov s: ')) > 423)
s(w)

[Ti<n (i (20, 55 )

where: ¢y is as in (4.3);
L(F% = Lo WLy,
LG =W, j)(LG)k,j (propagator links);
Ly =W j(Lpkj Wik, ).k, j L)k, j).w.jr) (noise links);
L)y, 7= Y, ey L) e jy, w0 o)k, jy 7= Yo, iz L)@, ), &, j) (noise
links between two strings);
(DGk,j = I—[KG(LG)]( ; % (derivatives acting on propagators A% or BY);
o 52 . . .
(Dpk,j = H£e( Lk SGomIE) (double derivatives acting on two noise fields located on
the same string);
e ) e )
D)k jy. = HZE(Ln)(k.j)s Sn(ze)dn(zy)’ (D). k) = HZ/E(Ln)-,(M) 8n(ze)én(zy) (resp. on two
different strings, including that of index (k, j));
m =Card{ 1L )kj U (Lyk,j U Lydee Y (L), s,y # 9}
with wy (t%; s) defined as in (4.14,4.15).
In other words:

(1) [see (4.17,4.18,4.19)], each s-derivative along a link acting on a random resolvent (i)
singles out a localized A’- or B-propagator between the two boxes connected by the
link, and produces (ii) a supplementary B—, resp. A— propagator ending, resp. starting
in one of the two boxes; (iii) a “renormalized” noise field

i, x) =g, x) —v®) 4.24)
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sandwiched between the localized scale O propagator, and another propagator with
unspecified scale; (iv) and supplementary resolvents R;; (9 (s(w)), whose scale 0 com-
ponents R,(YO) will later on be produced explicitly by the vertical expansion. Because all
these scale O operators are causal, they may be seen as beads stringed on an (open)
string propagating causally, with dangling 77-ends on each bead. See Fig. 1 below.
Sequences fA dtdx B®(-, (t, x))n(t, x)A®((¢, x), ) integrated in a box A € DO, are
called vertices by reference to Definition 4.2.

(ii) an s-derivative acting directly on some A or B turns into an A? or B? linking two
specified boxes;

(iii) the clusterin 7 [see in particular (4.20,4.21,4.22)] produces from 0 to 2 vertices (depend-
ing on whether the act on a resolvent or directly on some dangling 7), and

ﬁn?zz)’ an?z;)
a local link between two vertices, by which we mean that one gets some pairing of
(old or new) vertices [, dz B*(-,2)A*(z, ), [, d7' B(-,Z')A(Z, -), multiplied with the
finite-range kernel (n(z)n(z’))s=1, which forces d(A, A') = O(1).

A general term in (4.23) is in the form of a product of N’ strlngs with beads or inserted
vertices and dangling n-ends, schematically, letting zl = (t X; Y1 <i<N,j>1)be
intermediate coordinates implicitly integrated over with #; > tl.l > tl.z e i3nz =0,

() (oo

j=1

np—1
3j—1 3 3 3j+1 3j+1 342 3n1—1 _3n 3n
(<%q>n3<f AP )| ()

”N’ 1
3j-1 3 3/ _3j+1 341 3j+2 3nyi—1 3ny 3y
R”(z " ZN' B'(zN’, ZA/,)A'(ZN’,,ZN’, )Rn<z1\',’, V2 )) B'(ZN,N ™ Jwo (2

(4.25)

averaged w.r. to the measure ( - )sw), Where some of the B’s and A’s are localized, O-
th scale propagators, others being “grey” for the moment (i.e. of unspecified scale), and
n) = g(o)(n(-) —v®), see Eq.(4.24). As seen from the previous formulas in this very
subsection, such terms should be summed over forests, integrated w.r. to interpolation coeffi-
cients w. Intermediate coordinates z{ are integrated over 0-scale boxes Ay, Aj. Also missing
are coefficients cy(z) now depending on z := (z¢, Z)gecr (o) through the pairing factors
(n(zg)n(z%)) due to the cluster expansion in 1. A more explicit expression shall be given at
the very end of Sect. 4, after we have completed the vertical cluster expansion.

4.3 Vertical Cluster or Momentum-Decoupling Expansion
After performing the scale 0 horizontal cluster expansion, one must still perform on the

contribution associated to a given forest FO another expansion called vertical cluster or
momentum-decoupling expansion. This consists simply in applying the operator
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2 1 2
0 (1 —17a) 3
ver = TT | 32 o, o+ / doa =207, | (4.26)
AeD? \pa=0 0 ’

Fix a box A? € DO, A derivative d;0, acting on a dressed field A(t; -), simply beheads
A%—the highest-momentum component of A—, and yields A~!. On the other hand, if
(t,x) € A",

dr,o Ry (7) = Ry (1) (aw V,,(r)) R, (1) 4.27)
Do Va(mi 1.3) = B0, (00 (80, 0) = v ) A (1,3, )
+B(z: - (1,00) (g0, x) = v ) A7 2,

—{-Bﬁl(', (t, %)) <_2Tt(,)x(v(0) _ Ve_ﬁf)A%()) A%l((t, x), ")
(4.28)

Therefore, the vertical cluster expansion acts by inserting vertices, just as the horizontal
cluster expansion does. On the other hand, these vertices comprise at least one low-momentum
field. O-scale boxes in which these low-momentum fields are integrated (here A®) constitute
the external boxes or (looking more precisely at the nature—A or B - and the scale of
the low-momentum fields) the external structure of the associated polymers. Such low-
momentum fields are called external legs of the polymer. The order of differentiation in 7o
is denoted by pa ; for the Taylor remainder in (4.26) one has ua = 3. Since each t-derivative
contributes an external leg, the number of external legs of a polymer is equal to the number
of t-derivatives that have been applied to it. Thus ua can be interpreted as a multiplicity,
by which we mean that a polymer containing A has pa external legs starting from the box
A.

Now that we have completed the cluster expansion, a fundamental observation to be
made is the following. Let A := A?x, A = A?,’x,. If A, A’ belong to different components
of F, then R, (t)(s(w))((t, x), (', x")) = 0. In the contrary case, letting T” be the tree
containing A and A’, R, (v)(s(w))((¢, x), (¢', x")) depends only on the values of n in the
image |TO| := {A € DO | A € T of the polymer:

We illustrate the double horizontal/vertical cluster expansion by Fig. 1, where the following
pictural conventions are used. Wavy lines are pairings (n(t, x)n(t’, x’)) produced by the
cluster expansion in 7n; the attached d/ds is a reminder of the action of the cluster operator
d/ds which produced the pairing. Wavy half-lines with added symbol 7} stand for dangling 7-
ends; when evaluating averaged N -point functions, they are contracted inside their connected
component (polymer). Scale 0 thick lines are space-time convolutions A°R© (z0 = 0)B?;
an attached d /ds signals the fact that either A or BY has been produced by the propagator
cluster. Scale j thick lines (j > 1) are either A/ or B/ or G/ = A/ B/,

The final outcome of this section is the following compact expression, where V (F°) is the
set of vertices connected by a forest FO and np, A € V(]FO) is the coordination number of
a given vertex of the forest:

(1ogwi(e,s = 111, x0)) -+ log(wy (e s = T: ty. xw)) =

1
Z ( ]_[ /0 dwz) Z cr (H/A dze /A dz@(n(zz)n(d))s:l)
Fer0 \CeL(F0) ¢ ¢

LG,Ly,Lyertsp Lel,
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AN =
AN =0
dids N : )
i N N\ é
AO ™\ 8 AO :
Y 0 BO . . d/ds :
: Al gs B : —
: : I :
T5/67 : 5/6T° /6t ; o/oT
> : : j=1
¢ <5
. ) . , -
j=2
Fig. 1 Cluster expansions
[Te<n [Tj<m, ([(Dc>k.j(Dn)k,j(Dn)<k,j),-(Dn)»,<k.j)(Dr)k.j]Wk(fov $; ~))
nng(wk(to, 53 -))"k sw) '
(4.29)

where; = (1a) acp0i (Dodkj = [laer, ; Dea(ia), and

(1—12)2
S A=)

S (ma =),

(4.30)

1
Deyua) =8| (ua=0,12), / dr
0

with 7 = g© (y — v®), featuring a product of strings indexed by &, j, where, for each box
A e FO:

(i) the horizontal cluster expansion has produced 0 < n/A < np vertices integrated over
(M) e An=0,...,1);

(ii) the vertical cluster expansion has produced 0 < n’A < ua < 3 vertices integrated over
(A e An=0,...,n%;

and {z),(A), 2//(A)}an = 12} ;).

5 Renormalization

We now proceed to the renormalization stage. As explained in the introduction to Sect. 4,
renormalization consists in general in computing, and compensating by equal counterterms,
the “diverging part” of the sum of diagrams with a given external structure. In a multi-scale
setting, one considers instead the so-called “local part” of the sum of all polymers with internal
legs of scale < j and given external structure, made up of a product of external legs of scale
> j; such local parts are compensated by counterterms of scale ;.
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Given the simplicity of this stage in the present model, we spare the reader a full-length
explanation of these ideas (that can be found e.g. in [45] or [58]), and describe instead what
we do in simple terms.

The main step is the estimation of the two-point function. The idea is roughly the following.
Low-momentum propagators G~ ((t;, xi), (t, x )= =1 AL (j| B/ 1) ((ti, x0), (15, X)),
J = 1 occupying on a string the time-section between initial time #; and final time 77, may
be cut anywhere into two parts by a scale O vertex insertion, according to the rule

G (i), tpxp) = Y AT (xi) )T [B717) (80001 B10) g O+ ) Atk ]y -
Jk=>1

CBRC (tp o xp) ) =GN, x), ) Ky (L) G (X)) (5.1

The random kernel between parentheses,

1
Ky (.00, (¢ x) 2= (800 A% 01— B016) g0 A0 5 1O g ¥n) (.. (@ x')
= (809401 B0) g O+ -+ ) (1,0, (0, x) (52)

containing only A% and B®-components, is (as can be shown) O (1) in average, and decreases
exponentially fast when d((¢, x), (t', x')) is large, while

G, x"), ) ~ Gt x),) (5.3)

if d((t,x),(’,x’)) = O@1) and j > 1. Thus it makes sense to assume that
its main contribution to the string is the averaged zero-momentum quantity v(t) :=
f dt"dx' (K,((t, x), (¢, x))) (later on identified as g0yO, up to some small correction).
Assuming for simplicity that v(¢) = v is a constant, we must consider the sum of the geomet-
ric series G~ + G~ lvG = + GG~ G~ - - - Since now (G * G)((1, x), (¢, x')) =
f,t/ di" [dx" pr—y(x — x")py_p(x" —x') = (t —1)G((t, x), (t', x')), one sees that the
large-scale (i.e. r —t' — 400) correction to G~ ! is infinite. On the other hand, the geometric
series may be resummed exactly, G + GvG + GvGvG + - -- = (9; — v QA — v)~! This
explains why we incorporated v® into the equation. Considering instead a second-order Tay-
lor expansion in x — x” in (5.3) yields [see similarly (5.12)] a contribution §v, compensated
by sV [see (4.7,4.10)], creating a geometric series >~ G+ GSvVAG +GSvAGSVAG+- - - =
@ —vOA —svA)~L; thus Veff 1= v©® 4 5y may be interpreted as an effective viscosity.
Now, further corrections, of the type G~! ~» G719G ™! with || > 3, see our first key
power-counting estimate (3.19), finite in the large-scale limit, need not be considered.

