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Abstract A dynamical version of the Widom—Rowlinson model in the continuum is consid-
ered. The dynamics is modelled by a spatial two-component birth-and-death Glauber process
where particles, in addition, are allowed to change their type with density dependent rates. An
evolution of states is constructed in terms of correlation function evolution in a certain Ruelle
space. It is shown that such evolution provides the unique weak solution to the associated
Fokker—Planck equation. Existence of a unique invariant measure and ergodicity with expo-
nential rate is established. Vlasov scaling is performed and the chaos preservation property
is shown.

Keywords Widom—Rowlinson model - Mutations - Fokker—Planck equation - Ergodicity -
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1 Introduction

The study of critical behaviour of complex systems and related invariant states is one of
the central problems for statistical and mathematical physics. Particular classes of complex
systems can be modelled either as lattice or as continuous models. The Ising model is probably
one of the most famous examples on the lattice, where each particle is allowed to have only
two possible states, the so-called spins =£. Its generalization to particles with any fixed number
of spins is known as the Potts model. It was introduced in [29] and has been intensively studied
on various lattices, see, e.g., [4,34] and the review paper [18]. In contrast to lattice models,
much less is known for their continuous counterparts, i.e., for continuous interacting particle
systems. Below we consider the case of interacting particle systems in the continuum.

We suppose that all particles are located in R?, are identical by properties and, indis-
tinguishable. A particle at position x € R? is assumed to have two different spins &. The
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extension to dynamics with N distinct spins is then a straightforward modification of the
results presented here. The phase space for the dynamics is chosen as the configuration space
' =r+ x I, where

r+ = {7/i C RY| |y® N A] < oofor all compacts A C Rd},

is the configuration space of all locally finite subsets of RY. Here, | A| stands for the number
of elements in the set A  R¥. For simplicity of notation we write y = (y*, y~) € I'?
and let y*\x and y* U x stand for y*\{x} and y* U {x}, respectively. The one-component
configuration space I'* is a Polish space w.r.t. the smallest topology such that all mappings
rtsyt— > reyt f(x) are continuous, where f: R?Y — Ris any continuous function

having compact support (see [23]). Hence I” 2 equipped with the product topology is a Polish
space. Measurable functions F: I'> — R are called observables and probability measures
won I'? are called states.

Interactions between particles of different (or the same type) are assumed to be given by a
symmetric pair potential ¢: R? — R satisfying the usual conditions such as stability, lower
regularity and, integrability. Associated to a particle at position x € R is the relative energy

N Y -y, X o -yl < oe,
Ey(x, y™) = {yafi yer*
00, otherwise,

w.r.t. the configuration y*.

In this work we consider birth-and-death Markov dynamics with Markov (pre-)generator
L = Ly + V. The first operator describes two-interacting Glauber-type dynamics, whereas
the second one describes mutations of particles. We assume that L is for a suitable class of
observables F: I'’> — R given by

(LoF)() =Y (F(r"\«. vy )= F)+ > (F(y*. v \x) = F())

XE)/+ Xey—

+z+/e*Ew()"V*)e*EW(Wﬂ (F(y*Ux, y7) = F(y))dx
]Rd

+z_/e*E¢+("’V+)e*EW(X”/7) (F(y* vy Ux) = F(y))dx.
]Rd

Here, z= > 0 are the activities of & particles and ¢i, wi are symmetric, non-negative and
satisfy some reasonable integrability condition (see Sect. 3). The pair potentials ¢* describe
the interaction of a new particle x € R? added to the configuration y ¥ with particles of
different type, i.e., Eg+ (x, y¥) is the relative energy of the configuration y* w.r.t. x € R,
Likewise, ¥+ describe the interaction of a particle x € R added to y* and interacting
with particles of the same type, i.e., Ey+(x, y¥) is the relative energy of x w.r.t. y*. Such
interactions imply that the birth rate for a particle at position x € R¢ is small, provided there
are many particles of types =+ close to x.

Birth-and-death models have also various applications in biology, in particular in the
modelling of tumour evolution (see, e.g., [8]). In such a case particles are considered as tumour
cells and it is natural to admit cells to change their type. Such events are called mutations,
they are modelled by the elementary Markov events (y ™, y~) —> (y™\x, ¥y~ U x) and
(y*, y7) — (y T Ux, y~\x). In this work we consider mutations with Markov generator
given by the heuristic formula
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(VE)y)=q" Y e Ber e\ E v (F (yF\x, = Ux) = F(y))

xeyt

+qm Y e Fe W B (F (y P U, y T \x) = F())

xey~

The constants g& > 0 are the so-called mutation activities and play a similar role as the usual
activities z*. The pair potentials k= > 0 take the interactions with particles of same type
into account, whereas t take the interactions with particles of different type into account.

In this work we construct an non-equilibrium evolution of states and study its time-
behaviour as # — 0o. An evolution of states corresponding to L is, by definition, a family
of states (u;);>0 which satisfies the Fokker—Planck equation

d
E/F(V)d/it(y) =/(LF)(J/)dm(y), Meli=0 = o, t =0, (1)
r? r?

for a suitable large class of observables F. It is worth to mention that, without additional
assumptions, (L F)(y) makes no sense for any y € 2. A rigorous meaning for L F' and the
definition of solutions to (1) will be given in Sect. 3. At this point we have to restrict the
class of admissible states w. Namely, we consider an evolution of states (u;);>0 for which
there exists an associated sequence of correlation functions k,, = (kl(g’m) mom=o satisfying
a certain (space-inhomogeneous) Ruelle bound (see Sect. 2). Such bound is used to define
a certain Banach space of correlation functions with some norm || - ||x,. We realize the
following scheme

(a) For each initial state po there exists a unique solution (i;);>0 to (1). Moreover, such
solution is constructed in the class of states for which the associated sequence of corre-
lation functions exists and satisfies a certain (space-inhomogeneous) Ruelle bound. As
a consequence of the construction, it will be shown that the corresponding evolution of
correlation functions t —> k,, is continuous w.r.t. || - ||,

(b) There exists a unique invariant measure (i, With correlation function kj,, which is
associated with the evolution of states. Moreover, the evolution of states is ergodic with
exponential rate, i.e., there exist constants a, b > 0 such that

lk — i, = ae™ kg — kil - 120,

(c) Using the notion of Vlasov scaling (see [9]), we derive the kinetic equation for the
approximate density of the particle system. We show convergence of the scaled evolu-
tion to solutions corresponding to a certain (limiting) hierarchical system of equations.
Solutions to the latter system of equations satisfy the chaos preservation property.

