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Abstract Let G be a connected graph in which almost all vertices have linear degrees and
let 7 be a uniform spanning tree of G. For any fixed rooted tree F' of height r we compute the
asymptotic density of vertices v for which the r-ball around v in 7 is isomorphic to F. We
deduce from this that if {G,} is a sequence of such graphs converging to a graphon W, then
the uniform spanning tree of G, locally converges to a multi-type branching process defined
in terms of W. As an application, we prove that in a graph with linear minimum degree, with
high probability, the density of leaves in a uniform spanning tree is at least e=! — o(1), the
density of vertices of (geégree 2 is at most e~! + 0(1) and the density of vertices of degree
(k=2)k—

k

ﬁ + o(1). These bounds are sharp.

k>31satm0st( D

Keywords Uniform spanning tree - Graph limits - Benjamini-Schramm convergence -
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1 Introduction

It is a classical fact [9,11] that a uniformly chosen tree from the set of n"~2 trees on n
vertices, viewed from an independently chosen uniform random vertex, is locally distributed
as a Poisson(1) Galton—Watson branching process conditioned to live forever when n is
large. One can use this result to find the distribution of a certain “local” structures. For
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instance, it follows that the degree distribution of a uniformly chosen vertex of a uniformly
chosen tree on n vertices converges to the law of a Poisson(1) + 1 random variable.

A uniformly chosen tree on n vertices is a uniform spanning tree (UST) of the complete
graph on n vertices. Our goal in this paper is to explicitly describe the local structure of the
UST of any dense graph or, equivalently, of a sequence of dense graphs converging to a given
graphon. Let us first present this result.

Given a connected graph G we write 7 for a uniformly drawn spanning tree of G and
B7 (v, r) for the graph-distance ball of radius r in 7 around the vertex v € V(G). Our goal
is to describe the asymptotic distribution of Bz (X, r), viewed up to graph isomorphism,
where X is a uniformly chosen random vertex of G. To that aim, let £2 = [0, 1] and u be
the Lebesgue measure on £2. For a given graphon W : 2% — [0, 1] (see Sect. 1.1 for a brief
introduction to graphons) and w € 2 we write deg(w) = f) co W(w, y)dy, and call this
number the degree of w. A graphon is called nondegenerate if for almost every € 2 we
have deg(w) > 0.

Let T be a fixed rooted tree with £ > 2 vertices and of height » > 1. We write by Stabr
the set of graph automorphisms of 7" that preserve the root. In what follows we denote the

vertices of T by the numbers {1, ..., £} such that the vertices p, ..., £ are the vertices at
height r of T and p € {2, ..., £}. Given a nondegenerate graphon W and a tree T as above
we define

1 l L, deg(®))
Freq(T; W) := / exp | — wa(a)j) M
j=1

Stab 4 .
| lel ..... o ]_[jzldeg(wj)
< J] Wi epdo - do. 1)
(i, ))EE(T)
where
W(w,y)
by (@) = f W 0y, @
ven deg(y)

Theorem 1.1 Let T be afixed rooted tree as above, and W : §2% — [0, 1] be anondegenerate
graphon. Then for any ¢ > 0 there exists § = &(e, W, T) > 0 such that if G is a connected
simple graph on at least €= vertices that is £-close to W in the cut-distance, then with
probability at least 1 — & a uniformly chosen spanning tree T of G satisfies

|P(B7(X,r) = T) — Freq(T; W)| < ¢,

where X is an independently and uniformly chosen vertex of G, and by BT (X,r) = T we
mean that between the two rooted trees there is a graph-isomorphism preserving the root.

Theorem 1.1 is a natural statement in the context of limits of graph sequences. It asserts
that if {G,} is a sequence of connected graphs converging to a graphon W, then the UST of
G, converges locally to a certain multi-type branching process that is defined in terms of W.
This interpretation involve two graph limit procedures: a dense graph limit [7,16] to describe
the limit of the dense graph sequence G, and sparse graph limit to describe the random limit
of the UST of G,, known as Benjamini-Schramm convergence [4]. We refer the reader to
Sects. 1.1 and 1.2 for an introduction to these limiting procedure, and begin by describing
the limiting branching process.

Definition 1.2 Given a nondegenerate graphon W : 2> — [0, 1] we define a multi-type
branching process «w. The process has continuum many types that are either (anc, o) or
(oth, w), where w € §2. Here, “anc” stands for “ancestral” and “oth” stands for “other”.
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(1) The initial particle (i.e., the root) has type (anc, @), where the distribution of w is .

(2) If a particle has type (oth, w), then its progeny is {(oth, wi), ..., (oth, wx))} where

vg;;“(;‘f;) atw € 2.In
particular, k has distribution Poisson (bw (w)), where by (-) is defined in (2).

(3) If a particle has type (anc, w) the progeny is {(anc, wp), (oth, wy), ..., (oth, wg))}
where {w1, . .., wy} are a Poisson point process on §2 with the same intensity as above and
wp is an independent new particle of £2 which is distributed according to the probability

measure on £2 that has density ?ggfw)) .

We note that an ancestral vertex (i.e., of type anc) always has at least 1 progeny and
since the initial particle is ancestral the process kw survives forever with probability 1. The
following theorem is quickly deduced from Theorem 1.1 at Sect. 4.2.

{w1, ..., wi} are a Poisson point process on §2 with intensity

Theorem 1.3 Suppose that {G,} is a sequence of simple connected graphs of growing orders
that converge to a nondegenerate graphon W in the cut-distance and let T,, be a UST of G .
Then the sequence {T,} almost surely converge in the Benjamini—Schramm sense to k.

Since the L'-norm (corresponding to the edit distance in graph theory) is finer than the
cut-norm, we in particular obtain the following. Suppose that G is a large connected simple
n-vertex graph with minimum degree €2 (n). Suppose that we add and/or delete 0(n?) edges
in a way that the resulting graph G’ stays connected. Then the structure of a typical UST of
G and of G’ is very similar in the Benjamini—Schramm sense. Even this statement seems to
be new.

When G, are a sequence of dense regular graphs, then the function by : 2 — (0, c0)
defined in (2) is identically 1 and we obtain the following.

Corollary 1.4 Suppose that {G,} is a sequence of simple connected regular graphs of grow-
ing orders that converge to a nondegenerate graphon W in the cut-distance and let T,, be a
UST of G,. Then the sequence {T,} almost surely converge in the Benjamini—Schramm sense
to a Poisson(1) Galton—Watson branching process conditioned to live forever.

Theorem 1.3 allows us to deduce several extremal properties of the UST on dense graphs.
The number of vertices of degree k > 1 in the UST of the complete graph K, is (e~ /(k —
1)!+0(1))n. In fact, using Priifer codes one can establish that the degree of the a vertex in the
UST of K, has distribution 1 + Bin(n — 2, 1) ~ 1 + Poisson(1).! Using Theorem 1.1 we
are able to find the extremal values of the number of vertices of degree k in a general dense
graph. In the following theorem we show that the complete graph (or any other regular dense
graph) is the minimizer of the number of leaves and the maximizer of the number of vertices
of degrees 2 and 3 among the class of dense graphs. Somewhat surprisingly, the maximizer
for the number of vertices of degree k > 4 is a different dense graph (see Sect. 5).

Theorem 1.5 For any k > 1 we denote by Ly the random variable counting the number of
vertices of degree k in a UST of a simple connected graph G. For every €, > 0 there exist
numbers ny € Nand y > 0 such that the following holds: Whenever G is a graph onn = ny
vertices with at least (1 — y)n vertices of degrees at least én then

P(Ly < (e —e)n) < e, A3)
P(Ly > (e +e)n) <e, Q)

I Priifer codes, see e. 2. [19, p. 245], provide a standard bijection between spanning trees of K and and words
of length n —2 over the alphabet V (K, ). A quick look at this bijection shows the number of occurrences of any
letter v € V(Kj) in a Priifer code is the degree of the vertex v in the corresponding spanning tree decreased
by 1. Therefore, the degree of v in a uniform spanning tree has indeed distribution 1 + Bin(n — 2, %).
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and for any k > 3 we have

1 k=2
IP’(Lk > ((k_ o B +e> n> <e. 5)

We derive Theorem 1.5 in Sect. 5. The rest of this section is organized as follows. We first
give the formal definitions and background of dense and sparse graph limits necessary for
the reader to parse the statement of Theorems 1.1 and 1.3. Next we discuss some aspects of
the theorem, such as the necessity of its assumptions. We end this section with a discussion
of related results in the literature.

1.1 Dense Graph Limits

Graphons were introduced by Borgs et al. [7,16] as limit objects to sequences of dense graphs.
Here, we review basic facts and we refer the reader to [15, Part IT] for a thorough treatment
of the subject. A graphon is a symmetric Lebesgue measurable function W : 220,11,
where £2 is any standard atomless probability space.? The underlying measure on 2 will be
always denoted by u.

Given a measurable function U : 22 — [—1, 1] we define its cut-norm by

// Ux,y)
xeS§ JyeT

where S and T range over all measurable subsets of 2. Now, we can define the key notion
of cut-distance. For two graphons Wy, W : 22 — [0, 1], we define

8a(W1, Wa) = il(/l)f WY = Walls )

Ulls = sup
S, T

; (6)

where ¢ : £2 — 2 ranges through all measure preserving automorphisms of £2, and Wl‘p
stands for a graphon defined by Wl(ﬂ (x,y) = Wi(px), ¢(¥)). Note that the definition of
8c(W1, Wy) extends in a straightforward way if W, lives on some other standard atomless
probability space A. In that case, ¢ ranges of all measure preserving bijections from A to £2.

Suppose that G is an n-vertex graph. Then we can consider a graphon representation
of G. To this end, partition an atomless standard probability space £2 into n sets, each set of
measure %, 2= |_|U€V(G) §2,. Then define a graphon W to be 1 on £2,, x £2, for each edge
uv € E(G), and 0 otherwise. Note that W is not unique as it depends on the choice of the
partition {£2, }. With the notion of a graphon representation, we can define distance between
a graph and a graphon. Namely, if W : £22 — [0, 1] is a graphon and G is a graph, we define
3:(W, G) := 8.(W, Wg). This definition does not depend on the choice of the representation
We. We say that G is a-close to W if 6, (W, G) < «. Though through much of the paper, we
shall work with loopless multigraphs (introduced in Sect. 2.1), we always restrict ourselves
to graphs when representing as graphons, or when referring to the cut-distance.

Throughout the paper, all sets and functions are tacitly assumed to be measurable. Con-
versely all our constructions of auxiliary sets and functions are measurable, too.

We say that a sequence (G,), of simple graphs converges to a graphon W if and only
if §.(W, G,) — 0. Now, it is possible to understand the first sentence of Theorem 1.3. The
following statement, proved first in [16], is the core of the theory of graphons.

Theorem 1.6 For every sequence of simple graphs of increasing orders there exists a sub-
sequence which converges to a graphon.

2 Recall that all such probability spaces are isomorphic.
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1.2 Sparse Graph Limits

Let G, denote the space of rooted locally finite graphs viewed up to root-preserving graph
isomorphisms. That is, each element of G, is (G, 0) where G is a graph and g is a vertex
of it, and two such elements (G, 01) and (G2, 02) are considered equivalent if and only if
there exists a graph automorphism ¢ : G; — G such that ¢(01) = 2. Given a rooted
graph (G, o) and an integer » > 1 we write Bg (o, r) for the graph-distance ball of radius r
around g in G, that is, Bg (0, r) € G, is a finite graph rooted at o on the set of vertices of
graphs distance at most  from ¢ in G together with all the edges induced from G. There is a
natural notion of a metric on G,. The distance between two elements (G, 01), (G2, 02) € Ge
is defined to be 27 % where R > 0 is the largest number such that there is a root-preserving
graph isomorphism between Bg, (01, R) and Bg, (02, R). Having defined the metric we can
consider probability spaces on G, with respect to the Borel o-algebra.

We say that the law of a random element (G, @) € G, is the Benjamini-Schramm limit
of a (possibly random) sequence of finite graphs G, if and only if, for any fixed integer
r > 1 the random variable Bg, (0., r) converges in distribution to B¢ (o, r) where g, is an
independently chosen uniform random vertex of G. In this case we say that the sequence
G, Benjamini—Schramm converges to (G, o). Note that by putting » = 1 in the definition
we deduce that in this convergence the degree of the random root p,, must converge to the
degree of o which explains why this limiting procedure is best suited for sparse graphs. See
further discussion in [4].

We have finished defining all the needed terminology required to parse Theorems 1.1
and 1.3.

1.3 Necessity of the Assumptions

The assumptions in Theorem 1.3 are the minimal necessary. First, we obviously need the
assumption that G,, are connected in order for spanning trees to exist.

Next we claim that the local structure of a uniform spanning tree cannot be determined
from a degenerate graphon W. Indeed, suppose that a graphon W is given, and let £2° be the
elements of §2 that have zero degree W and 2+ = £2\£2°. Assume that W is degenerate so
that 1(£2°) = 8 > 0.

We can now construct two graph sequences that converge to W. We start with dense
graphs G,, of size (1 — 8)n that converge® to W+ = W+ and in the first sequence we
attach to G, a path of length dn at an arbitrary vertex and in the second sequence we attach
dn edges arbitrary to an vertex of G, creating §n new vertices of degree 1. It is clear that
both sequences converge to W. However, the USTs on the two sequences have different
Benjamini-Schramm limits. Indeed, let p; denote the probability that in «y+ the root is a
leaf. Then the probability that a randomly chosen vertex is a leaf in the first sequence tends
to (1 — 8) p1 and in the second sequence this probability tends to (1 — §) p; + 8.

1.4 Discussion

Theorem 1.3 shows that the local structure of the UST is continuous on the space of dense
graphs with the cut-metric (7) and describes this local structure explicitly. As mentioned
earlier, the only instance in the literature of Theorem 1.3 that we are aware of is the case of
the UST of the complete graph K,,. In this case Grimmett [9] showed that the limiting object

3 Sucha sequence can be obtained for example by taking typical inhomogeneous random graphs G(n, W),
see [15, Lemma 10.16].
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is an infinite path upon which we to each vertex an independent Poisson(1l) branching
process—that is, a Poisson(1) branching process conditioned to survive forever. This is
precisely kw where corresponding graphon W is just W = 1.

