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Abstract This paper extends the model reduction method by the operator projection to the
one-dimensional special relativistic Boltzmann equation. The derivation of arbitrary order
globally hyperbolic moment system is built on our careful study of two families of the
complicate Grad type orthogonal polynomials depending on a parameter. We derive their
recurrence relations, calculate their derivatives with respect to the independent variable and
parameter respectively, and study their zeros and coefficient matrices in the recurrence for-
mulas. Some properties of the moment system are also proved. They include the eigenvalues
and their bound as well as eigenvectors, hyperbolicity, characteristic fields, linear stability,
and Lorentz covariance. A semi-implicit numerical scheme is presented to solve a Cauchy
problem of our hyperbolic moment system in order to verify the convergence behavior of
the moment method. The results show that the solutions of our hyperbolic moment system
converge to the solution of the special relativistic Boltzmann equation as the order of the
hyperbolic moment system increases.
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1 Introduction

The beginning of the relativistic kinetic theory goes back to 1911 when an equilibrium
distribution function was derived for a relativistic gas [34]. Thirty years later, the covariant
formulation of the relativistic Boltzmann equation was proposed in [39] to describe the statis-
tical behavior of a thermodynamic system not in thermodynamic equilibrium. The transport
coefficients were determined from the Boltzmann equation by using the Chapman—Enskog
methodology in [29]. Different from a non-relativistic monatomic gas, a relativistic gas has
a bulk viscosity. It has called the attention of many researchers to a number of applications
of this theory: the effect of neutrino viscosity on the evolution of the universe and the study
of galaxy formation, neutron stars, and controlled thermonuclear fusion etc. The readers are
referred to the monographs [11,23] for more detailed descriptions.

The relativistic kinetic theory is attracting increasing attention in recent years, but it has
been sparsely used to model phenomenological matter in comparison to fluid models. In the
non-relativistic case, the kinetic theory has been studied intensively as a mathematical subject
during several decades, and also played an important role from an engineering point of view,
see e.g. [10,12]. From the Boltzmann equation one could determine the distribution function
hence the transport coefficients of gases, however this task was not so easy. Hilbert showed
that an approximate solution of the integro-differential equation could be obtained from a
power series expansion of a parameter (being proportional to the mean free path). Chapman
and Enskog calculated independently the transport coefficients for gases whose molecules
interacted according to any kind of spherically symmetric potential function. Another method
proposed by Grad [21,22] is to expand the distribution function in terms of tensorial Hermite
polynomials and introduce the balance equations corresponding to higher order moments
of the distribution function. The crucial ingredient of the Chapman—Enskog method is the
assumption that in the hydrodynamic regime the distribution function can be expressed as a
function of the hydrodynamic variables and their gradients. The Chapman—Enskog method
has been extended to the relativistic cases, see e.g. [14,19,20,24,25]. Unfortunately, it is
difficult to derive the equations of relativistic fluid dynamics from the kinetic theory [13].
The moment method can avoid such difficulty and is also generalized to the relativistic cases,
see e.g. [1,30-32,37,44]. However, the moment method cannot state the influence of the
Knudsen number. Combining the Chapman-Enskog method with the moment method has
been attempted [13,33].

It is difficult to derive the relativistic moment system of higher order since the family
of orthogonal polynomials can not be found easily. Several authors have tried to construct
the family of orthogonal polynomials analogous to the Hermite polynomials, see e.g [2,23].
Their application can be found in [13,33,45]. Unfortunately, there is no explicit expression of
the moment systems if the order of the moment system is larger than 3. Moreover, the hyper-
bolicity of existing general moment systems is not proved, even for the second order moment
system (e.g. the general Israel and Stewart system). For a special case with heat conduction
and no viscosity, Hiscock and Lindblom proved that the Israel and Stewart moment system
in the Landau frame was globally hyperbolic and linearly stable, but they also showed that
the Israel and Stewart moment system in the Eckart frame was not globally hyperbolic and
linearly stable. For the general case, they only proved that the Israel and Stewart moment
system was hyperbolic near the equilibrium. The readers are referred to [24,27,28]. Follow-
ing the approach used in [26,27], it is easy to show that the above conclusion is not true
if the viscosity exists, that is, the Israel and Stewart moment system in the Landau frame
is not globally hyperbolic too if the viscosity exists. There does not exist any result on the
hyperbolicity or loss of hyperbolicity of (existing) general higher-order moment systems
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for the relativistic kinetic equation. Such proof is very difficult and challenging. The loss
of hyperbolicity may cause the solution blow-up when the distribution is far away from the
equilibrium state. Even for the non-relativistic case, increasing the number of moments seems
not to avoid such blow-up [9].

Up to now, there have been some latest progresses on the Grad moment method in the
non-relativistic case. A regularization was presented in [5] for the 1D Grad moment system to
achieve global hyperbolicity. It was based on the observation that the characteristic polyno-
mial of the Jacobian of the flux in Grad’s moment system is independent of the intermediate
moments, and further extended to the multi-dimensional case [6,7]. The quadrature based
projection methods were used to derive hyperbolic PDE systems for the solution of the Boltz-
mann equation [35,36] by using some quadrature rule instead of the exact integration. In the
1D case, it is similar to the regularization in [5]. Those contributions led to well understanding
the hyperbolicity of the Grad moment systems. Based on the operator projection, a general
framework of model reduction technique was recently presented in [18]. It projected the time
and space derivatives in the kinetic equation into a finite-dimensional weighted polynomial
space synchronously, and might give most of the existing moment systems mentioned above.
The aim of this paper is to extend the model reduction method by the operator projection
[18] to the one-dimensional special relativistic Boltzmann equation and derive correspond-
ing globally hyperbolic moment system of arbitrary order. The key is to choose the weight
function and define the polynomial spaces and their basis as well as the projection operator.
The theoretical foundations of our moment method are the properties of two families of the
complicate Grad type orthogonal polynomials depending on a parameter.

The paper is organized as follows. Section 2 introduces the special relativistic Boltzmann
equation and some macroscopic quantities defined via the kinetic theory. Section 3 gives
two families of orthogonal polynomials dependent on a parameter, and studies their proper-
ties: recurrence relations, derivative relations with respect to the variable and the parameter,
zeros, and the eigenvalues and eigenvectors of the recurrence matrices. Section 4 derives the
moment system of the special relativistic Boltzmann equation and Sect. 5 studies its proper-
ties: the eigenvalues and its bound as well as eigenvectors, hyperbolicity, characteristic fields,
linear stability, and Lorentz covariance. Section 6 presents a semi-implicit numerical scheme
and conducts a numerical experiment to check the convergence of the proposed hyperbolic
moment system. Section 7 concludes the paper. To make the main message of the paper
less dilute, all proofs of theorems, lemmas and corollaries in Sects. 2—6 are given in the
Appendices 1-5 respectively.

2 Preliminaries and Notations

In the special relativistic kinetic theory of gases [11], a microscopic gas particle of rest mass
m is characterized by the (D + 1) space-time coordinates (x®) = (x°, x) and momentum
(D + D-vector (p*) = (p°, p), where x* = ¢, ¢ denotes the speed of light in vacuum,
and ¢ and x are the time and D-dimensional spatial coordinates, respectively. Besides the
contravariant notation (e.g. p®), the covariant notation such as p, will also be used in the
following and the covariant p,, is related to the contravariant p“ by

B

Po = 8app”. P =g pg.

where (g%#) denotes the Minkowski space-time metric tensor and is chosen as
(g*P) = diag{1, —Ip}, Ip is the D x D identity matrix, (gap) denotes the inverse of (g%h),
and the Einstein summation convention over repeated indices is used. For a free relativistic
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particle, one has the relativistic energy-momentum relation (aka “on-shell” or “mass-shell”
condition) E? — p?c? = m?c*. If putting p° = ¢ 'E = /p? + m2c2, then the “mass-shell”
condition can be rewritten as p® p, = m2c2.

As in the non-relativistic case, the relativistic Boltzmann equation describes the evolu-
tion of the one-particle distribution function of an ideal gas in the phase space spanned
by the particle space-time coordinates (x*) and momentum (D 4 1)-vector (p®). The one-
particle distribution function only depends on (X, p, t) and is defined in such a way that
f(x, p, )dPxdPp gives the number of particles at time ¢ in the volume element dPxd"p.
For a single gas the Boltzmann equation reads [11]

d
p“faa = 0(f, ), 2.1)
X

where the collision term Q( f, f) depends on the product of the distribution functions of two
particles at collision, e.g.

dPp,

pY

Q(f,f)=/RD/S£I (Ff = f.f) Ba<

here f and f, are the distributions depending on the momenta before a collision, while f’
and f, depend on the momenta after the collision, dS2 denotes the element of the solid angle,
the collision kernel is given by B = o/(p2 py)? — m2c? for a single non degenerate gas
(e.g. electron gas), and o denotes the differential cross section of collision. The collision
term satisfies

db dab
[, own=P=o [ rouwn®P=o 22)
RD P RD p

so that 1 and p* are called collision invariants. Moreover, the Boltzmann equation (2.1)
should satisfy the entropy dissipation relation (in the sense of classical statistics)
dPp
O(f. Hn(f)—- <0,
RP p

where the equal sign corresponds to the local thermodynamic equilibrium.

In kinetic theory the macroscopic description of gas can be represented by the first and
second moments of the distribution function f, namely, the partial particle (D + 1)-flow N¢
and the partial energy-momentum tensor 7*#, which are defined by

N = C/RD p“fdpDOp, T = C/RD pep f‘ff. (2.3)

They can be decomposed into the following forms (i.e. the Landau—Lifshitz decomposition)
NY =m~'pU* 4+ n®, (2.4)

T = ¢2eU%UP — AP (Py+ TT) + %P, 2.5)

where (U%) = (y(u)c, y(u)u) denotes the macroscopic velocity (D + 1)-vector of gas,
y(u) =({1-— c_2|u|2)’% is the Lorentz factor, A®P is defined by

AP = g% _ P2yeyP, (2.6)

which is a symmetric projector onto the D-dimensional subspace orthogonal to U%, i.e.
AU s = 0. Here, the mass density p, the particle-diffusion current n%, the energy density
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¢, the shear—stress tensor 7%, and the sum of thermodynamic pressure Py and bulk viscous
pressure IT are defined and related to the distribution f by

dD
p = c 2mUyN® = c*lm/ Ef—op,
RD p
dD
n% = A%Nﬁ = c/ p<a>f70p,
RD p
2 ap _ 1 ,,.d"p
e:=c "UgUgT™ =c¢ E f—o, 2.7
RD p
dPp
af . p@BTmY (@)
n it Cf]RDp f 0
1 11 > 24 ,d"p
Po+ M= —D"'AggT =D7'c7! | (E* —m’ch) f—-,
RP p
where E := U, p® here and hereafter, p'® := A%pﬂ, plah) .= A,‘iep“p”, and
1
A% = 5 (A%AE + ABAY — 2D A, A%
It is obvious to obtain
Uap®@ =0, 2.8)
and easy to verify the identity
P =c?EUY + p\@. (2.9)

Multiplying the special relativistic Boltzmann equation (2.1) by 1 and p* respectively,
integrating both sides over R in terms of p, and using (2.2) gives the following conservation
laws

N =0, 3,7 =0. (2.10)

Remark 1 Ttis common to choose U* as the velocity of either energy transport (the Landau—
Lifshitz frame) [38])

UgT*? = eU”, (2.11)

dPp

0
or particle transport (the Eckart frame [16], in which the velocity is specified by the flow of
particles)

ATV U, = c/ Ep'“ f =0, (2.12)
RD

N =m~lpU?,

dPp
AYNP :c/ ALpPF—E =0.
B e F 0

The former can be applied to the multicomponent gas while the latter is only used for the
single component gas. The present work will be done in the Landau-Lifshitz frame (2.11).
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Remark 2 At the local thermodynamic equilibrium, n%, T1, and 7 will be zero.

Remark 3 In order to simplify the collision term, several simple collision models have
been proposed, see [11]. Similar to the BGK (Bhatnagar—Gross—Krook) model in the non-
relativistic theory, two simple relativistic collision models are the Marle model [40]

O(f. f) = —?(f — £y, 2.13)

and the Anderson—Witting model [3]

Uy p*
(. 1) = =Z25-(f = 1. (2.14)

where @ = fO(x p, ) denotes the distribution function at the local thermodynamic
equilibrium, and t is the relaxation time and may rely on p, 6.

In the non-relativistic limit, both (2.13) and (2.14) tend to the BGK model. However, the
Marle model (2.13) does not satisfy the constraints of the collision terms in (2.2).

The relaxation time t can be defined by

_ 1
nwd?g’

where n denotes the particle number density, d denotes the diameter of gas particles, and g
is proportional to the mean relative speed £ between two particles, e.g. g = +/2€ or £ [11].