Let us briefly comment on the results. Many results known for continuous systems are related
with the analysis of equilibrium states which are the so-called Gibbs-type measures (see, €.g.,
[5,20] and the references therein). The analysis of non-equilibrium evolution of states is a
non-trivial problem on its own which has to be realized for each model separately.

In the first step we use a (two-component) modification of the techniques developed in
[10] to provide an evolution of correlation functions. Since this construction is already well
known (see [24]) and has been realized for several models, we keep all computations and
arguments short and simply point out the main differences for this model. It is worth to
mention that in contrast to the latter works (see also [10,11]) we do not suppose that the
correlation functions are bounded w.r.t. the spatial variables. In the second step we show that
the evolution of correlation functions is, in fact, associated to an evolution of states which

@ Springer



320 M. Friesen

provides a solution to the Fokker—Planck equation (1). Known techniques for the construction
of an evolution of states are related with some kind of approximation by finite volumes (see,
e.g., [3,12,21]). In our approach we use an approximation by finite systems (the number
of particles remains finite at any moment of time) simultaneously with an approximation
of the operator L. Solutions to such approximation enjoy the additional property that the
corresponding correlation functions are integrable. Hence we can identify them with an
evolution of densities on the space of finite configurations. Details concerning the evolution
of densities for Markov evolutions on the space of finite configurations can be found in [16].
The ergodicity statement is known for the Sourgailis model (see [7]) and for the so-called
G~ -dynamics (see [25]). We extend and improve the techniques from the latter work for
this particular model. The Vlasov scaling is, on the formal level, easy to derive (see [9] for
one-component models and [8] for two-component models). It is, however, an important task
to show that such formal convergence of equations implies convergence of solutions to these
equations.

This work is organized as follows. Preliminaries and notations are introduced in Sect. 2.
Section 3 is devoted to the construction of an evolution of states and correlation function
evolution. Ergodicity is proved in Sect. 4, whereas Vlasov scaling is studied in Sect. 5. Two
particular models which are included in the general form of the Markov operator L are
considered in the last section.

2 Preliminaries
2.1 Space of Finite Configurations

Let Iy = {n C Rd”r)l < oo} be the space of all finite configurations over R. It has the
natural decomposition 1) = |_|2°:0 FO(”), where 1"0(0) = {¢J} and 1"0(") ={nC ]Rd||r;| = n}.

Let (R4)" be the collection of all ordered (x, . . ., x,) € (RY)" such that x j # xi whenever
Jj # k. Then,
Symn:(Rd)n_)FO(n)v (-x]7~"sxl‘l)'_){xlv"'vxn}v nzlv

is a bijection. A set O C I is said to be open, if sym; 1 (0) C (R9)" is open for any n € N.
The latter space is endowed with the subspace topology. In the case n = 0 we require {#J} to
be open. This defines a topology on Ip.

Let m®" be the Lebesgue measure on (R?)". Then m®"((RY)"\(R4)") = 0. The
Lebesgue—Poisson measure A on I is defined by

oo l
— (n)
A =38y + Eln!m )
n=

1

where m™ = m®" o sym,, ' is a measure on I 0(”), n > 1. We will need the following

well-known identity.

Lemmal Let G: Iy x [y x Iy —> R be measurable. Then

[ o e wan = [ [ 6 n nuomesa. @)

Iy §Cn Iy Iy

whenever one side of the equality is finite for |G|.
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For convenience of the reader, a proof is given in the Appendix.
The Lebesgue exponential is for a measurable function f:RY — R defined by
e (f;n) = err; f(x) and satisfies, provided f € LY(RY),

f e (f5 MdAGn) = exp((f)),

I

where (f) = f]Rd f(x)dx denotes the mean of f. Below we give a brief extension to the
two-component case.

Let F02 = F0+ x Iy, where I Oi are two identical copies of Iy. It is equipped with
the product topology. For simplicity of notation, we extend all set-operations component-
wise. Namely, n U &, n\&, & C n stand for (pt U £, n~ UET), (n"\&F, n7\&7) and,
£t cnt, & Ccn, wheren, £ € T, 02. The two-component Lebesgue—Poisson measure
AT ® A7 satisfies

e ({(rf. n7) e I N~ £ 0}) =0,

see [14]. Since no confusion can arise we use the notation A instead of AT ® A~. Thus, for
any measurable function G

/ G(mdn(n) = / / G (. ) dat () dam (7).
g ry ry

provided one side is finite for |G|. A function G: F02 — R is said to have bounded support
if there exists N € N and a compact A C R¥ such that

G(n) =0, whenever nN A %@ or |n| > N.

Here, we let 5] := ™|+ [~ and n N A€ := (n" N A°, n~ N A°). Denote by By, () the
space of all bounded functions having bounded support.

2.2 Harmonic Analysis on Configuration Spaces

Let X be a locally compact Hausdorff space and
I'(X) ={y C X|ly N A| < oofor all compacts A C X}.