The analogous continuity result for sparse graphs is also true, though in this case it is
typically harder to describe explicitly the limiting object.

Theorem 1.7 [1, Proposition 7.1] Suppose that {G,} is a Benjamini—Schramm convergent
sequence of connected graphs and let T, be a UST of G,. Then there exists a random rooted
tree (T, o) such that T,, Benjamini—Schramm converges to (T, o).

The limiting object in the above theorem (7, @) is the wired uniform spanning forest of
the Benjamini—Schramm limit (G, o) of the graphs {G,}, see [18].

One can also ask whether the normalized number of spanning trees is continuous with
respect to taking graph limits. Given a graph G, let 1 (G) be the number of spanning trees in
G. In the bounded-degree model, Lyons [17, Theorem 3.2] proved that n~! log #(G) is con-
tinuous in the Benjamini—Schramm topology. In the dense model, the natural normalization
of t(G) is 't (G)'/". For example when G = K,, then by Cayley’s formula, n='#(G)!/"
tends to 1, and when G is a typical Erd6s—Rényi random graph G(n, p) for p € (0, 1) fixed,
then n~'#(G)!/" tends to p. However, one cannot expect that with no further assumptions
continuity of this parameter with respect to the cut-metric will hold. Indeed, let G,, formed
by a clique of order n — \/1:@ and a path of length \/lgﬂ attached to it at an arbitrary vertex.
The sequence {G,} converges to the complete graphon W = 1 but the number of spanning is
substantially lower than for complete graphs; indeed, in this case it can easily by seen using
Cayley’s formula that n~'#(G,)"/" tends to 0.

However, when we impose a minimum degree condition on the graphs, we can infer the
asymptotic normalized number of spanning trees from the limit graphon.

Theorem 1.8 Let§ > 0. Suppose that G1, Gy, . . . is a sequence of simple connected graphs
that converge to a graphon W. Suppose that the order of G, is n and the minimum degree is
at least 6n. Then the number of spanning trees satisfies

lim V1(Gn) = exp </ log(degw(x))) .

n— 00 n X
O

Theorem 1.8 follows almost immediately from a result due to Kostochka [12] which states
thatif 1 < dj < dp < --- < d, is the degree sequence of a simple connected graph G then
for some absolute constant C > 0 we have

[1idi

d](Cnlogd|)/d1

[1; di

<1(G) < .
n—1

(®)
To see that (8) yields Theorem 1.8, it is enough to recall that the degree distribution of a limit
graphon is inherited from degree distribution of graphs that converge to it (see Lemma 5.1(1)).
In the case of regular graphs, Theorem 1.8 can also be derived from [2,8].

Lastly, let us mention a result of a similar flavor to ours in the context of percolation
[5]. There, the authors show that the critical percolation probability of a dense graph is /\1—”
where A, is the largest eigenvalue of the adjacency matrix. In particular it follows that if two
dense graphs are close in the cut-metric, then this threshold is also close. They also describe
the limiting local structure of bond percolation on dense graph in terms of a branching
process on the limiting graphon. While there is some resemblance to the branching process
of Theorem 1.3, they are quite different.
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1.5 About the Proof of Theorem 1.1

Our proof combines, for the first time to the best of our knowledge, two seemingly unrelated
mathematical areas, Kirchhoff’s electric network theory and Szemerédi’s regularity lemma-
like graph partitioning techniques. These two are shown here to work seamlessly together.

Kirchhoff’s theory of electric networks [10] allows to compute the probability that a given
edge e = xy is in a UST of a connected graph. This probability is precisely the effective
electric resistance between x and y, when we consider the graph as an electric network and
let current flow from x to y, see Sect. 3.1.1 and (24). Since there is an edge connecting x to
v, this quantity is always a number in [0, 1]. This is the starting point of our proof.

Next we use partition theory (Sect. 2) to decompose our graph G into a bounded number
of dense expanders so that different expanders of the decomposition are connected by 0(n2)
edges. Heuristically, the UST of G is close the union of independent USTs on each of these
dense expanders.

Thus, it is natural to study electric theory on dense expanders. It is intuitive (and easy to
prove) that if x and y are two vertices in graph, then the effective resistance between x and y
is at least degl(x) + @ since at the most efficient scenario the electric current splits equally
from x to all its neighbors and arrives to y equally from all of y’s neighbors. Of course this
lower bound is not sharp—the graph could be the disjoint union of two large stars around x
and y and an edge connecting x and y, in which case the resistance between x and y is 1.

However, when the graph is a dense expander, one can use random walks estimates and
employ the fascinating and classical connection between random walks and electric net-
works, to deduce a corresponding approximate upper bound, see Corollary 3.3. The random
walk estimate we prove (Lemma 3.2) states that if one starts a random walk on a dense

expander from some vertex that is not x or y, then the probability that x is visited before y
;o (140(1)) deg(x)

deg(x)+deg(y) - . .. .

It 1s now quite pleasant to observe that Rayleigh’s monotonicity (21), which states that

the electric resistance can only decrease by enlarging a network, shows that this upper bound
on the resistance holds in each expander in the decomposition of G, and the matching lower
bound holds for most edges of G since there are 0(n?) edges between components, see
Lemma 3.3.

This explains why for most edges in G the probability that they are exhibited in the UST is
the sum of the degree reciprocals. An iterative argument is presented in Sect. 3.3, employing
the spatial Markov property of the UST (Proposition 3.1), to control the probability of events
such as By (v,r) = T. There are some delicate technicalities to overcome involving the
“outside” effects of the decomposition. Once these are overcome, one reaches the discrete
version Freq(T'; G) of the parameter Freq(7; W) of Theorem 1.1 and we show that this
parameter approximates the desired probability (Lemma 3.12). In Sect. 4 it is shown that
Freq(T; G) is close to Freq(T'; W), its continuous counterpart, if G is close to W in the
cut-distance, concluding the proof.

1.6 Organisation of the Paper

We tried to write the paper so that it can be read by probabilists and graph theorists alike.
For this reason we recall even concepts relatively well known to one of the communities in
a pedestrian manner. Also, at places we try to convey an idea of a proof even when this idea
is standard, but in only one of the two communities.

In Sect. 2 we introduce a suitable decomposition of dense graphs, into so-called linear
expanders. In Sect. 3 we prove the discrete estimate approximating the probability of the
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event P(B7(X,r) = T) by the discrete parameter Freq(7; G). In Sect. 4 we show that
Freq(T'; G) and Freq(T'; W) are close whenever G and W are close in the cut-metric. Lastly,
in Sect. 5 we derive Theorem 1.5.

2 Decomposing Dense Graphs into Linear Expanders
2.1 Dense Expanders

Informally, a graph is a dense expander if whenever a vertex set and its complement are of
linear size (in the order of the graph) then there are quadratically many edges between these
two parts. So, a primal example of a dense graph that is not an expander is a disjoint union
of two cliques of order 5 with a perfect matching connecting them.

We give our definition of expansion for loopless multigraphs. That is, self-loops are not
allowed, and two vertices may be connected by several edges. The quantity e(A, B) counts all
ordered pairs ab that form an edge, a € A and b € B, including multiplicities. Note that each
edge with both endvertices in A N B contributes twice to e(A, B). For a vertex v and a vertex
set A, we write deg(v, A) := e({v}, A). We write deg(v) := deg(v, V), where V is the vertex
set of the (multi)graph. Note that with these conventions, we have 2¢(G) = Zvev deg(v),
and )", 4 deg(a, B) = e(A, B) = ), p deg(b, A), for each vertex sets A and B.

Definition 2.1 We say that a loopless multigraph H is a y-expander if foreach U C V(H),
we have e(U, V(H)\U) = y|U|(v(H) — |U]).

We will later use a simple observation. Removing edges from an expander can obviously
render its expansion properties. However, if one removes edges touching only one vertex
while leaving the degree of the vertex high, the expansion properties are not damaged by too
much as the following simple proposition states.

Proposition 2.2 Let G be a y -expander loopless multigraph on m vertices and let v € V (G)
be a vertex. Assume that the maximal number of edges between any two vertices in V (G)\{v}
is at most £ € N. Consider the graph G’ obtained from G by erasing some set of edges
emanating from v of size at most £m so that the degree of v in G’ is at least ym. Assume also
that 8¢y =2 < m . Then G’ is a %-expander.

Proof We need to prove that for any U € V(G),
14
eg (U, VIG\U) 2 Z|U|m — |UD. (C))

By symmetry it is enough to prove it when |U| < m/2. We proceed by considering two
cases. In the first case we assume |U| > 4)/_15. Then, since we erased at most {m edges,
we have

eq'(U, V(G\U) 2 y|U|(m — |U]) — tm = glUl(m —1UD,

since in this case y |U|(m — |U|) > 2¢m.

In the second case we assume that |[U| < 4y~ 1. If U = {v}, then (9) follows since the
degree of v in G’ is at least ym. If v ¢ U, then the maximum number of edges that could
have been erased from eg (U, V(G)\U) is at most £|U |, hence

e/ (U, V(G\U) > y|Ulm —U|) — 4y~ > %IUI(M —UD.
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since y|U|(m — |U|) > ym and 8¢2y~2 < m. Lastly, if v € U and |U| > 1, then
Y
eq'(U, V(G\U) = eg(U\{v}, V(G)\U U {v}) — £|U| > EIUI(m —1UD,
by the same logic as above, concluding the proof. O

2.2 Expander Decomposition of Dense Graphs

The main result of this section, Theorem 2.7, asserts that each graph that is close to a non-
degenerate graphon can be decomposed into a bounded number expanders that are almost
isolated from each other. In Definition 2.6 below we describe the expander decomposition
that we actually use. Let us recall that the need of such a decomposition (rather than a single
expander) stems from examples such as that of a disjoint union of two cliques of order 5
with a perfect matching connecting them mentioned at the beginning of Sect. 2.1. Passing
to a limit we see that in the graphon perspective, the perfect matching vanishes and we are
left with two components. Therefore, we now introduce graphon counterparts to the notion
of graph connectivity and components, and give their basic properties.

Definition 2.3 A graphon W on a ground space (£2, ) is disconnected if either W = 0
a.e. or there exists a subset A C §2 with 0 < w(A) < 1 such that W = 0 a.e. on A x A€,
otherwise W is connected.

We shall require a result of Bollobas, Janson and Riordan [6, Lemma 5.17] which enables
us to decompose a graphon into (at most) countably many connected components.

Lemma 2.4 Let W : 2 x 2 — [0, 1] be a graphon. Then there exists a partition 2 =
U1N=0 £2; into measurable subsets with 0 < N < oo such that nu($2;) > 0 fori > 1,
the restriction of W to §2; x $2; is connected for each i > 1, and W = 0 a.e. on (£2 x
D\UIL (2 x 2).

Bollobds et al. [5, Lemma 7] showed that connectivity implies an apparently stronger
statement.

Lemma 2.5 Let W : 22 — [0, 1] be a connected graphon, and let 0 < o < % be given.
There is some constant § = B(W,a) > 0 such that foAL‘ W > B for every measurable

subset A C 2 witha < n(A) < %
We can now give our definition of expander decomposition.

Definition 2.6 Suppose that G is a loopless multigraph of order n. We say that V(G) =
VouViu...uVgisa(y,n, ¢)-expander decomposition if

(G1) |Vl < én,
(G2) for eachi € [k] we have that e(V;, V\V;) < n|Vi|n,
(G3) foreachi € [k] and each U C V;, we have e(U, V;\U) = y|U||V;\U|.

Theorem 2.7 Suppose that W : 2% — [0, 1] is a nondegenerate graphon. Then for every
&, 1 > O there exist positive constants y = y(W, e, n), & =&E(W, e, n) andng = no(W, &, n)
such that if G is a graph with v(G) > ng and 5.(G, W) < & then G admits a (y, 1, €)-
expander decomposition.

For the proof of Theorem 2.7, we shall need the following result. While we were not able
to find an explicit reference, we consider this result folklore. To this end, we need the notion
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of subgraphons which we introduce now. Suppose that W : £22 — [0, 1] is a graphon on a
probability space (i, §2). Similarly to the graph case, for a set A C §2 we have the notion
of a subgraphon of W induced by A. This is the restricted function W[A] := Wjax 4. In
order for W[ A] to be a graphon, we always have to consider it together with the renormalized
probability space (L2 ( A), A).

Lemma 2.8 Suppose that W : 2% — [0, 1] is a nondegenerate graphon. Suppose that we
have a partition 2 = £2* U |_|f»(:1 £2; such that for each i € [k] we have that W is zero
almost everywhere on §2; x (§2\82;). Then for every A > 0 there exists a number & > 0 so
that we have the following. If G is an n-vertex graph with 5:(G, W) < & then there exists a
partition V(G) = U?:O Vi such that for each i € [k],

(@) Vol = u(2*)n £ An, and |V;| = u(2i)n + An,
®) ec(Vi, VIG\V;) < an?,
(©) 8:(GIVil, WI£2]) < A

Proof of Theorem 2.7 Suppose that we are given a graphon W : 2% — [0, 1] and two
parameters €, n > 0. By Lemma 2.4, there exists a partition 2 = |_|lK:1 £2; (with K < 00)

into components of W. Letk € Nbe such that (U?:o .Q,-) > 1—-%.SetQ2* := UiK:k-H £2;.

Let @ = min ,
6k clk]

B(W, a) such that

mm = Etol) } Lemma 2.5 shows the existence of a positive constant 8 =

W > Bforalli e [k] andall A C £2; with ap(£2;) < pn(A) < w(2:)/2.  (10)
Ax(2\A)

Let y, & and A satisfy

» = min { w(2)n n(2)p

2 00 } and 0<$<<A<<min{,3,}161[ilgu(.(2i)n}. (11)

Suppose that G is a graph given at the input of the proposition.
Let V(G) = Vju V| u...UV, be a partition satisfying properties of Lemma 2.8 for

the graphon W and its partition 2 = £2* U Ule §2;, together with input error parameter
& and output error parameter A. We will modify this partition to obtain a (y, n, €)-expander
decomposition of G.

Lemma 2.8(a) gives that

Vgl < gen. (12)

For each i € [k], we perform the following cleaning procedure. Let U : .le — [0, 1] be
a graphon representation of G[V/] on the (renormalized) probability space £2; such that we
have ||W[$2;] — Ul|. < X. Such a representation exists by Lemma 2.8(c).