In the non-relativistic case, & = 4 but the expression of £ in the relativistic case is

m’
very complicate, see Sect. 8.2 of the book [11]. Usually, & or g is suitably approximated, for
example, g &~ ¢ (that is, g is approximated by using the ultra-relativistic limit). Under such
simple approximation, one has

1 m

TN —— = ——.
nwd?c  pmd?ic

This paper will only consider the one-dimensional form of relativistic Boltzmann equation
(2.1). In this case, the vector notations x and p will be replaced with x or x!and p or pl,
respectively, the Greek indices « and $ run from O to 1, and (2.1) reduces to the following
form

OEJF l_Q(f f), teRf xeR. (2.15)
act dax

In the 1D case, the shear—stress tensor 7%? disappears even though the local-equilibrium is
departed from, and the local-equilibrium distribution f© can be explicitly given by

1
O_,0® O _ _ - —CE 2.16
Fo=esT 8 = e SRR (2.16)

and obeys the common prescription that the mass density p and energy density ¢ are com-
pletely determined singly by the local-equilibrium distribution f©, that is,

d
0= po ::c_lm/Ef(O)—lg,
R p

e= gyi=c ! AE%“&—’S =pc* (G)—¢7h). (2.17)
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The local-equilibrium distribution £ in (2.16) is like the Maxwell-Jiittner distribution
[11] for the case of D = 3 and Maxwell gas

fO=pg®, @ exp (—¢E),

_ ¢
T ArmAc3Ky(0)

In (2.16), ¢ = (kp T) " Ync?) is the ratio between the particle rest energy mc? and the
thermal energy of the gas kg T, kp denotes the Boltzmann constant, T is the thermodynamic
temperature, and K, (¢) denotes the modified Bessel function of the second kind, defined by

K,(¢) = /000 cosh(n?d) exp(—¢ cosh ¥)d?d, (2.18)

satisfying the recurrence relation

Knt1(0) = Kuo1(2) +2n8 'Ky (0). (2.19)

For ¢ > 1 the particles behave as non-relativistic, and for { « 1 they behave as ultra-
relativistic.

Similar to (2.7), from the knowledge of the equilibrium distribution function f©@, it is
also possible to determine the other macroscopic variables such as

dp
- C/ pl p 2 _ g,
R
-1 22 4y a0 dp — 2,1
Py:=c (E* —m>c*) f —o =m~ pkgT = pc¢™, (2.20)
R P

where G(¢) := K ' (()K2(2).
Now, the conservation laws (2.10) become

3 (pU?) L2 (oU")

dct ox =0,
3 (¢ 2phUU! 3 (c 2phUU + P,
(¢ ) A(p ) o 2.21)
dct ox
3 (c2phUU° — Py) 8 (c2phU°U")
+ =0,
dct ox

where h = p~'(e + Py) = c>G(¢) denotes the specific enthalpy. They are just the
macroscopic equations of special relativistic hydrodynamics (RHD). In other words, when
f = fO the special relativistic Boltzmann equation (2.15) can lead to the RHD equations
(2.21). We aim at finding the reduced model equations to describe states with f # f O This
paper will extend the moment method by operator projection [18] to (2.15) and derive its
arbitrary order moment model in Sect. 4.

Before ending this section, we discuss the macroscopic variables calculated by a given
distribution f, in other words, for the nonnegative distribution f(x, p, t), which is not iden-
tically zero, can the physically admissible macroscopic states {p, u,0 = ¢~} satisfying
p >0, |u| < cand @ > 0 be obtained?

Theorem 2.1 For the nonnegative distribution f(x, p,t), which is not identically zero, the
density current N* and energy-momentum tensor T*F calculated by (2.3) satisfy

(TOO + T”)2 > 4(T01)2, NO — ¢ Tun' > 0, c_z,o_1 (TOO — c_luTO]) > 1,
(2.22)
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1310 Y. Kuang, H. Tang

where the macroscopic velocity u is the unique solution satisfying |u| < c of the quadratic
equation

T%¢2u? — (1% + 1) tu + 7% = 0, (2.23)
that is
700 711 (TOO4+T11)2_4(T01)2 o1
U= 7T , T #0, (2.24)
0, T =0,
satisfying |u| < c. And the positive mass density p is calculated by
NO — ¢~ IynN!
-1
p=Cc m—. (2.25)
V1 —c2y?
Furthermore, the equation
GO —0=c2p (TP - ctur®), (2.26)

has a unique positive solution 0 in the interval (0, +00).

Furthermore, the following conclusion holds.
Theorem 2.2 Under the assumptions of Theorem 2.1, the bulk viscous pressure T1 satisfies
1> - p629.

Remark 4 The proofs of those theorems are given in the Appendix 1. Theorem 2.1 provides
arecovery procedure of the admissible primitive variables p, u, and 6 from the nonnegative
distribution f (x, p, t) or the given density current N% and energy-momentum tensor T/
satisfying (2.22).

It is useful in the derivation of the moment system as well as the numerical scheme.

Remark 5 The assumption on positivity of f(x, p, ) is physical and sufficient for three
constraints in Theorem 2.1. Generally, the moment expansion cannot preserve the positivity
of f(x; p;t). However, one is only interested in the (macroscopic) moments and not in the
particular value of f. Using the moments calculated by a Grad expansion, physically relevant
information can be obtained even though the distribution function may become negative.

Before discussing the moment method, we first non-dimensionalize the relativistic Boltz-
mann equation (2.15). Here we only consider the Anderson—Witting model (2.14). If setting

A N 0 L A ~ nO A
szx, p=c¢cp, p =cp7, t:;t7 8§ =1cCg, f:§f7
where L denotes the macroscopic characteristic length, ng and 6y = mc?/ kp are the reference

particle number and temperature, respectively, then the 1D relativistic Boltzmann equation
(2.15) with (2.14) is non-dimensionalized as follows

no af af n2rd® . /o R
(p0f+p1 f)z oC2 Uapap(f(O)_f)’

2L ar 0x
or
wdf of AN .
2L 512 L, 5 (fO - f)~
at ox

@ Springer



Globally Hyperbolic Moment Model of Arbitrary Order... 1311

Thanks to K,, = % = ¢ —

1 . . .
7 noTad® the above equation is rewritten as

>
>

d
el

X 0 B on e
P p s = - Oup (FO - f). 2.27)
0x K,

~>

Thus,if T := K is considered as a new “relaxation time”, then the collision term of relativistic
Boltzmann equation (2.27) has the same form of non-relativistic BGK model. For the sake
of convenience, in the following, we still use 7, x, £, f, p, p°, p to replace %, %, 7, f, P, p°,
0, respectively.

3 Two Families of Orthogonal Polynomials

This section introduces two families of orthogonal polynomials dependent on a parameter ¢

and their properties which will be used in deriving and discussing of our moment system.

These polynomials are similar to those given in [2]. All proofs are given in the Appendix 2.
If considering

2 -4
0O ¢) = %exp(—;x» €=0,1,

as the weight functions in the interval [1, +-00), where ¢ € RT denotes a parameter, then the

inner products with respect to »® (x; ¢) can be introduced as follows

+o00
(9u0 = | F@8000 0 Odx, fg € L[l +00), £=0.1,

where LZ(,)[l, +o0) = {f|fl+°° F)20O (x; O)dx < +oo}‘ It is worth noting that

the choice of the weight function @'® (x; ¢) is dependent on the equilibrium distribution
FOx, p, 1) in (2.16).

Let {P,fz)(x; 2)}, £ = 0,1, be two families of standard orthogonal polynomials with
respect to the weight function ® (x; ¢) in the interval [1, 4-00), i.e.

(PO PO) | =bus £=0.1, 3.1)

where §,,, denotes the Kronecker delta function, which is equal to 1 if m = n, and 0
otherwise. Obviously, {Pn([) (x; ¢)} satisfies

k
(P”“% x )M =0, k<n—1, (3.2)

and

n

00 =" (0 0), P)

i=0

PO (x; 0), (3.3)

w®
for any polynomial Q(x; ¢) of degree < n in Li“) [1, +00).
The orthogonal polynomials { P,fé) (x; ¢)} can be obtained by using the Gram-Schmidt

process. For example, several orthogonal polynomials of lower degree are given as follows
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1312 Y. Kuang, H. Tang

Fig. 1 The polynomials P,Ee) (x, ¢) givenin (3.4)

1
PO(O)(X;():W,
VGO =3¢71G(¢) +2¢72 — G(©)
P (x; ¢)

B tVG@O2=3c1G(@) +202— 1
V26 —T0TG(0)? —2G(Q) + 60 2G(E) + ¢
(xz_ G@?-2"'6w)—1 G(;)2—3;1G(;)+;2—1>
(G =3¢71G()+2¢72=1)  G@©)?=3071G(@) +2¢72 -
P (o) =/,
Vi3

PO o) = —G(@©)). 3.4
(x50 N T =TT (x (9)) (CX)

and plotted in Fig. 1 with respect to x and ¢. It shows that the coefficients in those orthog-
onal polynomials are so irregular that it will be quite complicate to study the properties of
{ P,fe) (x; ¢)}. Let c,(,e) be the leading coefficient of P,fe)(x; £), £ =0, 1. Without loss of gen-
erality, assume cff) > 0, £ = 0, 1. Due to the important result on the zeros of orthogonal
polynomials [43, Theorem 3.2], the polynomial P(e) (x; ¢) has exactly n real simple zeros in

the interval (1, 400), £ = 0, 1. Thus if those zeros are denoted by {x( )}”

in 1 in an 1ncreas1ng

order, then the polynomial P,f )(x; ¢) can be rewritten as follows

<e)(x ) = C(l) H( (0) (3.5)

i=1

In the following, we will derive the recurrence relations of {Pn(l)(x; ¢)}, calculate their
derivatives with respect to x and ¢, respectively, and study the properties of zeros and coef-
ficient matrices in the recurrence relations.
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3.1 Recurrence Relations

This section presents the recurrence relations for the orthogonal polynomials {P,fe) (x;0)},
£ = 0, 1, the recurrence relations between {P,fo) (x;¢)} and {Pn(l)(x; £)}, and the specific
forms of the coefficients in those recurrence relations.

Using the three-term recurrence relation and the existence theorem of zeros of general
orthogonal polynomials in Theorems 3.1 and 3.2 of [43] gives the following conclusion.

Theorem 3.1 For? = 0, 1, a three-term recurrence relation for the orthogonal polynomials
{P”(Z) (x; &)} can be given by

[4 a® (Z) 0) p(t ) p0)
xPO =a PO b PO +aP PO, (3.6)
or in the matrix-vector form
14 {4
PO =JOPO 14O P ey, PO = (P0, ..., BT, 3.7)

where both coefficients

n+1

)
C,

) = S b= (o0 20) =S -
Cnt1 i=1

a,(f) = (xP([), pY

(3.8)

are positive, €, is the last column of the identity matrix of order (n + 1), and
) (O]
boe aol Oz
a0 O o
J(é) — . . . c R(rz+1)x(n+l)
n ° . . k]
(5) (f) (0)
ay_o b Z anzl
0 al ) b’(l )

a1

which is a symmetric positive definite tridiagonal matrix with the spectral radius larger
than 1.

Besides those, the recurrence relations between {P,fo) (x;¢)}and {P,f b (x; ¢)} can also be
obtained.

Theorem 3.2 (i) Two three-termrecurrence relations between {P,fo) (x;0)} and{Pn(l) (x;2)}
can be given by

@2 = DPY = p, PO + ¢, P, + o1 P, (3.9)
PO = PO 4 g PO 4 py PV (3.10)

or in the matrix-vector form
P;Oll = JTP(I) + pn+1 P, +1en+2, (3.11)
@2 = DPD = 3,PO 41 PDsen, (3.12)

where
B A ("+2 ) : <1)> Cott " () ©)
Pn = gy dn = gy Xint2 — in,n =0 (xi,nﬂ X n+l)
n n+1 \i=1 i=1 nooi=1

@ Springer



1314 Y. Kuang, H. Tang

rn = ’('(;1, (3.13)
cn—H
and
po g rn 0 0 -~ 0
Jn = 0 mo@ o O € Re+Dx(+2)
0 Pn  4n
(i1) Two two-term recurrence relations between { P,fo) (x; ¢)}and{ P,f b (x; &)} canbe derived
as follows
@ = DPY = pu(x + G P, + 7 PO, (3.14)
o _ 1 R
A = == P — G P (3.15)
Pn day
where
e n+l
Pn = c(°>’ Zx,,,+1 me Foi=pa(l=Fp).  (3.16)
n+1

3.2 Partial Derivatives

This section calculates the derivatives of the polynomial P,SZ) (x; ¢) with respect to x and ¢,
¢£=0,1.