General results concerning harmonic analysis on I"(X) and I (X) (defined analogously with
R replaced by X) can be found in [22]. Here we consider the two-component case which
corresponds to X = R? x {0, 1}, where (x, 0) is identified with a particle of type + and
(x, 1) with a particle of type —. Recall that I'> = 't x ', where

r+= {yi C RY|y* N A| < oofor any compact A C Rd}.
Then
r’—r (Rd x {0, 1}), vty ) —{x olxeyTlu{x Dixey ), 3

is a bijection. Hence any function F: I'(R? x {0, 1}) —> R can be identified with a function
F:r? — R Similarly, any function G: Ip(R? x {0, 1}) —> R can be identified with a
function G: F02 — RR. Most of the results given below are due to [22] obtained by above
identification.
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The Poisson measure 7 .+ on I'*t, where o™ € R, is the unique probability measure on
I'* such that its Laplace tran@form satisfies

> f@ .
/ eer® dr o+ (yi) =exp| e / (ef(x) — 1) dx |,

r+ R4

for any continuous function f on R? having compact support. The two-component Poisson
measure is defined by m.e = Tyt @ Ty - A state ; on I” 2 is said to have finite local

moments, if for all compacts A C R4
/ |)/+ N A|" |y7 N A|” du(y) < oo, VneN.
r2

Given two compacts AT, A~ c R?, consider the projection

pa+ a1 — F,%Jr a- Para-(yHoyT)=(TnAat, yTnAT),

where FA+ 4 =1{re 1"2|)/lL C AT}, A state  is said to be locally absolutely continuous
w.r.t. the Poisson measure, if 44" = po Pyt 4 is absolutely continuous W.r.t. e o

p;\}r A forsome & = (¢, @7) € R and all compacts A*, A~ C R4, It can be shown

that this definition is independent of the particular choice of «*. Denote by P the space of
all states which have finite local moments and are locally absolutely continuous w.r.t. the
Poisson measure. For any p € P it holds that

p({G v ert<rolytays =0} =1,

i.e., events where particles of different types are located at the same position are negligible
(see [14]).
Given G € By ([ 02), the K -transform is defined by

(KG)(y) =Y G, yel? )
ney

where € means that the sum runs over all finite subsets of y. Let FP(I” 2y := K (Bps (F()z)).
For each F € FP(I'?) there exists A > 0, N € N and a compact A C R? such that
F(y)=F(yNA)and

IFO)I < A0+ |ynapy, yer?

i.e., F is a polynomially bounded cylinder function. Here, y N A := (y TN A, y~ N A).
The map K: Bpg (FOQ) — FP(I'?) is a positivity preserving isomorphism with inverse

(KT'F) () =Y (=DM F @),

&Cn

Denote by Ky the restriction K F| -2 and by K Uits inverse given as above.
Let u € P. It follows by [15] that the correlation function &, exists and satisfies

/KG(V)dM(V) =/G(n)ku(n)dk(n), G € Bys (I75) - (&)

2 2
r Iy
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The correlation function is uniquely determined by such property. Note that K |G| is integrable
w.r.t. it The K-transform satisfies [| KG || 12 g,y < | G”Ll(roz,kﬂdx) forany G € By, (r02).

It can be extended to a bounded linear operator K : LY(r2, duy) — L! (1"02, k,dA) in such
a way that (4) holds for p-a.a. y € I'? (see [22] together with the identification (3)).

2.3 Ruelle Space of Correlation Functions

Let p: R? —> [1, 00) be a measurable, locally bounded function and take @ = (o™, a™) €
IR2. For simplicity of notation, we let
a+|n+|ea—|n—\

er(p; Me® = e, (pi nt)en (0 n7) e
Let £, := LI(I"Oz, e®'le; (p)dr) with the norm

it o ln~! _
IGllz, =/|G(n)|e°‘ e e, (05 nt) e (p3 n7) da(n).
g

Since p is fixed, we omit here and in the following the additional dependence of L, on p.
Denote by (£4)* the dual Banach space to £,. We use the duality

(G. k) = / GkaAA(). G € La,
1"02

to identify (Lq)* with the space of equivalence classes of functions k with the norm

k —_ —
lkllx, = ess sup kG oIt —a I
nerd ex(p; nMex(p; n7)

Let IC,, the Banach space of all such equivalence classes of functions k. Then, each k € I,
satisfies the (space-inhomogeneous) Ruelle bound

=\ atiptl ey
k()] < Ikl e (p; nT) ex (ps n7)e* M le® 7 ye Iy

In general, not any non-negative function k € I, is the correlation function of a state p.
Such property can be characterized by an additional positivity property. A function G € L, is
called positive definite if KG > 0. Let B;fv (Foz) be the cone of all positive definite functions
in Bps (17 02). A function k € Ky is called positive definite (in the sense of Lenard), if

(G, k) = / G(pk(pdrm) =0, G e B (IF).
g
Note that any positive definite function & is non-negative. It follows from [27] that any positive
definite function k such that k(¢J, #) = 1 is the correlation function of some u € P. There
may exist, in general, many different u € P such that k is the correlation function for u, i.e.,

(5) holds. A growth condition is sufficient to show that u is unique with such property (see
[26]). The following is a particular case of [26,27] together with the identification (3).

Theorem 1 Let k € K. The following are equivalent.
(1) There exists a unique (v € Py such that k is its correlation function, i.e., k, = k.

(2) k@, @) = 1 and k is positive definite (in the sense of Lenard).
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324 M. Friesen

Let P, be the collection of all u € P such that k;, € ICy. It is a complete, non-separable
metric space w.r.t. do (i, v) := |lk, — k||, - Note that for each F € FP(I'?) there exists
a constant Cy (F) > 0 such that

/ F)du(y) — / F@)dv()| < da(it, v)Ca(F).

2 r2

3 Evolution of States
3.1 Scheme of Construction

Let L be the Markov operator given by the heuristic formulas in the introduction. A general
approach to the construction of an evolution of states can be found in [13], we consider a
modification of such scheme. Details, assumptions and the rigorous statements are given
later on. The aim is to solve the Fokker—Planck equation (1) in the class P, for some
o = (a1, a7) € R? and a measurable, locally bounded function p:RY — [1, 00).
This parameters will be specified later on.