In a general renormalizable theory, only a finite number of N-point functions yield infinite
contributions in the large-scale limit. It turns out here, however, that only N = 2 point
functions yield an infinite contribution, because of our second key power-counting estimate
(6.29). We content ourselves with briefly discussing diagrammatics for N = 4 in §5.2.

5.1 Two-Point Function

A
Consider a piece S of a string A((tinis, Xini), H(1 = V)~ ¢, ) BC, (0, y)en@ " running
from initial position (s, Xini¢) to final position (0, y), connected by the horizontal cluster
alone (i.e. obtained by letting 0= 0). By construction, it has two external legs, one at each

temporal end. Then (letting 7(z, x) := g ((t, x) —v?)—see Definition 4.2—, and L, (F")
be the set of cluster links coming from the perturbation of the measure on »—compare with
Eq. (4.23), while now k = j = 1 since there is only one string, and I} = L,,(IFO)—)
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s=( ] /dwg)LGZ (11 /Al dze fA2 dz, GOn(Eso1) -

LeL(F0) Ly tely

1
1— [dr" dx" VO (z0 = 0)(s(w)) (1, x"")

DG Dy {B”%-, (t,x)) (. x), (¢, X NATL(@ %), -)}

=B @) - i) - AT ),

# 3 [andax [anan( T] [awe)) ¥ (T] [ daze [ asb wconcn)
¢ [

n>0 [EL(FO) Lg,Ly tely

DDy B 1)) - [ 0 A @) (1,0, 90 - R (@0 = 0@ ) -

(BO(s)) (-, (11, x))I0) 71, x1)) A (s ) (@11, x1), H(0]) - R 0 = 0)(, )

o (BOs ), 1 xi))10) it xi)) A (s ) (1, x0), H(O]) - RY (¥ = 0)(-, )

o (BOs ), (s x0))10) it x)) A (s () (tn, ), )(0]) - R (20 = 0)(-, )

B, (0 X DI0) i )] - 47 ). ) (5:4)

where 7 is the number of internal vertices, and R,(YO) (9 = 0) are “scale 0 resolvents”,

RV (% = 0)(s(w)((t, x), (¢, x)) = (1 - /dt dx V\O(z% = 0)(sw))(t, x))_l. (5.5)

The operators Dg, D, are as in (4.29), with only one string involved, say, Dg =
(DG)1,1, Dy = (Dy)1,1. Each 9/9ds, appearing in D suppresses one of the s-factors in

front of the propagators; each -—————~ appearing in D,; takes out the corresponding pair of
8n(z¢)dn(zy)

7n’s. How this is done is specified by the choice of (F9, Lg, L;). Thus the action of D¢, D,
is extremely simple and produces no extra combinatorial factors.

It is convenient to describe the lonely term in the first line of (5.4), obtained simply by
differentiating twice with respect to ﬁ in a box A? = A?y . untouched by the horizon-

tal cluster, as an “n = —1” contributioAn; note that it contains implicitly a Dirac function
3((t, x), (', x)).

Assume that the n’s inside the brackets [ . ] contract pairwise, or equivalently, that no
n-field on S pairs to an n-field on another string. By the first property below Definition 3.2,
namely, since (n(#;, xj)n(ty, x;7)) = 0 if (¢, x;) is connected to (f, x;/) by some low-
momentum propagator A~ ! or B!, only scale 0 diagrams contribute; which explains why

we need not consider generalizations of (5.4) with brackets [ . ] including lower-momentum

A’s and B’s. Note that, since R\ (t% = 0) = Id+ B°(s(w))(-, -)|0) 7i(-, -)A°(0] +- - -, other
choices of external legs are not allowed, for instance,

[] -B_)l=[~-~A0(O|](Blll)+Bz|2)+~'>EO (5.6)

because the basis (|j)) j>o is orthonormal.

Let Zo((¢, x), (', x")) be the average with respect to the measure in n of the sum of all
contributions like the one in [ - | in (5.4); the kernel Z¢((¢, x), (t’, x’)) must be seen as a
deterministic insertion on the string between (¢, x) and (¢, x’). For reasons explained in C.
below, we symmetrize the kernel X by letting So((t', x'), (¢, x)) = Zo((t, x), (¢, x)) if
t' < t. We split the discussion into a number of steps.
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fdt' dx’ f& = fdt' dx’ ff_/d:\ﬁ. + jdt' dx’ w\ (et )
X A0 BOLt',‘ X 0 0t (% 49 0 ot

‘ Ve s LS
1 5/6T° oot : : :
B! ; B i=1 B! :
: A? : 2 LA TA)
=2

Fig. 2 Displacement of external legs

A A first step consists in displacing the final external leg A~ ((t', x'), -) to the location
(t, x) of the initial external leg B, (1, x)) (or conversely, see below). Namely,

B (1. x) Zo((t, x), (', X NAT(( . x), )
= B (. x) AT (1, %), ) Zo((t, x), (¢, x"))
+B7 N, ) 2o, 1), (¢, x ) [AT N X)), ) = A7 0, )] (5T
Then we Taylor expand A~ X)), ) — A7 N1, x), ) to parabolic order three:
AN X)), ) — A7 N ), )
= (" =08+ ' =) - Vo + % Do =i = )i ) AT (). )
L]

1 N2 3
+/ du %%{A*l(((l —uHt +u*t (1 —u)x +ux'), )} (5.8)
0

See Fig. 2 for an illustration.
The integral remainder term in (5.8) is a sum of derivatives of parabolic order > 3 (more
precisely, ranging in {3, ..., 6}),

d3

‘ﬁ/ﬁl(-, NS =xPIVATI )+ @ —)x — X 13, VAT, )
+(t = FATIC )+ @ =B ATIC )+ ¢ =) x =X [FPVAT( )
+(t —)x — X218, VEAT () (5.9

The main terms in (5.9) are those on the first line; splitting A~ ! into its constituent
scales Y o AJ'(j'|, we known from Sect. 1 that V3AJ', 8,VA/'" ~ 273/'/24J' whereas
lx —x/|"|t — )" 2o ((z, x), (', x")) = O(Z0((t, x), (t',x))) for all n,m > 0 (due to the
exponential decrease in d((z, x), (', x')), see below), all together a gain of 0(2_3j//2).

The other terms are dealt with below, namely the first term in the r.-h.s. of (5.7) and
the first line in the r.-h.s. of (5.8)—more precisely, only the second-order, traced term
%Ix’ — x2A, A~ Y2, x), -), the other ones vanishing by symmetry—; they contribute to
the renormalization of the two-point function.

In order to get the smaller of two factors, we displace instead the initial external leg
B'(-, (1, x)) to the location of the final external leg A" ((¢’, x"), -) if the scale j of the B-leg is
strictly lower than the scale ;' of the A-leg, i.e. if j > j/, yielding a small factor O (273//2).
Summarizing: were it not for (i) the boundary conditions at initial time t;,;; and final time
0, and (ii) the non-overlapping condition between the scale 0 boxes chosen by the horizontal
cluster expansion, the contribution would be (taking into account the symmetrization of the
kernel X, and considering—as an intermediate step only—the natural extension of the model
to negative times)

@ Springer



570 J. Magnen, J. Unterberger

+oo
({ / dr' dx' So((t. x). (¢, x’))} B, (1. x) AT (1. x). )

+00
+{§ /_oo dt’ dx' |x — x'|*Zo((¢, x), (¢, xl))] BIG, (1, 0)AAT (1, ), ) )

(5.10)

plus the same expression up to the exchange of A, B and (¢, x), (', x’) summed over j >
j’ = 1. Choosing v such that [ dt’ dx' o((t, x), (', x)) = 0, and letting

+00

=— dt’ dx' |x —x'* Zo((t, x), (t', X)), (5.11)
4d |_o

Sv :

this is equivalent to the addition to the vertex V,, of [ dr dx § -2 B71(-, (1. 1)) (1) *8v )
1,x

A~ x), ), compensating the term proportional to (rf?x)Z m 8V, see (4.7).

Let us consider objections (i) and (ii) separately. First, because of the boundary con-
ditions, the integral %fjoooo dt'dx' (---) = fioo dt' (---) in (4.9) must be replaced
by Jydt'(---). Similarly, if j > j/, the integral 1 [T drdx(---) = [[®dt(--)
must be replaced by ftt,i"i’ (---). Differences (fioo — f(; ydt' (--+) = f?oo dt’ (---), resp.
( +00 _ rlinit

v v
distance to the boundary, t — 0, resp. f;,;; —t’. Thus one may equivalently define §v by an inte-
gral over positive times, which is more natural given that we are considering an initial-value
problem,

)dt () = z:io dt (-- ), are shown in D. to be exponentially small in the

1 13

Sv:= — lim / dr’ dx' |x — x' > £o((t, x), (', x)). (5.12)
2d t—+o0 0

Next, due to the non-overlapping condition, the factorization of ¥ fails. The solution to this

well-known problem is through a Mayer expansion.

B (Mayer expansion) Namely, we shall now apply the restricted cluster expansion, see
Proposition 7.2, to the result of our expansion. Cluster expansions have produced a scale 0
forest FO of boxes, whose tree components, together with their external structure made up of
low-momentum A’s and B’s, are called polymers, and denoted by Py, ..., Py. The objects
are now scale 0 polymers P in O = {Py,...,Py};alink £ € L(O) is a pair of polymers
{P,, P}, n # n'. Objects of type 2 are polymers with > 2 external legs, whose non-overlap
conditions we shall not remove at this stage, because these polymers are already convergent,
hence do not need to be renormalized. Then objects of type 1 are polymers with two external
legs; note that—due to the displacement of externel legs operated in A.—the two external
legs are located in the same scale 0 box.
Implicit in the outcome of the cluster expansions is the non-overlapping condition,

NonOverlap(Py, ..., Py) = l_[ IIP’,,,]P’,,/ non—overlapping
(Pn ,Pn/)

= I I1 (1+ (Lagar —1))

(P, IP,) AcA(Py),A'eA(P,/)
(5.13)

stating that a box A belonging to the image of I, and a box A’ belonging to the image of P,/
are necessarily distinct. As in the proof of BKAR formula (see Proposition 7.1), we choose
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some polymer, say P;, with 2 external legs, and weaken the non-overlap condition between
Py and all the other polymers by introducing a parameter Sj,

NonOverlap(Py, ..., Py)(S1) = 1_[ l_[ Tazar -
{P”’Pn/}ll,n/#l AEA(]Pn),A/EA(]Pn/)
I (1+ 81 (1aza — 1)), (5.14)

(A, A)eAP) X AP, )\ Aext (P1) X Aexi (Pr)

where A, (P) C A(P) is the subset of boxes A with external legs - i.e. that have been
differentiation with respect to ta -, and Taylor expand in S; to order 1; each factor

Tazar — 1= —1p=n (5.15)

produced by differentiation is a Mayer link between P; and some P,/, n’ # 1, or more
precisely, some box A € A(P)) and some box A" € A(P,), implying an explicit overlap
between P and P, and adding a link to the forest FV. Tterating the procedure and applying
Proposition 7.2 to the weakened non-overlap condition

NonOverlap(Py, ..., Py)(S) := l_[ 1_[ Tazar -
{]an]Pn/} AEAext(Pn)aA/EAext(Pn/)
I1 (1+Sp,.p, (Laza — 1)), (5.16)

(A, AN)EAP) X AR )\ Aext P) X Aexi (Pyr)

The outcome is a sum

3 ( I1 / ldW() NonOverlap(S(W)),
0

GOE€Fres(O)  LeL(GY)

NonOverlap(S(W)) := [( I1 %)NonOverlap(Pl, o IF’N)](S(W))
LeL(GY) ¢
(5.17)

Links ¢ = E]pmpn, € L(GO) are obtained as links between polymers, however the cor-
responding differentiation BBT[ is immediately rewritten as a sum over pairs over boxes
(A, A) € A(P,) x A(P,). Thus we see Mayer links as links between boxes. As such
they add up to the set of links L (IF®) produced by the horizontal cluster expansion, producing
a forest FO with same vertices as FO but larger set of links L(F% = LFY w LMayer, Where
LMayer (in bijection with L(GY) is the set of Mayer links. Since a forest is characterized by
its set of links, we rewrite in practice (5.17) as

1
Z( I1 /(;dW[) Mayer(S(W)),

LMayer ZGLMayer

Mayer(S(W)) = [( I1 %)NonOverlap(Pl, o ]P’N)](S(W)). (5.18)
L€ LMayer ¢

The number of external legs of a set of polymers connected by Mayer links is the sum of

the number of external legs of each of the polymers. In particular, any Mayer connected

component containing at least two polymers has > 4 external legs; it has become convergent.