Let P0 = V/ and Q0 = . Now, for j = 1,2,3,... we proceed as follows. If there

exists at least one set X] c PJ of size at most §|P] 1| with e(X] P] 1\Xl.j) < y|Xl.j|n,

then we take this set, and let Q{ = Xl.1 U Xl2 LU Xl.], Pi] = Vl \Ql. , and proceed with

j + 1. If no set Xij exists, then we set j(i) :=j — 1, V; := Pij (’), and terminate. Since the
i . .

sets X; (j =1,2,..., j(i) — 1) are nonempty, we will stop eventually.
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For every i € [k] and every j € [j(i)], we have

J J J
e(Q]. P = "ex!. P)) <Y ex!, PENXD) <yn Y 1Xf = y10Q]In.  (13)
=1 =1 =1
Claim 2.7.1 Foreachi € [k],

[V/\V;| < 3an. (14)
Proof Suppose to the contrary that |Vl.’\V,-| > 3an.Letj € {0,1,2,...,j(i)} be the largest
index for which

|P/| = 11V/]. (15)

Now, there are two cases to consider. Either |Pl.j H| < %lVi’ | and then we have |Pl.j | <
(% + %)IV/I by the way we chose the set Xl.JH. Another case is that j = j (i), that is, we
terminated in the step j. Then, by our assumption, |Vi’ \Pl./ | = |Vl.’ \Vi| = 3an. Put together,

10/1 = IV/\P/| > min {(1 = § = DIV/1. 3an} = 3an, (16)

i~
as IVi’I > %M(Q,-)n (by Lemma 2.8(a)) and o < %M(Q ) (by (11)).
We learn from (13) that
n i i 1 (11
<5y1001P | —— <
vy ST e

5107 11P/ .
(17)

; ; Sas) : :
e(Q]. P)) <y|QlIn < 4y|10]1IP/|-

Let A C £2; represent the vertices of Pl.j. We have u(A) > %M(Qi) A > %M(Qi), due
to Lemma 2.8(a) and (15). Similarly, (16) gives n($2;\A) > au(£2;). Thus, (10) applies.

We have
(10)
// U>// W Wi - Ul 5 B -4,
AJana adana

which contradicts (17). ]

We have defined the sets Vi, V2, ..., Vi. Set Vg := VjU Uf;l (V/\V}). Let us now check
that V(G) = Vo u Vi U... U Vi is indeed a desired expander decomposition.
As for property (G1), we have

k
(12), C12.7.1
Vol = Vgl + D IV/\Vil < Sen+3akn < en
i=1

For (G2), we first notice that

(14)
Vil = V]| =3an > (u(2) — Mn = 3an > 3u(20)n,

as o < % (£2;). Thus we find, as required,

12.7.]
e(Vi, VAVi) < e(V/, V\V)) + e(V/\ Vi, V) An +4y|V/\Viln < an?
+ 12yan® < n|Viln,
where the last inequality holds since |V;| > %/L(.Ql-)n, AL u(82))n,and y < %8")".
Finally, property (G3) follows immediately from the stopping condition. This completes
our proof of Theorem 2.7. O
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2.3 Properties of the Expander Decomposition

For the proof of Theorem 1.1 we argue that the majority of vertices do not “see” much
beyond the component in the expander decomposition they belong to. This is formalized in
the following definitions.

Definition 2.9 Suppose that G is a loopless multigraph of order n. Assume that V(G) =
Vo u Vi U...U Vg is some expander decomposition of G. For a vertex v we write i (v) for
the unique i € {0, 1, ..., k} such thatv € V;. Given«a > O and ¢ > 0 we say thatv € V\ V)
is (a, €)-good with respect to the decomposition if the following hold:

(a) deg(v) = Q(en),
(b) deg(v; Vi) = (1 — O(e2)) deg(v),

) < O0@'?),

1
© 2 (gt viy  dee@

UE Vi (), u~v

1 —1/4
@ > 7deg(u;vi(v))<o(a ).

u€Viw),u~v
Definition 2.10 Suppose that G is aloopless multigraph of order n. Given numbers g, «, y >
0 and ¢ € (0, @), we say that G has an (8, «, y, £)-good-decomposition if

(1) G admits a (y, 7, &7)-expander decomposition V(G) = Vou Vi U... U Vi, and
(2) Atleast (1 — O(a!/*))n vertices of G are («, &)-good.
(3) Atleast (1 — O(B))n vertices of G have degree at least Q(al/0p).

Next we refine Theorem 2.7.

Lemma 2.11 For any B > 0 and any nondegenerate graphon W : 22 — [0, 1], there exist
o, 8, v, & > 0with B> a > &> y > & such that if G is a simple graph onn > £~
vertices with d.(G, W) < &, then G has a (B, «, €, y)-good-decomposition.

Proof Let B and W be given. Since W is nondegenerate, there exists « > 0 such that any
m-vertex graph (m is arbitrary) that is £j-close (for & > O sufficiently small) to W has
at least (1 — B)m of degrees at least a0, so requirement (3) of Definition 2.10 holds.
Similarly, we can find constants ¢ € (0,«?®) and & > 0 such that any m-vertex graph
(m is arbitrary) which is &-close to W has at most am vertices of degrees at most em.
We apply Theorem 2.7 with input &> and n = &> and retrieve y > 0 and & > 0. We set
& := min(&y, &, &3). Suppose now that G = (V, E) is a graph satisfying the assumptions of
the lemma. Theorem 2.7 readily gives item (1) of Definition 2.10.

To show item (2), we first note that by property (G2) of the expander decomposition we
have that e(V;, V\V;) < &n|V;| foralli € [k]. By summing over i we deduce that

k
D eV V\Vi) < e'n’. (18)

i=1

Denote by S the set of vertices of V\Vj violating (b) of Definition 2.9 using 1 as the
implicit constant in the term O(.sz),4 that is,

S={ve V\Vy:degv; V\Vi) > *deg(v)}.

4 Note that later, in the proof of Lemma 3.10, we shall be forced to use larger implicit constants in (b) of
Definition 2.9.
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Then by (18) we have that

22 deg(u: V\Vigy) =7 ) deg(v).

veS ves
Therefore ZUE gdeg(v) < £3n2, from which we learn that
[S N {v:deg(v) = en}| < &n. (19)
We deduce that
[{v e V\Vy : deg(v) < en or deg(v; V\Vi)) > e?deg(0)}| < (@ +ePn.  (20)
Next, for i € [k] we write

1 v deg(u; Vi) deg(u; V\V))
2 2 (deg(u Vi) deg(u))_'v" 2 deg(u) =2 deg(u)

veV; ueVi,u~v ueV; ueV;

We sum this over i € [k] and get that
> Y (o)
VeV \Vp u€Vi(y).u~v deg(u; Vi)  deg(u)

. Z deg(u; VA\Viw))
B deg(u)

< (a+&)Hn+&n = O(an),
ueV\Vo

where we bounded the ratio by 1 for those vertices counted in (20), and by &2 for the vertices

that were not. From the last inequality we deduce that there cannot be more than € («!/?n)

vertices v € V'\ Vj such that requirement (c) in the definition of («, £)-good is not satisfied.
Lastly, to show (d), we have that

k
ZZ > eg(u o §|Vi|<n,

i=1veV;ueVyiu~v

therefore there cannot be more than Q (a!/*n) vertices v € V\ Vo such that (d) is violated.

This concludes our proof. O

Part (2) of Definition 2.10 asserts that there are many (¢, €)-good vertices in the graph, yet
there could still be components of the decomposition V; in which the majority of their vertices
are not («, €)-good. These cannot occupy too much of the mass. Indeed, for some i € [k],
we say the set V; is («, ¢)-big if at least (1 — O(«'/3))|V; | of its vertices are («, £)-good, and
e(GLV;]) = Q' |ViIn).

Proposition 2.12 Suppose that G is a graph with n vertices that has a (B, «, v, €)-good-
decomposition (as in Definition 2.10). Then

> Vil = (1= O(8"*))n.

i€lk]:V; is («,e)—big

Proof Let I be the indices i € [k] such that V; has (!’ 811) vertices that are not (o, €)-
good. Since this is a (8, «, y, €)-good-decomposition we have that the total number of not

(e, €)-good vertices is O(«!/*n). Hence,
> Vil < O(a'/®n) = O(B'#n).
i€1|
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Next, let I be the indices i € [k] such that e(G[V;]) = O(«'/°|V;|n). Put V' = |
We have

D degv) <2 GV + Y e(Vi, VAV) < 0@ °|V/|n) + & V'|n

veV’ iel ieh

= 0@'°|V'|n).

Vi.

ielh

If|V'| = Q(B'/8n), then by property (3) in Definition 2.10, we may bound > pey deg(v)
from below by €2 («'/1%|V’|n), giving a contradiction to the last estimate. The proof is con-
cluded since Y"; .y Vil = (1 —&)n. o

3 Local Neighborhoods of the UST via Electric Networks
3.1 Preliminaries

Suppose that G = (V, E) is aloopless multigraph. We denote by {X;};>¢ the simple random
walk starting from some (possibly random) vertex Xo. That is, {X;};>0 is a Markov chain

with state space V and transition matrix p(x, y) = %. We denote by IP,, the probability
measure of the simple random walk started at a vertex v. We will frequently use two stopping
times: the hitting time of a vertex v is the random variable 7, := min{r > 0 : X () = u} and
the hitting time after zero of a vertex v is the random variable rj‘ :=min{z > 0: X(t) =v}.

Clearly when X( # v these two random times are equal.

3.1.1 Effective Resistance

Our analysis relies on the relation between random walks, USTs and the theory of electrical
networks. We briefly recall here the basic theory we will use and refer the reader to [18,
Chapter 2] for a comprehensive study. Given a graph G = (V, E) we write E for the set
of directed edges of size 2|E| which contain each edge of E in both direction. Given two
distinct vertices u, v we say that an antisymmetric function f : E?) — R is a flow from
u to v if for each vertex w ¢ {u, v} the sum of f over edges outgoing from w is zero. A
flow is called unit if the sum of f over edges outgoing from u is 1. The effective resistance
Refi (4 <> v; G) between u and v is defined as the minimum energy E(f) =Y _,.p f (e)? of
any unit flow f from u to v. If u and v are not in the same connected component, we define
effective resistance between them to be co. When it is clear what the underlying graph G is
we simply write Regr (4 <> v). From this definition it is immediate that if G’ is a subgraph
of G, then

Rett (U <> v; G) < Refr(u <> v; G') . 21

The latter inequality is also known as Rayleigh’s monotonicity law. The discrete Dirichlet’s
principle gives a dual definition of the effective resistance in terms of functions on the vertices.
It states that

Rett(u <> v)_1 = inf Z (h(x) — h(y))2 h:V—->R,h(u)=0, h(v)=1¢,
(x,y)EE
(22)
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see [18, Exercise 2.13]. We will also a basic probabilistic interpretation of the effective
resistance which can be found in [18, Chapter 2]:
1

P ] = .
oo <] deg(u)Refr(u <> v)

(23)

3.1.2 Uniform Spanning Trees

There is a fundamental connection between the uniform spanning tree and electric networks
due to Kirchhoff [10]. Let G be connected loopless multigraph and e = xy be an edge of
the graph. As before we denote by 7" a UST of G. Kirchhoff’s formula [10] (see also [18,
Chapter 4]) states that for any edge e = (x, y) of G we have

Ple € T) = Rer(x < y). (24)

Let S be a subset of E(G). We would like to condition on events of the form S € 7 or
S N7 = (). We denote by G/S the loopless multigraph obtained from G by contracting the
edges of S and erasing any loops that has been formed, and by G — S the graph G with the
edges of S erased. The following is an easy and classical observation, see [18, Chapter 4].

Proposition 3.1 Let G be a connected loopless multigraph and S a subset of edges of G.

(1) If G—S is connected, then the UST T of G conditioned on SN'T = () has the distribution
of the UST on G — S.

(2) If S does not contain a cycle, then the UST T of G conditioned on S < T has the
distribution of S U TG s where Tgs is a UST of G/S.

3.1.3 Mixing Time

Let G = (V, E) be a finite connected loopless multigraph and consider the lazy simple
random walk on it, that is, the Markov chain on the vertex set V with transition probability
plx,y) = eé{é;},gg) whenever x # y and p(x,x) = 1/2 for any vertex x. Let = be the
stationary distribution 7 (x) = deg(x)/2|E| and for each two disjoint subsets of vertices

A, B we write

Q(A,B)= Y m(x)p(x,y) =e(A, B)/4|E|.

x€A,yeB
The Cheeger constant @, is defined as

& . O(@S, V\S)
= min ———
sao<t TS

where 7 (S) = ), ¢ 7w (x). This “bottleneck” ratio is frequently used to control the spectral
gap of the lazy random walk from which we may bound its mixing time. Let | = A1 > A >
-+« = Ay = 0 be the eigenvalues of the transition matrix p (we have A; > A, since G is
connected, and A,, > 0 since the chain is lazy, see [14]). A result by Jerrum and Sinclair [20],
Lawler and Sokal [13] and Alon and Milman [3] states that

D22 <1 — 1 <20, (25)
Assume now that G is a y-expander as in Definition 2.1 and that the number of parallel

edges between any two vertices is at most f > 1. Then the degree of each vertex is at most
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fn, hence w(S) < f|S|n/2|E| for any S € V. Similarly, for any S € V we have that
w(V\S) < fn|V\S|/2|E], so if m(V\S) > 1/2 we get that [V\S| > |E|/fn. Since the
minimum degree in a y-expander is at least y(n — 1) we get that if #(V\S) > 1/2, then
[VAS| = y(n — 1)/2 f. Putting all this together we get that if G is a y-expander and n > 2,
then

vISIVASI _ v?

P> > 5,
¥ 21S| fn 812

from which we get by (25) that

C)/4

7
where ¢ = 1/128. Recall that the total variation distance ||t —v|Tv between two probability
measures 1 and v on the same probability space is defined to be sup4 |t(A) — v(A)|, where

the sup is ranging over all events A. For ¢ > 0 the e-mixing-time Tpix(¢) of the chain is
defined as

I—=2 2 (26)

Tmix(e) =min {7 : | p'(x,) =7 () |rv < & forallx € V}.