Definition 1 A family (1;);>0 C Pg is a weak solution to (1), if for all F € FP(I'?) the
following conditions are satisfied:

(a) LF € LY(I'"?, du,) forall t > 0.
b) t — frz (LF)(y)du(y) is locally integrable.
(c) We have

t
/ FO)du(y) = / F o) duo(y) + / / (LE)(P)dus()ds, 120, (6)

r r2 0 2

Forany u € Py and F € LY(I?, du) let

((F, n)) 5=/F()/)dﬂ()/)~
1"2

Remark 1 Let (14;);=0 C Py be a weak solution to (1). Then, r — ((F, p,)) is absolutely
continuous (see (6)) and hence (1) holds for each F € }"P(Fz) and a.a.r > 0.

Let (i;)r>0 C Pg be asolution to (1) and denote by (k,) >0 C IC its associated evolution
of correlation functions (see (5)). Define a linear mapping L:=K; 0 'LKy acting on functions
By (FOZ) Then (k;);>0 is (at least formally) a solution to

d ~

P / Gk (mda(n) = /(LG)(n)kz(n)d?»(n), kili—o =ko, G € By (I{). (D
r} rg

Uniqueness for weak solutions to (1) holds, provided that (7) has at most one solution. For

existence of solutions to (1) one first constructs a solution to (7). Afterwards it is necessary to

show that such solution corresponds to an evolution of states (i;);>0 C Py and this evolution

of states is a weak solution to (1).
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In order to find a solution to (7) we consider the pre-dual Cauchy problem

G ~
a—t’ =L1G,, Gli=0 = Go, (8)

on Ly. Here (G;)s>0 is the so-called evolution of quasi-observables. We will prove that
(L Bbg(l“z)) can be realized as a linear operator on L,, it is closable, and its closure is the
generator of an analytic semigroup of contractions on L. Solutions to (7) are then obtained
by duality. The main part of this section consists of the proof that an evolution (k;);>0,
obtained by such procedure, is, in fact, positive definite (see Theorem 1).

Following [10,17], we apply general perturbation theory for sub-stochastic, analytic semi-
groups (see [1,33]). In order that L isawell-defined linear mapping on By, (I} © ). the potentials
should satisfy the following assumption.

There exists a measurable, locally bounded function p: R? —s [1, oo) such that (1 —
e~8G6=))p is integrable for any x € R? and any g € {¢p*, ¥*, «*, t*}.

The linear mapping Lis given by L=A+ B, where (AG)(n) = —M(n)G(n) and

M =t +[n | +q" > o Bt (D) =Bt (07

xent
+q Z e—E,(f(x,n’\X)e—Erf(x,rﬁ)’
xen~
_ -y — + _ _ _
(B ==Y [« Er B (57 ) £ (07 )
ECUR{I

xG(ETUx, £7)dx

2 Y [ B B () £ (s )
SCWRLJ

x G (5*, & Ux)dx

gt Y Y e B CET B 0D £ (e e (s D)
§Cnxest

x G (§+\x, £ Ux)

tqm Y e e T W Ee D £ () S (e e
§Cnxeé~

x G ($+ Ux, é_\x)

_ q* Z Z efEK+(x,g+\x)efEr+(x,§*)fX (K+; 77+\E+)fx(7+; 777\57) G (&),

&Cn +
ign T

)
_ q_ Z Z e—EK—(X,Ei\X)e—Ef—(X,EJf)fx (K_; n—\g—) fx ('L'_; n+\%—+) G(S) (10)
§Cn xeé~
§#n

Here fi(g; ) = e, (e 807 —1; ) = Hyen(e—g@‘—y) —1).Fixanya = (¢F, a7) e R.
The multiplication operator A is well-defined on the domain

D(A) = {G € Lo|M -G € Ly}
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We show that, given some mild additional conditions, also B is well-defined on BbS(FOZ)
but also on D(A). Let B’ be the linear mapping B, where fy(g; 1) is replaced by
l_[yen le=8=¥) — 1| and in the last two terms, see (9) and (10), the — is replaced by +.
Moreover, define

Cq (x, ai) == exp eo’i/<1 —efg(xf-V)> p(ydy |, xeR?, (11)
R

where g € {qbi, wi, K, ‘L'i}. Then, for any 0 < G € D(A), see p > 1, we get by (2)

/ B'G(m)e; (p; meMda(n) < f Bla; mG(mes(p; me™Mda(n),

Iy Iy
where
Bla; ) =zte ™ Z e o (x’ni)efEW(x’”Jr\x)C(j)— (x, a7) Cy+ (x, ™)
xent
+z77e Z e_EV(X’"ﬂe_E\/"(x"’i\x)Cw (x, @) Cy- (x, ™)
xen~—
+q+e°‘+_°‘7 Z e_EK+(X’"+)6_ET+("’”7\X)CK+ (x, oﬁ') Co+ (x, oz_)
xen~
—|—61_e°‘7_°‘+ Z e_EK*(x’"f)e_Ef*(x’"Jr\x)C,(f (x, oz_) C.- (x, oﬁ')
xent
+q* Z e Bt G \0) g=Eyr (x.17) (Ce+ (i, oﬁ) Cot (x,@7) = 1)
xent
+q Z e Ee (o™ \0) =y (r™) (Ce— (x, @7) o= (x, at) = 1)..
xen~

Remark 2 Suppose that C (x, ai) are bounded forany g € {dbi, wi, KE, ri}. Then there
exists a constant @ = a(«) > 0 such that

Bla; m) <a(@M), nely.
Consequently, (B', D(A)) and since |[BG| < B'|G| also (L, D(A)) = (A+ B, D(A))isa
well-defined operator on £,.

3.2 Assumptions

Here and below we suppose that the following conditions are satisfied.