Theorem 3.3 For £ = 0, 1, the first-order derivative of the polynomial P _H(x ¢) with
respect to the parameter ¢ satisfies

8Pn+1

1
—,0p) _ _ ©
3; - an Pn 2 (G({) b

(0)
n+1) P

1 (3.17)
Theorem 3.4 The first-order derivatives of the polynomials {P,f{) (x; &)} with respect to the
variable x satisfy

3Pn((i)1 _n+l
ax  pn

1)

@ = DI P =+ 1P+ £puP . (3.19)

——pP" 4¢P, (3.18)

3.3 Zeros

Using the separation theorem of zeros of general orthogonal polynomials [43] gives the
following conclusion on our orthogonal polynomials {P,fz) (x; O}

Theorem 3.5 For ( =0, 1, the zeros {(x{\)}I_ of P\ (x; £) and {x"), i+ of P (x: 0)
satisfy the separation property

(0) (0) (0) ) ()
1 <xln+1 <xln <x2n+1 < <Xy <xn+l,n+1‘
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There is still another important separation property for the zeros of the orthogonal poly-
nomials {Pn(z)(x; £),£=0,1}.

Theorem 3.6 The n zeros {x( )} L of P( ) and n + 1 zeros of {x; nl of P( | satisfy

tn+l}

©0) (1) (0) (1 0)
L <Xy <X, <X < <X < X0 0

According to Theorems 3.5 and 3.6, we can know the sign of the coefficients of the
recurrence relations in Theorem 3.2.

Corollary 1 All quantities py,, gn, rn in (3.13) and py, qn, Fn in (3.16) are positive.

(0)) 1 (1)

Using Corollary 1,7, = p,(1 — ﬁg),and Pn = (¢4

gives the following corollary.

Corollary 2 The leading coefficient of P, +1 is larger than that of Pn(l), ie. c((ﬂl > C,Sl).

According to Theorems 3.3 and 3.5, the following conclusion holds.

()}

Corollary 3 The zeros {x L of P,fe) strictly decrease with respect to ¢, i.e.

0
o L.
9
3.4 Generalized Eigenvalues and Eigenvectors of Coefficient Matrices in the
Recurrence Relations

This section discusses the generalized eigenvalues and eigenvectors of two (2n+1) x (2n+1)
matrices Ag and A,ll, defined by

)
4) o Jr
AV = " , Al ::( n— 1), 3.20
" (0 Jf,‘_’l> "\t O 520

where J ,(10), J ,(11), and J,, appear in the recurrence relations in Theorems 3.1 and 3.2.

Consider the following generalized eigenvalue problem (2nd sense): Find a vector y that
obeys A Y = .\ Y. If let u denote the first n + 1 rows of y, and v be the last n rows of y,
then one has

AQu=J"_ v, AP v=1Ju (3.21)
Multiplying (3.7), (3.11), and (3.12) by P\" (—x: ¢) with |x| > 1 gives

1
PO B (e ) = OB PO (- 0+ 1al® PO s 0 P (x; e,

(3.22)
PO )PV (—x o) = I P (x ;)P“>(—x;;>+ al PO ) PV (=x5 ey,
(3.23)
PO ) PO (—x: ) = 31 P (i ) PV (—x: 0) + pu PV (i ) PO (—x: O
(3.24)
@2 = DP (O POV (—x; O =Jun PO (s 0) PV (=13 0) + 1 PO (63 O PV (=5 ey
(3.25)
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1316 Y. Kuang, H. Tang

If substituting (3.22) and (3.23) into (3.24) and(3.25) respectively, then one obtains
IOPO ;) PV (—x: 6) = 2T P (i o) PO (=1 0)
+ (xpu PV @ O PP (2 0) = a0 B (s OV (= 0)) e, (326)

L0 P, (s 0 P (=i 0) = Dy PO ) P (- ©)

+< PO 0) PV (—x: o) — Tlai‘_’an“)(x; 0P (—x; ;)) en. (327)

Transforming (3.26) and (3.27) by x to —x and then adding them into (3.26) and (3.27)
respectively gives

Va2 =1 «/

%J,‘P)u(x; O =3 v o) - Y00, e, (3.28)
NEe—

%Jfﬁllvu; £) = Jp10(x: ©) + 1y Qon (x: Oy, (3.29)

for |x| > 1, where

u(x; &) =PV (; ) PV (—x; ) + PO (—x; )PV (x3 ),

vi: ) =vx? = 1 (P (s ) PO (= ) = P2 (—xs 0 PV 0))
and

02:(x: £) i= PO (s )PV (x5 ) + PO (—x: O PV (x5 ). (3.30)

It is not difficult to find that if the second terms at the right-hand sides of (3.28) and (3.29)
disappear, then (3.28) and (3.29) reduce to two equations in (3.21). Thus in order to obtain
the generalized eigenvalues and eigenvectors of Ag and A,ll, one has to study the zeros of

02 (x;0).

Lemma 1 The function Q,(x;¢) is an even polynomial of degree 2n and has 2n real
simple zeros {zj o, i = X1, ..., xn}, which satisfy z—; , = —z;p and z; , € (1, 400) for
i=1,...,n

The polynomials Q19 (x; ¢), PS(O) (x; ), Péo) (x; ), P4(1)(x; ¢),and PS(I)(x; Z)ywithe =1
are plotted in Fig. 2, where the relation between their zeros can be clearly observed.

With the aid of Theorems 3.3 and 3.4, we can calculate the partial derivatives at z; ,, of
Qo2 (x; ¢) with respect to x and ¢.

Lemma 2 At the positive zeros {Zi,n},'-’zl, the partial derivatives of Q2,(x; ¢) satisfy

ann P G o) a))
2 (2ini §) = 2(1)7
( Zlnv ;) rn

@20 = D (2in: O + P (=20 7))

30 P(l) i 0)
Q2 (Ztnv )= ;#a
Py (— Zi,ns §) Tn

+2in P (<2ins OF + zin(eh, = DT R (<zins ).

(( n+pn )ZlnP( (=zin; QP +1( Zin: §)

(o + B P (2ims PO (=203 ©)
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—Q 1) (X) —
— P (x)
== =P
— PP x)
- =Pl
——— =0

Fig. 2 Plots of the polynomials Q1¢(x; ¢), PS(O)(x; Z), Péo)(x; 0), Pél)(x; ¢), and Ps(l)(x; ¢)with¢ =1

Moreover, one has

M, .
sign (aQZﬂ (Zin; C)) = sign (ann (Zin: {)) = sign (W) . (3.31)
8; ax Pn (_Zi,n;g)

Similar to Corollary 3, the following conclusion holds.
Lemma 3 The zeros {zj n, i = £1, ..., £n} of Q2,(x; ¢) satisfy

0z; 0z;
Zl’n<0,i:l,...,n; Zin
¢

Thanks to Lemmas 1 and 3, the generalized eigenvalues and eigenvectors of two
(2n+1) x 2n+1) matrices AS and A,ll can be obtained with the aid of the zeros of Q7, (x; ¢).

Theorem 3.7 Besides a zero generalized eigenvalue denoted by 3\0, n» the matrix pair Ag and
A,ll has 2n non-zero, real and simple generalized eigenvalues, which satisfy

A D
Aipg = —, |hial <1, i==£1,..., %n, (3.32)
Zi,n
and
A A
Rc0,i=1,...,n, —2>0, i=-n,...,—L (3.33)
ile e
Corresponding (2n + 1) generalized eigenvectors can be expressed as
T
Yin = (u,-T,n, vfn) : (3.34)
with
U n = P;())(Zi,n; ;)nyl)(_zi,n); ¢+ P,(lo)(_Zi,n; {)Pygl)(zi,n; ;),
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1318 Y. Kuang, H. Tang

Vin = Z12,n (P(l)l(zlm g)P(l)( Zi,ns g)_P(l)l( —Zi,n; {)P(l)(ztnv C)) (3.35)
fori==1,...,xn, and

2w =POL P (-1:0) = PO (—1: )P (1:0). Vo =0. (3.36)

4 Moment Method by Operator Projection

This section begins to extend the moment method by operator projection [18] to the one-
dimensional relativistic Boltzmann equation (2.15) and derive its arbitrary order hyperbolic
moment model. Without loss of generality, units in which both the speed of light ¢ and rest
mass m of particle are equal to one will be used in the following. All proofs are given in the
Appendix 3.

4.1 Weighted Polynomial Space

In order to use the moment method by the operator projection to derive the hyperbolic moment
model of the kinetic equation, we should define the weighted polynomial spaces and norms
as well as the projection operator. Thanks to the equilibrium distribution f© in (2.16), the
weight function is chosen as g©, which will be replaced with the new notation g[(g?g] by
corisidering the dependence of g® on the macroscopic fluid velocity u and 6 = kpT/m =
¢~ ', thatis

g0 = : exp _E , E = Uyp°. A.1)
WO 2K (¢) 0

Associated with the weight function g[(g ?9], our weighted polynomial space is defined by
8, ©
HP[01 := span {p’”p“z P8 mi=0,1, L€ N},
which is an infinite-dimensional linear space equipped with the inner product

<f g> © :=/ g(o) f(P)g(P) 07 ngHg[“e]

81u.0) [0.6]

Similarly, for a finite positive integer M € N, a finite-dimensional weighted polynomial
space can be defined by

(0)
Hi/[]ub‘] := span {pltlpltz p/ugu N DO =0! 17 V4 =0, 1’ ,M] ,

©
which is a closed subspace of H5#1 obviously.
Thanks to Theorem 2.2, for all physically admissible « and 6 satisfying |u| < 1 and 8 > 0,
we introduce two notations

Poolut, 01 :=(BVlu, 01, PO, 61, B[, 61, ..., B [w, 01, B [u,61,..)7, (42)
Pulu, 0] : =B [u, 01, PV[u, 6], ﬁg“[u,e],...,P,ff)[u,e],P,f})_l[u,e]) , 4.3)

(0 0 0 (1 0 — 1
where Pk( )[u, 0] = g[(u)G]Pk( ) and Pk( )[u, 0] = g[(u,)H](UO) lPk( )p<1)
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Lemma 4 The set of all componem‘s of Poolt, 0] (resp. P u[u, 0]) form a standard orthog-
onal basis of ]I-]Ig[u o (resp. H,! [u 9])

Remark 6 In the non-relativistic limit, E = Uy, p®, p(1y and g [w. 6 reduce to p?, —p and

\/21779 exp(—ﬁ), respectively, thus the basis becomes the generalized Hermite polynomial

[5].

2© 2
Since Hl;, S0 s subspace of H 00 when M < N < 400, there exists a matrix

Pyny e R@MH)X@NH) with full row rank such that P y[u, 0] = Pays nPylu, 0], where
Py v = diag{lopr+1.2m+1, O2m+128—2m 13-

Using the properties of the orthogonal polynomials {Pn(l) (x;¢),£=0,1,n > 0} in Sect.
3 can further calculate the partial derivatives and give the recurrence relations of the basis
functions {£,”[u, 0], n > 0} and {P”,[u, 0], n > 1}.

Lemma 5 (Derivative relations) The partial derivatives of basis functions
{P(O)[u 0], n > 0} and {P(l) [u, 0], n > 1} can be calculated by

813,50)[14,9] 39 2 1 -1 (0) 5(0) (0) 75 (0)
i <§<G(§)—§ =) PO, 01— P, u, 9])

ou 1 o 5(1) 5(1
+ s (1 —u?) ((npn—l - a]n—l) Py =ilu, 01— {pnP,g L, 9])’
p (D
P u, 0
7"—81[ I ; < (6@ = ¢ =b2,) B 1w, 01+ af” PO, 9])
s
au 1 B 5(0) 0)
+8v1 (npn—1—&qn-1) Py [u, 0] — {rp P, +1[u 01
p(O) apY g
fors =t and x. It indicates that ° and —*=* € H,‘,[;flj

Lemma 6 (Recurrence relations) The basis functions
{f’,fo) [u,0],n > 0} and {]37517)1 [u, 0], n > 1} satisfy the following recurrence relations

POPulu, 01 = MY, Pylu, 6]
n (—U‘pMﬁj})[u, 01+ U%9 PO 1, 9]) .
+ (—UlrMP(O) w01+ 0% Y PP, 9]) 2y
pPulu, 0= My, Puylu, 0]
+ (—UOpMIS,E,,l)[u, 01+ U PO [u, 9]) byt
+ (—UOrMP“” w01+ U'a) PP, 9]) ey (44)

where eé M1 and e% My are the penultimate and the last column of the identity matrix of
order 2M + 1), respectively, and

M), . =-U"PhAL®I)T +UPYAS, @),

M}, o =-UPh AL ®I)T +U'PHAS, @), (4.5)
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1320 Y. Kuang, H. Tang

in which Pﬁ,, is a permutation matrix making
PP ylu, 01 = Pulu, 6], (4.6)
with
Pulu, 01:= (B Vw6, ..., P\ [, 61, B[, 61, ..., B [u, 6]

© )
For a finite integer M > 1, define an operator I1y/[u, 6] : HEw.61 — Hi,l[“‘@] by

M M—1
Mylu, 01 ==Y 2B, 01+ £ PV, 01, .7

i=0 j=0

or in a compact form

Mplu, 01f = [Pulu, 01, fpmlm, (4.8)
where
0_ ¢ 3O . 1_,p 3D . B
fi=(fP [M,Q])g(m =M, fi =(fP; [ 0]),0 ,j<=M-1, 4.9
[,6] 8[u,0]
£ = (fS 2 fo oo Fap Fu) (4.10)

and the symbol [, -] denotes the common inner product of two (2M + 1)-dimensional
vectors.