The mixing time and the spectral gap are related via the following statement, see [14, Theo-
rem 12.4],

1 1
Thix(e) < 1= I:E lo + lOg(1/28)i|.

£ minyey 7 (x)

Since f > 1 bounds the maximal number of parallel edges between any two vertices,
we get that |E| < fn? and hence w(x) > y(n — 1)/2|E| > cy/(fn) for some universal
constant ¢ > 0. We deduce from this, the above bound on Tiix (¢) and (26) that

Tmix(e) < Cf*y ~*[logn + log f/y +loge™']. 27

for some universal constant C > 0.

3.2 Random Walks on Dense Expanders

Lemma 3.2 Suppose that H is a loopless multigraph on n vertices that is a y -expander and
that the number of parallel edges between any two vertices is at most f > 1. Then for any
two distinct nodes u and v and a node w # v we have that

Py [rv < t*] = deg(v)

—7 £7 —1
u - deg(u) +deg(v) +O(]/ f n log(n))

Proof Let us assume that there are no edges between u and v—this can only matter for the
assertion of the statement when w = u and in this case affect the estimate by the probability
that this edge is traversed on the first step of the random walk; the latter probability is at
most O(y~! f/n) the assumption, since deg(«) > yn. This error is swallowed in the error
estimate of the lemma.

We denote by P24 the lazy random walk on the graph, that is, the random walk that with
probability 1/2 stays put and otherwise jumps to a uniformly chosen neighbor. It is clear that
if w is a vertex such that w ¢ {u, v} then ]P’Bzy(rv < r;) =Pyu(ry < rlj'). We will first
show, via a coupling argument, that for any two vertices w, wy ¢ {u, v} we have

PR (r, < 1) = Pi2 (r, < ;) + Oy ~® £On " log(n)). (28)
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Indeed, let {X;};>0 and {Y;};>0 be two lazy simple random walks starting at w; and
wy, respectively. We put ¢ = n~! in (27) and bound log(f/y) by f/y and get that if
T = C)/_st log(n), then || X7 — ||Tv < n~! and the same estimate holds for Y7, hence
I1X7 = Y7ty < 2n~) (where by || X7 — Y;||Tv we mean the total variation distance between
the laws of X7 and Y7).

By [14, Proposition 4.7] we deduce that we can couple the walks {X;} and {Y;} so that
X7 = Yr with probability at least 1 — 2n =1 If this occurs we continue the coupling so that
X, = Y, forallt > T by using the same random neighbor at each step of the walk. Thus, if both
walks have not visited u or v between time 1 and T, then the event {7, < 7, } occurs for { X, } if
and only ifitoccurs for {¥;}. Since the minimal degree of H is atleast y (n—1) and the maximal
number of parallel edges between any two vertices is at most f we learn that the probability
of visiting u or v between time 1 and T is at most Tf/y (n — 1) < 2Cy 0 fon~log(n),
concluding the proof of (28).

We now continue the proof of the lemma for the case that w = u. If the walker starts at u
and 7, < 7,7, then it cannot be lazy in the first step. Hence

1
PP (r, < 7)) = FPulm < 7). (29)
Consider now the Markov chain on the two states {u, v} with transition probabilities
pu,v) =P (¢, < h,  p,u) = P (¢, < h),

with p(u,u) = 1 — p(u,v) and p(v,v) = 1 — p(v, u). This is the lazy random walk
“watched” on the vertices u# and v. By summing over paths it is immediate that

deg(u)p(u, v) = deg(v)p(v, u). (30)
In order to visit v before returning to u, the lazy walker must walk to a random neighbor in
the first step, so

plu,v) = 1]325,)(@ <)), 31)

where IPI;\i,Zi indicates a uniform starting position from the set N(u) of neighbors of u.
Similarly, when starting from v, in order to return to v before visiting u, the lazy walker can
either stay put on the first step, or jump to a uniform neighbor of v and from there visit v
before u, thus

L,y
P, v) =5+ 5Py6) (0 < 7). (32)

Since we assumed there are no edges between u and v, by (28) we have that

P P _ _
Py (T < 7) =Pyo (ty < 7,7) + Oy 0 o' log(n)).
This together with (31) and (32) gives that p(u, v) + p(v, u) = 1/24+0(y = fon=" log(n)).
Together with (30) and the fact that all degrees are at least y(n — 1) and at most fn gives
that
deg(v) -7 47, —1
u,v) = +0 n~ " log(n)),
p(u,v) 2(deg(u) + deg(v)) v f g(n))
concluding the proof of lemma when w = u by (29). The proof for any w ¢ {u, v} can now
be completed easily. By (28) and our assumption that there are no edges between u and v
shows that
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Py (zy < 1,0) = Pyt (tu < 7,) + Oy 0 fon~" logn) ,
and so the lemma follows by (31). O

Corollary 3.3 Suppose that H is a loopless multigraph on n vertices that is a y-expander
and that the number of parallel edges between any two vertices is at most f > 1. Then for
any two vertices u # v

-8 08 —1 1 !
Rett( < v) = (14+0( " f°n 10g(n)))<deg(u) + deg(v)>.

Proof Follows immediately by (23) and Lemma 3.2 together with the fact that all degrees
are at least y(n — 1) and at most fn. O

We now extend Corollary 3.3 to the setting of a general dense graph.

Lemma 3.4 Suppose that G is a loopless multigraph with n vertices given together with a
(y, €3, &)-expander decomposition V(G) = Vo U Vi U ... U Vi. Assume further that the
maximal number of parallel edges among any two pairs of vertices is at most f > 1. Assume
that y =8 f8n—"logn < e. Let i € [k] and u # v be two distinct vertices of V;. Then

(1 —=0(¢)) ! L
- (deg(u)+deg(v)>

and if in addition u and v are (o, £)-good, then

1 1
<Rt < v) < (1= O(e»(deg(u, 7t i V{)>,

1 1
Rer(u < v) = (14 O“”(m " M)

Proof Since G[V;] is a y-expander on at least yn vertices, by Corollary 3.3 together with
Rayleigh’s monotonicity (21) we have

Reft(u < v) < (1 4+ 0G5! 10g(n)><deg(plt; 7t deg(}); V»)’
giving the upper bound of the first assertion of the lemma. The upper bound of the second
assertion immediately follows using the part (b) of Definition 2.9.

For the lower bound we will use Dirichlet’s principle (22) and let 4 : V(G) — [0, 1] be
the function assigning A(v) = 1, h(u) = 0 and for any vertex x ¢ {u, v} we put h(x) =
deg(v)/(deg(u) + deg(v)). By our assumption there are at most f edges (x, y) such that
x = u and y = v in which h(y) — h(x) = 1. Next, there are at most deg(u) edges (x, y)
for which x = u and h(y) — h(x) = deg(v)/(deg(u) + deg(v)). Similarly, there are at most
deg(v) edges (x, y) for which y = v and h(y) — h(x) = deg(u)/(deg(u) + deg(v)). All
other edges (x, y) of the graph have h(x) — h(y) = 0. Hence by (22) we have

deg(u) deg(v)2 + deg(v) deg(u)2
(deg(u) + deg(v))?

S deg(u) +deg) TV S

Retr(u < )" < f+

where we used the fact that since each V; is a y-expander, its cardinality must be 2 (yn) and
hence deg(«) and deg(v) can be bounded below by 2 (y?n) and above by fn. This gives the
required lower bound. o
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3.3 The Density of Fixed Trees in the UST

The main result of this section, Lemma 3.12, allows express the frequency of a given fixed
rooted tree T in a graph using a discrete analogue of the parameter Freq, see Definition 3.6
below.

Let us introduce some definitions and a setting that will be used throughout this section.
In what follows we are always given an arbitrary 8 > 0 and a nondegenerate graphon W.
We then apply Lemma 2.11 and extract the corresponding «, €, y and £ so that if G is a
connected graph on n vertices and » is sufficiently large (as a function of «, € and y) and
8:(G, W) < &, then G has a (B, «, y, €)-good decomposition as in Definition 2.10. We
denote the given expander decomposition of G by V(G) = Vo u Vi U ... U Vi. In light of
the quantification of Lemma 2.11 we may assume that

B>a>e>y>Ee>nl

Next, let 7' be a finite rooted tree of height » and ¢ vertices denoted by 1, ..., £ so that
1 is the root of T. Given a graph G we say that £ distinct vertices (vy, ..., v¢) of G are
compatible with 7 if the pairs

T(vi,...,v0) = {(vg,v) : (q,1) € E(T)},

are all edges of G. Without loss of generality we may assume that the numbering {1, ..., ¢}
of the vertices of T is such that there exists some p € {2, ..., £} such that the vertices of
distance r from the root (which all must be leaves) are p, ..., £.

Definition 3.5 Assume the setting as introduced at the beginning of Sect. 3.3. Given some
fixed ¢ > 1 and i € [k] we say that an ¢-tuple of distinct vertices of G are i-pure if each
vertex in the ¢-tuple belongs to V; and is («, €)-good.

Next we define Freq(7'; G) which is the discrete analogue of Freq(7'; W). Note the nota-
tion Freq(T'; G) does not reflect the fact that this parameter depends on the partition, and not
just on the graph G.

Definition 3.6 Assume the setting as introduced at the beginning of Sect. 3.3. For each
i € [k] we define

Y, deg(v))

p—1
Freq(T; G, i) := |Stabr|~! Vil texp | =) b)) ,
Z ; Hf’:l deg(v;)

i-pure
compatible with 7

where

1
b(v) = Z s (33)

MEV,‘(,,),M’\'U

Note that (33) is a graph counterpart to the graphon quantity defined in (2).
Finally, let

Vil

Freq(T; G) := > -Freq(T; G, i). (34)

i€[k]:V; is (a,e)—big
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We denote by 7 a sample of the UST of G and by Bz (v, r) the graph-distance ball in 7°
of radius r around v € V(G) and we think about it as a subset of edges of 7. We will begin
our proof with estimating the probability that B (v, ) is manifested on an i-pure ¢-tuple of
vertices (as in Definition 3.5) that are compatible with T'; later we will see that that all other
manifestations of Bz (v, r) are negligible. For an i-pure £-tuple that is compatible with T’ we

pure
write By (vy,r) = T(vy, ..., ve) for the event
e the edges T (vy, ..., vp) are in 7, and,
e foreach 1 < j < p — 1, the edges of emanating from v; that are notin T' (v, ..., v¢)

and have both endpoints in V; are not in 7.

Lemma 3.7 Assume the setting as introduced at the beginning of Sect. 3.3, and let T be a
UST of G. Let T be a fixed rooted tree with € > 2 vertices 1,...,¢ and height r > 1 (as
usual T is rooted at 1). Assume that the vertices at height r of T are {p, ..., €} for some
2 < p < L Then foranyi € [k] and any i-pure £-tuple (vy, ..., v¢) that is compatible with
T we have that

pure p7! Zef deg(vj)
P(B7(vi,r) = T(i,...,v)) = (1 +0¢aexp| =Y b)) | =22 =
( ) ; ! l_[f‘:1 deg(v;)

where b(v) is defined in (33).

Proof Assume that n is large enough as in Lemma 3.4. We first show by induction that the
probability that T (vy, ..., ve) € E(7) is

'
., d .
(1+O(E8))7Z£_1 c8v))

. 35
j=1deg(v;) 39

Indeed, when T contains only one edge this statement follows immediately from Kirchoft’s
formula (24) and Lemma 3.4. If T has more than one edge, assume without loss of generality
that £ is a leaf in T at distance r from the root and that (g, £) is an edge of 7. We then use
the induction hypothesis on the tree 7'\ {¢}, which has £ — 1 vertices. We condition on the
event T (vy, ..., ve)\{(vy, v¢)} S E(T) and contract these £ — 1 vertices to a single vertex
of degree deg(vy) + - - - + deg(vs—1). We shall make use of Proposition 3.1 when working
with the contracted graph. Since the contracted multigraph is still a y -expander with at most
£ parallel edges between any two vertices, and the vertices (vy, ..., v¢) are all (o, &)-good,
we may apply Lemma 3.4 and Kirchoftf’s formula (24) to get that the probability that the
edge (vg, v¢) of Gisin T is

1 1
a- O(a))( + )
deg(ve) ~ deg(vy) +--- + deg(ve—1)
By our induction hypothesis we get that the required probability is

Zf;;ﬁdegwq)( Lo, 1 )
[1,Z} deg(vy) \deg(ve) ~ deg(vi) + -+ +deg(ve-1) )°

(1 =0 = D)) (1 = O(e))

concluding the proof of (35).
We now condition on the event 7' (vy, ..., v¢) € E(7) and turn to compute the probability
that all other edges of G emanating from vy, ..., v,—; which have both endpoints in V; are
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not in 7. That is, the event that Ey, N T =@foralll < j < p— 1, where Ey; are all the
edges of G between v; and V;\{vy, ..., ve}.

Let j be an integer 1 < j < p — 1 and condition additionally on all the edges of
(Ep, U---U EUH) NT = @ (if j = 1 there is no further conditioning). We will prove that
under this conditioning the probability that E;,, N T = @ is

Zf;:jﬂ deg(vg)
- -
Zq:j deg(vq)

Thus, once (36) is proved, by multiplying itover j = 1, ..., p — 1, we get that conditioned
on O and on Eg(T) C E(T), the probability that all the required edges are not in 7 is

(1 +O@*) exp (=b)) - (36)

_ deg(vp) + - - - + deg(ve)
deg(vy) + - -~ + deg(vy)

p—1
(1+ 0 )exp [ =D b))
j=1

We multiply (35) by this and get the required assertion of the lemma.

We are left to prove (36). Enumerate the neighbors of v; which are not in {vy, ..., v}
by ug, ..., Udeg(v;:Vi)- For each 1 < m < deg(v;; V;) we condition on the first m — 1 edges
being closed, by Proposition 3.1 we remove these edges from the graph, and after this removal
the graph remains an %-expander by Proposition 2.2. Thus, by Lemma 3.4 we have that in
this conditioned graph the resistance on the m-th edge is

1
(1+0O(e)) (rm + = > (37)
Zq:j deg(vg) — (m — 1)
where r,, satisfies
1 1
deg(um) " deg(um; Vi) 8

We do not necessarily know if u,, is («, €)-good itself, and that is why it is not necessarily
the case that the two bounds on r;,; are up to (1 + O(e)) apart from each other. However, we
will use the fact that v; is (e, £)-good and use property (c) of this definition.