Let us now give some necessary precisions. Since the Mayer expansion is really applied

to the non-overlap function NonOverlap and not to the outcome of the expansion, one must
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still extend the outcome of the expansion to the case when the P,, n = 1, ..., N have some
remain independent even when they overlap. This may be understood in the following way.
Choose a different color for each polymer P, = Py, ..., Py, and paint with that color all
intervals A € P, NDY. If A € A,y (P,), then its external links to the A~!, B~ below
it are left in black. The previous discussion implies that intervals with different colors may
superpose; on the other hand, external inclusion links may not, so that low-momentum fields
B7H((), (t,x)), A7 (. x), ), (t, x) € A? with A? € A, (P,), do not superpose and may
be left in black.

Hence one must see 1 as living on a two-dimensional set, DO x {colors}, so that copies
of n with different colors are independent of each other. This defines a new, extended and
restricted to the zeroth scale resolvent I%,go)(‘[o = 0) associated to an extended field n :
Ry x R? x {colors} — R, and Mayer-extended polymers. By abuse of notation, we shall
skip the tilde in the sequel, and always implicitly extend the fields and the measures of scale
0 by taking into account colors.

C (counterterms) We now define Z((z, x), (¢, x")) to be the Mayerization of the sum of all
contributions like the one in [ - ] in (5.4), in which the two external legs have been displaced
into the same box as in A., so that there is no non-overlapping restriction on the support but
for the box containing (¢, x). Note that Mayer links between polymers with two external legs
produce Mayer polymers with > 4 external legs, which are therefore convergent (see §4.2).
Then (provided that the limit does exist)

T
¢Qv® = lim dr’ / dx' ©((T, x), (t', x"))
T—+oc0 Jo

T
= lim dt /dx S((t, x), (', x)). (5.19)
[/

T—+o0

The result does not depend on x. Furthermore, as shown below, letting
T
gQv 0Ty = / dr’ / dx' (T, x), ', x))
0

T+t
= / dt /dx ((t, x), (', x)), (5.20)
t/
with T = ¢, resp. ;s — t’, the boundary correction sv©@ (T) to v decreases exponentially
with T, namely,
v (1) = 0@ — O (1) = 0((Cg)T) 572100 0 (5.21)

for some constants C, ¢ > 0.

Consider once again the first term in the r.-h.s. of (5.7) and the first line in the r.-h.s. of
(5.8), but this time after the Mayer expansion; summing, we get if j* > j (with a factor %
due to the symmetrization of ¥g)

%/dt’dx’Bj(-, (1, X)), x), (', X))
(1 + (' =0+ —x)-V, + % Z(x/ —x);(x' — X) j Oy 8xj>Aj’((t,x), )

ij
(5.22)
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The first term in (5.22) vanishes for an adequate choice of v(®, as shown below. Then
the second (thanks to the symmetrization) and third terms vanish by parity, and the fourth
one vanishes for i # j by isotropy. The remaining term in (5.22) may be absorbed into a
redefinition of v. Namely, we define foranyi =1, ...,d,

1
verr — v @ = Z/dz’dx/(x; —x)22((t, x), (¢, x)). (5.23)

Thus
% f di’ dx' BI (., (1, ) B((1, x), (¢ X NAT (', 5, ) = vOBI (L (1.0) AT (@1, %), )
Fepr —vOBI(, (1, ) AT AT (1, %), ) + remainders (5.24)

Remainders include the previously discussed integral remainder term in (5.8), and the
cut-off difference

Werr —v OB (- (1, 0) (A, — ATOAT (1, %), ), (5.25)

which is bounded in absolute value by O (|verr — v(o)l Bi'~ (-, (t, x))) times
/ dx' 726N IVEAT (2, x), ) — V2AT (1, + x), )| ~ 2752 A7 (2,00, ), (5.26)

of the same order as the integral remainder term.

The leading-order contribution in the coupling constant of v, — v© is obtained (as seen
from (5.23), letting (¢, x") = (0, 0) and integrating in (¢, x) instead) by contracting the n’s
in the expression

%(g<°>)2/000 dt /dxxlzn(t,x)(AOBO)((t,x), 0,0, x). (5.27)

This is the n = 2 term in (5.4) with R,(,O)(o, -) substituted by its leading order term 8(- —, -).
By (1.5), one gets

1 )\.ZD(O) 00
Verr —v @ = = dt | dxx*(w* ), x)(A°BO)({, x) (5.28)
ef f ) (U(O))2 0 1 5 ,X). .

The simplest contributions to v(® are obtained by taking n = —1, 0 in (5.4) and replacing

1
1 — [dtdx VO 0 = 0)(s(w))(z, x)

RO =0)(s(w)) = (5.29)

by its lowest-order term 1. Demanding that the “n = —1”-term compensates exactly the sum
for n > 0, we get an implicit equation for @,

gV ©@ = (52 / dt’ dx' GO((t, x), (t', XN (e, x) — v (e, x) — v @)
+0((gQ + g Qv 2@y 1 0((g@ + gDV @)% (5.30)

The implicit function theorem yields a unique solution

V@ = © f dt’ dx' GO((1,x), (t', x')) (n(t, x)n(', ")) + 0((g D)), (531
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provided one can show that the series in n converges, and that subleading terms are indeed
bounded as suggested in (5.30) and (5.31). This is our next task.

D (bounds) We now proceed to bound v and v, ff — @,
Let us first bound scale 0 resolvents. They are of the form (5.29), where

Vi = 0)(s(w))(t, x) := B (sw)) (-, (¢, x))ii (1, ) A (sw)) (2, %), -)  (5.32)

where 7(r, x) = g@u@, x) — v©@). Now, as explained in § 4.2, only the 77’s belong-
ing to the image |T| of the connected component T (i.e. polymer) of F containing (z, x)
contribute. Denote then 71| (z, x) := 1 )7 (¢, Xx) the restriction of 7 to |T|. Expanding

cach R (x” = 0)(s(@)) (17, %), (11, xi41) yields 8((1 x7), (11, i) + (R (20 =
0)(s (W) ((ti, xi), (i1, Xig1)) — 8, xi), (i1, xi+1))), with [expanding (5.29)]

RO = 0) (@) (@1, ), (1, 3041)) = (6 50), i, xi1)|
= [BOs@))((t 30, )10) HOA @) i, x40
+B%(s(w)) (. x7). )[0) 7H(-) A% (s (w)) (-, (0] B (s (w)) (-, )[0)
(A% (s W) ¢, (tig1, xi41))(O] + -
< BO((ti. x1). )0} [7im ()] A°C, (ti 1. xi 1)) (O]
+BO((t. %), (6], X)) [ (¢ XD+ Gy (2 X)), (1 1. X[ 1)) -

iy X DL A (@ X)), (g xie)) (O
(5.33)

Remark that (as follows from causality and from the fact that boxes of S are connected
through A% s and B®s) 1 — ti’Jr] <ti—ti;] <2.
Thus (letting [na| := Sup(; vyea IN(, x)| for A € ID)O)

2 N
(G ngey (@ XD, (W1 x740)) < G777 (@, X)), (1415 X(40)) max< 1_[ ens IM|>

AeT
(o2 2 /(002
<GP, X)), (1, x] ) max e 20l < G2 (1, X)), (44, x4 )e €
(5.34)
if the maximum ranges over all possible choices of occupation times Op = [{0 < 5 <
1 — +1 | Bs € A} for the Brownian bridge from (0, x; Dto (] =t/ 1, x], ), since )" 5 Gi <

ZA GA =t/ —t{;; < 1. The bound for ([], TeeM( YInaly is obtained by rewrltlng the
product [[5cp(- - ) as a finite product, [ ], (I—[Ae’ﬂ‘e( ), where & € {0, 1}9t and T, :=
{A =Tlko,ko+ 1) x k1, k1 + 1] x --- X [kg, kg + 1] | ki —e; =0 mod 2,i =0, ...,d},
each of these a product of independent variables, and uses Holder’s inequality, ( [ X €)| <

I (x> >

However, because the Glmml((tl ) X; N, (tl e l’ 1)), i = 1arenot independent in general,
one should make the following easy adaptatlon of the argument around (5.34). Split the total
time interval [¢/, ¢] in (5.4) into a union I; U L U -+, I} := [t;, tiy], Ir := [tiy, tiy], - - -
ip <i] <ip <...insuchawaythaty;,  —t,_1 <1<t —t,,andbound as in (5.34)

2
-2 .
the products Yk <(]_[l" e G ey (1], XD, (1 xlf+l))> > Since t;,_, — t;;,, > 2, the
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random variables (Yox+¢)k, € = 0, 1 are independent, hence one concludes as above using

[Tk Yol < AT 2T (Y DV

Let us now bound in average the product of the n-dependent terms along S, namely, the
product of the dangling 77°s with the Rflo) ’s. Compared to (5.34), one must now face the case
when O (n(A)) dangling 7’s are produced inside abox A, where n(A) is the (a priori arbitrary
large) coordination number of A in T. Keeping aside for further use the small factor O (g®)
per vertex, this leads to replacing (e?28”11aly in (5.34) by ((Ina| + O(1))"®)fag®naly —
@D L 0(CM™ (n(A)/2)), with C = O(1). These factors, traditionally called local
factorials, are easily shown to pose no real threat to the convergence of the sum over all
polymers. Namely, if A ~1 Ay, ..., Apay=1,d(A, A1) < ... < d(A, Aya)-1), then (i)
d(A, Ay) 2 n'/4; (i) foreach n = 1,...,n(A) — 1, the string S contains a propagator,
either A°((¢, x), (tn, X)) or BO((¢, x), (tn, X)), With (£, x) € A, (tn, Xn) € A,. Rewriting
A%, x), (tn, xp)) as e~ sl A%((z, x), (tn, X)), where c is as in Lemma 3.4, one
sees that AO(-, -) has the same scaling properties as A%(, ), and has furthermore retained the
same Gaussian type space-decay, only with different constants. Putting (i) and (ii) together,
one sees easily that