(A) Suppose that ¢i, 1/1*, kE, TE R — [0, oco) are symmetric. Moreover, there exists
a measurable, locally bounded function p: R? — [1, oo) such that (1 — e 80~)p is
integrable for any x € R? and any g € {¢*, vF, T, tF).

(B) There exists @ = (a™, «™) and a constant a(a) € (0, 1) such that

Bla; n) <a(@M(n), nelf. (12)

Below we give some comments and sufficient conditions on assumptions (A) and (B).
Note that Cg(x, o) given as in (11) is (for p = 1) related to the construction of Gibbs
measures (see, e.g., [31]).
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Remark 3 Let ¢i, t/fi, ¥, kT > 0be symmetric, measurable functions.

(a) Supposethat ™, =, =, «* are continuous and have compact support. Then condition
(A) holds for any measurable, locally bounded function p > 1,

(b) Take p = 1. Then condition (A) holds, provided all potentials oF, UE, v, kT are
integrable.

The following lemma shows that condition (B) is satisfied in the low activity regime.
Lemma 2 Suppose that condition (A) is satisfied and assume that forany g € {¢p*, ¢+, ¥,

Ki}

sup / (1 - e*g(’f*”) p(»dy < oo. (13)

d
xeR Rd

Then for any a = (a™, a™) € R there exit qOi (), z(f () > 0 such that condition (B) holds
Sfor all q:|E < qgt(a) and 7+ < zoi(a).

Proof By (13) it follows that Cg (x, o) is bounded in x by a constant depending on o for
any g € {pF, 1//i, %, %}, This implies that there exists a constant C(«) > 0 such that

Blo; ) < (zF+q +q")C)|nT|+ (" +q¢"+q7)Cl@)|n~

)

which yields the assertion. O

We consider two examples for which this lemma is applicable, i.e., (13) is satisfied.

3.2.1 Bounded Correlation Functions

Let p(x) = 1forall x € R9. This case corresponds to bounded correlation functions, since
for each 1 € P, its correlation function &, satisfies

k() < NIkl e ey e 1.

In particular, k,, is bounded on {(n*, n7)|In™| = n, [n~! = m} forall n, m € No. Suppose
that all potentials are integrable. Then condition (A) holds and Cg (x, o) given by (11) is
independent of x for any g € {¢%, v*, v, kT}. Hence (13) holds and condition (B) is
satisfied, provided z* and ¢ are small enough. Such condition reflects a balance condition
of the interactions between particles of the same and of different type.

3.2.2 Unbounded Correlation Functions

+

Suppose that all potentials ¢+, ¥®, t*, «T are given by g(x) := ¢~ for some § > 0.

Take any 8’ € (0, §) and let
o(x) = e‘s/lxlz, xeR?,
Then, for each & € P, its correlation function &, satisfies for all n, m € Ny
" 2 n 2
+ — ’ /
K @en s ) < ke e ™ [T T e

k=1 k=1

= |kl b i@+l o8 XLy @+l
o 9
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and hence is not necessarily bounded. Let us show that (13) holds.
Denote by w, the surface volume of the sphere {y € RY|| y| = 1}. For any x € RY it
follows by g > 0

/ (1 — e—g(x—y)) eé/ly\zdy < /e—é\x—yIZeé’\ylzdy

R4 R4
00

o0
2
_ 2 _ 2 2 1 == (r— |x]8
< wge x| / d—1,~@E=8r +2\x|8rdr_wde 5 \xl /rd 1, ( )( H,) dr
0

0
o
sl x| d—1 ,
= wye P / (r+ 8| |8’> 00 )rzdr

_ 88 2 x|8 /
Ea)de 8—5/|x| /(l |+ | |8> e*(tsf(s )rzdr.
R

The integral on the right-hand side is due to

d—1 d—1 ¥
Jlo e B g o [
R R

k=0

a polynomial of order d — 1 in |x|. Hence there exists a constant c(d, §, ") > 0 such that
/ (1 — e_g(x_y)) eg/lylzdy <cd,$8,8), xe RY,
R4

3.3 Evolution of Quasi-observables and Correlation Functions

L, Inl=0

0, otherwise
proposition shows that the Cauchy problem (8) is well-posed in L.

Suppose that conditions (A) and (B) are satisfied. Let 1*(n) = . The next

Proposition 1 The operator (L D(A)) is the generator of an analytic semigroup ( (T(z)) =0
of contractions on Ly such that T(t)IL* = 1*. Moreover, Bbs(Fz) is a core for (L D(A)).

Proof Observe that (A, D(A)) is the generator of a positive, analytic semigroup of contrac-
tions on L. By condition (B) it follows that

[ Bomees s maran < at [ MmGmam. (14)
rg r}
Hence B’ is a well-defined positive linear operator on D(A) which satisfies |BG| < B'|G]|

for any G € D(A). Take r € (0, 1) such that @ < 1, then

1
f (A + ,B/> Gmes(p; me*dr(n) <0, 0= G e D(A).
’
r}
Hence, (A+ B’, D(A)) is the generator of a positive, strongly continuous semigroup of con-

tractions, cf. [33, Theorem 2.2]. By [1, Theorem 1.1], this semigroup is analytic. Moreover,
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[1, Theorem 1.2] implies that (A + B, D(A)) is the generator of an analytic semigroup of
contractions on L. Since 1* € D(A) and L1* = 0, it follows that f(t)]l* = 1*. In order
to see that BbS(Foz) is a core, let (A;),en be an increasing sequence of compacts in R? and
G € D(A). Define

_ )G An, In|l <nandn C A,,
Gnn) := {0, otherwise, ’

then G, € Bbs(l"oz), G, — G ae.asn — oo and |G,| < |G|, for all n € N. Domi-
nated convergence yields G, —> G in L,. Moreover, dominated convergence also implies
LG —>LGae asn—>ooSlnce|MG|<M|G|and|BG| B'|G,| < B'|G|
applying again dominated convergence shows that LG — LG in L. O

For convenience of notation, We/l\et D(A) = D(Z), so that (Z, D(f)) is the generator of an
analytic semigroup on L. Let T'()* be the adjoint semigroup on /C,, solutions to (7) are
given by 7T (t)*ko. Denote by (L*, D(L*)) the adjoint operator to L. It is given by

D(L*) = |k € Ka|3k1 € Ky such that (LG, k) = (G, ki) VG € D(A)},

w1th Ltk = k1. Using condltlon (B) together with (2) it is possible to give an expllclt formula
for L* and characterize D(L*) as the maximal domain for the action of L* given by this
formula.