Lemma 7 The operator I j[u, 0] is a linear and bounded projection operator in sense that

: g[(z?,)m gl
(i) Mplu,01f € H,"™ forall f € Howel,
L)

(i) Tylu,01f = f forall f € H,
Remark 7 The so-called Grad type expansion is to expand the distribution function f'(x, p, 1)

©
in the weighted polynomial space H¥i«¢1 as follows

FGx,p. 1) =[Poolu, 0], fole ,

where the symbol [-, -] denotes the common inner product of two infinite-dimensional

vectors, and foo = (fY, £ foseoos fips Fiy_ps - 0T

4.2 Derivation of the Moment Model

©
Based on the weighted polynomial spaces H® o and Hi/[j"g] in Sect. 4.1 and the projection
operator ITys[u, 6] defined in (4.7), the moment method by the operator projection [18] can
be implemented for the 1D special relativistic Boltzmann equation (2.15). In view of the fact
that the variables {p, u, 0, I1, n'} are several physical quantities of practical interest and the
first three are required in calculating the equilibrium distribution f©.
The (2M + 1)-dimensional vector

Wwm = (o, u, 0, TL AN £, £ fags faDTs

will be considered as the dependent variable vector, instead of fj; defined in (4.10), where
il = n'V/1 — u2. The relations between Wy and fi is

fr =D} Wy, 4.11)
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€ uonoaloid

E_'M [u, 0] <paHM[u, 0] wj

Oz™ /

Fig. 3 Schematic diagram of the moment method by the operator projection for the 1D special relativistic
Boltzmann equation

where the square matrix DX/,V depends on 6 and is of the following explicit form

™" 0 o cy” 0
(c(()o))_1 0 0 0 0 0 cio)x}(’)f 0
p/= o o o], D¥Y=] o 0 0 0 -V ],
0 00 0 00— o
0 00 0 cfPxf!)

and D} = diag{D}, Iops_4} for M > 3, which is derived from (2.7), (2.12) and (2.17).
Referring to the schematic diagram shown in Fig. 3, the arbitrary order moment system
for the Boltzmann equation (2.15) can be derived by the operator projection as follows:

©
Step 1 (Projection 1) Projecting the distribution function f into the space Hi,[l“’e] by the
operator I1y/[u, 0] defined in (4.8).
Step 2 Calculating the partial derivatives in time and space provides

AT pr[u, 6 AP mlu, 6 of
ml ]fz[ ml ],fM] +[PM[u,9],—M]
as as M as |y

= |Cy P! T . f atl]
= [CorPly Pl 01 R, e ] |+ | Pl 61, = R
4.12)

for s =t and x, where Cpy4 is a square matrix of order (2M + 3) and directly derived with

the aid of the derivative relations of the basis functions in Lemma 5. o

Step 3 (Projection 2) Projecting the partial derivatives in (4.12) into the space Hi,[l“'m gives
ollp[u, 0 of
LA CL [PM[u, o1, CLfM] + | Pulu. 01, =2
as M as |y
3 (bYW
- |:’PM[u, 01, CT DY W, + (’gM)}
s M
ALY
=: [PM[M, 01, DM—M] : (4.13)
s 1y
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where the (2M + 1)-by-(2M + 1) matrix Dy, can be obtained from Cj; and DX}’ and is of
the following form
D, 0
0% x 0
Dy=| ... . M >3, (4.14)
D Iy—4
O0x % 0
and
() 0 —pe2e) e e 0
0 (1-— uz)*lcio)ﬁl ,0{2(6‘50))71 cio)xﬂ 0
D, = 0 —(1—u)'e"p 0 0 -V .
0 —(—u) el (@) +x35) 0 %0
0 —(1—ud)~ e 0 0 exih
()" 0 —pg(c) ey
D, = 0 0 pc2(c™)! ,
0 —(—ud)'ePp 0
where the elements “x” of Dy, in (4.14) are explicitly given by
1 .
Dur2n+1.2) = G5 (-1 = £qu-1) fact = Era-1fya)
1 .
Dy(2n+2,2) = =D ((mn+Dp " =¢an) £ = SafY)
1 _
Dy (2n+1,3) = =’ (5 (G —¢7 =) 12 - a,f?lff_l) ,
1 _
Dy(@2n+1,3) = —¢2 (5 (G(;) —¢h - b,(ﬁ) i+ a,(ll_)lf,1171> .
Step 4 Multiplying (4.13) by the particle velocity (p%) yields
ollpu, 0] f W
POy lu, 01— = [pOP oy [u, 6], Dy — 1y
Jat dt
ALY
= (M Pl a1 Parle, 00 Py Dy — Flasr, (4.15)
oy [u, 01f oW
Py lu, 01— = [pPylu, 61, Dy ——" 1y
0x ax
Wy
= [Miyy 1 Py a1 Paalu, 01, Py pry D T]MJFL (4.16)
g(o)
Step 5 (Projection 3) Projecting (4.15) and (4.16) into the space H A,[,”‘g] gives
oMl p[u, 011 IWn
[p[u, 0] <POHM[’4» 0]T> = [Pulu, 9],M§WDMT]M, 4.17)
aIl ,0 A%
Malu, 6] (pHM[u,9]$> = [Pulu, 0). MyDy— . (4.18)
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Step 6 Substituting them into the 1D special relativistic Boltzmann equation (2.15) derives
the abstract form of the moment system

ol p[u, 01f
dx¢¥

Mg u, 6] (p“HM[u, 0] ( >> = M [u, 010Ny [u, 01f, M u, 01f),

(4.19)
and then matching the coefficients in front of the basis functions {[N’k([) [u, 0]} leads to an
“explicit” matrix-vector form of the moment system

oW s oWy
B}, —— +B),—— =S(Wy), 4.20
M a1 M 9x ( M) ( )
which consists of (2M + 1) equations, where B(z)w = MﬁVIDM and B}W = M;,Dy. For a
general collision term Q(f, f), it is difficult to obtain an explicit expression of the source
term S(Wyy) in (4.20). For the Anderson—Witting model (2.14), the right-hand side of (4.19)
becomes

1
Z M lu, 010 (M pr[ue, 61, Tarlue, 011)

= Ly 01E e, 01 — F©
= mlu, O1ET y[u, 01(f — f+7)

1 0 T Q)
_;HM[”s 0] I:PII:/I+1AM+1(P1’|]/I+1) P1{4,M+17’M[”’9]’P1{4,M+1(fM —fy )]M+1

1 0 T~W
- [P, 01, PG A (PF) Dy Wi |
which implies that the source term S(Wj,) can be explicitly given by

1 ) 1 )
S(Wy) = —;PQAQI(PPM)TD,‘VZWM = —— (UM}, - U'M;) DyWy. (421)

T -
where fﬁ(}) = (p,/ G@)—2¢71,0,..., 0) ,and the matrix DZ is the same as DAVZ except for
the zero component of the upper left corner. It is worth noting that the first three components
of S(Wyy) are zero due to (2.12) and (2.17).

Remark 8 With aid of the explicit forms of DV, Dy, DgV , and Dy, the explicit form of the
moment equations with M = 1 or 2 are very easily given. For example, when M = 1, the
moment system is written as follows

EAUAT EAUA
B'— +Bl— —0,
1 ot + 5 ox
where
Py Quouty 0
0)\— 0)\ — 0 0 0 0 0)\ —
B) = [ )00 () )+ U W2 —2x 05U 20 |
—1
—Je'u! —x{ V(WO —JTU'p
C(()O)Ul Céo)(UO)f')p 0
Bi= | @10 @ il + DU iU ) e
—1
vz 'u® —x Ve ! —VEU
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It is shown that those equations become the macroscopic RHD equations (2.21) by multiply-
ing those equations by (B(l))_l.

Remark 9 With aid of the “projection operator”, the standard Grad moment method can be
conveniently derived and easily understood. For example, the derivation of Grad moment
system by using truncation can be simply and clearly described as follows

ox¥

oIl ,0
Mplu, 6] <p“ <M>> = Mplu, O1Q (M [u, O1f, Mpg[u, 611),  (4.22)

which is non-hyperbolic, while our moment system (4.19) is proved to be globally hyperbolic
in the next section. By comparing (4.22) to (4.19), the difference between them is easily found,
and becomes crucial to make the moment system hyperbolic [18].

Remark 10 Similar to those in [5], our moment system is also non-conservative because the
projection is still operated outside the differential operators % and %.

S Properties of the Moment System

This section studies some mathematical and physical properties of moment system (4.19) or
(4.20). All proofs are given in the Appendix 4.

5.1 Hyperbolicity, Eigenvalues, and Eigenvectors

In order to prove the hyperbolicity of the moment system (4.20), one has to verify that B(}/I is
invertible and By, := (B?VI)_IB}VI is real diagonalizable. In the following, we always assume
that the first three components of W, satisfy p > 0, |u| < 1, and 6 > 0.

Lemma 8 [f the macroscopic variables satisfy p > 0, |u| < 1,0 > 0 and I1 > —p0, then
the matrix Dy is invertible for M > 1.

Theorem 5.1 (Eigenvalues and eigenvectors) The (2M + 1) eigenvalues of the moment
system (4.20) are given by

l/t—)u,',M

M = i=-M,...,M, 5.1

- uii,M’
satisfying |Ai m| < 1, and corresponding eigenvectors are

viv =Dy Plyiy, i=-M, ... M, (5.2)
where )A»,',M andy; y are given in Theorem 3.7.

Lemma 9 Both real matrices U'M',, — U'M}, and MY, are positive definite.

Theorem 5.2 (Hyperbolicity) The moment system (4.20) is strictly hyperbolic, and the spec-
tral radius of By is less than one.

5.2 Characteristic Fields

This section further discusses whether there exists the genuinely nonlinear or linearly degen-
erate characteristic field of the quasilinear moment system.
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Theorem 5.3 For the moment system (4.20), Ao yp-characteristic field is linearly degenerate,
ie.

Vw, ro,.m(War) - roy(Way) =0, YWy,
Remark 11 With the aid of numerical experiments, we can conclude that for the moment
system (4.20) with M > 4, there exist at least two characteristic fields, which are neither

linearly degenerate nor genuinely nonlinear, see Appendix “Explaination of Remark 11”
section for more explanation.

5.3 Linear Stability

It is obvious that the moment system (4.20)-(4.21) has the local equilibrium solution ng) =
(po, 1o, 60,0, ..., 0)!, where P0, Uo, and 6y are constant and satisfy pg > 0, |ug| < 1,
and 6y > 0. Similar to the non-relativistic case [15], let us linearize the moment system

(4.20)—(4.21) at WES). If assuming that Wy, = Wg‘(}) (14 W) and each component of Wy
is small, then the linearized moment system is

AW AWy
B o 5+ Bl lyo 5 = Qualyg War. (5.3)

where
1 Ongt I YRV
Qu =—— (UM}, —U'M},) Dy,
Following [15], W, is assumed to be
Wy = Wy exp(i (ot — kx)),

where i is the imaginary unit, W ; is the nonzero amplitude, and w and k denote the frequency
and wave number, respectively. Substituting the above plane waves into (5.3) gives

(ia)B?M — ikB}V[ — QM) |W(O)WM =0.
M
Because the amplitude w M is nonzero, the above coefficient matrix is singular, i.e.
det (ioBY; — ikB}, — Qp) \W;? =0, (5.4)

which implies the dispersion relation between w and k.
The following linear stability result holds for the moment system (4.20)—(4.21).

Theorem 5.4 The moment system (4.20) with the source term (4.21) is linearly stable in
space and time at the local equilibrium, that is, the linearized moment system (5.3) is stable
in time and space, i.e. Im(w(k)) > 0 for each k € R and Re(k(w))Im(k(w)) < O for each
w € RT, respectively.

5.4 Lorentz Covariance

In physics, the Lorentz covariance is a key property of space-time following from the special
theory of relativity, see e.g. [17]. This section studies the Lorentz covariance of the moment
system (4.20). Besides the truncations or projection of distribution function, there are the
truncations or projections of equation in the current moment method. It is nontrivial to know
which parts of the expansion of the equation we have removed in the truncation or projection
procedure, and whether they are Lorentz invariant or not.
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Some Lorentz covariant quantities are first pointed out below.

Lemma 10 (i) Each component of Dy,dW y is Lorentz invariant, where
D}, := diag{1, (1 — u?)~L 1, ..., 1}, and dW y denotes the total differential of W yy.
(i) The matrices A(I{,I, A}VI and the source term S(W ) defined in (4.21) are Lorentz invari-
ant.

Theorem 5.5 (Lorentz covariance) The moment system (4.20) with the source term (4.21)
is Lorentz covariant.