C"Orm(a)/2) - [Je o < c"®Tma)/2)e " = 0q1). (5.35)
n
Thus (at the price of replacing the A?’s and B%’s along the string by propagators A5, BOs

with equivalent bounds), one has got rid of local factorials.
Finally, [v©], [Verr — v©| and more generally

Ipg = / dr’ / dx'|x = x'|P|t = 11 S((1, x), (¢, x)), (5.36)

p +q < 3,see (5.9), are simply bounded by a sum over the number n of vertices,

Ipg <Y (CgOyH! / dty dxy A°((1, x), (11, 1))

n>1

/ dt} dx| G2 (. x1). (1} x)) / dty dxy Bt} x}). (12, x2))
/ dty dxy A" ((ta—1, Xn—1), (ta, Xn)) / dt), dx), G*7 ((tn, xn), (), X))

/dt’dx’ F5((t,x), (t1, x1), (¢, X}, + .., (1 x)), (¢, X)) BO((1), x)), (), x')).
(5.37)
where G2~ (-, ) := 8(-, ) + G*~ (-, ), C = O(1) and (by Hélder’s inequality)
F3() = O(nz)[(l =)+ A+ -3+ A+t =)+ A+, — 1)
FA = P40+ =D+ A+ = 2L+ (1 + x, — x/|)3].
(5.38)
Integrating space-time variables in chronological order, and using

(41—t +1x =2 DA%, x), (¢, x), L+t — 1+ x —x'D3G*7 (1, ), (¢, X))
St =)y P 0 o), (5.39)
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one gets

PO ugrp =@ <Y (g = 006 D)) (5.40)

n>1

for another constant C' = O(1).
Finally, it is clear from (5.37) that v©@ — O (T involves only terms in the sum for which
n 2 T thus it is of order 0((C’g(0))CT) for some constant ¢ > 0.

5.2 Four-Point Function

Next, we discuss briefly connected four-point functions, which contribute corrections to
the noise strength D. The correct way to get an understanding a la Wilson of the induced
flow for the parameter D is a priori to sum inductively for each fixed scale j over all
diagrams of lowest scale < j with four external A- or B-propagators of scale > j. In
practice this would lead to introduce further scale counterterms of the form v, x) =
B~I(, (1, x))g(j)nj (t, x)A~J ((¢, x), -), where (n}) j=0 are independent copies of n, with
scale t-prefactors, yielding the whole machinery of multi-scale cluster expansions. Fortu-
nately, since the insertion of such diagrams inside the expansion yields power-like vanishing
contributions in the large-scale limit, such counterterms need not be introduced by hand to
make the expansion convergent. We shall actually compute directly in § 6.4 an effective value
D, = D for D by considering the large-scale limit of the connected two-point function
(h(-)h(-)). We shall be content here with a few indications about how four-point functions
are produced by the expansion. This subsection may be skipped since it is not used in the
proof of our Main Theorem.

In order to obtain a four-point function, one needs two strings. Let us denote by the
index o vertices produced on the first string, and by the index B those produced on the
second string. A component connected by the cluster is made up of a piece of string
Sy and a piece of string Sg, both of the type (5.4). One thus obtains a diagram with 4

external vertices, B0V C, (ta %) - [+ | AT x) + BTUTIC, (ap,xp) -

[ . ] A_)(H'l)((tl’g, xﬂ’g, -). To get a connected contribution, we assume that n(#y, x,) con-

tracts with 7(tg, xg), and similarly, 7(z,, x,) contracts with n(tlﬁ}, xl’g). Then this means that
we obtain a very simple “ladder diagram”, whose leading term is

B7UTD(, (ta, x4)) -
: [n(za, Xa) AT (e Xa), )BT (-, (1, x{,))n(r;,x;)] CATUED(, xg), ) -
- B7UTD(, (1, xp)) -

g, xp) AT (1. xp). VB 7 (-, (1 xp)In (1, x,;)] CATUTD (5. x). )
(5.41)
withd ((ta, Xa), (tg, xp)), d((t},, X7,), (t[g, xl/‘i)) = O(1). Renormalization corrections are due
precisely to these (and more complicated) ladder diagrams, with (Zy, xo), (15, Xg), TESP.
), x), (t/g, x//g) belonging to A, resp. A’, where A, A’ are two distinct scale 0 boxes where

the n’s contract two-by-two. If j = 0 then short-distance “crossed” n-contractions are also
possible.
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6 Final Bounds

We are now, at long last, ready to prove our Main Theorem. Roughly speaking, N-point
functions (h(t1, x1) - - - h(ty, x5 )) have been rewritten in terms of a series, that s, an (infinite)
sum over polymers. Obviously, the first task is to ensure that this series is convergent. This
turns out to be the main point in the section; once this is understood, the scaling behavior of
N-point functions will be essentially obtained by looking at the terms of lower order in g©
in the series.

6.1 Small Noise/Large Noise Boxes

Definition 6.1 Let A € D°. Then A is said to be a size k large field box (k > 0) if
2k)\—1/2 < supy |77| < 2k+1}\—1/2.
Denote by ]D)g . the set of size k large field boxes, by [D)(z Fi= Lﬂkzo]]])% Fx the setof all

large field boxes, and by ]D)% Foi= DO\ D%  its complementary. The region ]D)‘i  is called the
large field region, and the region ]Dg r the small field region.

By standard Gaussian deviations, if A € DY, then
PlA € DVp ] < e/ k>0, 6.1)

The bound (6.1) also holds trivially if A € ]DD(S) r by letting formally k& = —oo. This trick
allows to handle small noise and large noise boxes on equal footing.

6.2 Vertex Insertions and Contour Integrals

Let us recapitulate the previous steps. We start from an N-point function,

L@\
(h(t1,x1) - h(tn, xN)) = - Fn, (6.2)

where

Fy = (log(w(ty, x1)) - - - log(w(ty, xx)))
= <log <f dyy A((t1, x1), ) (1 = Vi)~ (-, )BC, (0, yl))eﬁh‘)(y”>

log ( f dyn A((tn, xy), (1= Vi)~ (DB, (O, y1>>ev5*°>”°‘)’”))> (6.3)

and V,, := [dtdx V(v = 1)(t,x) = [dtdx B(, (t, x)) (§ P (n(t, x) —v D)) A((¢t, x), -).
Then we:

1. apply to Fy the horizontal and vertical cluster expansions; this results in a sum over
forests FO e 0 of a rational function [see (4.2)] in strings;

. displace external legs;

. contract the dangling n’s;

. apply Mayer’s expansion to scale 0 two-point diagrams;

. factorize the scale 0 two-point diagram contributions. By construction these are exactly
compensated by the counterterms.

D B W
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Consider now the various vertex insertions (in form of a kernel),

Vo (za) if zo = 2¢, 0 € Ly

V, (s(w ; = cy(s(w 6.4
a(s(w); za) o (s ( )){ﬁ(za)Va(za) otherwise (6.4)
where
- - ~ 1 if{A,A}elL
Ca(8(W)) = 5ar A Sag.Als  San = { _e (6.5)
SA,n  otherwise
and

Vi (2a) (2, 21) = gV 0% Bla (2], 24)%0 AT (24, 2) (6.6)
on the strings, with zo = (fg, Xa), 2, = (), X)) € AL,z = (1), x)) € AL, e =
8;6,"‘0 8:,“, and similarly for ¥ o being some dummy index. Let |k} | := 2/{&0 + K, | be

’ ’
the parabolic order of derivation; in particular, |«/,| = 3 if and only if 3%« = 3,/V, or fo‘ ,
/7 . . . i . 0
lkeg, | = 3"7 and s1m11§1/fly for «,,. By assumption z, ranges over some box A, of scale 0, and
Al, € DJe, Al € DJe. There are four cases:

(i) (no t-derivative, 0-th scale vertices) j/, j; = 0, and k/, = «, = 0;
(ii) (one t-derivative, beginning of 0-th scale cluster) j/, > 0, ] =0,k =0, |k, =0or
> 3;
(iii) (one t-derivative, end of O-th scale cluster) j, = 0, xj, = 0, and j > 0, |[«/| = 0 or
> 3.

(iv) (second t-derivative) j, > 0, j, > 0,and k, =k, = 0.
To these, one must add insertions of a particular type, proportional to §v© [see (5.21)],

(v) (boundary terms) Vo (20) (2}, 7)) = 80O (ta) BI# (2}, 20) A% (za, 7)) (= Jji,). Tesp.
sv© )(tzmt _tot)Bj"‘ (Za7 Zot)AJ"‘ (Za, Z ) (]N = ]a) (]a < Ja) where fipi; = t; if Vo (za)
is inserted on the i-th string,i = 1,..., N.

Vertices of type (iv) are responsible for the production of the v (see “n = —1” term in
§5.1) and v [see second line of (4.7)] counterterms; the v(?)-counterterm is chosen in such
a way as to cancel the two-point function (see §5.1), while §v-counterterms are resummed
into the effective propagator Geff (see §6.3 A.). The contribution of scale 0 vertices (i) is
bounded in § 6.3 A.

Vertex insertions of type (ii), (iii) have been differentiated by the scale O renormalization.
More precisely, letting «/, be the order of differentiation of a low-momentum Bla -propagator
entering a given O-th scale cluster (ii), and /c(;’, that of a low-momentum A’ -propagator
exiting the same O-th scale cluster, one sets as in § 5.1: (x| > 3, KZ, = 0) if j, > jo’t’,,
(ky =0, |k),| = 3) if j, < j’,. From the point of view of power-counting (see below), we
have thus produced an essential small factor

0(2 2 maX(]w J /)) (67)

that is, 0(2_%j ) per half of the low-momentum fields AJ or B/, having the same effect as
V3, or (considering a chronological sequence A/ (-, )(j| B/ (-, )|j) = G/ (-, ), O(V3) in
average per low-momentum G-field.

Finally, boundary vertices of type (v) enjoy an exponentially small factor. Namely, assum-
ing e.g. that j/ > j!, the boundary correction svO (1) to v is O((Cg®)“%, which
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The Scaling Limit of the KPZ Equation in Space Dimension... 579

is <ty 32 < 2-3Jd Hence such vertices may and will be considered—from the power-
counting point of view—as O (1) times a vertex of type (ii) or (iii).

Recalling that these vertices are produced anywhere along the strings by the cluster expan-
sion, their contributions may be resummed as follows. We first need some notations. Let:

I (F%) = {I,}, be the set of vertex insertions;

Ag € DV be the scale-0 box where z, [see (6.6)] is located;

L(FY) be the set of horizontal cluster links, and L, C L(F°%) those coming specifically
from the cluster on 1 (compare with §5.1);

Lyt be the set of links coming from the vertical cluster expansion;

® L psayer be the set of Mayer links.