Let g9, g1:RY — R, be given with (1 — e 8/*))p e LI(R?) for all x € R? and
j =0, 1. Let Q,(go, g1) be a linear operator on /C, given by

0 (gn. g0 k() = [ £ (s €7) £ (g13 ) K UERE, xR (15)
Iy
This operator satisfies
1Qx (g0, g1) k()| < e Mes(p; MCy (x, @) Cgy (x, 7)) [k, - (16)

Let L2 be a linear mapping given by

(L2K) () = —=Inlk(p) (17)
_ q+ Z e—E,c+(xa77+\x)e—E,+(lef)Qx (K+, ‘L’+) k(ﬂ) (18)
xent
—qm Y e P T B g (27, k) k() (19)
xen~
+2t Y e e B g (g7 k(s )
xent
S e e BTG, (g )k (1 0 \)
xXen~
+qt Y e B O B W0 (it e k (T U, 7 \)
XENT
+q Z e B on ) gm B\ g (t7. k7 )k (nt\x, n~ Ux).
xent
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Lemma 3 There exists M(a™), N(a™) > 0 such that for any ozg < at and a, <o~

Mt N
=3 f( @) , Ne) )llkllic (20)

+ - —
o O{O o OlO

Consequently, L? is a bounded linear operator from Kaqy to Ky. Moreover, for each G €
D(L) and each k € Ky we have L2k € ﬂaiwi Kag: G - L2k is integrable and

/(ZG)(n)k(ﬂ)d?»(n) Z/G (m(L2K) ()da(m). 2D

2 2
FO FO

Proof The first assertion follows from (16), M(n) < (1 +¢™)n*| + (1 + q_)|n_‘ and
1

£ (@ —ad)n*|
n e 0 < —
| | e(a® — Oloi)

2
, nely.

Let us show the second assertion. By (20) it follows that L%k € ﬂ%imi K holds for any
k € Ky. Property (21) follows from (2) provided we can show that (2) is applicable. Denote
by L'? the linear mapping L# where the — in (17)~(19) is replaced by + and f,(g; 1) is
replaced by [] yey 11— e~8@ =) in the definition of (15). Then (2) is applicable, provided
that |G| - L' k| is integrable. But this follows from

(L"1k1) () < Bl me™Mes(p; m)lkllx, < al@Mme® e, (o; mlkli,-

Since |G - L2k| < |G| - L'?|k| we see that also G - LAk is integrable, which completes the
proof. O

The next statement shows that L4 can be identified with L*.
Proposition 2 Consider L on its maximal domain
D (L?) = {k € Kol L% € Kq}
then (LA, D(L?)) = (L*, D(L*)).
Proof Let G € D(L) and k € D(L*). By (21) it follows that
/ G (LK) () da(n) = /(ZG)(n)k(n)dk(n) = / G(n) (LK) (pda(n).
g g g

Since G was arbitrary, we get LAk = L*k and D(Z*) C D(L?). Conversely, letk € D(L%).
Then (21) implies k € D(L*) and L*k = L%k. |

Since K is not reflexive, f(t)* is, in general, not strongly continuous. However, it is con-
tinuous w.r.t. the weak topology o (KCy, Ly). Here, o (Ky, Ly) is the smallest topology such
that all functionals G +—— (G, k) are continuous for any k € K. It is well-known, see [6,
Chap. 2, pp. 77-79], that T(t)* leaves the proper subspace K := D(L4) invariant. More-
over, the restriction T(t)® = T(t) | K9 is a strongly continuous semigroup with generator

L%k = LAk,

D(L®) = |k e D(L*) L%k e KT}.
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Thus, for any kg € D(ZQ), k; = ?(t)*ko is the unique classical solution to

ok,
vl L%k, kili=o = ko. (22)

in Ky . Such system of equations is an Markov analogue of the BBGKY-hierarchy known in
the physical literature (see [32]). Our aim is to get uniqueness for (7), which is simply a weak
formulation of (22). The precise definition of a solution to (7) is given below. We use the
topology of uniform convergence on compact subsets of £, on /C,, . A basis of neighbourhoods
around O is given by sets of the form

{kezca\supuc;, k)|<a}, (23)
GekK

where ¢ > 0 and K C L, is a compact, cf. [35]. Denote by C the topology generated by the
basis of neighbourhoods (23). Note that C coincides with o (KCy, L) on norm-bounded sets,
cf. [35, Lemma 1.10].

Definition 2 Given ko € ICy, a weak solution to (7) is a family (k;);>0 C K, being contin-
uous w.r.t. C and
t

(G. k) = (G. ko) + [ (EG. k)ds. G & Buu (1), 4
0
holds for all > 0.
Theorem 2 Foranyk € IC, there exists a unique weak solutionto (7), given by k; = ?(t)*ko.
Moreover, the following holds:

(1) Forany G € D(Z), t —> (G, k;) is continuously differentiable and satisfies (7) for
eacht > 0.

(2) If ko € Ky for some Olar < at and oy < o, then k; is infinitely often differentiable
w.r.t. to the norm in Ky and satisfies (22).

Proof Since L is the generator of a strongly continuous semigroup, the first assertion follows
by [35, Theorem 2.1].