6 Numerical Experiment

This section conducts a numerical experiment to check the behavior of our hyperbolic moment
equations (HME) (4.19) or (4.20) with (4.21) by solving the Cauchy problem with initial
data

L
Wi, x <0,

Wy (x,0) = R
Wi, x >0,

6.1)

whereWLM =(7,0,1,0,..., O)TandWi, =(1,0,1,0,..., O)T.Itissimilartotheproblem
for the moment system of the non-relativistic BGK equation used in [5].

6.1 Numerical Scheme

The spatial grid {x;, i € Z} considered here is uniform so that the stepsize Ax = xj+1 — x;
is constant. Thanks to Theorem 5.1, the grid in 7-direction {t,1 = t, + At,n € N} can be
given with the stepsize At = Ccrr. Ax, where Ccrr. denotes the CFL (Courant-Friedrichs-
Lewy) number. Use f;' and p]' to denote the approximations of f(x;, p, #,) and p(x;, t,)
respectively. For the purpose of checking the behavior of our hyperbolic moment system,
similar to [8], we only consider a first-order accurate semi-implicit operator-splitting type
numerical scheme for the non-conservative system (4.19) or (4.20), which is formed into
the convection and collision steps:

Mplu?, 071 (p° T (ul, 6P 1(TL)F) = Mplul, 611 (pO(T1)1)
At

——[(HF )" — (ITF )" ,], (6.2)
Ax =3

and

n+1 *
My luf, 6] ( 0Ty} (nf)mmf))

1
= 7wl 67107 =0l (1= 1 ot 671) (T 6730107 )
(6.3)

1771

where (ITf)? := Ty [uf, 6] f" and the “numerical fluxes” (l'IF_);’_i_1 and (HF+):‘ , are
2 -2

2
derived based on the nonconservative version of the HLL (Harten-Lax-van Leer) scheme
[42] and given by
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—\n
(nF )i+%
My luf, 6] (p(T)}), 0= kf+l,
2
A8 Tl 071 (pMHF) =27y Taalaef 071 (p Mg e 07 1T} )
1+7 l+7
A
_ i+5 i+5
- My (Tl O (P M 611U ) =T Ll 671 (PO IDT)) - R
+— R L , A, <0< AT,
AT AT i+5 i+3
i+5 i+5 R
My luf, 071 (pTylul, 6] 1T}, ) s 0=2"1
2
and
MFH!
=3
Tpgluf, 071 (pTplul, 6] 1)) ,) 0=<ak,,
2
AR Tyl 67 W (p T L} 67 IOy ) =25y T L} 67 1(p (M1
-3 -7
Afi%—xi%
- ap A (Tl 071 (PO Q)7 )) =T e 071 (PO T [ 07 W)y ) ., R
4+ —2 2 P , Ai7%<0<ki7%,
i—5 i—5
My [uf, 0]1(p (TLH)}) 0= /\f_l.
2

Here }»il‘i% = min{A?‘i“, A?‘i“}} and kfi% = max{A]"™, A, A}“i“ and A" denote the mini-
mum and maximum eigenvalues of the moment system (4.20) at the grid point x; respectively,
see Theorem 5.1. In Eq. (6.3), the subscript f — f© denotes the transformation from f to

(0)
£ defined by 1, po[u?, 61T = £ or £ = DI £7,,, where

©) -2
D = (Q(f,?*) diag{1,0, ..., 0} (UMY, — UMME) (6.4)

whose nonzero components are only in the first row and the component in the upper left
corner is one.
The above scheme (6.2) and (6.3) is implemented as follows:

(i) Perform the convection step (6.2) to obtain Ty [u?, 6]'] (pOHM[u?, 91.’1](1'[]‘);."), and
then obtain [Ty [u], 6] 1(T1f)}.
(ii) Calculate u} and 6 by solving (2.24) and (2.26), and then give (I1f)?.
(iii) Perform the collision step (6.3) to obtain ITys[u?, 6] (pOHM[ul’f, 01.*](I"If);’+l), and

then have Ty [u?, 61(TTf)! 1.
(iv) Calculate u;’H and 9;’“ by solving (2.24) and (2.26), and then obtain (I'If)?“. Set
n =n + 1 and turn to Step (i).

It is worth noting that when Iy [u?, 6] (pOHM[u;?, 9{'](1'If);k) is known, it is easy to
obtain Iy [u?, 67 1(TTf );“ in Step (i), but it is more technical to calculate (ITf )l’.‘ from the
known value of Ty [ul, 0 1(T1f)F in Step (ii), see the following discussion (Lemma 12).
The other steps are similar to them.
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Lemmall [fu € (=1,1),0 e RY, M > 1, and 0 < f(x, p,t) < 400, then for any

- . © ~ ,
polynomial f satisfying f g[(;)?e] € Hi,[;"g], equivalently f f € ]I-]Ifw, one has
(1 frp = F Tl 01) f = (Fgjley Tl 01F) o, - (6.5)

Lemma 12 Ifuy,u; € (—1,1),0,6, e RT, M > 1,and 0 < f(x, p,t) < +00, then the
identity

Mpluy, 611 f = Mpyluy, 611y [uz, 6211,
holds.

Lemma 12 implies that in order to calculate
(M) = Oupluy, 6;100f)] = Oaluf, 67 1My luy, 6; 1T, (6.6)

only u} and 6 have to be obtained.

It can be done the following procedure. For the given “distribution function” T [u”,
(T1f)}, calculate corresponding particle flow N* and energy-momentum tensor T""é and
then solve directly (2.24) to obtain u} and solve (2.26) iteratively to obtain 6 by using
Newton-Raphson method.

Remark 12 The function G(0~1) — 6 in (2.26) is a strictly monotonic and convex function
of 6 in the interval (0, +00), because
3?(GoH -6
# = (26 =76 =267 +6G(0) +¢)
=¢ (C(O) (O)C(O))—z -0

where c ) is the leading coefficient of the polynomial P( )(x ¢) definedin (3.4),i =0, 1, 2.
It means that the Newton-Raphson method for solving (2 26) is convergent with any positive
initial guess.

Remark 13 The present paper does not focus on the numerical solution, but it is worth
investigating how the lack of a conservative form of the moment system and corresponding
numerical scheme effects the numerical solution. Our numerical results in Sect. 6.2 will
show that the numerical solutions of moment system can converge to the reference solution
obtained by the discrete velocity model on a fine mesh.

Before ending this subsection, we discuss the stability of the collision step (6.3) even
though 7 is very small.

Theorem 6.1 The semi-implicit scheme (6.3) is unconditionally stable.

All proofs have been given in the Appendix 5.

6.2 Numerical Results

In our numerical experiment, the Knudsen number Kz is chosen as 0.05 and 0.5, respectively,
the spatial domain [—1.5, 1.5] is divided into a uniform grid of 1000 points, and Ccpr, = 0.9.
In order to verify our results, the reference solutions are provided by using the discrete
velocity model (DVM) [41] with a fine spatial grid of 10000 points and 50 Gaussian points
in the velocity space.
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st

0 . - 0 0
15 -1 -05 0 05 1 1 -15 -1 05 0 05 1 1.5

0

)
Fig. 4 Numerical results of the shock tube problem for Kn = 0.05. The left y-axis is for p and Py, while
the right y-axis is for u. The thin lines are the numerical results of the HME (4.20), and the thick lines are the

results of DVM. The solid (blue), dashed (red), and dash-dotted (black) lines denote p, u, and Py, respectively
(Color figure online)

Figure 4 shows the profiles of the density p, velocity u and thermodynamic pressure
Py at t = 0.3 obtained by using our scheme (6.2) and (6.3) with M = 1,2,...,9, where
Kn = 0.05, and the thin lines are the numerical results of the HME (4.20), and the thick lines
are the results of DVM, provided as reference solutions. The solid, dashed, and dash-dotted
lines denote p, u, and Py, respectively. It is clear that the numerical solutions of the HME
(4.20) converge to the reference solution of the special relativistic Boltzmann equation (2.15)
as M increases. When M = 1, the contact discontinuity and shock wave can be obviously
observed. It is reasonable because the HME (4.20) are the same as the macroscopic RHD
equations (2.21). When M = 2, the discontinuities can also observed, but they have been
damped. When M > 3, the discontinuities are fully damped and the solutions are almost in
agreement with the reference solutions. It is similar to the phenomena in the non-relativistic
case [4,5].

The results at t = 0.3 for the case of Kn = 0.5 are shown in Fig. 5. The discontinuities
are clearer than the case of Kn = 0.05 when M = 1,2, ...,9, and the convergence of the
moment method can also be readily observed, but it is slower than the case of Kn = 0.05.
The contact discontinuities and shock waves are obvious when M < 2, but when M > 6,
the discontinuities are fully damped and the solutions are almost the same as the reference
solutions.
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Fig. 5 Same as Fig. 4 except for Kn = 0.5

Remark 14 The computational complexity of the above numerical scheme is mainly coming
from the Gram-Schmidt orthogonalization and the projection ITys[uf, 6] (T1f)! 1 For the
purpose of numerical computations, it is valuable to look for a more efficient orthogonaliza-
tion and projection procedure instead of the above.

7 Conclusions

The paper derived the arbitrary order globally hyperbolic moment system of the one-
dimensional (1D) special relativistic Boltzmann equation for the first time and studied the
properties of the moment system: the eigenvalues and their bound as well as eigenvectors,
hyperbolicity, characteristic fields, linear stability, and Lorentz covariance. The key contribu-
tion was the careful study of two families of the complicate Grad type orthogonal polynomials
depending on a parameter. We derived the recurrence relations and derivative relations with
respect to the independent variable and the parameter respectively, and studied their zeros
and coefficient matrices in the recurrence formulas. Built on the knowledges of two families
of the Grad type orthogonal polynomials with a parameter, the model reduction method by
the operator projection [18] was extended to the 1D special relativistic Boltzmann equation.

A semi-implicit operator-splitting type numerical scheme was presented for our hyperbolic
moment system and a Cauchy problem was solved to verify the convergence behavior of the
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moment method in comparison with the discrete velocity method. The results showed that
the solutions of our hyperbolic moment system could converge to the solution of the special
relativistic Boltzmann equation as the order of the hyperbolic moment system increases.

Now we are deriving the globally hyperbolic moment model of arbitrary order for the 3D
special relativistic Boltzmann equation. Moreover, it is interesting to develop robust, high
order accurate numerical schemes for the moment system, find other basis for the derivation of
moment system with some good property, e.g. non-negativity, and investigate the relativistic
effects by using the moment system.

Acknowledgements This work was partially supported by the Special Project on High-performance Com-
puting under the National Key R&D Program (No. 2016YFB0200603), Science Challenge Project (No.
JCKY2016212A502), and the National Natural Science Foundation of China (Nos. 91330205, 91630310,
11421101).

Appendix 1: Proofs in Section 2
Proof of Theorem 2.1

Proof For the nonnegative distribution f(x, p, t), which is not identically zero, using (2.3)
gives
aa 00 11 01 o, 12 4P
7% > 0,0 =0,1; T +71!$27T :c/ (P"xp") =5 >0,
R 4
which implies the first inequality in (2.22).

Using the definition of A% in (2.6) and the tensor decomposition of T in (2.5) gives
(2.23), which is a quadratic equation with respect to u. The first inequality in (2.22) tells us
that (2.23) has two different solutions whose product is equal to ¢2, while one of them with
a smaller absolute value is (2.24).

Using further (2.3) gives

d
N — ¢ lun! :c/ (pO —cflupl)f—lg > 0,
R p

i.e. the second inequality in (2.22), and then using the tensor decomposition of N* in (2.4)
gives

1 NO — ¢~ 1ynN!
m_——— "

1 —c2u?

p=c > 0.

Moreover, using the second identity in (2.17) and (2.3) can give (2.26).
The inequality E > mc? holds because

E=Uyp*=(1- cfzuz)f% <c‘/mzc2 + p? — up) > 0,

and
2 ) 2
E? —m?c* =1 —c 2! (u,/mzc2 + p? — cp) = (Wp(”) > 0.
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Thus, it holds

700 — 2=y 70l 4 2,271

700 _ ¢~ ly70 _ 25 = . 2p

1 —c2u
dl
:cfl/E(E—mcz)fLO>0,
R p

which gives the third inequality in (2.22), and implies that GO =6 > 1for6 € (0, +00).
On the other hand, one has

li 6~ —6)=1, I 6~ —6)= lim 6=
elfb(G( ) =) * gatoo (GE™) ~#) 65 oo o0,
and
AGOH -0 -
GO ) ~6) (ae) ) __g2 (GO =360 +6%—1) =P (GO ), 0).
Because

d
0<c! / (E =me) [0S0 = —m ™ p(Go ") =20~ 1),
R p
d
0<c! / (E =me2 fO 5 = p? G~ - 30 - 2),
R p
d
0<c! / (E — mc2)3f(o)% = —pmc* (4 —0)G(O™") — 50 — 4),
R p

one obtains

3 in{20+1,(4—0)"1(56 + 4 0 <4
“04+1<GOH < rmn{ +1,( )7 (56 + )}, 0<6 <4,
2 20+ 1, 6> 4.

which is equivalent to the following inequality

3 4—-0)"1(50 + 4 0 <1
Jor1<cEy < |G 00HD, 0<b <]
2 20+ 1, 6> 1.