Then
Fy = Z Z l_[ / dwe l_[ / dSe Mayer(S)
FOeFO LG, Ly, Luert,Lyayer.  L€L(FO) €L payer (F0)
d
’
[T weonen) - (( T g -bw=o)
LeL, (F0) acl (FO)
u |
log /dyjA(S(w))((tj,xj), ) =
jl:II ( 1= V(@) = Xger @) Yo Ve
(. )BGs@)(, 0, y))) eﬁ”"(”-")) )Y(w) (6.8)

- -0 20 ) C'Gz.7)  if (A% A% eLe
where C(s(w)) := C%(s(w))+C~, CY(s(w))(z, 7) := S A0, A C%. )  otherwise

(C=A,B);V, = s, d2a Vo (s(w); zo), and V,(t) := [ dt dx V,(t)(s(w))(t, x) is the
space-time integration of the dressed vertex (4.7). Note that the s-dependence in this expres-
sion is trivial when it comes to bounds, since Ié(s(w)(-, I < |C(,)|, C = A, B, and
similarly |cq (s(w)] < 1 [see (6.4)].

By causality, the vertex insertions may be re-expanded along the string number i =
1,..., N into a finite sum S; as follows: letting ¥ := (Yy)a>»

Si(y) = Als(W))(ti, xi), V(1 = Vy() = Y vaVa) ', ~>/dy,~ Bs(w))(. (0, yp)) e

= 2 AG@)(ix). ) -

ap,0,...

(/ dz) f dza,/ sz) Rn(f)(‘7Z/]){Va1 Ve (S(W));zal)(zﬁ,z'{)} .

: A, Al

: ( / dz / e, / dz’z’) Ry (®) &Y 25 { Ve Ve 5 ) (25 2 | -+
t;z A“Z Agz

(6.9)

with main term (disregarding propagator renormalization, see §6.3 A.)
At xi). ) / dy; B, (0, y))ev@"°0) = /d)’i G (17 xi). (0, yp))en®@ 0

A A
=1+€v(0)t1 ( (0) 1)(xl) < ng(())nhonoo . v( N |h |)(xl)
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2 lholloey . -
= 1+ 0Ge® ") min|[ho| . 17| Roll1). (6.10)

Since the result is analytic in the parameters p in a neighborhood of 0, we may replace
ﬁ ya:OF (ya) by the Cauchy contour integral
1 dyy

2im JyB(0,ry) ¥

F(Ya),

with (defining ko to be the size of the large-field zone of Ao If Aq is large-field, i.e. A €
]D)(l],F,ka, kol > 0, andka = —00 l:an c ]D)g‘F)

ra =rolky) = r(;(ka)r(;’, (6.11)
where

(’Q; (ka))71 = C(2ku+l)n(Aa)ekl/22ka+1

()t =g / dz, / dzq / Azl Vo (ze) (2 7)) (6.12)
a « Ay
for some large enough uniform constant C. Then
1 dlYel _ _
Vel = ra, TZ =r, " (6.13)

27 J3B0,ry) Ve

As we shall see, the r, = |yy| have been chosen small enough (depending on the order of
magnitude of the (|na,|)) so that each S;(p) is equal to 1 + o(1), yielding

1 dya -
Ey @kl = []1y,c00,, []‘[ (ﬂf; y)} {]_[log(&-(y))}
4 o i=1

BO.w) Va

= 0 [[ra' ko). (6.14)

a deterministic estimate (but depending on k := (ky)). This is step B. in §6.3.

The nextstep (see § 6.3, step C.) is to show that the averaged infinite sum (), Fy (F°, k|n))
is ST, (r!)~1; or rather, to be precise, < Il ()=, where (as in § 5.1) 7/ is r// up to the
replacement of A/, B/ with equivalent kernels A/, B/.

The final step is to show that the infinite sum Y o [, (72)~! converges; see step D. in
§ 6.3.

Obviously, in the course of the proof one must extract the lowest order terms, which will give
the leading behavior of the KPZ truncated functions.

6.3 KPZ 1-Point Function

Let us first consider the case of the 1-point function (h(z, x)) = %0) (log w(t, x)), where there

is only one string. One must prove that (h(z, x)) 220, We decompose the proof into four
points (see discussion at the end of §6.2); the first point A. is a preparatory step. Except that
A. must be supplemented with a new power-counting argument (see A’.), the same scheme
of proof of convergence is used for KPZ truncated functions of higher order, see §5.4, 5.5,
where details are skipped, so that one can concentrate on the asymptotic large-scale scaling
functions.
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A. (Contribution of the random resolvents) On each string, one finds a number of random

resolvents R,SO) (70 = 0) (s (W) ((#;, xi), (ti+1, xi+1))- Asin §4.1 C., such resolvents may
be expanded to order two, see (5.33),

RV (% = 0)((ti, %), (tig1, Xig1)) = 8((ti, %), (ti1, Xi41))
+B%(s (W) (. x1), YT A (s (W) (-, (tig1. Xi41))
+BO (s (W) (1, x), (1], xD)i (e}, ) - Gp(s) (&, X)), (1] 14, X[ 11) -
Ay 5 ) AN (@1 X)), (gt Xig) (6.15)
with / — 1/ | < 2. Then A%(s(w)(-,-) < A%, ), B(s(w)(-,-) < B°(-,-) and
G (s ()], X)), (141, X{ 1) = Gy (1, X)), (841, X7 41))

<GP, X)), (g, )y max [ ] a8 ¥nal (6.16)
AeT

Furthermore, the expansion (6.15) has produced new 7 fields, O (n(A)) per box A € T.
Thus, to each large-field box A, € T corresponds a factor r, (ke )[1a, | 0 (1(Aa)) o000 8 1N

= o(1). Concluding: a scale O resolvent R,(]O)(t0 = 0)(-,-) may be replaced by
8C.)+0@EMG* ().
On the other hand, one also finds low-momentum resolvents

SRy == (1 —8vB~1A=0a=1)"! (6.17)

[see second line of (4.7)]. Sandwiched between a dka Ala (j|-propagator on the left side,
and a 9%« Blo lj, ,)-pro.pagator on the right side, they produce, as proved in Lemma 8.2, a
propagator 9"« tu Géfjf (2} z,,,) having a priori three scales—j, j’ and |log, (1 —t!,) |—

" ’ ~
which may be resummed into an effective propagator 8« ™o’ G, 7f (24 25,). Thus in the
sequel these are evaluated as a constant O(1), times a contraction

d¥a Ao o 3 Blo If(;,) (2 2,,), Where A = A0 1032) B = B,0402), and

J = Ty =logy(t — 1) + O(1).
B. (Deterministic bound for the sum (6.14)) The (deterministic) product of the V,’s is

compensated by the product [], r, leaving only a small coefficient C~! per vertex.

oo’

Thus the sum S;(p) (6.9) converges to a constant 1 4 0(C~2). For C small enough this
is in the complex disk B(1, 1/2), so IAWGD%F o log(S1(p) is well-defined, and

Ly,eng,, 10280 =1y, S -1 (6.18)

We must now sum the scaling coefficient [, 7, ! over all vertex locations, i.e. over all

forests IF. Since the () )yl give (up to a constant O (1) per vertex) the correct order of

magnitude of the vertex insertions, we may assume that we want to sum over all large-

field indices k (see C.), then over all forests IF (see D.) the string S| — 1, see (6.9) , where
one has set: y, = O(1) and R, (7)(-,-) =6(-, ") + G (-, ).

C. (Convergence of the average in n) The main issue here is to show, using standard Gaussian

large deviations, that our estimates are integrable in 7. Proceeding as in §5.1 C., we rewrite

AV ((t, %), (', x")) as e~ 5P/ R (1, x), (¢, x')), where A/ has the same scaling

properties as A/, and has furthermore retained the same Gaussian type space-decay, only

with different constants; and similarly for B/, B/, Up to a multiplicative constant O (1),

this is equivalent to replacing v©@ by 5@ ~ v©_ In the process, we have gained a
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small factor [, 2-¢n(Aa) "2/

cr2k /5 \ 2
LF@F.K) =1, PlAg € DY ] S (TTg e 52"/*) " Then

, see (5.35). Then we split in two the large-deviation factor

[LFGF, k)]l/2 : [l_[(r(;(ka))_IZ_C”(A")Hz/d] = o). (6.19)

This is easily shown using the space-decay, resp. large-deviation factor when k, <
n(Agy), resp. > n(Ay). The remaining factor [LF(TF, k)]l/ 2 makes the sum over large-

field indices converge to a factor O(1) per vertex, Zk e{—oo]UN e~ 5P — + 0(1)
Thus [see (6.14)] ‘ Y X (FE k)| < TETLED " = (Se[LGH") -
where: Y i f(F) := ZF#V) f(F), and (7/)~! is given by the same formula as (6.12), but
with Vy (zo) [see (6.6)] replaced by Vy(zq) := g© 9% BJa (-, z4)0%a Al (24, ).

D. (Convergence of the sum over forests) Following the same technique as in § 5.1, we
integrate space-time variables in chronological order, yielding for n vertices

/dza|~ -dZg, Z Z /dz A((t1, x1),2") -

oy sees i ZO Jgly seees iy 20

. /dza, 9k Bliy (z”,zal)lj,;])g(o)QZA (Zal,Za,)/dzgla’(anAjw Gy 2, -

. /dZaz 32 Bl (2], 20,1018V G* (24 ZDQ)/ dz)y, 82 Al (24, 20 YU |-+
: / dzg, 3%n Blan (2] 20,0154, )8 " G* (Zay - Zay) / dzl! 8% Alen (20, 2 YL | -
" (0) ho(y1)
dyi B(zg,, (0, y1)) ev (6.20)

where G2~ (-, -) :=8(-, ) + G*~ (-, ) as in (5.37).

Since, for t > 1, G2~ e 18(, ) < [i0D ar "V +DA () < o PVIA( ) the con-
tribution of the integration in the 7’s may be absorbed into the coupling constant g(®’ and a
redefinition of 7. Thus we may assume that z,, = zy, . Furthermore, since (| j)) j>0 isan

"o~ . K/, ~ '/' .
orthonormal basis, jiy. = j,, ,and 3" A% (z4,, ) (jy| - 8" i+ Blaiti (., 2o ) oy y)) =
akai +Kalv+1 G]ui (Zai \ Zaiy )

. .. k! 4kl ) .
We let zo, = (fiy1, Xi4+1); rewrite the derivatives 9 % ' "%+l as 9%+, with |k; 41| =

0, 3 or 6, which produces an equivalent factor O((1 + ;41 — ti+2)_|Ki+‘|/2); bound

250 G/((t, x), (', x")) by 0(1)17@(:—;/)()6 — x’); and use for a sequence of two low-

momentum f}-propagators our first power-counting estimate (compare with (3.19)),

"
/ dtip1 (L+ 16 —tig1)™ ‘K“/Z(P YO 1y ¥ PO )(xXi — Xi42)

liva i+1) (tit1~ti42)

= O(I)va) (i—tis )(xl' —xz'+2), (6.21)

an estimate similar to but more precise than (3.19), valid for |«;| > 2. If |k;| = 3, resp.
6, then we apply (6.21) with |«;| replaced by 27, keeping (1 + ; — ti+1)’(%)7, resp.
I+t — ti+1)_2_ instore. If x; = Othenk;+) # Oand tj1p —tj+1 2 ti+1 — t;; we obtain
similarly a factor O (1) and keep in store (1+7; 4 —t,~+2)’(%)_ ,resp. (1441 — ti+2)_2_

Extra factors (1 +1¢; — ti+1)_3/ 2 are used to iterate, so that there remains in store exactly
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The Scaling Limit of the KPZ Equation in Space Dimension... 583

[La+s4— ti+1)_(%)7, where the product ranges over low-momentum propagators.
Each scale O propagator GO((ti, ), (tix1,-)) (ti — tix1 < 1), on the other hand, has
ki = 0, but benefits from a small factor O(g®) which can be rewritten in the form
(41— 1)@ 0(g ).