By (37), the probability that all other edges emanating from v; are closed, conditioned on
this already occurring for vy, ..., vj_1,1s

deg(v;)

[ [1—(1+0(s))(rm+ ! )}

el Zf;:j deg(vg) — (m — 1)

which equals

1
exp( — (14 O(e)) E rm ) - €xp ( — (14 0(¢)) E ) (39)
( m ) o Y deg(vg) — (m — 1)

Since v; is (e, £)-good, by property (c) of the definition we learn that

Zrm =(1+ O(al/z)) Z

m

— 1/2 .
dezn) = (1+0(@@'*))b(v)).

Property (d) of the same definition asserts that b(v;) < o174 hence the first term in (39) is

exp ( ~ (140 Y r,,,) - (1 + O(a‘/“))e*”@ﬂ.
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To handle the second term of (39) we note that
1 —;deg(vy)
2 = log (Z""g"> +0(Em ™.
o Y deg(vg) — (m — 1) 2 g=j+1deg(vg)

Since {vy, ..., v} are (o, €)-good we have that the ratio inside the logarithm is at most
1+ ¢~ ! and so the second term of (39) equals

¢
D=1 deg(vy)
Zg:j deg(vq)
We multiply these two terms of (39) and get that (36) holds. ]

(1 + 0 log(a_])))

Using Lemma 3.7 we may estimate the probability that By (X, r) = T “purely”, that is,
that E(B7 (X, r)) N E(G[V;]) is a rooted tree that is isomorphic to 7. We denote this event

pure

by Br(X,r) = T.Notethat E(B7 (X, r))NE(G[V;]) need noteven be a tree, so the events

pure

Br(X,r) = T and B7(X,r) = T can be very different.

Corollary 3.8 Assume the setting as introduced at the beginning of Sect. 3.3, and let T be
a UST of G. Fix i € [k] and let X be a uniformly chosen random vertex of V;. Then

pure

IP’(BT(X, r = T) — (1 + O(ta™))Freq(T: G, i) ,
where Freq(T; G, i) is defined in Definition 3.6.

Proof This is immediate since the event E(B7 (X, r)) N E(G[V;]) = T is the union over

pure
all i-pure tuples (v, ..., vy) of the event By (vy,r) = T(vy,...,ve). These events are

not disjoint, since for each automorphism of t of 7 that fixes the root, we can permute
(v1, ..., vp) according to T and get the identical event. However, up to this invariance, the
events are disjoint (which explains the factor of |Stabr | ~1in the definition of Freq(T; G, i))
and so Lemma 3.7 gives the proof. O

Corollary 3.8 is an annealed statement, that is, the probability space is the product of
the UST probability measure and an independent uniform vertex X. A quenched statement
follows by a second moment argument. We will first need the following assertion.

Lemma 3.9 Suppose that G is a connected graph on n vertices and S C V(G). Let T be a
spanning tree of G and let X be a uniformly chosen vertex of some set A C V (G). Then for
any fixed rooted tree T of height r we have that

P(Br(X,r) =T and V(B7(X,r) NS # %) < |TI*A|”S].
Furthermore, if in addition G has some decomposition V(G) = Vo U Vi U . ..U Vi, then for
eachi € [k],
pure
P <BT(X, r) = Tand V(Br(X,r)NV,NS # @) <|T11A17YS).

Proof We prove only the first statement; the second follows by the same logic. Fix v € S. For
each vertex g of T, if 7 contains an induced copy of T such that v takes the place of ¢, then
the probability that B (X, r) = T such that v takes the place of ¢ is at most degy(q)/|A]|
since once we choose which edge of 7 that touches v corresponds to the edge of T that
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touches ¢g towards the root of T', then the corresponding root in 7 is chosen and X has to
be chosen precisely to be that root. We bound this probability by |T'|/|A| and use the union
bound over the vertices g of T and v of S. O

We are now ready to prove the quenched version of Corollary 3.8. Observe that without
the assumption that V; is («, €)-big Freq(T; G, i) can be very small or event O (for instance,
V; could have size less than &7n and if all the vertices of Vj are connected to each vertex of
Vi, then V; has no («, €)-good vertices at all). Thus, we cannot hope to have the have the
concentration required for the following quenched statement without this assumption.

Lemma 3.10 Assume the setting as introduced at the beginning of Sect. 3.3. Let T be a UST
of G. Fix i € [k] and assume that V; is («, €)-big. Let X be a uniformly chosen vertex of V;.
Then with probability at least 1 — O(€a'/®) the random tree T is such that

pure
}P’(BT(X, r) = T) = (14 O(a'/1%)Freq(T; G, i).

Proof We write by Z = Z(7) the 7-measurable random variable counting the number of
pure

vertices v of V; such that By (v,r) = T. Corollary 3.8 is equivalent to the assertion that

EZ = (1 + O(a'/*)Freq(T; G, i) - |Vi|. (40)
The second moment of Z is
pure pure
EZ*= )" P <BT(U, r) = Tand By, r) = T) } (41)
v,v'eV;

We will show that for any v € V;,

pure pure
> P(BT(U’, r) 2 T |Br(v,r) = T) < (14 Oa ) Freq(T; G, i)|Vi|. (42)

U/EV,'
If we have this, then since Corollary 3.8 gives that

P (BT(U, r) = T) = (1 + O(la' /) Freq(T; G, i) - |Vi|,

veV;
by putting both in (41) we get that
EZ? = (1 + O(ta*)[Freq(T; G, i) - [Vi]".
Hence
Var(Z) = O(ta'/H)[Freq(T; G, i) - |V|],
and so by Chebychev’s inequality we learn that
P(1Z —EZ| > o"/"Freq(T; G, i) - |V;]) < Ot /?),

concluding the proof.
pure

To prove (42) we fix v € V; and condition on the event Bz (v, r) = T and on the vertices
(v1, ..., vg) which form B (v, r). By Proposition 3.1 we contract the edges of 7 in B (v, r)
and erase the edges we conditioned that are not in 7. Denote the resulting multigraph by G*
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and by v* the vertex to which the vertices vy, ..., vy have been identified. We consider the
loopless multigraph G* with the partition

VG =VouViu...uViyuViuVigu...uV,

where V* is V; with the vertices vy, .. ., v¢ replaced by v*. We now claim that this partition is a
(B, a, y /2, £)-good-decomposition (as in Definition 2.10). First, by Proposition 2.2 the graph
G*[V;*]is still a y /2-expander and so the partition Vou Viu...uV;_uV uV g u...uVy
is a (y/2, &, &)-expander decomposition of G*. Next we verify that the number of good
vertices has not dropped by too much. Indeed, from each vertex u € V;\{vy, ..., v¢} at most
£ edges touching it were erased and hence it is immediate to check in Definition 2.9 that,
as long as n is large enough (in terms of ¢ and «), if u was («, €)-good in G, then it is
(o, €)-good in G*—the constants may have changed, but they are swallowed in the O(-) and
2 (-) notation of Definition 2.9.
Thus we may apply Corollary 3.8 and obtain that

pure

Z P (BT(U’, r) =T G*) = (1 4+ O(La*))Freq(T; G*, i) - |V/]. (43)

VeV

We wish to bound the sum in (42) by the above sum, however, there are two important
differences between the sums. The first is the difference in the input to the Freq function. O

Claim 3.10.1 IfV; is («, €)-big, then
ey e Y < Freq(T; G, i) < eyt 1,
for some universal constant ¢ > 0.

Proof Since V; is («, €)-big we have at least (1 — O(a'/8))|V;| vertices which are (o, €)-
good and these must span at least (@2|V;|n) edges, since the number of edges of G[V;]
touching non («, €)-good vertices of V; is at most O(a!/® |Vi|n) and we also have e(G[V;]) =
Q(a'/®|V;|n). Thus the average degree of this graph is d = Q(«!/?n), and, by greedily
removing vertices of degree d/4 we can obtain a subgraph of G[V;] of minimal degree
Q(«!°n) = Q(yn) such that all of its vertices are («, &)-good. Thus it is immediate to find
Q(y*n®) copies of the tree T'. We deduce that the number of ¢-tuples counted in Freq(T'; G, i)
is at least (yeng) and at most n¢. Since each vertex degree in V; is at most n and at least
yn we learn that each £-tuple contributes to Freq(7'; G, i) at most Ey’z’ln"Z and at least
ye~tYn=¢ and the claim follows. O

By this claim, since V; and V;* differ by £ — 1 vertices, and £-tuples of V; which one of
vertices is in {v1, ..., v¢} can contribute at most O(£y ~¢~'n=1) to Freq(T'; G, i) we learn
that

Freq(T; G,i) = (1 + Oy ~*"'n=1)Freq(T; G*, i), (44)

and n can be taken large enough to that the error in the O-notation above is O(¢a!/#). This
handles the first difference.

The second difference is that Bz (v', r) may be isomorphic to 7 in G by using some of the
edgesin T (vy, ..., vy) that were contracted to v* in G*. In this case, it does not necessarily
hold that B7(v', r) = T in G*, so it is possible that this contribution to (42) is large and not
counted for in (43). We will show that this is not the case.

We bound the LHS of (42) as follows. The terms corresponding to v’ € {vy, ..., v¢}
we bound by 1 and get a negligible contribution of £. For any other v’ we split the event
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pure
Br(v',r) = T according to whether V (B7(v', r)) N V(B (v, r)) = . This intersection
is empty if and only if v* ¢ V(B (', r)) in the graph G*, and if it is empty, then it holds

pure

that B+ (v, r) = T in G*. Thus the LHS of (42) is at most

e+ > IF’(BT(U r) EeT|G>

VeV

+ 3 (800 E Tand vt e VB0 167).

VeV

The first term in the above is negligible, the second we bound using (43) and (44) by the RHS
of (42). The third term we bound using Lemma 3.9 applied on the graph G* with § = {v*}
and A = V*, giving the bound

d>op (BT(U r) =" T and v* e V(BT (V,r)) | G) <2,

VeV

which is also negligible. This completes the proof of (42) and concludes the proof of the
lemma. ]

We now turn to estimating the event Bz (X, r) = T rather than the “pure” version of this
event. To that aim we define

={(, ) eT:ilx)#i(y)orx € Vyorye V}, (45)
that is, O is the set of edges of 7 that are between components or contained in V. We first

assert that this set cannot be too large.

Lemma 3.11 Assume the setting as introduced at the beginning of Sect. 3.3. Let T be a UST
of G and O C T be defined in (45). Then

E|O| = O(a'/*n).

Proof Let us assume that n is large enough as in Lemma 3.4. By Lemma 3.4 and Kirchoff’s
formula (24) we have that

1
E|T N E(GLV;]| > (1_0(5))72 > (deg(u) deg(v))

ueVi veV;iv~u

d Vi
—a—mnijﬁ&)x

Hence

deg(u: Vi
(-0 Y, e liv)

k
E|7T N U EG[ViD]| 2 deg(u)
ueV\Vy

i=1

For any u that is (o, £)-good we have by part (b) of Definition 2.9 that deg(u; Viq)) =
(1—¢?) deg(u). Since at least (1 — O(a'/*))n vertices are («, g)-good we deduce that

k
E|Tn|JEGIVD

i=1

> (1 - O *))n.

The proof is now completed since |7 | = n — 1 with probability 1. O
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‘We now reach our final destination.

Lemma 3.12 Assume the setting as introduced at the beginning of Sect. 3.3. Let T be a UST
of G and let X be a uniformly chosen vertex of G. Then with probability at least 1 —O(£a'/3)
for the random tree T we have

P(Br(X,r) = T) =1+ O0*«"')Freq(T; G) + O(¢*p'/%).

Proof Let O be defined in (45). We apply Lemma 3.10, together with Lemma 3.11 and
Markov’s inequality, and get that with probability at least 1 — O(£a'/®) the random tree 7
satisfies

(1) 10] < «'/8n, and
(2) Foreachi € [k] for which V; is («, €)-big we have that

pure
P (BT(X, r) = T) = (1 + O(la'/1®))Freq(T; G, i),

where X is a uniformly chosen vertex of V;.

Let X be a uniformly chosen vertex of G. By Proposition 2.12 the probability that X is in
either Vj or in some V; that is not («, €)-big is at most o'/ 8. Conditioned on X € V; we
have that X is uniform random vertex of V;. Hence we may sum item (2) above over these
i’s and get that with probability at least 1 — O(£a'/3) the random tree 7 satisfies

pure

P(B7(X,r) = T)= (14 O(a'/1%)Freq(T; G) + O(8'/3),
by definition of Freq(T'; G).

pure
Assume 7 satisfies these. If B7(X,r) = T but not Br(X,r) = T, then we must
pure
have that By (X,r) = T and B7 (X, r) N V(O) # @. Similarly, if By (X,r) = T but not

pure
B7(X,r) = T,then we similarly must have that By (X, r) = T and B7 (X, r)NV(O) # 0.
Since |P(A) — P(B)| < P(A\B) + P(B\A) we have that

pure

PBr(X,r)=T)—P (BT(X, r) = T)‘ =02B'%),

where the last inequality is due to Lemma 3.9 with A = V(G) and S = V (O). O

4 Proof of Theorems 1.1 and 1.3
4.1 Deriving Theorem 1.1 from Lemma 3.12 via Anatomies

In this section, we deduce Theorem 1.1 from Lemma 3.12. The main technical result of this
section, Lemma 4.3, says that the quantity Freq is continuous in a certain robust sense. To
prove Lemma 4.3, we need to group the elements of §2 for a given graphon W : 22 — [0, 1]
to groups with similar degrees. Actually, we need a recursive refinement of this, as follows.
We call the above partition of £2 according to the degrees anatomy of depth 1. Now, having
defined an anatomy of depth d, anatomy of depth d + 1 is a decomposition of §2 into groups in
which elements have approximately similar degrees into every individual cell of the anatomy
of depth d. Let us make this precise.
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Suppose that & € N and S is a finite set. Let €(h, S) be the partition of [0, 1]5 into

Voronoi cells generated by points p € {0, 1 h=1 1}5 (we assign each boundary point

N TR
to one arbitrary neighboring cell to break ties). Note that these cells form (k2 + 1)/ cubes

of the form [, ¢ [max{O, 2’5;1 }, min{1, 2’5:] }], for some {r; € {0,...,h}}, ;. In the

degenerate case S = ¢, we define €(h, S) := {{}. We call the points p the centers of the
cells. When C € &€(h, S) is a Voronoi cell with center p = (p;)ies, fori € S we write
center;(C) := p;.