Thus, one has

V(20+1,0)>6%0—-1) >0, 0>1,
(GO, 0) >
U (4—0)71(50+4),60) > 4—-0)720*O +8)(1—6) >0, 6 <1,

GO H —0) .

0,
a0

which implies that G (9~!) — @ is a strictly monotonic function of @ in the interval (0, 4+-00).
Thus (2.26) has a unique solution in the interval (0, +00). The proof is completed. ]

Proof of Theorem 2.2

Proof Under Theorem 2.1, for the nonnegative distribution f(x, p, t), which is not identi-
cally zero, one obtains {p, u, 0} satisfying
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p>0, |ul<c, 6>0. (8.1)

Due to the last equations in (2.7) and (2.20), one obtains
d d
M= —/ Aaﬁp“pﬂf—lg —c?ph =c7! / (E2 —mzc4)f—l; — pc?0 > —pc?o,
R 4 R p

which completes the proof. O

Appendix 2: Proofs in Section 3
Proof of Theorem 3.2

Proof (i) For k < n + 2, taking the inner product with respect to @ between the polyno-
mials Pk(o) (x;¢) and (x2 = l)P,l(l)(x; £) gives

)]
2 1 pO® () n+2 p® Cn 0 0) _
((X - I)P Pn+2> 0) ( Pn+2)w(0) (O) (Pn+2’ Pn+2>w(0) = Tn+1;

) D pO
((x — P, Pn+1) N

+2 +2
(1) X () n+1 3 ) (H P(O)
sz n+2x th n+2 ZX n+1
N
0) 0) ) )
= Tn+tl (Pn+2’ Pn—H) o T4 (Pn+1’ Pn—H) 0 =4

2 1 p©
(()C _I)Pn Pn+]> (0)

n+1 n+1 n+l
(1) (0) (l) (1)
PR
(O) n+1 n
. 1 pb) Cn+1 Q)] (0) ) p
= Pn+1 (P Pn+1) a (1) (sz n+1 in,ru-l) (Pn s P )wm
i=1

©) n+l1
_ S () LO =
- xi,n+1 z n+l) — qn;

n i=1

(2=0pD. p®) = (PDRO) = (PO 0
o o)

~ (B, 2)

w

H pO
= (P, )wm:o, k<n—1,

PRO)
= DPn;

(02 - nE0. A)

0©®

Substituting them into (3.3) gives (3.9).
(i) Taking the inner product with respect to oD between P +)1 (x; ¢) and Pk( ) (x; ¢) with

k<n+1
0 (€] _ (.0 _n+1 p) _ ()] 1 —
(Pn—H’ Pn+1) o= ( 1 X" Pn+1) a = Pl (Pn+1’ Pn-H) a = Pntls
(0) 1 _(p©® 2 1 _
(Pn+1,P( >) = (Pn+1,(x — 1P, ))w@ = Gn,
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(] (1 _ (] 2 (1) _ (0) 0) _
(Pn—H’ Pn—l)w(l) = (Pn-H’ (x* = DPn—l)w(U) =Tn (Pn+1’ Pn+1>w<0> =Tn,
) (D () 2 (1)
(P P )ow = (P 2 = P )w(o) =0, k<n-2.
Similarly, substituting them into (3.3) gives (3.10).
(iii) If using (3.6) to eliminate Pn(S-)Z and Prflr)l in (3.9) and (3.10) respectively, then one
obtains

- -0 - 0 1 = a1z Ja
@2 = DR = puxc+ G P + 7 PO, PO = = (x =) PV — L5, P

0 n -1
’ ay "
with
1 1
5 T o' a _:
n — - - - n»
a3 o P

+1 n
. 1 0 S 0 1 1 5 G
qn = 157‘111 _br(ngl = z :xi(,n)+l - § :xi(,n) = br(z ) — Pn4n = qn;,
n i=1 i=l

)
~ ~ a 1 1
'n = Pn — Pna,(,o) = pa(l — Pﬁ) = (nl) <_rn + = a,(l_)]>
a,’, Pn

.

=

The proof is completed.

Proof of Theorem 3.3

Proof With the aid of definition and recurrence relation of the second kind modified Bessel
function in (2.18) and (2.19), one has

ia)“)(x;g) _ Ka(®) + Ko(©) — 2x K1) ( 1
ile 2K1(8) K1)
(G —¢ —x) 0 ).
Taking the partial derivative of both sides of identities

(2 — 1t exp(—;x))

© p®) _ B
(PnJrl’ Py )w@ =8+1k, k=0,...,n+1,

with respect to ¢ and using (3.8) gives

O (50 H© NG IEN()) I\ (p® p®
a ( n+1° Pn-H)w((g) =2 &Pn-ﬁ—l’ Pn+] © + (G({) - ) (Pn+1’ Pl‘l+1>w((g)
w

©) ©)
- (XPn-H’ Pn+l>wm

0 -1 ®
-2 (@P”“’ P, » + (G(;) — o an) —0,

I (p© pe I @ w 9
2 (p®  p! )) =(Zp® po +(p® . L po
le ( mERE w0 ag ") et ) o
“1y(p© pt 0 p®
+ (6@ -7 (P”“’ Py )>w<£> a (xp”( g P”Jfl)w(z)

=<iP(l) P“)> —a =0,
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(0 O < NG (0) ( @ (0)
= POY = (R +(PY,. = p
8{ ( n+1 k w® aé— n+1> "k ) n+1 ag k W ®
N (p® p® GENG)
+(G(§)_§ )(Pn+l’Pk )w@) - (xpk ’Pn+l>w(5)

a
(0) 0)
=\—P_,, P =0, k<n-—1.
<a§. n+1° "k >a)(£)

Thus one has

d 1
© 0 1 ©
( Pn+1’Pn+l> =75 (G@)_f _bn+l>’
o®

¢
(iP([) P(‘”) =al¥) (iP(Z) P“)) =0, k<n—1
3{ n+1° " n o® n > 8{ n+1> "k »® ’ —
apY
Because a";“ is a polynomial and its degree is not larger than n 41, using (3.3) gives (3.17).
The proof is completed. O
Proof of Theorem 3.4

Proof Similar to the proof of Theorem 3.3, one has

a
S0V 0 =200 ) = LoV 0),
ap® (1)
Because the degrees of polynomials dg#“ and (x% — 1)% + xP,fl) are not larger than n
and n + 1, respectively, and
. 0 1
Jm PO )PP (v oV (x: ) =0,
. 0 1 .o
tim PO )P (e )0V 0) = 0. Vi, j €N,

one can calculate the expansion coefficients in (3.3) as follows

3 L0 ) ©) | n+l a4y pa n+l
(an+1’ i w ((n e By )>w(1) - (P’S LBy ))a) i
w

dx Pn

D p0 p :/mi( 9P ) dx - (PY) o212 p0
ox n+1° " n—1 W 1 ax n+1" n—1 n+1-° ox n—1 W

0) (1) 0) 2 (1)
—(PDxp) | +e (PO =DRD) =en,

n+1-°
0 p) f+°° d (O p() (1 o 2 G
ZpO p = = (PP a)())dx— PO - 1)—P
(ax n+1 k o) I ax n+1%k n+1 ( )ax k )

© . p)
—(P xP| )

s +o (P02 =P =0 k=2,

) @©® =

and

0
2 _ 1) @D pO _( 1) n+1 p©O) )
1 P +xP ", P = +1 P
((x )ax " *on "H)w(t» o Jon ntl] o

~ 0 0 ~
=n+1)py (Prf—i-)l’ P,£_~_)1)w(0) = (n+ 1)pn,

W21 p i ph p© :/mi(})(l),)(mw(l))dx_ p 9 po
ox " L O 1 ox \ " "ax " ) o
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o (R RO = (B0 PO) = tmn
w® O

+
(=1 P<1>+xP<1> PO =/ i = (PP D)dx— (P 9 po
0o J1 0x "o b ) o

+¢ (PP P”) [ =0k=n—1.

The proof is completed. O

Proof of Theorem 3.6

Proof Substituting {xi((;) 4 l}"+1 into (3.14) gives

0 0 0
(@ = 1) PGS 0 = R PO o),
which implies that 7, # 0. In fact, if assuming 7, = 0, then the above identity and the
fact that (xl((i) +1)2 — 1 > 0 imply P(l)(xl(?l) 0 ; ¢) = 0, which contradicts with P( ) being a
polynomial of degree 7.

Using Theorem 3.5 gives
0 0 0 0
sign (P(l)(xl(n)+1 OPOCD {)) = sign (P(O)(xl(,,)+1 PO s f))

Thus there exists at least one zero of the polynomial P( ) in each subinterval ( (3[) e l.(_?_)l ot 1) .

The proof is completed. O

Proof of Corollary 1

Proof 1t is obvious that

) ) (D

S0, =l o= S0
Po="amy =% = o 7% T
n Cnt1 Cnt1

Using Theorems 3.1 and 3.6 gives

n+1

0) (€3] 0) (1) 0)
th ntl Zx Z( Xiflnl — xi,n) + X141 >0,

i=1
n+2
Z ©) Z M\ _ 5 15)>0
xl}’l+2 Xi = DPn n—H qn) = Y,

which imply ¢, > 0 and g, > 0.
Comparing the coefficients of the nth order terms at two sides of (3.14) gives

n+1 n+l
~ M, @ _ 0 ()
R DOD D TEIIED i (NN
i=1 j=i+1 i=1 j=i+1

n+1 n+1
(0) QY] 0)
(sz n+1 Z X, n) xi,n+l)

i=1 i=1
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n+1n+1 n+1

G V3D SRS 3) SENAED 3D e

i=1 j=i+1 i=1 j=i

71 0) (D ® 2
<Zx+] n+1 +1 n+l1 lﬂ)+('xl n+l) -

(0) My, 0 1)
+Z Z (xH—l n+1 _xi,n)(xj+],n+l _xj,n) ’

i=0 j=i+1

where xél,)l =0.
Combining it with Theorem 3.6 gives 7, > 0. The proof is completed. O

Proof of Corollary 3

.

Proof Taking partial derivative of P(e) (x; .3 ¢) with respect to ¢ and using Theorem 3.3

gives
(£) -
0x;, 8Pn(£) 0 P
i ™ — (x5 0) o X038

@) -1
oP,
_ © n (ON 0 (0,
=4, ( dx (‘xi,n’ é‘)> P l(xl n’ g)

Due to Theorem 3.5, one has

o opD) (O i _ o (9P
sign(P,~; (x; .3 8)) = (=D =sign W(xi’”; -
Combining them completes the proof. O
Proof of Lemma 1

Proof According to the definition of Q»,(x;¢) in (3.30), it is not difficult to know that
Q2,(x; ¢) is an even function and a polynomial of degree 2n.

If taking x in (3.30) as the zero of nH(x £),i.e.x _xt(rl)+l’l =1,...,n+ 1, then one
has
0 0 0 0
Q2 (x5 ) = Py (=i OB ()5 0).
Since

sign (PO (x4 0) = (D™ =1L,

using Theorem 3.6 gives
. 0 0 . 0 0
sign (020 (50,1 020 413 0) =sien (PO OPD G40 0) <0

fori = 1,...,n, which implies that there exists at least one zero of Q2,(x; ¢) in each

l((l)H, xfi)l wg1)s L = 1,...,n. Because Qan(x; ¢) is an even polynomial of

degree 2n, there exists exactly one zero of Q2,(x; ¢) in each subinterval (xl nls X +1 " +1)
i =1,...,n. The proof is completed.

subinterval (x

@ Springer



1338 Y. Kuang, H. Tang

Proof of Lemma 2

Proof According to the definition of Q2 (x; ¢) in (3.30), one has

©) (1
3 Qon Py | ) PO
oz (zin; §) = 82_ R ()( Zins §) + 3¢ lxezs, n+l( Zins §)
( (1)
P, 3 Pp ©)
P 2 0).
9 lx=—z, Y 1(2”1 )

Using Theorem 3.3 gives

002
QZ i ©) =0l (PO Gins O P (<21 ©) + PO (<21 O P @it O))
+a,(11,)1 (P(l)l(Zz ns ¢ )P(Jr]( Zi,ns )+ P( )1( Zins ;)PrH,](Zl ns ;))

+ (%(bfﬁ:l +bM) = (G(0) - ;—1)) 02 (Zin3 ¢)
=a® (P (i PO (=203 ©) + P (=210 O P i 0)
+ay (P it P (=21 )+ Py (=200 P in ©)
Substituting (3.14) and (3.15) into it gives

0
ann o

Gins ©) = == (@) = DA i P (213 ©)

~ 0
+Puzin P (<2 O PO in )

0)
2a
rn <P(O)1(Zlna )P( 1( ZIYL’;)_ Zln n+1( Z;n,g)P )(Zln,{)>
n

(1) (0)

(zin; §) an

= (l]l) imi ¢ (( n+Pn1)Zln (1)( Zlnv{)Pn(+1( Zin; §)
Py (=zins §) T

+(@2y = DR (=2 0+ Py (=203 0?)