The conclusion is the following. Rescale the coordinates, (1, x1) ~~ (8_1[1, e
The main term in (6.21) is

—12xy).

- _ _ A_p
/dyl Gerr((e7 11, e712x1), (0, y1))e @ " (y1)

L et A (0 _ gy (12
F0(£)eVVFOET A (T ) (o=1/2,
A
= 1+ O (e olleey cd/2) (6.22)

(n = 0), while terms with n > 1 are bounded by 0 (1&9/2) times a prefactor

[[loma +4 - t,-+1)“%)7] =< OO‘)II_(%
i=1

" (6.23)

yielding after rescaling an error term 0()\8(%)_). Hence we simply get

(0) A
_ _ v _ _ 2 1holloo
(he™'n. &™) = ——(log(w(e™"ry. ¢ 2x1)) = 0(ev@ Mlloy g2y o

(6.24)

6.4 KPZ Truncated 2-Point Function

We are now interested in the large scale behavior of the connected 2-point function (i.e.
covariance function),

NO!

2
(h(t1, xDh(t2, x2))c = (A) (log(w(t1, x1)) log(w(t2, x2)))e

L@\ ?
=\ o ((t1, x1), (t2, X2)). (6.25)

A simple way to generate the connected two-point function is to consider two independent
replicas 11, 2 of n; then

1
(h(tr. x0h(2, x))e = 5((hr 3l = b i) ) (e, 2l = ez, xaln)).
(6.26)

where ( - ) now refers to the expectation with respect to the pair (11, 72). We make a cluster
expansion as above in the propagators and in the covariance kernels of 1 and 7., and get
an expression similar to (6.8). By symmetry (1 <> 2), there is at least one four-leg vertex,
which means that there is (at least) one pairing (1, (zg,)1,(28,)) (p = 1,2), 28, = (t4;, Xp;)
(i = 1,2),coming from a Vg, (zg,) insertion on the 1st string, and a Vg, (z,) insertion on the
2nd string; the pairing vanishes unless zg, , zg, are in the same box A € DY or in neighboring
boxes.
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Choose among the existing such Vg, (zg,), i = 1,2 the earliest one anti-chronologically,
i.e. the one with the largest #g,. Because of the finite-range nature of the kernel (n(-)n(-)),
there exists a pairing (n; (zg,)n; (Zﬁ§)> with d(Ag,, Aﬁé) = O(1), and similarly a pairing
n; (zﬂ;)ni (z8,)) with d(Apg,, Aﬂf) = O(1); it may of course happen that 81 = 1, B = B;.
Call ]-'XIAZ the set of forests such that zg,, i = 1,2 belong to fixed boxes Ag, = Ay,
Ag, = Ag; fgu,AQ is empty unless (A1, A2) = O(1). Applying explicitly the operator

d d
Ty, dv; to the r.-h.s. of (6.8), one gets
1 d
F.o((t1, x1), (12, x2)) = Z Z 1—[ T?g lza
0 0 17T J3B(0,ry) Va
Ay, A2€D FEFR, Ay a
~1 —1 d d
Si(y) Sy - (Si1(y) (S207)) (6.27)
dyg, dyp,

Compared to the previous subsection, we must now add a supplementary estimate in the
preparatory phase.

A’. (Power-counting factors for n-pairings between strings) As mentioned in §3.2 and
illustrated in §5.2, n-pairings produce outer contractions linking different strings. Contrary to
inner contractions inside 0-th scale clusters which contribute to the two-point function, outer
contractions produce 4-point functions, which have not been renormalized. We must now
show that the power-counting effect of an outer contraction is comparable to that described
in (6.7). For that, consider parallel chronological sequences on two strings,

[ @zt [z memeis
ap o Jag
(- AT oG B 2Dl AT G- )
(-+ ARGl B )1y ARG IS+ (6.28)

in which vertex integration points z}, z} are located in neighboring boxes so that the average
(n(z})n(z5))s(w) does not vanish. Ladder diagrams considered in §5.2, see (5.41), , are of this
type. Following the chronological integration procedure of D., we replace (supposedly already
integrated) outgoing legs AL, AR by 1 and integrate over z}, z5. Since d(A(l), Ag) = 0(),
we may just as well assume (up to a volume prefactor O(1)) that AV = Ag. We are free to
choose the ordering of the strings and may therefore suppose that j; < j,. Thanks to the
exponential decay of B/!, B/2, the space-time integration I dz} [ dz), costs a volume factor

oQh a +%)). On the other hand, were z’l , z/z not constrained to be located in the same scale 0
box, we would get instead a volume factor O <]_[i2=1 (24 +%))). The overall gain is therefore
bounded up to a constant by

2-h(+9) < ﬁ 2=5ji/4 (6.29)
i=1
ifd > 3, which is our second key power-counting estimate. This shows that we have produced
a small factor 0(2_%"') per low-momentum field G/, or equivalently O((1 +t — )34
per low-momentum field G((t, x), (', x)),t —t' = 1.
Remark In the case d = 3, this upper bound is optimal (for j» = j; + O(1)), and not quite
as good as the 0(2_%j ) factor due to renormalization, compare with (6.7). However, one
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easily shows that the resulting small factor is actually comparable or smaller than (6.7) if
d > 4. In any case, in order to be able to integrate (see D.) we simply need a small factor
02142017y per low-momentum field G/, with ¥ > 0. In the KPZ, case (d = 2), one
finds k = 0; this border case is no more super-renormalizable in the infra-red: four-point
functions are superficially divergent in the QFT terminology, which leads to a floating (i.e.
scale-dependent) coupling constant g.

So much for A’. Resuming now our previous discussion, and proceeding as in §5.2, one can
prove in exactly the same way that > . = O(1). The only difference is that (compare with
the discussion below (6.21)), using our second power-counting estimate leaves in store in the

worst case only (1 +# — t,+1)_(l)7 per low- momentum G.

There remains to see how one gets the prefactor O (g2
that, we remark, proceeding as in D., that [see (6.17)]

_1) and the scaling function K 7s. For
Si(y),i =1,2isequal to

d)’ﬁ
{Gerr(Cx). @ 5D + 0 =)™ D7) Gy (30, (1 5 -
R (2% = 0)yp, Vg ()C.) - (6.30)

where ti/ eN = [tZi -1, tXi) x A;. Then the main term ofS,-(y)’l is

—d/2

- A A
/ dyi Gopr (i, x1), (0, yi)en ™ (y) = 1+ 0(hes® "0y =42 150111 (6.31)

Error terms take into account: vertex insertions along any of the two strings, costing either the
already accounted for O ((#; — t’ Yy~ 12y or 0((t )~1/2) for the two numerators, and o, -1/ 2)
for the two denominators; n-pairings between strings (see A’.), by construction at times
< IXI +0() = tzz + O(1), costing O(((IX _(1)—)2) = 0(([Z1)_(%)_); corrections in
o, —d/ 2) or 0((t )~4/2) due to the initial condition.

Concludmg replacing the sum over boxes A; = Ag;, A Bl and the integral over zg,, z Bl
i =1,2,by O(1) times a single integral over a single space-time variable (¢, x) located at
distance O (1) of all of these, and rescaling the coordinates, we get asymptotically in the limit
e—>0ifrp >n

T S " S
Fac(e™ o s™ ). 7 s ) = S e e e e s )
(6.32)
~eo F) (gO)2  gm1-d12 / dr / dx - 2 py 0 (1 = ) - €y (52 — )
€92 4,
~em0 F(O) = R (h(t1, xDh(t2,%2)) 0107, DO (6.33)

up to error terms smaller by a factor 0(8(%)7), for some function F(A) = 1 + O(A\2)
independent of the coordinates (t1, x1), (f2, x2). Letting

Defs = F()D©, (6.34)

and comparing (6.32) with (6.33), one sees that

- - - — d_
(he™ ™ 2ah(e™ . e x))e ~emso €27 (AL XDR(12 X2))2m0iveyy Dy -
(6.35)

where the coefficient D,fr = DD (1 + 0(A?)) is interpreted as the effective noise strength.
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The leading term for D.rr — D© may be computed as follows. Following the expan-
sion in the number of vertices made in §4.1, see in particular (5.28), the main term in
(h(g_ltl, e 1V2xDhe n, 8_1/2)62)) is obtained from (6.30) by simply contracting a ver-
tex Vg, = B((t1,x1), (1], x))g QP (], x) — v @)A((#], x}), ) on the first string with a
vertex Vg, on the second string. Next comes the leading-order correction, obtained by double-
contracting n = 2 vertex contributions on each string, yielding as in (5.27)

([ e, xDA, xD. BC G x{maf x)] -
(6003 5 A3, 29). I BC, @5, )3 ) ) (6.36)

Displacing the four outer B— and A— propagators B(-, (1], x{)), A((t], x{), ), B(~, (#, x5)),
A((r, xz) -) to the same point (7, x}), integrating over (¢{, xl’) (15, x5), (17, x) and taking
the limit 7{ — +o0 yields an effectlve contribution

+0o0
Cs = (g* lim / dty /dx / dtZ/de/ dty /d
1{—>+o0

(w*w)(t] — 1y, x1 —x3) Gt} — 1], x} — x1)
G(th— 1), x5 —x)) (wx*w)(t] — 15, x] — x5) (6.37)
Neglected terms involving e.g. A((t{ , x{), D) — A((t1 ,x1 "), -) involve a low-momentum gra-

dient, whence an extra 0(81/ 2) which vanishes in the scaling limit. Then C4 is added
to the main term which (after displacing outer B- and A -propagators) becomes Cp :=

(g0 [ di} [ dxb (0 * @)(t] — 15, x} — x}). Thus
by the quotient C4/Cy = 0((g™)?) = 0(A\?).

D(0> — 1 is given to leading order

6.5 Higher-Order KPZ Truncated Functions

We must still prove that higher-order truncated functions

N
0
v

(h(t1,x1) - h(tn, XN))e =t (k) Fn (1, x1)s ooy (EN, XN)), (6.38)
(N > 2) are negligible in the large scale limit because the KPZ field is asymptotically
Gaussian, with correlations givenby K.y = F, .. To be specific we prove this for N = 4, but
the reader may easily adapt the following arguments to arbitrary N. Let Fy ((f;, X;)i<4) :=
(log(w(ty, x1)) - - - log(w(t4, x4))).. The “replica trick” of §6.4 extends, with now 4 replicas
of n,

4 3
1 "
_1 /2
Fieo:i= 4<| [ > % 1og w(z[,xmkﬂ)), (6.39)

=1 k=0
a classical formula immediately generalized to arbitrary N as

N N-1

Fr.c = (1'[ N log i, xelni 1)), (6.40)
=1 k=0

originally proved by P. Cartier.! Then the connected function Fy . is obtained by selecting in
(6.8) those contributions for which there is a permutation o of the index set {1, .. ., 4}, and for

L Lascoux, private communication.
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eachi = 1, 2, 3, paired vertex insertions Vg, , VB’{ on strings number o (i), o (i+1). Proceeding
as in §5.4, we obtain a O (1) denominator of order 3 x 2 = 6, multiplied by an expression

bounded by (after coordinate rescaling) (s%_1)3 instead of the expected overall scaling

Z Keff((flta(l),871/2%(1)),(871ta(2),871/2xa(2))) .
pairings o

_ _ _ _ d_
CKepr (6 103y, 67 003))s (6 Moy, £ P @) = O((e27H?)  (6.41)

for a four-point function.