(1) The contraction property implies ||k;|lx, < llkollx, and hence, by LG € Ly, We see
that s —> (EG, kg) is continuous. By (24), we see that t — (G, k;) is continuously
differentiable and satisﬁes (7) forany t > 0.

(2) Letn € N and take “0 < Otit <. < ai < a*. Then (LA)fko € ICan c D(L?) for
all j =0,...,n and hence (L% kg € D(LO) forall j =0,.

[}

3.4 Positive Definiteness

In this section we show existence and uniqueness of weak solutions to (1).
Lemmad4 Fixany i € Py. Then, F, LF € L\(rz, dw) holds for each F € FPI?).

Proof Fix u € Py. Let G € Byg(I7) be such that F = KG ¢ ]—'73(1“2) By k() <
||k lxc,e*"es(p; m) wehave G, LG € Loy C L'(I, kﬂdx) Since K: L' (I'?, k dk) —
L (1"2 du) is continuous, it follows that KG, KLG € L 1(I'?, du). The assertion follows
from KLG = LKG. m]

The next theorem establishes uniqueness for weak solutions to (1).
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Theorem 3 The Fokker—Planck equation (1) has at most one weak solution (j4;);>0 C Pq
such that its correlation functions (ky,);>o satisfy

sup ”km H <00, VT >0. (25)
1€[0,T] Ka

Proof Let (us)=0 C Py be a weak solution to (1). Denote by (k. )r>0 the associated family
of correlatlon functions. Let G € Bbs(l" ) C D(L) and F = KG € FP(I'?). Then
G, LG € Lo C L! (FO, ky,dA), t > 0 and hence F, LF belong to L Lz, du;) with
LF =KLG (see Lemma 4). By ((F, us)) = (G, ky,), ((LF, ) = (LG ky,) and, (1)
it follows that ¢ +—— (LG ky,) is locally integrable and (24) holds. In particular, k,, is
continuous w.r.t. o (Ky, Ly). By (25) and [35, Lemma 1.10] it is also continuous w.r.t. C.
Hence (k;,)/>0 is a weak solution to (7). The assertion follows from weak uniqueness of
solutions to (7). O

Theorem 4 For each (1o € Py there exists exactly one weak solution (ji;);=0 C Py to (1)
such that its correlation functions satisfy (25). This solution is uniquely determined by the
associated family of correlation functions k,, = T (t)*k,,.

Since uniqueness was already shown, it remains to prove existence of a weak solution to (1).
To this end, it suffices to show that k; := T ()*k,, € Ky is positive definite for each r > 0.

3.4.1 Step 1: Evolution of Local Densities

~51x?

Let Rs(x) := 1+5p(x)

and z; (x) = R(;(x)zi, 8 > 0. Then

(1) Rs(x) —> las8 — O forany x € RY.

(2) Rs(x) < e < 1foranyx e R?, § > 0.

(3) p - Rsis integrable for any § > 0.

Denote by L; the associated Markov operator given by L where z* are replaced by zgt. It
defines a linear mapping, when restricted to measurable functions F': F02 —> R. Note that
LsF is, in general, not bounded on I7 02 even if F is bounded on I 02. Below we consider its
(formal) adjoint operator. Namely, let

Ds(n) = [n|
+/Zg—(x)e_E‘ff(x’"_)e_E‘/'+(x’”+)dx +/Za_(x)e_E¢+(le+)e—Ez/,—(x,n’)dx
R4 Rd
g Y B G B () g = N7 B (N0 pm B ()

xent xXen~
and Ds = {R € L' (I'?, dA)|Ds - R € L'(I'?, d)\)}. Then (—Ds, Ds) is the generator of

a positive analytic semigroup of contractions on L' (1"02, dar). Let Qs be another (positive)
operator on Ds given by
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(QsR) () = / R (n+ Ux, n—) dx + Z Z;-(x)e—E¢—(x,ﬂ_)e—E,/,Jr(X,n‘*'\X)R (77+\X, n—)

o xent

+/R (7. ™ Ux)dxt Y 25 (o)e Eor G~ B\ R (n+ 57\
R xXen—
xen~

+ Z e—E,(f(Xyni)e_Etf(X‘nJr\X)R (7]+\X, 77_ U)C) :
xent

Then
/(QaR) (mda(n) = / Ds(mR(@mdA(n), 0 <R € Ds.
Iy Iy

Consequently, there exists an extension (J5, D(7s)) of (—Ds 4+ Qs, Ds) such that J; is the
generator of a sub-stochastic semigroup (S5(#));>0 on L! (FOQ, d)), cf. [33, Theorem 2.2].

Lemma 5 D;s is a core for Js. Moreover, Ss(t) leaves Ll(Foz, (1 4| - 1)dA) invariant.

Proof Let V(n) = |n|, we want to find a constant ¢ = ¢(8) > 0 such that

1
LsV(n) <c@®A+ V) — EDa(n), nery. (26)
In such a case the assertion follows from [33, Proposition 5.1]. Observe that
(LsV) () < —Inl +(ef) + (25 )
Then (26) holds, provided
" _ 1
(z5)+(z5)+ 30500 = (L +olyl +c.

By Ds(n) < 2|n| + (z;') + (z; ) this holds true, provided

3
3 () +(z5) + Inl < A+ O)nl +c.

Above inequality is satisfied if ¢ > 0 is such that ¢ > %((z;) + (25 ). m]

Let (Zs, D(Zs)) be the adjoint operator to (Js, D(Js)). This operator is defined on
LOO(FOZ, dA). The next lemma follows immediately by (2).

Lemma 6 For each F € D(Zs) the action of Zs is given by LsF, i.e., IsF = LsF.