PG o) o as M

N3 7

=2 s S O 2 T i + 80, 0T~ (c<”>2| [Gin+ 200 |,
) T Jjnt
Pn (_Zi,ns () n j=1 j=1

where
n+1 n

7 0 1
I = 1_[ (Zi,n +x](',r)z+l> — Zin l_[ (zl n +x( )> ,

j=1 j=1

n+l
> 0 1
bL=zin l_[ (Zi,n +xj(<’,),+1) — @, =D 1_[ (Zz n +x( )) :

j=1
Similarly, using Theorem 3.4 and (3.14)-(3.15) gives

(M
8Q2 Cp
i O) =05 (P2 Gins PV (=20 ©) = P, (=20 O PO @it )
Cn+1
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0)
_ C,
+ Gy = 07 5 (B O e )

P(O)( Zi,ns f)P+1(Z1n, ;))

(1)
@3 §) ay
=2 (1) L p (Zi,nPél)(_Zi,rﬁ{)z
(=zin:¢) Tn

(P + By P (—zins PO (—zins ©)
+(@2y = D i PO (=2ins %)

P" @i ©)

Py (2 ©)
a [ o 21_[”+1(Zl”+x]n+l)~

1
7 (Cn+l) 1 (C(l)) l_[(Z in +X( ))Il
i,n j=1

Using Theorem 3.6 gives
z,”+xj+)1n+l >z,,,+x]n, j=1,...,n,
Zi,n +x1,n+1 > Zin + 1> Zion > Zin — 1,
fori =1,...,n, which imply
il > 0, iz > 0.

Thus one has

n+1

0
H(Ztn+x§ r)H-l)]l H(Ztn+x(l))12

n+1
0 1
[1Gin+x 0= Gin—1D H(z, nt i)
j=1
n+1
0 1
[1Gin+x0) = Gin+ 1)]‘[<z,n +x) ] >0,

j=1

n+1

H(Zln +X/ n+1)]2 ((Zi,n) 1)“(11n+x(1))]1

n+l1
0 -
=Zi,n H(Zi,n +x;’,)l+1)11 l_I(Zl n +X ))12
j=1
n+1
0 1
+2]_[(z,n +x§,1+1)]_[(z,n +xh) > 0.

Using Corollaries 1 and 2, and the above results gives (3.31).
The proof is completed. O
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Proof of Lemma 3

Proof Taking partial derivative of Q2,(z; ,; ¢) with respect to ¢ gives
aZi,n _ <8Q2n

1 (90m .
Ji=1,...,n.
ac ox lx=z, 0 lx=zi,

Using Lemma 2 completes the proof. O

Proof of Theorem 3.7

Proof Obviously, both vectors u; , and v; ,, defined in (3.35) are not zero at the same time,
i = %1, ..., £n. The nonzero eigenvalues and eigenvectors of the matrix pair AY and A} in
(3.32) and (3.34) can be obtained with the aid of (3.28)-(3.29) and Lemma 1. Using Lemma
3 further gives (3.33).

In the following, let us discuss the eigenvector yo ,. Multiplying (3.12) by P(O)] (=x;0)
gives

@2 =PV O PO (—x: )

=3 PO P (—x: 0) + 1 PY

n+1 1 (X3 g‘)Prf(j-)l( x5 0)e,. 9.1

Transforming (9.1) by x to —x and then subtracting it from (9.1) and letting x = 1 gives as
follows

0=1J1 (P (1 0P (=1:0) = PO L O P (1:0)) = Tumiuo,

which is a special case of (3.21) with A =0.
The proof is completed. O

Appendix 3: Proofs in Section 4
Proof of Lemma 4

Proof (i) Due to the definition of E and py), it is obvious that each component of P oo [u, 6]

o ©)
(resp. Plu, 1) belongs to HEw01 (resp. H HEL 9])

©
(ii) The mathematical induction is used to prove that any element in the space H®-#1 (resp.
@

H,; #1491 can be expressed as a linear combination of vectors in P oo [ut, ] (resp. P a1, 61)
For M =1, it is clear to have the linear combination

ag[(g?e] (2§>< + UYE )g(O) . 28 (~W")"'U'"pyyy + UYE )g%
(CI) (c(l)) Iyi- apo(l)[u 0] + (C(U)) IU“P(O)[M 0]

+ e U PO L 01,

where the decomposition of the particle velocity vector (2.9) has been used.

Assume that the linear combination
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M M—1
0 _ N Ml 5O 1L N Al 5 (1
pHiph2 ._pMMg[(u?e] :E :Clu(l) HMPi( )u, 0] + Z Czﬂi MMPi( u, 6],
i=0 i=0

o . . Mlyeees KM Kl M
ni=0,1,i e N,i <M, Cio 2 Cig e R,

hf)ldg. One has to show that p#t pH2 . pHy+ g[(g?g] can be expressed as a linear com-
bination of components of P 4 1[u, 6]. Because

0

pliph2 pMMHg[(u?G]

M M—1

..... 50 et p(1

_ ( Cll_j«o nm Pl( )[u’ 9] + Z cf'bi 12374 Pl( )[u’ 9])

i=0 i=0
x (—(UTTUT R pgy 4 URMHE)

" M—1
- Zcﬁo """ Hm U“M“EPl-(O)[u, 01— ey g (2 — I)Pi(l)(E? ¢)

i=0 i=0
u M—1
ey — - - Fyp e N oKl pl
=Y eyt Ot e POE O pay + Y eyt PO, g1,

i=0 i=0

one has
0
pliphe pMM+1g[(M?9]
M
=ty (o B0, 01+ 5 BOLu, 01 + 0" P 1, 01)
i=0

M—1
..... — (0 (0 5 (0
= gt (o B, 01+ g B, 01+ i B 01)
=0

i

M
DT M YA (ri—lf’,-(i)z[u, 01+ qi—1 P [u, 01+ pi PV [u, 9])
i=0
M—1
..... 1) (1 1) 5(1 1) 51
+ > eyt (o B w01+ 0" B (. 01+ af” B [, 01)
i=0
M+1 M
— Z c{fl ----- MM“PZ.(O)[u,Q] + chﬂi ----- MMHP['(I)[M’ 01,
i=0 i=0

by using the three-term recurrence relations (3.6), (3.9), and (3.10) for the orthogonal
polynomials {P” (x; ¢), £ = 0, 1}.
(iii) Using (3.1) gives

p (0) p(0) © p®
(PO, 01, PO, 0) 0 = (P, )

[u,0]

=58, £=0,1. (10.1)

©

Because of (2.9), one has

dp _ —14+uWE)" pyy __dpy
PO & —upqy + UE UOE’

E= \/((UO)‘1P<1>)2 +1.
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Thus it holds

(B[ 601, P, ) 00 = / g PO E ) PO (E W) p
R

[u.0]

=—/ gl P E: PP E; W p

Combining (i) and (ii) with (iii) completes the proof.

Proof of Lemma 5

Proof Fors =t and x, it is clear to have

IE _ u Lo, 8((U0)_1p(1>)_8l I .
s as(l u?) ds T as1—u?

Using the above identities and (4.1) gives

(0)

981461 30 > ou__ 1 0y~ ©
s ‘(54 (66) = ¢! = )+ i U ””)gW’]'

The derivation rule of compound function gives

- (0)
0P\ [u.01 P\ OE 2O L3P 90 (@ 4 p 28

9 9E 9s w1 T Tor oy 8l + ds
5(1) M p
oP,"y[u,01 9P, OE Uy~ (0) 9P, 00 U0y~ (0)
= — WU 'puyg 1= ¢ —WUH 'puyg
ds AE ds ar  ds (.01
_ 0)
(W ' py) 8g
1) m) o 1) (770y—1 Zo1u.61
+ P, 3s 8oy T P (UD) ™ pa o5

Combining them and using Theorems 3.1-3.4 complete the proof. O

Proof of Lemma 6
Proof Using the three-term recurrence relations (3.7), (3.11), and (3.12) gives

EPulu, 01 =AY Pylu, 01+ al) P [u, 01e3,,,, +aly | Py [u. 013,
WO pyPur = AL Pulu, 01+ pu Py [u, 016341 +ra Prys [, 01edy, 1,

where eg M1 18 the (M + T)th column of the identity matrix of order (2M + 1). Thus one
has

EPylu, 01 =PyAY ®L) T Pylu, 01+al) Py [u, 0eby 1 +ayy) Py lu, 0163y,
U pyPu = PhLAL @I Plu, 01+ py Py, 01e3y, 1 +ru Py [, 01€35,

Combining them with (2.9) completes the proof. O
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Proof of Lemma 7

Proof 1t is obvious that ITys[u, 6] is a linear bounded operator and [Ty [u, 0] f € Hi,[(;’)m for
all f € Hgl('?»)ﬁl.
Forall f € Hij}?‘)m, besides (4.7), by using Lemma 4 one has
M M—1
£= "R .01+ 7P .01,
i=0 j=0

Taking respectively the inner product with 2”'[u, ] and P{"[u, ] from both sides of the
last equation gives

5 (0 . (1 .
10 =(f, PO, 0,0 i <M, =1 P]f Nu, Ol yo o j<M—1.

Comparing them with the coefficients in (4.9) shows that f’ = f?, fjl =f /.1,
i=0,....,M,j=1,..., M — 1. The proof is completed. ' O

Appendix 4: Proofs in Section 5
Proof of Lemma 8

Proof 1t is obvious that for M = 1, the matrix Dy, is invertible because
det(Dy) = p{zc(()l)(c(()o)cio)(l —u?)~!' > 0.For M > 2, according to the form of Dy,
in Sect. 4.2, one has

det(Dy) = det(Dy) = 3¢5 c{" () + 3D (PG (@) + Mp(ef”cy” (1 — u?) ™.
Using IT > —p0 gives
det@yy) > 3c el (x{) + x5 (G (@) — ¢Vl (1 —uP)T! > 0.
The proof is completed. O

Proof of Theorem 5.1

Proof Consider the following generalized eigenvalue problem (2nd sense): Find a vector
r that obeys )»B(/)Wr = B}Wr or AM?VIDMr = M;,Dyr. Thanks to (4.5), this eigenvalue
problem is equivalent to

O — A, PYHTDyr = (e — DA}, PY) Dy
Because Theorem 3.7 tells us that )AL,-,M and y; p satisfy
Ao A i = Alyim, Piml <1,

the scalar A; » in (5.1) and vector r; » in (5.2) solve the above generalized eigenvalue
problem,
and satisfy

1—u
|)\.in|<7:1.
1 —u
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The proof is completed. O

Proof of Lemma 9

Proof Because U OMﬁw -U le‘W = PpMA(z)w (PZ’:,I)T and the permutation matrix PpM in (4.6)
satisfies P’A’,[ (PZPW)T = (PPM)TPZ/I = I, two matrices UOMﬁu — UlM’j,l and A(I)W are similar and
thus have the same eigenvalues. The definition of A(/)w in (3.20) tells us that the eigenvalues
of A?M are the zeros of PI{/?EH (x;¢) and PIE,IU (x; ¢) which are larger than one [43, Theorem
3.4], so the matrix U OMﬂw - U lM“fw is positive definite.

Theorem 3.7 implies

p (A5 T2ALAS)T) = p (A5 7'A)) <1,

where p(-) is the spectral radius of the matrix. Then [I — ((UOAS)W)_% UIA}VI(UOA%I)_%)

is positive definite, so the matrix M, is positive definite. m}

Proof of Theorem 5.2

Proof Lemmas 8 and 9 show that the matrix BY = M?VID wm 1s invertible, and Theorem 5.1
implies that By, is diagonalizable with real eigenvalues and the spectral radius of By is less
than one. The proof is completed. O

Proof of Theorem 5.3

Proof Because

N T
1 A oAi.m
Vwyhim = ———— (o, 1—37y, —(1—u?) ale ,0...,0) :
1 —urim
andr; y = DVPZI ()7, (vi,M)T)T,i = —M, ..., M,one has
1 . N i N
YWy kim - Yim = —————> ((1 - )»,'Z,M) doPIE) — (1 - u2)8‘0d3P§rlM> ,
<1 —u)\[,M)

(11.1)

T
where f‘lM = ((uﬂ,,)r, (VEZK,I)T> , “?312/1 and vﬁi,, denote two vectors formed by first three
and two components of u; js and v; ys respectively, and d and d3 are the second and third
row of Dy h specifically

G(&)(1 —u?)
- 2 (0,0,G(),0,V/-G()>+3¢"'G +1),
GO IO (0.0.6).0.V=G©)? +3¢1G@) +1)

1 (O VGO =20 1(G ()22 =3G ()t —¢2+1)

T pt(GOPE3G -2+ \ VG(©)22-3G({)¢—¢2+2

ds
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(G = DA'GE) V262 =76 —2G()5> +6G () +¢

VTpG@)+1) JGO%2 =36 — 242
(G©) = ¢ HY=G@O) +3¢71G(¢) + 1
pG() + 1 '

The identity (11.1) always holds, because )ALO,M = 0andug, » and v,y are givenin (3.36).
The proof is completed. O

Explanation of Remark 11

In fact, in order to judge by numerical experiments whether the sign of Vw,, A; p - ri m
is constant or not, (11.1) should be reformed. For i = +1,+2,...,£M, Theorem 3.7
and (11.1) give
Vwy Aim - Tim Ziz,M -1 —¢ 9zi, M 1

—(1 —u?) PG+ 1T 3¢ p(G(6)*¢? =3G)s —¢*+ 1)

(G = Di'yJzy ~ 1)) ROV
m (—Zim;

X (G(C)C —1—=¢zim—

pG()+ 11
Zi2,M -1 i 0zim 1
pG()+T1 3 p(G*2 -3GO =2+ 1)

pG()+ 10

(G@)¢ = Dii'yJz}y ~ 1)) O
M Zi,M5 .