Let us write b for an (abstract) element. Below, the only purpose of b will be to refer to a
coordinate that will have to do with the function by (-).

Now, suppose that d € Nand h € N?. Fort € [d], we write h; for the 7-coordinate of h,
and h[¢] for the #-dimensional vector obtained from h by removing the last d — ¢t components.
Forh € N, let ©p, 0 := €(h, ¥) and ford € Nandh € N let Dy, := € (hg, Dy[g—17 U {b}).
We have

d
P ENBIELICE (46)

t=0

for a suitable tower-function 7(-).

Suppose W : £22 — [0, 1] is a graphon and /& € N is arbitrary. Let Ay := £2. We call
{Ag} = {Aclcen, , anatomy of W of depth 0. Suppose that d € N, h N9 and that we
already know the anatomy {AC}Ce’Dh[[d_,]] of W of depth d — 1, which is a partition of £2.
Now, for each w € £2 we consider the |Dp[y_1][-tuple of degrees

deg,(w) := (degy (o, AC))Cei)h[[d_l]] .

Then for each F € ®y, we define Ap := (degd)(_l)(F) N (exp(—bw(-)))(_l)(F). In words,
each cell Ap C §2 has the property that for each C € Dy[ys—1) and for each v € Ap we
have that

degy (v, Ac) = centerc(F) + ﬁ and exp(—bw(w)) = centery,(F) £ ﬁd a7

We call {AFr}rep, the anatomy of W of depth d. Obviously, {AFr}rcp, is a partition of
§2. Consider an arbitrary w € Ar. Summing (47) over all C € Dh[[d_ 1] (for which (46) tells
us that there are 7 (h[d — 1]) summands), we get

degy (w) = Z centerc(F) =+ %. (48)

d
CeDy-1)
For this reason, we shall call the number ZCGQh[[dfu] centerc (F) the degree of Ar (in W),

and denote it by degip* (Ar).

Suppose U : 2% > [0,1]and X C £2. Suppose that d € N, h € N4 and k > 0 are
given. Let By := £2 and for each t € [d] let {BC}CEDh[[t]] be a partition of £2. Suppose that
foreach 1 € [d], each F € Dy, each C € Dy, 1) and each w € Br\X we have

‘degU (w, Bc) — centerc(F)| < 2%1,"‘" and |exp(—by(w)) — centerp(F)| < ﬁ—i—x.
(49)

5 Strictly speaking, when some but not all coordinates r; are 0 or &, these are not cubes but rectangular prisms.
This is however not important.
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d
We then say that {{B F} FeDy ] o are k-approximate anatomies of U up to depth d with
t=

exceptional set X.

Note that when we take x = 0 and X = ¢J then we recover the notion of anatomies.

Our next lemma says that two graphons that are close in the cut-distance have similar
anatomies.

Lemma 4.1 Suppose that W : 2% — [0, 1] is a nondegerate graphon and d € N, h € N¢
are arbitrary. Let [{Ap}peghm ]j:o be the anatomies of W up to depth d. For every k > 0
there exists a number § > 0 such that the following holds for every graphon U : 2% — [0, 1]
with ||W—U||s < &. Thereexistsaset X C §2 of measure at most k so that {{AF}peth,ﬂ }io

are k-approximate anatomies of U up to depth d with exceptional set X.

Proof Suppose that we are given W, d, h, and « as above.
Since W is nondegenerate, there exists 8 € (0, 10_6) such that the measure of the set

S = {a)e 2 : deg(w) < 16;4/3}

is less than & ]00 Letd := mm{ 700 4h(h)2} Suppose that U is given with |[W — U, < §. It

is enough to prove that there exists a set X}, € §2 of measure at most % such that for each
t € [d] and each F € Z)h[[t]]’ we have for each w € F\ Xy, that

lexp(—by () — centers(F)| < gz + (50)

and that (with ¢ and F as above) for each C € Dy, ] we have that all but at most
measure of elements w € Ar satisfy

Kk
4n(h)?

1
degy (w, Ac) = centerc(F) — E K, (28]
and all but at most (h)2 measure of elements w € Ar satisfy
1
degy (w, Ac) < centerc(F) + E + k. (52)
The lemma will then follow from (46) by taking X to be the union of Xy, together with the
exceptional sets from (51), (52) over all ¢, C, and F. O

The following claim clearly implies (50).

Claim 4.1.1 There exists a set X1, of measure at most 7 such that for all ® € \Xp we
have |bw (w) — by (w)| < k.

For the proof of Claim 4.1.1, we need Claims 4.1.2-4.1.4 below.
Claim 4.1.2 Suppose that " : 2% — [0, 1] is a graphon and that A C 2. Then

I'(x, a))
[ e
xef2 JweA deg[“(w)

Proof By Fubini’s Theorem, we have

/ / I'(x, o) / #/ I'(x a))—f ;de (. A) < u(A)
xe2 Jwea degr (@) cadegr (@) Jyeo 0 Juen degp (@) gr (@, A) < p(A).
O
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Claim 4.1.3 Suppose I'1, I : 22 > [0, 1] are two graphons and that f : 2 — [0, C] is
an arbitrary function. Then

/er

Proof By [15, (8.20)] we can alternatively express as || I7 — I3 ||o

C-|\|IN -1 .

/ flo) TN (x, w) —
weN

//G(X)F(y)(ﬂ(x,y)—Fz(x,y))‘ =

I = I2lo= sup
F,G:2—10,1]
1
=z sup //G(X)F(y)(ﬂ(x y) = Ia(x, y))‘
FQ—)[OC]GQ—>01
1
sup //G(x)F(y)(Fl(x,y)—Fz(x,y))‘ .

“2c F:Q—[0,C1,G:2—[—1,111Jx Jy

The claim follows by considering in the latter supremum functions

F():=f() and G():=sgn </ FOMUC ) = 12, y))) :
y

[}

For the last auxiliary claim, we shall introduce an auxiliary notion. Below we shall work
with not necessarily symmetric L'-functions K : 22 — [0, +00). Note that the notions of
cut-norm and cut-distance extend to this setting.® The following claim is then obvious.

Claim 4.1.4 Suppose that ¢ > 0 and I', T’ : 2% — [0, 1] are two L'-functions such
that for each x,y € £2, max(I'(x,y), I''(x,y)) < (1 + &) min(I"(x, y), I''(x, y)). Then
=TIl <e. O

Proof of Claim 4.1.1 Let

D= {w € 2\S : degy () # (1 + ﬁo‘j”z) degU(a))] .

Since for each w € D we have | degy () — degy ()| = 389342 we getfrom |W —U|s <
ﬂ 2
430 that (D) < {g5-

Put A := SU D. We have u(A) < 5

We have
[ weo—sucon< |
XER xXeR
W(x, w) B Ux, w)

“f
xeR2 |JweA degW (w) ngU (w)

The second term on the right-hand side of (53) ~is bounded by Claim4.1.2 by at most 21 (A) <
K2 /50. Now, let us consider the L!'-function U, defined by

(== IS

/ W(x, w) _ U(x, w)
we2\a degy (w)  degy (w)

(33)

degy (y) .
l?(x7 y) = degy () Ulx, y) if y ¢ A
Ux,y) if yeA

6 Note that in this case, the cut-norm really has to be defined over all rectangles in (6), and not only over all
squares.
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The Local Limit of the Uniform Spanning Tree on Dense Graphs 531

Observe that U and U satisfy the assumptions of Claim 4.1.4 with error parameter (ﬁ Ojkz )
Then the first term of the right-hand side of (53) can be rewritten as

1ova(w) . ‘
——— (Wx,0) = Ux,w))|. (54
/xe.@ ./we.rz degyy (@) ( )
Observe that the function + d g 1s bounded by above by T f Claim 4.1.3 tells us that (54)
is at most
1 - C4l4 /30. K 2
(W = Ul + U - T1) < 3442 4 =
575 { I+ 11U =T 32005 i < 5

Plugging this back into (53) we obtain that fxeﬂ |bw (x) — by (x)]| < %. The claim follows.
O

It now remains to prove (51) and (52). We will only prove (51) since the proof of (52)
is verbatim. So, suppose that (51) fails, i.e., the set X := {w € Afr : degy(w, Ac) >
centerc(F) + ﬁ + k} satisfies u(X) > #(h) By the definition of Afr we have for every

o € X that degy, (w, Ac) < centerc(F) + 2h Therefore,

1
/ W < (centerc(F) + —) w(X) but
XxAfp 2ht
2

2h(h)

1 1
/ U > <centerc(F) + — +K) w(X) > <centerc(F) + —) nw(X) +
XxAp 2h; 2h

This is a contradiction to the fact that ||[U — W ||, < §.
For the proof of Lemma 4.3 we need the following result.
Proposition 4.2 Suppose that W : 2% — [0, 1] is a nondegenerate graphon. Then
Exeqlbw(x)] = 1.

Proof By Fubini’s Theorem,

W (x, y) > /( UACID) )
eelbw ()] /x< | deg(y) y)ex y WUy deg(y) t) o

Lemma 4.3 puts a relation between quantities Freq(7; W) and Freq™ (T'; G, Vo, Ep),
where G is a graph, V) C V(G) and Eg € E(G), and Freq™ (T'; G, Vy, Eyp) is defined as

Freq (T; G, Vp, Ep) := |StabT|’l

degq (v;))
x > Zbc(v,) #.
V1o 0 €V G\ Vo (G) HJ 1 degg (v))

VijeE(T):v;v;€E(G)\Eo

We are now ready to state Lemma 4.3. It says that the parameter Freq(7'; -) is continuous in
acertain sense. While it would be possible to prove continuity of Freq(7'; -) for nondegenerate
graphons with respect to the cut-distance, here we need to put a relation between Freq(T'; -)
of a graphon and the parameter Freq™ (T'; -) of a graph that is close to that graphon. Let us
note that while our proof of continuity is long, the statement itself is natural. Indeed, the
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definition (1) is an integration involving products of values of the graphon over the edges of
T (similar to the way that is used to define the density of T in the graphon), degrees in the
graphon and the function b(-) from (2) which is also defined using degrees in the graphon.
As subgraph densities are continuous with respect to the cut-metric, and so is the degree
sequence (c.f. Lemma 5.1), it is actually plausible to have continuity of many graph(on)
parameters obtained by combinations thereof.

Lemma 4.3 Suppose that W : 2% — [0, 1] is a nondegenerate graphon and T is a fixed
tree. For every ¢ > ( there exists a > 0 such that for every x > 0 there exists no € N and
8 > 0 such that if G is a graph and Vo € V(G), Ey € E(G) satisfy

(a) n > no,

b) 8.(W,G) <4,

() Vol < an, |Ey| < an?, and

(d) foreachv e V(G)\Vy we have deg;(v) = xn

then we have
|Freq(T; W) — Freq™ (T'; G, Vo, Ep)| < €. (55)

Proof Suppose that W, T, and ¢ are given.

Let L be the height of T. Suppose that the vertices of 7" are [¢]. Suppose that 1 is the root
of T, suppose that the height of each vertex i is denoted g; and that the vertices of T are
enumerated so that wehave 0 = g1 < g2 < g3 < - < gp1 < gp =gpt1 = - = &¢
=L.

In the course of deriving Theorem 1.3 from Theorem 1.1 in Sect. 4.2 we prove that
Freq(T; W) < 1.7 In particular, the function fy : £2¢ — [0, +00),

p—1 ZZ de .
= w (@)
fw(wr, ..., wp) :=exp —E by (wj) —é £ e 1_[ W(w;, wj)
= [Tz degw (@) jycker)

(56)

is integrable. Let 69 > 0 be such that for any set A C Q¢ u®A) < 8y we have

&
/Afw<E~ (57)

Since W is nondegenerate, there exists a number A € (0, 2—%) such that the set
Qmat = {w € 2 : degy (v) < 24}
has measure less than g—%

Leta := mm{ 108 400{1,} Now, suppose that x is given.
Leth e Nttland &, d, T, k > 0 satisfy

1 1 1
min(A, g, x,80) >d >d>T>» — > —>...>» — >
h) 7 h hy = hry

We note that the above dependencies are tower-type, i.e.,

LI

h; h;

>k > 0. (58)

(59

7 At this moment, we have not established Theorem 1.3 nor Theorem 1.1. However, the fact Freq(7; W) < 1
did not rely on the validity of either of these theorems, but rather followed from making the connection to the
branching process kyy .

@ Springer



The Local Limit of the Uniform Spanning Tree on Dense Graphs 533

L+1
Let [{AF}FEQ“M} o be the anatomies of W up to depth L 4 1. Let § be given by
t=
Lemma 4.1 for input graphon W and parameters h and «.

Suppose now that the graph G is given. Take a graphon representation U of G such that

|W —U|l. < 6. Lemma 4.1 tells us that there exists a set X € §2 of measure at most k
such that {{.A F} FeDyp }::)1 are a k-approximate anatomies of U up to depth L 4 1 with
exceptional set X.

Given a vertex v € V(G), we write £2, C £2 for the set representing v in U. We write
Avert 1= UveVo 2y, and Acgge = queEO (82, x £2, U 2, x £2,,). By assumption (¢) we
have

p(Aver) <a and p®*(Aedge) < 24 (60)

To express Freq™ (T'; G, Vp, Ep), we introduce a counterpart to (56) that reflects U,

p! t_ degy(w;))
fo(@r, ..., 00 =exp | =Y by(;) RSN [] viop
j=1

¢
[Tj=1 degy (@) (i,j)eE(T)

and a version f;, which takes into the account the “deleted” vertices Vp and edges E,

(@)= 0 if 3 iell]: w erev(] 2y ordij e E(T) : (w;,wj) € vaEE() 24X 2y,
v fu(w) otherwise.
Note that the assumption (d) implies that
12
fu £ — onthe whole domain Q¢ (61)

X
We say that a map 7 : [£] — {Ar}—
assignment if for each i € [¢] we have (i) = AF for some F € On[L+1-g]- This means
that the root 1 is assigned an anatomy of depth L + 1 while vertices further from the root
are assigned anatomies of smaller depths. Note that depth preserving anatomy assignment
partition the set £2¢ it the sense that

L+1:FeDy, is a depth preserving anatomy

.....