6.6 A Remark on Lower Large-Deviations for i

Similar computations can be made for (w_N(t, x)), where N = 1,2,..., N = 0O().
—1
Compared with the previous subsections, we now get a product ]_[lN: 1 (S,- (y)) instead of

I—LN=1 log(S; (p). It is easy to see that we get in the end
(w™N @, x)) = o). (6.42)
Using Markov’s inequality e.g. for N = 1 implies then for A > 0

A

Plh(t, x) < —A]l = Plw™ (7, x) > ¢v®

Al 0() e 04, (6.43)

an exponential lower large-deviation estimate for (¢, x).
This is however disappointing with respect to the expected lower Gaussian large-deviation

Pla(t, x) < —A] < =4, (6.44)

proved using Gaussian concentration inequalities in Carmona and Hu [15], Theorem 1.5 in
a deterministic setting. It is plausible that their results extend to our setting by generalizing
to regularized white noise classical large deviation results for Lipschitz functions of vector-
valued Gaussian random variables, see e.g. [4], §7.3.

Acknowledgements We wish to thank H. Spohn, F. Toninelli and the referee for numerous discussions,
suggestions and corrections, which have hopefully contributed in particular to the readability of the paper. J.
Unterberger acknowledges the support of the ANR, via the ANR project ANR-16-CE40-0020-01.

Appendix 1: Cluster Expansions
Horizontal Cluster Expansion

The cluster expansion between boxes of scale 0 is performed according to the classical
Bridges-Kennedy-Abdesselam-Rivasseau (BKAR) procedure (see [1,58], or [45], §2.1 and
2.2), which we now briefly describe, following [45]. We apply it to the A and B? kernels,
and also to the covariance kernel Cy, (-, -) :== (n(-)n(-)) of the noise. The effect of the cluster
expansion on the A’s and B’s is to “cut” all propagators between scale 0 boxes belonging to
different polymers. The effect of the cluster expansion on the ;’s is to make independent the
n-fields produced in scale 0 boxes belonging to different polymers. As a result of those two
operations, different polymers have been made totally independent, which makes it possible
to extract averaged quantities such as counterterms. Since the covariance kernel of 1 has finite
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range (with our cut-off conventions (n(z, x)n(t’, x’)) = 0 except if (¢, x), (¢, x") belong to
the same unit box in A? or to neighboring boxes), the cluster expansion on the 7’s is hardly
noticeable—in particular when it comes to bounds—, yet necessary.

Let © c DY, and |0 := UpacoA C Ry x R? its support. We say that two boxes
A, AN € O, A # N, are linked if (i) either A = [k, k+ 1) x A, A = [k, k+ 1) x A/,
A, AN eD%or(i)A = [k, k+1)x A, A = [k=1,k)x A/ orconversely A = [k—1, k) x A,
A" = [k, k + 1) x A’. By construction, there exists (¢, x) € A, (t,x’) € A/, such that
A%, x), (', x))) # 0or A°((¢/, x'), (¢, x)) # Oifandonly if A = A’ or A, A’ are linked.
Similarly, if (n(r, x)n(t’, x’)) # 0, then A = A’ or A, A’ are linked (and, furthermore,
d(A,N) = 0(1)). Denote by L(O) the set of linked pairs {A, A’}. Then, for every link
weakening of O, i.e. for every functions : L(O) — [0, 1], extended trivially on the diagonal
by letting sa. Ao = 1 (A € O), we define

BY)((1,%), (1", X)) = 550 a0 BU((1,0), (', X)), (7.1)
AV (1,20, (1 x) = 550 p0 A 0), (X)) (7.2)
(n(ta x)’)(t/’ xl))s = SA?.X.A?/ v (n(t’ x)’?(t/’ x/)> (73)

if (Arx, Ay x) € L(O), 0 else. Thus the effect of the function s is to weaken off-diagonal
elements of the propagator/covariance kernel.

We need some terminology before we get to the point. In the following discussion, O is
fixed. A scale O forest FY is a finite number of boxes A € O, seen as vertices, connected
by links, without loops. A (non-oriented) link £ connects Ag to A’,. Space-time variables
ranging in Ay, resp. A’g are generally denoted as (#¢, x¢), resp. (té, xé), or for short z¢, resp.
zy. Non-isolated components of FY, i.e. connected components of F¥ containing > 2 boxes
are called trees, or (specifically in this statistical physics context) polymers. The (finite) set of
vertices of polymers is denoted by V (F?). The set of all O-th scale cluster forests is denoted
by F2(0), or simply F if O = D°. If there exists a link between A and A’, then we write
A ~po A/, or simply (if no ambiguity may arise) A ~ A’.

Now the following formula—called BKAR formula—holds: let F = F (A9, Boln) be
some random function of the A® °s and B ’s, then

Proposition 7.1 (BKAR formula) (see [45], Proposition 2.6)

! d
(F(A, By = > ( I1 /0 dwz) (( Il dw) <F(A°<s(w>),B”(s(w)»mmw))

FoeF0 \LeL(F0) LeL(F0)
(7.4)

sa.a(w), A # A being the infimum of the wy for £ running over the unique path from A to
N inTFOif A ~po A, and sp p/(w) = 0 else.

The above formula is obtained by iterating the following step-by-step procedure. Choose
some box A € DY, and Taylor-expand simultaneously with respect to the parameters (s¢)¢
where ¢ ranges in the set L (DY) of all pairs {Ag, AZ} suchthat A{ = Ay or A/z- One obtains:

F(s =1) = F(s| 0)

|L(ID>°>\L1(1D>°>? s| 1, o) LDO)\L(DO)’ s o) =

1
+ Z /0 dw s, F(s|L(]D>O)\L|(ID>0); S|z @0y = W)

£1€L1(O)
(7.5)
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The following elementary relation is shown in [58],

8
7F(77)>

d
—(F s(w) = d d 4 4 >/ s=1 - /
a5, (F s fA e /A} 2 nGzonE@))s=1 <8n(ze)8n(z[)

s(w)

(7.6)

In other words, an s-derivative acting on an averaged quantity (F(n))sw) has the effect of
producing an explicit pairing (1(z¢)7(z}))s=1, with the original covariance kernel, between
two arbitrary points belonging resp. to one box and to the other box.

As explained before, each choice of forest FO yields an explicit connection through A°,
BO- or n-pairings of all boxes within a given connected component (tree), and disconnects
boxes A, A’ lying in different connected components since B°(s(w))((¢, x), (', x")) =
AY(s()) (2, x), (¢, x)) = (&, )n(t’, x"))sqwy = 0 for (£, x) € A, (¢, x') € A

Mayer Expansion

For the Mayer expansion (see § 5.1), we choose another set of objects O and a different way
of implementing the s-dependence, and apply a slightly different formula. Namely, we let
O = O(F°, {1a}a) be the set of scale 0 polymers, i.e. of non-isolated connected components
of FO with their external structure, depending on the differentiation orders {124}, produced
by the vertical cluster expansion. Among these polymers, there are polymers with exactly
two external legs, making up a subset 01 = Oy (O, {mala) C O. The complementary set
Oy = O2(F°, {ala) := O\ O is made up of polymers with > 2 external legs, which
require no renormalization. The following variant of BKAR’s formula, found originally in
[1], is stated in the present form in [45]. We now denote by {P¢, P,} a pair of polymers
connected by a link £ € L(O).

Proposition 7.2 (Restricted 2-type cluster or BKAR2 formula) Assume O = O; U O;.
Choose as initial object an object 01 € Op of type 1, and stop the Brydges-Kennedy-
Abdesselam-Rivasseau expansion as soon as a link to an object of type 2 has appeared.
Then choose a new object of type 1, and so on. This leads to a restricted expansion, for which
only the link variables zy, with £ ¢ Oy x Oy, have been weakened. The following closed
Sformula holds. Let S : L(O) — [0, 1] be a link weakening of O, and F = F((S¢)eeL(0)) a
smooth function. Let Fres(O) be the set of forests G* on O, each component of which is (i)
either a tree of objects of type 1, called unrooted tree; (ii)or a rooted tree such that only the
root is of type 2. Then

1
F(,...,1) = Z ]_[ /0de ]_[ aisz FSewWy |, .7

GYeFes(O) \LeL(GY) LeL(GY)

where S¢(W) is either O or the minimum of the w-variables running along the unique path
in GO from Py to P}, and GO is the forest obtained from G° by merging all roots of G into a
single vertex.

The way functions of the type (F(A%(s(w)), Bo(s(w))ln))s(w) are made S-dependent
is explained in 5.1. Differentiating w.r. to an S-parameter Sp, p, produces a factor

[nAlePl,Azeﬂ”z,(Al,Az)ﬁéAexr(lP’l)xAm(lP’z) 1A1#Az] — 1, which upon expansion yields a sum
over all overlap possibilities between boxes of P; and boxes of P, except those containing
the external legs. Each contribution comes with a sign (—1)", where n is the number of over-
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|:|A1 DA2 =A1ZA2 |:|A1 DAZ

DI
-1
A=A, A,

Fig. 3 Mayer subtraction rule for one overlapping box

A#ED,

lapping boxes (see Fig. 3 for a representation of this rule). See also Fig. 4 below illustrating
a more elaborate case with n = 2.

The above procedure leads, as discussed in a much more involved, multi-scale context
e.g. in [45], Proposition 2.12, to some mild combinatorial factors, which we discuss briefly.
Recall that (by Cayley’s theorem) the number of trees over Py, . . . , P, with fixed coordination
the leaves of T and go down the branches inductively. Let Py, ..., P, p)—1 be the leaves
attached onto one and the same vertex . Choose n(IP’) — 1 (possibly non distinct) boxes
At ..., Mgyt € DO of P/ (there are |P'[*®)=1 possibilities), and assume that A; € P;.
For each choice of polymer [P/, this gives a supplementary factor O ((C|P’ N"E=1) o be
multiplied by m coming from Cayley’s theorem. Summing over n(P') = 2,3, ...

yields e€I” 1 < €I Summing over all boxes takes care automatically of the sum over
all permutations of the polymers, which takes down the n! factor. Since bounds produced
in Sect. 6 are in 0((g(0))m), where m = ) p. |P| is the number of boxes obtained by the
cluster expansion, the latter large factor is compensated by a simple redefinition of coupling

constant g© ~» € g® = 0(g©@) in the bounds.

Appendix 2: The Effective Propagator

The effective propagator Geff obtained in §6.4 by resumming v-counterterms along a string,
see (8.9) below, is shown in this section to be very well approximated at large scale by the
Green kernel (9; — vgffA)_l.