X (G(C)C —1+¢zim+

Only a simple case is discussed in the following. As shown in Remark 2, at the local ther-
modynamic equilibrium, IT = 0 and n* = 0, thus one has

YWy ki M i _ 2y =1 IR GO —1—Cziy RPN
~(1—u?) pG(©) 00 PG -3GO —g2+ 1)) M
2
iy — 1 0zim G —1+¢zim 1
1 +i, : Py zi,mi ©)-
< pG(&) ¢ ¢ /O(G({)2§'2 —3G(¢)¢ — 4_2 T 1)> M (zi,m: %)

Using the term
p(G()*¢* =3G(K) — ¢+ 1)
@2y = DG@)E = DPy (—zim: 0)

to normalize the above identity and noting that

sign(G(0)*¢% —3G(0)¢ — ¢ + 1) = —sign(x{ x32) <0,
gives
sign (Vw,, im - tiom) = (=DM sign (8(zi 3 0))
where g(z;, pm; ¢) is defined by

G2 3G — 2+ 1 ( P Gims ©) )
G (G)E—1) P (—zim: 0)

8zim:¢) =
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0.15 - T T T T T T r r 0.2

0.1

0.05

Zias Q)
9(zi7,Q)

= -0.05

-0.1H

-0.15¢

0.2 . . . . . . . . . 14

Fig. 6 Plots of g(z1 p; ¢) in terms of ¢ for M = 4 (left) and 7 (right)

B ¢ (1 _ P[S)(Zi,M; ¢) ) 0zi M
(zi,m)? —1 P (—zimi0)) ¢
" zim (1 P/E/})(ZI,M§ 9] ) 0zi M
(Gim)?=1) (Gt -1 PP (—zim;0)) ¢

>1

’ —_ L

and &(z; m; ¢) i= 8(z—im; ¢) fori < —1. Itis relatively easy to judge by numerical exper-
iments whether the sign of g(z; a; ¢) is constant or not. Figure 6 shows plots of g(z;.4; ¢)
and g(z1,7; ¢) in terms of ¢. Similar to the special case of M = 4 and 7, our observation in
numerical experiments is that the sign of g(z1,a; ¢) is not constant when M > 4 so that both
A1,m and A_j p characteristic fields are neither linearly degenerate nor genuinely nonlinear
when M > 4. Such phenomenon is still not found in the case of M < 3.

Proof of Theorem 5.4

Proof Because the matrix Dy, in (4.14) at Wy, = W;S) can be reformed as follows

Di; D, O
Dy=| O D, O
O O Ly

and its inverse is given by

-1 -1 -1
(D3%s) " —(D3ls) D35, (D3,) O

Dy =| o (032,)~" o |
o o Dy—4
as well as
on2, ©
D, =|op2, o
M= 2%2 ,
O O Ly
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~ W .
the product of D, and D;,,l is of the form

22\~
o 035 D33, (D3;) " Osxiam—s
DD, = (%) I O2xom—4) | »
Oom-4x3  Oem—4x2 Dy—a
where D;lx_g is the 3 x 3 subblock of D5 in the upper left corner, D_%zxz denotes the 3 x 2
subblock of D5 in the upper right corner, and D%zxz is 2 x 2 subblock of D5 in the bottom right

. . . ~W___ 1. .. .
corner. It is obvious that each eigenvalue of —D,,D Ml is non-positive, so does the matrix

Qy = _% (UM, — UIM;@)% Dy, D, (UM}, — U'M},) "2 .

The matrix UM/, — UM}, can be written as follows

M11 Miz 2 O320m-4
12 T 22 23
(M3><2) M2><2 M2><(2M —4) s

O2m-4.3 (M2><(2M 4)) M(ZM —4)x(2M—4)
where M1! ; is the 3 x 3 subblock of PYAS(P))7 in the upper left corner, M12 , denotes
the 3 x 2 subblock of Pg A(z) (Pé7 )T in the upper right corner, and M%iz is 2 x 2 subblock of

Pp AO (Pp )T in the bottom right corner, the rest subblocks form the 2M — 2) x 2M —2)
bottom right corner of PYAY, (P,)7. Thus one has

_] —1 -1
(M3><2)TD3x2 (D2><2) - <D3><2 (D2><2) ) M3x3 <D3><2 (D2x2) ) ’

which is symmetric because M1! ;D12 (Dgzxz) + M2, = 03,0. .
On the other hand, because the first three components of S(W /) are zero, all elements in
the first three rows and the first three columns of the matrix

1 ~ W
Qu = - (UM, — U'M3,) DD},
are zero, and the matrix Qj; is of form

033 03, 03204
22 23
Qu=—[ 023 M%sxz + MDT 31;/[2x(2M—4)
O2m-43 (M2><(2M—4)) M(ZM—4)><(2M—4)
Hence the matrix Qy is symmetric. It is obvious that Qy is congruent with Q,, so it is
negative semi-definite.

Because both matrices Dy; and Mﬁw are invertible, and M’M is positive definite, (5.4) is
equivalent to

det( ol — ikMy — QM) (11.2)

where

A ks

Qur = (M) 7 Qur (M) 2,

and

=

_1
My = (Mj,) * M}, (M)
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It is obvious that the matrix Q wu 18 congruent with Qs and negative semi-definite, and M,
is symmetric. Using Lemmas 1 and 2 in [15] completes the proof. O

Proof of Lemma 10
Proof (i) Under the given Lorentz boost (x direction)

=y — ), ¥ =y — o0, y() = (1- )72,
where v is the relative velocity between frames in the x-direction, one has
P =y’ —p'v, Y =r@p'-p),

U =y’ -U'), UY =y@@'-U%).
Thus one further obtains
E'=WYpY - Wy =vp"-U'p' = E,

and

(P<1>>/ =My pO —phy @O TtpM = py  py

g oSy U —U% Ul —ud% Uuo’
(dp>’ _d(p"y  dp®—dp'v  (pO'pldp' —dp'v  dp
p° " p'=pov p' = pov p°

Combining them with (4.9) gives that each component of £, is Lorentz invariant, so that
the last (2M — 4) components of W, are also Lorentz invariant.

From (2.17) and (2.20), it is not difficult to prove that p and 6 are Lorentz invariant. On
the other hand, because

S [PV dp
r U0 p”

the quantity 7' is Lorentz invariant. Moreover, one has

du ' dW"Y dU°—aUv  @°'U'dU'—dUw dU'  du
1—u?) (@Y — U'-U% Ul —U% CUY =

Using the above results completes the proof of the first part.
(i) Because A?M and A}V[ only depend on 0, they are Lorentz invariant.
The source term S(Wj,) in (4.21) can be rewritten into

I
S(War) = ——PlAf, ()" (- £57).

which has been expressed in terms of the Lorentz covariant quantities. In fact, the general
source term S(Wj,) in the moment system (4.20) is also Lorentz invariant. The proof
is completed.

]

Proof of Theorem 5.5

Proof From the 3rd step in Sec. 4.2 and Lemma 10, one knows that Dy =Dy (Dj‘w)_1 can
be expressed in terms of the Lorentz covariant quantities, so it is Lorentz invariant. Because
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M) = —y @)U = UPYAL @I +y@)U° — U'v)PhAS, @),
M) = —y)(U° — U'v)PL AL @) +y @)U — U )PP AS, D)7,

and

) —. I B A Y i

o) 7O\ T e ) YW G T )
one has

/ Ao, u', 0, 1,7t £, .l DT
<D‘/{48‘;V[M> =diag {1, (W), 1., l]y(v)( P azf3 R

+ v

B(p,u/,G,H,ﬁl,fé) ..... fAl,I_l)T
dax

}y(v) (a(p,(Ul)’,O,l'I,ﬁl,f30 ..... T

T 0y—1y/
_dlag{l,((U) Y11 oy

ap, U 0.l £, fjb_l)T)
v
ax

Wy Wy
My(v)( o 1 VTox )

where the last equal sign is derived by following the proof of Lemma 10. Similarly, one has

oWy
ot

oW W
D”MT) —D’,‘V,y(v)< Moy M).

Thus it holds
AW s AW\’
B B, — %
(M ar oM oy )

AW\ W
= M) (DMTM) + (M) <DMTM)

= (~WYPLAL®I)T + W) PLAY(PIT) D ( (v)< WM+U8?;M)>

+( WO'PL AL @ + (U'YPE AL, P ) (y(v)< W Ly 8WM>>

ot
AWy
ot
W
+( U°PE AL (PP)T 4+ U'PE AY, () )DMTM
X
W W
0 dWum | oy Wy
— B}, = + B}, — .

( U'wPl AL (PP)T + UOPL AY, (P) )

Combining it with Lemma 10 completes the proof. O
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Appendix 5: Proofs in Section 6
Proof of Lemma 11

Proof Using Lemmas 4 and 7 gives

(0) ZfOP(O)[u 0] + Z f P(l)[u 0],

My [, 01f = Zfop“”[u o1+ Z £V PV, 61,

i=0

where

1= w00 o, = (Fefary B0 o0 i< M.

[u,0]
=B e o0 F = Feey B 0 <M -1,
Therefore one has

(f iy Tulu, 01f) 0 = (ff, Tylu, 611)

M—1
= Zfio(ff, PO, 01 s+ Y P T, 01)

i—0 j=0

R U Z Fi{F st Pl 00 g0

f°+Zf f
j=0

E

—1
U A TR R DR/ s LR
' J

RiSE Lr"ﬁa =

I
=}
Il
=}

0
=, oo, = F -
The proof is completed. O

Proof of Lemma 12

Proof Using Lemma 7 gives

M M—1
Mylur, 011f = Y POl 001+ Y £ PV lur, 011,

i=0 j=0

M M—1
My lwr, 01Ty [u2, 021 =y fOP P Tur, 01+ Y f] PVl 011,
i=0 Jj=0

£ =P 0,0 = PO, a) f) i = M,

[uy.011
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fl=1f ’3;1)[”“9”4{3149” = (f, PV (ur, 0OWo)y ' poy g j < M — 1,
72 = (Muluz, 61 £, PV [ur, 6 = (Mylus, 611, P <M
fii = (Mpluz, 211, P; " [ur, 1])g[(0)9]—( mluz, 1 f, P (i, ) fp i < M,
1,91

[} = (Myluz, 621, P [141,91]) 0)

[ul,éll

= (Myluz, 021f, P (i, 0OWo);  py £l j < M = 1.

Because both Pl.(o) (u1,¢1)f and Pj(l)(u], ;1)(U0)1_1p<1>f belong to the space HL, using
Lemma 11 completes the proof. O

Proof of Theorem 6.1

Proof Because Eq. (6.3) is equivalent to
(1 + % (M%) (UM, — UM, (I le:: )) £ = £y
it is unconditionally stable if and only if the modulus of each eigenvalue of the matrix
1+ 20 o) (oM, — M) (I = le::*> :
T

is not less than one. It is true if the real part of each eigenvalue of the matrix

(0)x _
(M%)~ (UMY, — UM (I _ D,fM ) = (M%) Mp, (12.1)

is non-negative.

In fact, thanks to (6.4), the characteristic polynomial of the upper triangular matrix I —
)=

D/, is explicitly given by
(0)* *
0 = det (u- <1—DfM >) :det((k— DI+D/,, ) — AL — )M,

Vil . . .
and M, is a symmetric matrix and congruent with

1

1 ) _1
(i, = ) (1=, ) (00w, - viwzg)

O -
which is similar to the matrix I — D;f"M . Thus the matrix MZ is positive semi-definite

-1 _
and each eigenvalue of the matrix (Mﬁ*M) M*D is non-negative because of the relation

-1 _1 1 _1 1
(Mﬁ’*M) Mj) = (Mf*M) ’ ( (Mf*M) ’ M*D (Mf*M) : ) (Mf*M) °. The proof is com-
pleted. O
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