L
Q'= || [0 (62)
T AP Lt FeDyy T
depth preserving anatomy assignment
In particular,
14
1= > [Tr@()) .and (63)
m:[]—{AF}= L+ FEDy ] Jj=1
depth preserving anatomy assignment
l
1= > [ w@)) foreach j* e [e]. (64)

A AR 1 it remygy  J=IEN#)
depth preserving anatomy assignment

We need to define three additional classes of depth preserving anatomy assignments.

e We say that a depth preserving anatomy assignment 7 is singular if there exists i € [£]
such that a positive measure of the elements w € (i) satisfy degy, () < A, or by (w) >
AL
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534 J. Hladky et al.

e We say that a depth preserving anatomy assignment 7 is dense if for every vertex j € [{¢]
and every child j* of j we have that centery ;) (m(j)) > d - u(w (j*)). If this fails for
some pair jj*, then we call j* a witness. (Of course, several witnesses may exist.)

e We say that a depth preserving anatomy assignment 7 is non-problematic if it is dense,
and it is not singular.

For a depth preserving anatomy assignment 7, we write £, = ]_[f=l (r(H\X).
The next claim establishes some basic properties of singular depth preserving anatomy
assignment. O

Claim 4.3.1 Suppose that v is a singular depth preserving anatomy assignment, and that
i € £ is a witness of singularity. Then we have that 7w (i) C S2yman or that by (@) > ﬁ for
all ' € 7 (i).

Proof The definition of singular depth preserving anatomy assignment says that there exists
w € (i) such that degy, (w) < A, or by (w) > A~

Let us first deal with the former case. A double application of (48) gives that for each
o' € (i) we have

Ah[L — 1 — g;
degyy () < degl (i) + L — 1 = 61D
2hL*&
2HMIL — 1 — :1) s
< degy (w) + (h[ gl (58259) 2A.
2hL—&

Therefore, in this case, 7 (i) € Q2gmall.
We can deal with the latter case, but using (47) instead of (48). We have

4 1 .
> — forall o € 7(i). O

by (@) > A —
w(@) > 2h,_, ~ 24

The next key claim says that the integrals of fy and f;; over sets corresponding to
non—problematic depth preserving anatomy assignment are almost the same.

Claim 4.3.2 Suppose that w : [£] — {Ar};—1
preserving anatomy assignment. Let

L+1:FeDy is a non-problematic depth

yeees

e

4
et =) Mm@ N Ae) - [ w@®) , and

i=1 keV(T)\{i}

ge = 2 1P| Aaeen |J 7y xx(d |- [ wro.

ijeE(T) ijeE(T) keV(T)\(i,j}

Then for the quantities

01 := / fw(w) and

weR,
0r = / I (@)
weR,
JT T K
we have Q1 = s - (1 % d) + e Ceige)®

At
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Proof Suppose that j € V(T).If j # 1, then we write Par(j) for the parent of j in 7. Let
us write F; for the tree obtained from 7" by erasing the edge from j to Par(;) and taking
the component containing j. When j = 1, we take F; := T. Also, for j = 1 we define
centeryjy (w(Par(j))) := 1.

For j € V(T), write

Ri:== [ centerzq (x(Park))).
keV(FH\{Jj}
Here, recall the convention that a product over the empty set is 1. This in particular applies

when j is aleaf and j # 1.
We first want to show that the quantities

l_[ W(a),',a)j) and 1_[ U(a),-,a)j)
(@1, 0) ey GDEET) (@1, p) ey GDEET)
are very close. To this end, for j € V(T') we define Aj(w;) = Bj(w;) := 1if j is a leaf

(different than the root) and otherwise we define

Aj(w)) = / [T Wa o .

{orem (O\X kv (1) (@.b)EE(F))

(65)
Bj(a)j) = / l_[ U(wq, wp).
(orer N\ Xhkeverpn () @PEED
Inductively fort = L+1, L, ..., 0, assume that for each vertex j € V(T') atheight g; = t8
for each w; € m(j) we have
F.
Aj(@)) = R, -exp (j:”hlf)) (66)
and for every w; € w(j)\X we have
F.
Bj(a)j):Rj-exp<:tv(h—]’)>. 67)

Now, let suppose that the statement is true for all vertices at height # + 1. Let j be an arbitrary
vertex at height ¢, and let w; € 7 (j) be arbitrary. When j is a leaf then (66) and (67) hold
trivially. So, suppose that j has some children ji, j2, ..., j;. Since these children are at
height  + 1, applying the induction hypothesis, we disintegrate (65) with respect to these
children, and get

q

Aj(wj)zl'[/ W(w;, ®),) [T W)

1 \Jojemorx {oker ONXkev (F; e} (a,b)EE(F}.)

q

[1 (/ W(wj, o) - Ajc(wjp))
wj. €T (j)\X

c=1

211 / W), @) - R exp (£52)
wj. € (jo)\X

c=1

8 Note that the first step of the induction is satisfied trivially, as the height of 7" is L.
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q

zﬁ degy (@j, T(j\X) - l_[(R exp(i U(Fu)))

=1

Il
)

(degyy (@}, 7(je)) £ ) - ]"[ (Ri.exp (= 522)).

1 c=1

o
I

Now, each of the factors in the first product equals to centery ;) (7w (j)) % by using the

hL+1
property (47). Since 7 is a dense depth preserving anatomy assignment and smce w(mw(je))
is a positive number which depends only on h[L — g;], we have

degy (@}, 7(jo) £ i = centery iy (x(j)) - (1 £ V).

Since (1 & k)7 = exp(:i:ﬁ), we just verified (66) for j and w;.
We can get exactly the same calculations for B (w), where w € 7 (j)\X and get

Bj(w;) = H(degy(a)],n(jc)) +x)- 1_[ (RJ exp(:i: v(F),) ))

Now, the fact w; is a non-exceptional element of the cell 77 () of the x-approximate anatomy
{AF}Fe@h[[L+l_j]] (for U) implies (67).

Clearly, the term fwleﬂ(l)\X Aj(w1) corresponds to the term | [ jyera) W(wi, w)) in
the definition of Q. We shall now control all the remaining terms. The idea is that these all
are almost constant since we are working inside one anatomy cell. Let us first deal with the
terms in the definition of Q.

Y ip degy (@)

As 7 (j) is non-singular for each j € [{], the denominator of =% is at least
j=1degy (@)
Y . . . 2 fl(h[[Lfgl']])
A" Further, the fluctuations in the denominator are at most » ;_; i T < 7 around
—8j
C, = ]_[ =1 degip™ (m(j)) by (48). Similarly, the nominator is bounded from below by
R(h[L—g;])

A, and the fluctuations in the nominator are at most Z < t around Cy =

J=p hpg_ -gj

Zj:p ZFEQ.[[L,g.]] centerp(n(j)). The fluctuations in the term exp (— 1.’_1 bw(a)j)>
J

pP—

are at most T around C3 := i=1 cenZerb(n (j))- Also, since 7 () is non-singular for each

j € [p — 1], we have C3 > exp(—z). The two upper-/lower- bounds we have derived
using from the non-singularity will be used below to transform an additive error of the type

. . . error
value = error to a multiplicative one, value - (1 £ - " ————). Therefore,

W(wi, wj)
) j
[Tj=i degw(@)) ek

p—1
01 = / exp | =D bw(w;)
j=1

C2 +7
= / (C3£7)- . l_[ W(w;, ®;)
(w1 ..... a)[)Eﬂn (i,j)EE(T)
C
! (@1,..ey a)g)EQn (i'j)EE(T)

G
=C3-— - (l+6r -exp(%)) / Ap(wy)

Cy wrer(H\X
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; &)

2c;- ¢, (167 -exp() - u(m(D\X) - R - exp(dg)

=C3- rn cpE(\X) - Ry - (1£95). (68)
We now attempt to show that this quantity is close to Q5. First, let us introduce a modified
quantity in which even integration over Vy and Ej is considered, Q;r = f 0eR, fu(w).

Now, we claim that we get exactly the same bound as in (68) even for Q; Let us
explain that there are no traps in doing so. First, we can use [ orem(\X Bi(w1) to control
f]_[(i’j)eE(T) U(wi, wj), exactly in the same way as we used fwlen(l)\x Ai(wy) to con-
trol f ]_[(i, J)eE(T) W(w;, wj), because (67) is a perfect counterpart to (66). The remaining
quantities appearing in the definition of Q5 are again centered around the constants Cq,
L+1
C», and C3 as above, except the fluctuations can be bigger by « since {{AF} FeDy[y }
are only k-approximate anatomies for U (as opposed to exact anatomies for W). However,
k is the smallest constant in (58) and thus this additional error can be easily swallowed
by other error terms. Third, the upper- and lower- bounds based on non-nonsigularity
that we used to transform an additive errors to multiplicative ones are still valid when
the additional approximation term « is taken into account. Therefore, we conclude that
07 =Cs- % cpur(\X) - Ry - (1 £ 4) This finishes the proof

Now, let us show that we have |Q2 s < VE”JF Edge . Clearly, we have Q2 0>.
On the other hand, if for some (w1, ..., w¢) € R, we have that f7; (w1, ..., w¢) = 0 but
fu(wi, ..., w¢) > 0then for somei € [£] we have w; € (i) N Ayert or for someij € E(T)
we have (w;, ;) € (i) X (j) N Aedge- m]

Claim 4.3.3 Suppose that v : [£] — {AF};—;

assignment that is not singular. Suppose that j* € [£] is a witness that it is not dense either.
Then

L+1:FeDy is a depth preserving anatomy

,,,,,

£
/Hl (A)fw ~ Hu(n<m+7m- [T v@on.  ©9
j=17U

jete) LAl=g)x JelenG*)

Proof Let us bound all the terms in (56). More precisely, let kj* € E(T) be any edge that
witnesses that 7 is not a dense depth preserving anatomy assignment. To bound fy, we shall
use that

Yo, degy (@)

. - W(wg, wix).
5_, degy (@) !

p—1
fw(r, ... 00 <exp| =Y bw(w))

The term exp (— 25:11 bw(a)j)) is trivially at most 1. The nominator in the term

Z] =p ngW( ])
l_[_]:l degy (@)
because kj* € E(T) is an edge that witnesses that 77 is not a dense depth preserving anatomy

is at most £ while the denominator is at least A* by non-singularity. Finally,

assignment. Then for every choice of wy € m(k), we have that f e () W(wp, wjx) =
degy (wk, m(wjx)) < d - uw(w(j*)) + W The claim now follows by integrating over
the remaining dimensions. O

We are now ready to express Freq(7; W) and Freq™ (T'; G, Vo, Ep) in a way that most
terms will approximately cancel. To express Freq(7T; W), we work with the function fy
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defined in (56). Also, we partition the integration over £2¢ in (1) into terms corresponding to
individual depth preserving anatomy assignments as in (62).

|Stabr| - Freq(T; W) = Z fw

7 non-problematic @

+ / fw
l_[j 17'1'(1)\3'2

7T non- problemanc

(70)
DY / fi
v .
7 not dense and not singular n.f:1 7(j)
s
7 singular ] 1 ”(])
Now, we have
|Stabr| - Freq™ (T'; G, Vo, Ep) = Z o
7 non-problematic 2
+ [ £
7 non- problemanc 1_[/ 1 TN\ Ly
(71)

+ ¥ / NG

¢
7 not dense and not singular l_[./'zl 7(j)

+Z/

7 singular ] lﬂ(J)

We will show that the first sums in (70) and (71) cancel almost perfectly, and that all the
remaining terms are negligible.

Claim 4.3.2 tells us that for the first sums in (70) and (71) we have

fW = f -(1+d) £ W. (72)
2 2 o 2

Al
7 non—probl. 7 non—probl. 7 non—probl.

We have

Y b= Z Yo n@@nAe) - [] k)

7 non—probl. i=1 m non—probl. keV(T)\{i}

Zu(/\ven) <¢-a,and

Yoo = > Y 1| Awen | 7)) x7()

7 non—probl. ijeE(T) = non—probl. ijeE(T)

[ we@)
keV(D\{i,j}

(60)

< |E(T)|//L (Aedge) <{-2a.
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Recall that in the course of proving Theorems 1.3 from 1.1 we showed that f wen Jw(@) <

|Stabr| < £¢. In particular, using the above bounds, we can turn the multiplicative error
in (72) into an additive error,

3al?
3 fw= Y fy E2det & Zl
B R B R
7 non-probl. 7 non-probl. (73)
&
= Y fy £—.
7 non-probl. @ 100

Let us now focus on the second sum in (70). Observe that the set . non-problematic Hﬁ':l
7 (j)\ R has measure at most £ - £(X) < 8g. Therefore, (57) applies, and we get that

2 / W<

X T -
7 non-problematic [Tj= ”(/)\Qn 10
Let us now turn to the third sum in (70). We write

2 - /Hﬁ-_, 7(j) Tw

7 not dense and not singular

L

/N

Z / lﬂ(/)

g=0 m:witness at height g

where the last sum ranges over all non-singular depth preserving anatomy assignments 7
with a witness for not being dense at height g. By Claim 4.3.3 and by (63) and (64) for each
g€{0,..., L} wehave

> IR
) WX 7 VA .
7:witness at height g l_lle 7(j) hL+1—g A L+1

Therefore,

> / fw <d'. (74)
[IVRE0)

7 not dense and not singular

The fourth sum of (70) can be bounded from above as follows. If 7 is singular then by
Claim 4.3.1 there exists i € [£] such that we have by (w) > 1/(2A) for all w € 7 (i),
or we have m(i) € $2gman. Since the average value of by is 1 by Proposition 4.2, the
measure of the elements that satisfy the former condition is at most 2A. Thus, the mea-
sure of the set | J, ]_[ﬁ.=l 7 (j), where the union ranges over all depth preserving anatomy

assignments 7 which are singular at coordinate 7, is at most 2A + p(2gman) < 570 We
conclude that the measure of | J,, singular szz_:] () is less than &g. Therefore, (57) applies,
and } . Gnoular fH[-=1 () JW < 1g- Itnow remains to bound the second, third, and the fourth

term (71). Recall that when bounding the corresponding terms in (70) above, we argued that
the domains of integration of the second and the fourth term have measures at most &g each.
Combining this with the upper bound (61), we get that the second and the fourth term are at
most Jg - ﬁ < fm, using (58). So, the only term we have to control now is
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P
Z /l‘lf»l ) Y

7 not dense and not singular

B 2 /Szn o+ 2 /l‘lﬁ-_l 7()\ R fu:

7 not dense and not singular 7 not dense and not singular
(75)

The first summand can be bounded by 2d’ in exactly the same way as we derived (74). To see
this, recall that on £, the degrees into anatomies are similar for W and for U and thus we
can make use of the “non-denseness” and “non-singularity” assumption even for f;; (with
slightly worse constants). The second summand of (75) corresponds represents integration
over a set of measure at §g. In other words, we can bound the second summand of (75) by
ﬁ in the same way we bounded the second and the fourth term of (71).