We first need a technical lemma.

Lemma 8.1 There exists some constant C > 0 such that, for every k = (k1, ..., kq) and
t>t, x,x':

—lKl

VEG 0 (1), (3| = CFHT (3O =) T Tkl /2))

Go_opa) ((t, x), (', x"). 8.1

Proof The spatial Fourier transform of V¥G = V*G ) is

— . A A~ (4", (0)
VEG(t —1',8) = (6) K,_p (&), K,_p(&) =e VT ED, (8.2)
Let&, := % Then

VG i x—x) = 2m) /R dE (i8)" Ry (§)d "9

—em [ ds e R @O
RY+i

@ Springer



The Scaling Limit of the KPZ Equation in Space Dimension... 591

Fig. 4 Mayer expansion
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= (m) e PO / dt (i — go)F e OIEP
R4

=@ — 1) G 0 (1 x), (X)) f dr (g —¢g) e P83
R(

where now ¢ = /vO@r —1)E, .= — =X are non-dimensional parameters.
C ( )’S CO ) m p

Rewrite G0 ((t, x), (', x")) as G 04002 (1, x), @, x") - 0(1)6_0()‘2)‘40‘2. Then, for
allk’ <k,

’ ! ’ IC,
g€l 0l < 6ol =i dl

PCUTNICNE JE S

and [pq d¢ ;"_"/ e 6P = O(C*"NT'(|k — k’|/2). One concludes by using the binomial
formula. O

Let us now come to the point. Recall A™0 = )_((0) * A [see (4.6)] is an ultra-violet regular-
ization of A.

Lemma 8.2 Let §v := vpr — v,

Gef i= (3 — verrA) ", (8.4)
Gep = A7 (1 - avlﬁlA*(’A*l)_1 Bol=1-svG~'A>0)" 1G>
(8.5)
Then:
1. There exists VO = vO 4+ 0(A2) and a constant C > 0 such that
Gepr((t,2), (', x')) < CGyo (1, %), (', x)). (8.6)
Furthermore, if 1 < j < j < j”,
(V<ATGT (1= 8B~ a=0a=) IV BT ) (@00, (0 X))
< 27%(|K'\+\K”|>2—(j’—j)Gw)/c((,’ 0. 1)), =t a2l 8.7)

(VAT Gl (1= svB=1 a0~ ) v BT 1)) (. ()

< 2—’7(IK’\+\K”|)2—(j”—j)2—(j”—j’)Gﬁ(o)/c((t, 0.0, =t~
(8.8)

withec =1ifk' =k”" =0, and c = % else.
2. Forevery k' < %, the following holds: ift —t' ~ 1,
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(Gepr — Gepp) (e 1,671 2x), (711, £7V2x")) ~esp O (%))
Gyo (e, e712x), (e7'1, e71/2x")) (8.9)

uniformly for
x —x'1> =01t = 1)) (8.10)
[see (8.14) below] with 7@ = v©® + 0(12).

Thus G, 77 is equal to G.ry with an excellent approximation at large scale which holds well
beyond the normal regime ‘xl < 1 (one can compare with [23] where extended heat-kernel
asymptotics are shown for a lattlce regularization instead). Equation (8.7,8.8) show that the
bounds on G,rp = Yis A G (1= cSl)B”lA”OAHI)il - BJ'|j), expressed as a
product of a resolvent by two propagators A, B as in (3.33), decrease exponentially with the
difference of the “scales” of these three operators, thus yielding bounds that can be resummed
adequately.

Proof We concentrate on 2., with 1. proved on the way. Introduce G ¢rf := (0 — vOA —
SvA~9 "1 = A(1 — s5vBA~%A)~! B, and write for short x° instead of ¥ ©.

(i) Flrst Gleff((g U, e712x), (71, e71V24) = (1 + 0)Gepp((e7t,671/2x),
.( e~1/2x)) if (8.10) holds. Namely, the spatial Fourier transform of Gy — G1, /¢
1S

Gepp(e™ !t =1),8) = Grepr (7t = 1).8) = Komr ) ©), 8.11)
with IQH/(E) — o t=vepr (E8) <1 _ g~ (t=1Ddv (XO(S)*I)(';',E)) . (8.12)

Since xY is compactly supported, its Fourier transform ﬁ extends to an entire func-
tion satisfying: |X,0\(§)| < Clm &I 1 x0(.) is chosen to be isotropic (which we
assume), then V(x9)(0) = 0. Since [ x° = 1 and x° is smooth, [x°(§) — 1| =

Or0(E1Y) = Or_o((t — HIEP) and [XOE)|EP = Opre @))ooo(eC™M @) =
O((t — t")eCVI=1 M ©)) [0

X 1 |x]
= = 1+ ——]. (8.13
EO 2u€ff(t —t) o ,/2\)eff(l‘ —t) < ,/ngff(l‘ — l")) ( )
Note that, provided

1 1
2= 0@~ 22G0¢ — ') with 1<K<3 (8.14)

—which is compatible with our hypothesis (8.10) if one lets k — (%)_—, and |&| < &% pg
— whence |£] <« 1—the error term in the exponential, "T’/(Sv 1 — x%&)| (&, & =
0()»2)84"’1,06‘ isa O(1). Hence

/ dE Roo1 ) (E)60 9
B(0,&% po)

/ g Kooy ()9 401 (x — x)
B(0,% po)+ie! /2§
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/
= O(I —! 5v) e—|X—X/|2/4Veff(f—t/)/ dé |§|4 e—flveff(t—l/)(&f)+31(x_x/)
€ B(0,& po)
~es0 O™ ) Gopp((e™ 67 2x), (€71 671 2x)) + 91 (x — x') (8.15)

where 2’ = —1— 4 +k(d +4) >, ) land

—

8]

A (x —x') = f dE K1y (§)el 8 (8.16)
0 B(0,6% po) x[0,ie! 2]
and

|01 (x —x")|, ‘/ d§ Ks—l<z4>(§)ei("_x"5))
€12 po

—erlC|?
= 0<sd/2/ dee L, dte efr I¢] ) (8.17)
[81Ze 27 (45— )

2upp (1 —1’)

are negligible with respect to G, ((s_lt, a_l/zx), (e~'¢', e71/2x)). On the other hand,
1f

A1 = 8vBA~4)71B0) = A% (0] B|0) + svABA™A% (0] B|0) + - - -
=G+ 6V Gy epr ATOG. (8.18)

(i1) Next, (1 —zS])B_’lA_’OA_)l)_1 ~ 1 at large scale. Namely, expanding (1 — v

—1
B_”AQOA_’I) into a series, we get a geometric series in sy A”0A~I BT

. - 0 . .
Write A71B~1 = G~ as f0+oo X_’](t)e”( )’Adt, where (in the notations of Defi-
nition 3.3) 3! := ;:?(X % x)/ is “one minus a bump function”, i.e. ¥ ! 0.c] =

0, x = 1 for some ¢ > 0. Then, since A~% commutes with the G~ 1"s,

X! |[c‘1,+oo)

(A70GTNH2 (1, x), (1, x)))

(t+t")/2
— / dl‘// /dx// (A%O)ZG%I((Z, x), (t//, )C//))Gﬁl((l‘//, x//), (l‘/, x/))
t/

t
+/ dt// /dx// G_”((t,x), (t”, x”))(A—)O)ZG—”((IH, X//)7 (l‘/, x/))
(

t+t")/2
=0() t —)AT?GT((@, x), (', x)). (8.19)
We call this the commutation trick. Recall |8v| = O(A?). Tterating yields by using
Lemma 8.1
_ n—1
Y@ (AT (@), (X)) 52(%)"% @767 @), (@ 1)

n>1 n>1

(t_t/)n_l —n IN—H S A
S o 2T =TT (0, ()

=0 (t —1) 67N, x), (', x') (8.20)

n>1
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~—1 a1
where G = Gu<0>+0(xz)’ and

[(1=svB~ 1704 )™ 1] 2, (@)

— (SvB”1(Z(Sv)”(A”OGﬁl)")AﬁoAﬁl((t, x), (t/,x/))

n>0

=00v)(t—t)'GN@, x), (', x) (8.21)

where G ! has again been possibly rescaled. Using for a third time the commutation
trick, one finally gets

(a[ 1=ovB=1a=04=) " —1]B) (. 1), (¢ XD =0() 67,0, @ 5.
(8.22)

On the other hand, the orthonormality of the basis (] j)) j>0 implies immediately

(A°01[ (1= ovB~1A70A7 )T —1]B) (. 1), (. x) = GO, ). (¢ x').

(8.23)
Point 1. is a particularization of (8.22). If t — #/ ~ 2/" and j # j/, then
AT (1 = v~ A=A ) T B ) (). ()

— vajAﬁoGj/((t’ 3, @)+ (8.24)

has an extra 2~ '~/ -prefactor due to a reduced volume of integration in time. If  — ¢’ ~
21 s . . . .
2/ > 2/ | then the leading term in the series vanishes, so that

AT = svB~ A0 T BT (@, ). ()
- (((Sv)szA_’OG_’lA_’OGj/ +.. ) (), ('), (8.25)

where the middle propagator G~ ! has scale j” + O (1), leading for the same reason to an
extra 2-U"==("=J /)-prefactor. Gradients V¥, V¥" are easily turned into prefactors
by using elementary heat kernel estimates as in Lemma 3.4 (i).

(iii) Let us now bound

D= A[(l —svBA~0A) T — (1 — suB—’lA—’OA—’l)—l]B
= A[a—ovBATOA) v (BAT0A - B71AT0ATY)
(1 —SuB*IA*OA*I)*l]B
= A[(l —svBATOA)7" - v (BY10) A70A + B TAT0A%0])
(1— auBﬁlAﬁoA*‘)*l]B.
(8.26)
Thus
D = 50(G" +8v Gy A7OG) A~ (A1 = v B~ A0 )7 )
+8v G o AT0GO (8.27)
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where the kernel
Giefr(,) = A1 =8vBAT 'A)7'B71(, )= AB~ (")
+8vABATOABTI( ) + ...
=G, )+ G ATABTI( ) (8.28)

is bounded (using again and again the commutation trick) by O(1) G0 +002)(s )
Hence

ID((t, %), (", XN S (0 = 1) G 04002, (1 1), (1 X)) (8.29)

(iv) Finally,

Gleff = Geff =D
=A(1—svB~'A70A" ) B— A~ (1 —svB~ ' A~04~ 1) B
= A%0] (1 - 5vB—’1A—’°A—’1)_1 B+A”(1- SvB_’lA_)OA_)l)_I B°|0)
—G° (8.30)
and GO((e~ "1, 671/2x), (7', 671/2x")) = 0 for & small enough.

m}

Remark Using a suitably chosen cut-off x© with vanishing first momenta (obtained e.g. by
subtracting the beginning of the Taylor expansion of its Fourier transform near zero), i.e.
suchthatfdxx,-1 ---x[pxo(x) =0forl <iy,...,ip <dand p=2,3,...,n—1one gets
VP (x9)(0) =0,2 < p <n — 1, which makes it possible to reduce the prefactor o0(\2elh)
in (8.15) to O (?) times an arbitrary large power of ¢.
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