The lemma now follows by expanding Freq(7T'; W) — Freq™ (T'; G, Vo, Ep) using (70)
and (71) and using the bounds above. O

Theorem 1.1 now follows in a straightforward way by combining Lemmas 3.12 and 4.3.

Proof of Theorem 1.1 Suppose that a graphon W, an ¢-vertex tree 7 and ¢ > 0 are given.
Let a > 0 by given by Lemma 4.3 for W, T, and % Lemma 2.11 with parameter g :=
¢1 - min{a®, £'°} (for a sufficiently small constant c) yields positive constants «, &', y and
& with B> o > ¢ > y > &'. Now, let ng and 8’ be numbers given by Lemma 4.3 for
input parameters as above together with y := y. Set & := min(¢’, §, %).

Suppose that G is a graph with d,(G, W) < &. Owing to Lemma 2.11, we know that G
has a (B, @, &', y)-good decomposition V(G) = Vo u Vi Li... U Vi. Lemma 3.12 now tells
us that with probability at least 1 — O(£cr!/®) the uniform spanning tree 7 of G satisfies

Px(B7(X,r) = T) = (1 + O%a'/1%))Freq(T; G) + O*p/%). (76)

Recall that the quantity Freq(7'; G) is defined in (34), and depends on the decomposition
V(G) = Vopu Viu...u Vg Observe that Freq(T; G) = Freq— (T'; G, Uy, Eyp), where Uy is
the union of Vy and sets V; (i > 1) thatare not (e, £’)-big, and E( consists of all edges running
across two distinct (a, &')-big sets { V; };. Proposition 2.12 tells us that |Ug| = O(8'/3n) < an.
The fact that V(G) = Vou Vi U...U Vi is a (y,g?, 8’5)—expander decomposition (in
particular, (G2) of Definition 2.6 applies) tells us that | Eg| < ¢”n? < an?. Thus, Lemma 4.3
gives Freq(T; G) = Freq(T; W) £ % Plugging this back to (76) and using that the term
(1 + O(¢%2a!/16)) can be bounded by (1 + %) and the term O(ZZ,BI/S) is smaller than %, we
get the theorem. O

4.2 Proof of Theorem 1.3 from Theorem 1.1

Let T be a fixed rooted tree with £ > 2 vertices and height r. We denote the vertices of
T, as before, by {1, ..., £} so that 1 is the root and the vertices of distance r from the
root are {p, ..., ¢} for some 2 < p < £. Our goal is to show that the probability that the
first r generations of the branching process yield a tree which is root-isomorphic to 7' is
Freq(T'; W).

First, the factor of |Staby | ~! comes from the |Staby | different vertex labellings of T which
yield the same event. Secondly, we may split this event to £ — p 4 1 disjoint events, indexed
by the vertices g € {p, ..., €} at height r of T, and each of these is the event that the path
from 1 to ¢ is the first r steps of the ancestral path defined in «y. We will show that the
probability of each of these events is precisely

@ Springer



The Local Limit of the Uniform Spanning Tree on Dense Graphs 541

p—1
deg(e,)
/ exp | =Y bwe) | =[] W w)do; - doy, (77)
j=1 [Tj=1deg(@)) ¢ e

W],y wy

which is the g-th term in (1) when we expand the sum over j in the numerator. We denote

the path from 1to ¢ in T by xq, ..., x, where x; = 1 and x, = ¢. By definition of xy, the
density function of the first 7 ancestral particles wy,, ..., wy, is
g—1

Thirdly, by independence of the branching process, conditioned on this path, the rest of
the branching process emanating from the particles on this path is independent and all new
particles (if there are any) are “other” particles. Given a particle of type w (either ancestral or
other), the number of its other progeny is distributed as Poisson(by (w)) random variable,
so the probability that it equals k > 0 is M. Given the the number of its “other”
progeny is k, these k points of £2 are distributed as k i.i.d. points drawn from the probability
density function #dc“;()w,) Thus, conditioned on having k progeny, the density of these
k-tuple {wy, ..., wi} of points is

k! W(w, ;)
b(a))" 1_[ deg(w;)
The k!/bw (w)* cancels with the by (w)*/ k! in the probability of having k points and we are
left with last term times e~ (@) We now apply this throughout all the branching points of
the tree 7 (even for k = 0) and this concludes the proof (note that we do not have a factor
for e 2% (@) for tree vertices at level r since we do not care if they have progeny or not). 0O

5 Bounds on the Number of Vertices of a Given Degree in the UST

In this section we prove Theorem 1.5. Let us make two remarks beforehand. Firstly, we
cannot hope for converse bounds to the theorem. Indeed, let us take a small « > 0 and let
us consider the complete bipartite graph Koy, (1—an) With color classes A and B, |A| = an,
|B| = (1 — a)n. The handshaking lemma tells us that for any spanning tree 7' of Kyy, (1—an)
we have

n—1=Y degr()=U—an+ .  (degp(b)—1).

beB beB,degr (b)>1

In particular, the last sum can have at most on — 1 summands. We conclude that 7 has more
than (1 — 2a)n leaves, and less than 2an vertices of degrees more than 1.

Secondly, as we mentioned in the beginning of this paper, the degree distribution of a UST
in a complete graph is approximately Poisson(1) + 1. Considering Theorem 1.5, we see that
the complete graph is an asymptotic minimizer for the number of leaves (density e~ !), the
asymptotic maximizer for the number of vertices of degree 2 (density e~!) and 3 (density
e~1/2). However, the density of vertices degree k > 4 in the UST of the complete graph is
e~ ® =D /(k —1)! which is smaller than the (k —2)*~2¢=*=2) /(k — 1)! given by Theorem 1.5.
Examining the proof shows that the bounds in Theorem 1.5 for k > 4 are optimal in the
following sense. Let « > 0 be arbitrarily small, and let G, x o, be the graph obtained by
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taking a complete graph on n/(k — 2) vertices and additional n(k — 3)/(k — 2) vertices such
that each of the n”(k — 3) possible edges between the two parts is retained with probability
« and erased otherwise, independently of all other edges. It is a straightforward computation
using Theorem 1.3 (see also the proof of Theorem 1.5 below) to show that for n large, with
high probability the proportion of vertices of degree k in a UST will be arbitrarily close, as
o — 0, to ﬁ((k —2)/e)k2.

We are almost ready to prove the theorem. We will need the following folklore statement
that provides a relation between degrees in a graphon and finite graphs that converge to it.
Lemma 5.1 is easy to prove directly, but let us note that is a straightforward consequence of
Lemma 4.1 for anatomies of depth 1.

Lemma 5.1 Suppose that G, G, . . . are finite graphs converging to a graphon W : 2% —
[0, 1].

(1) Suppose that 0 < a < b < 1 are given. and let d be the measure of points of §2 whose
degree is in the interval (a, b). Then for an arbitrary ¢ > 0 there exists an ng such that
for every n > ng we have that in G, there are at least (d — €)v(Gy) many vertices with
degrees in the interval ((a —e)v(Gp), (b+¢€)v(Gy)) and there are at most (d + €)v(Gy,)
many vertices with degrees in the interval ((a + €)v(G,), (b — &)v(Gy)).

(2) Suppose that there exists @ > 0 such that in each G, all but at most 0,,(1)v(G,,) vertices
have degrees at least av(G;). Then W is nondegenerate.

Proof of Theorem 1.5 We start by proving (3). Assume by contradiction that there are
€0, 80 > 0 such that there exists a sequence of graphs G,, (which we assume have n vertices)
such that

(A) atleast (1 — o(1))n vertices of G,, are of degree at least §pn, and,

(B) P(Li(n) < (e7' —go)n) > &0,

where Lj(n) is the number of leaves in a UST of G,,. By Theorem 1.6 we may assume
without loss of generality that G, is a converging sequence and let W be the corresponding
limit graphon. By Lemma 5.1(2) and assumption (A) we deduce that W is nondegenerate.
Let 7, be a UST of G,,. By Theorem 1.3 the sequence 7,, almost surely satisfies that

lim P(degy, (X) = 1) = Exeg [PI1 + Poisson(by (x)) = 11] = Eyeq [ ],

where X is auniformly chosen vertex of G,,. By Proposition 4.2 we have that E,c o [bw (x)] =
1. Hence Jensen’s inequality implies that

lim P(degy (X)=1) > e .
n—00

Since Li(n) = n]P)(deg% (X) = 1) we arrive at a contradiction to assumption (B), show-
ing (3).
The proof of (4) and (5) proceeds similarly. We fix k > 2 and make the an analogous
contradictory assumption as in (A) and (B). We have that
lim P(deg, (X) =k) = Eycp [IP’[l + Poisson(bw (x)) = k]]
n—00 n
_ 1 —bw (x) k—1
= MEXEQ [e bw (x) ] .

When k = 2, since ye ™ < e~ ! forall y > 0 we learn that the last quantity is at most e,
proving (4) by contradiction. When k > 3, it follows by Lemma 5.2 (provided immediately
below) that the last quantity is at most ﬁ((k —2)/e)*=2, similarly proving (5). O
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The last missing piece is to state and prove the optimization result that was key for our
proof of Theorem 1.5 above.

Lemma 5.2 Let b : [0, 1] — [0, co) satisfy f[o,” b(x)dx = 1. Then for any k > 2,

k—1 k—1
/ e POpokdx < (—) )
[0,1] e

Proof For ease of notation, let f(x) = e *xX. Fix k > 0. Approximating b(x) by simple
functions, we can find n € N and n non-negative numbers by, .. ., b, such that % Z:’zl b; =

Loand fjo 1, f(b()dx < 3+ 37, f(bi) + «. Hence

(Dyseens bn)e

/ e Ppfdy € max  @(by,...,by) +k,
[0,1]

where @ (by, ..., by) := 137 | f(bj) and C := {(by, ..., by) € [0, +00)" : 1 371 | b; <

¥
1}. To prove the lemma, it thus suffices to show that ®|¢ < (%)k_l.
By abuse of notation, we use the same symbol b= (b1, ..., b,) to denote the maximizer
of @lc. As f/(x) = e *x*1(k = x) < 0 for every x > k, f(x) is decreasing on (k, 00),
and consequently

0<b; <k foralli € [n]. (78)
There are two possibilities.

Case 1 There exists a non-negative number y so that b; € {0, y} for every i € [n].
Let & € [0, 1] denote the proportion of i € [n] with b; = y. Then Ay = % b < 1.
Hence

. k—1 k—1
(b)) =re Y <e ¥y < ( ) :
e

as required.

Case 2 b; receives at least two positive values.

Let i and j be two arbitrary indices such that 1 < i < j < n and min{b;, b;} > 0.
For every small ¢ > 0, two vectors b’ := (b1, ..., bi +¢,...,bj —¢&,...,by) and " :=
(b1,...,bj —¢&,...,bj +&,...,b,) clearly belong to the domain C. By Taylor’s formula
and the optimality of b, we thus obtain

0< @(b) —@B) = (f'(bj) — f'(bi)e + Op,, (7).
0<B(B) = PB") = =(f' () = f'Bi))e + Op, i, (7).
This forces f'(b;) = f'(b;).

As f"(x) = e *x*2((x — k)® — k), we see that f”(x) > 0 for x € (0, k — +/k), and
f"(x) < 0for x € (k — vk, k). It follows that f’(x) is increasing in [0,k — +/k], and
decreasing in [k — Jk, k]. Hence for each & € R, the equation f’(x) = o has at most two
solutions in [0, k].

From the discussion above and (78), we learn that there are two numbers y and z satisfying
the following properties:

(1) bi €{0,y,z} foreveryi € [n],
(i) f'(v) = f'(2), thatis, e y* "Lk — y) = e22* 1k — 2),
(i) 0 <y <z<k.
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y and b; = z, respectively.
W (A, 1), where ¥ (A, n) =

Let A and p be the proportions of i € [n] such that b;
Then & + p < 1, hy + pz 2 Ly b < 1, and @ (b)
M)+ uf(@).

We will view y and z as constants, and seek to maximize ¥ (A, i) under the constraints:
A =20, 04+pn < 1,and Ay + uz < 1. Let (Mg, o) be a maximizer of ¥. We claim that
min{Ag, o} = 0. Before proving the claim, let us show how it implies the lemma. Indeed,

if one of A¢ and pg is zero, say (o, then

l

—
=

. , , k—1\*"!
D(b) = W(h, 1) <W(ho, o) = hoe P yF eyl < ( ) :
e

as desired.
It remains to prove that min{Ag, o} = 0. Suppose to the contrary that Ag, o > 0. Let
Al =Ao—eand pu; = uy +ey/z, where ¢ > 0 is a small constant. It is not difficult to verify
that Ay, w1 2 0, A1 + 1 < 1,and A1y 4+ 1z < 1. Thus, by the optimality of (Ao, o), we
get U (Ar, 1) < ¥ (Ao, o), giving ekl e_yyk_l. Combined with (iii), we obtain
ek N k—7) < e yk Lk — v), contradicting (ii). This completes our proof of the lemma.
O

Remark 5.3 Our proof of Theorem 1.5 crucially relied on our running assumption that almost
all the degrees in the graph G are linear. It seems natural to investigate similar extremal
questions with a weakened form of this assumption. The minimal meaningful assumption
seems to be that G contains no vertices of degree 2; this is to avoid the case of paths. This
general setting seems much more complicated. For example, the proportion of leaves in a
uniform spanning tree on an n X n torus is asymptotically almost surely (1-2/m)- % +o(1) ~

0.294 (see for example [18, p. 112]), which is less than the lower bound of e~ ~0.368 in
Theorem 1.5.
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