This shows that for each Ry € L! (F02, da) there exists exactly one weak solution (R;3 )i=0 C
LY (T}, dyto

d
s / Fn) R (daGn) = / LsF)RS (di(n). Rl = Ro. @7)

2 2
rg rg

where F' € D(Zs), cf. [2]. This solution is given by R;S = Ss5(t)Rp, t = 0.
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3.4.2 Step 2: Evolution of Localized Correlation Functions

Let Z(g =K, 'Ls Ko be the operator given by L where z* are replaced by zgc. Itis considered
on the same domain D(L) as L.

Lemma 7 For any 8 > 0, the assertions of Proposition I and Theorem 2 hold with 25
znstead of 75, Le., (L(s, D(L)) is the generator of an analytic semigroup of contractions. Let
Tg (t) and T,; (t)* be the semigroups on Ly and K, respectively. Then, for any G € Ly,

T5()G — TG, & — 0,
holds in L.

Proof Note that condition (A) is independent of § and hence is still satisfied. Concerning
condition (B), let Bs(«; n) be defined similarly to S(c; 1), where 7+ are replaced by zgc.
From Rs < 1 it follows that Bs(c; 1) < B(a; n) which shows that condition (B) holds. This
shows the first assertlon Let us prove the second assertion. To this end it suffices to show
that L(;G — LG holds in £, as § — 0 for any G € Bbg(Fz) (see [6, Chap. 3, Theorem
4.8]). Since |Zs —z¥ =7z*(1 = Rs) —> Oand IzgE — z¥| < z7 this follows by dominated
convergence. O

Let Bg be the Banach space of all equivalence classes of functions G with norm
Gl = / IG)lex (Rs: n™) es (Rs: n™) e*eslp: mdr(n).
I

Its dual Banach space is identified with the Banach space RJ, of all equivalence classes of
functions u equipped with the norm

||“||736 = ess sup [u(m)] .
1—-2 e, (Rs; n+)e)\(R5; r/—)ea\mek(p; m

The same arguments as in the proof of Proposition 1 and Theorem 2 show that we can
replace [,a, IC by 85 and R8 Let Us(r) and Us(¢)* be the corresponding semigroups and
let (Lg, DB (L(;)) be the generator of Us(¢). It is easily seen that

DB (Ls)={GeBiM -G eB},

and, in particular, By (1] 02) c DB (Z(s) is a core. Thus, the Cauchy problem

d ~
T (G, ul) = (LsG, ul)., ullio=uo, G € By (Iy), (28)

has for every up € R’ a unique weak solution in RS given by u® = Us(t)*uo. Here the
notion of weak solutions to (28) is defined analogously to (7).

Lemma 8 Let ko € RY, then Ty (1)*ko = Us(1)*ko holds.

Proof Observe that R‘S C Ky is embedded contlnuously Consequently, ut Us(t)*ko and
k‘s = Tg (t)*ko are well deﬁned Since also £, C B is contmuously embedded, we obtain
D(L) ¢ DB(Ly), i.e., (Ls, DB(Ls)) is an extension of (L, D(L)) Therefore, (u%);>¢ is
also a weak solution to (7) and hence uniqueness implies k‘S = ut ,t>0. O
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Lemma 9 Let a'a' <at, ay, <o, ko€ Rgo and assume that kg is positive definite. Then,
u‘f := Us(t)* ko is positive definite, for any t > 0.

Proof Define a bounded linear operator H: fo — L., forany ¢ = (ct,c) e R2, by
Hu(n) = /(—1)‘§'u(nué)dk(%‘)-
ry
Let G € Bg be arbitrary. Then, for any u € Rg, we get by Fubini’s theorem and (2)
(KoG, Hu) = (G, u). (29)
We can apply Fubini’s theorem and (2) since
[ [ [16@mamuevomaeso
rgrirg
< lullpg 2 B 26 (R, / IG &)™ les(p; E)es (Rs: &T) er (Rs: §7) dA(®),
2
is satisfied, where (R;s), = f Rs(x)p(x)dx. For the same u# and G € DB(Z) we obtain by
d
(29) and KoL;G = L(;KOGR
(LsG, u) = (KoLsG, Hu) = (LsKoG, Hu). (30)

Observe that

(G, u?) = (G, uo) +/ (LsG, ul)ds, G e DB(). 31
0

Let G € K., where ¢ := (log(2), log(2)). By |G(n)| < 2!"|lk|lx, and by M (n) < 2|n| we
get

/ MIGm)Ie“Mes (p; nes (Rs; n) ex (Rs; 1) da(n)
r
<26k, / 12 e es (o: mes (Rs: ) ex (Ra: n™) da(n)
1"02

& n+m

=2(Glk, Y.

n,m=0

(n+m)ea n o m<R8)n+m < 00.

This implies K. € DB(L). By (29)-(31) it follows for R? := Hu? € LY (T, dv, t >0,
t
(KoG. RY) = (KoG, Ro) +/<L5KOG, R})ds, G eKe. (32)
0
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For any F € D(J5) C L¥(I'¢, dx) we get |[Ky ' F(n)| < [|[F|l12" and hence D(J5) C
KoKCc. Thus, we can find G € K, such that KoG = F. By (32), it follows that

t
(F. RY) = (F. Ro) +/(%F, R’)ds, F e D(J).
0

Recall that ko € Rio. By Theorem 2 we see that u® = Us(t)*ko is continuous in # > 0 w.r.t.
the norm in Ri. Since H: Rg — Ll(I"OZ, dA) is continuous, R,‘S = Hu‘tS is continuous in
t > 0 w.r.t. the norm in L' (FOZ, d)). Hence, (Rf),zo is a weak solution to (27). Uniqueness
implies that R? = Ss(t)Ry > 0. Finally, for any G € B}, (I'y) we get

(G, u?) = (KoG, R}) =0, t=0.

3.4.3 Step 3: Proof of Theorem 4

Let ozar <at, ay < o . First, we consider the special case o € Po,. Let ko € Ko, be the
associated correlation function. Define

ko,s(n) :=ko(mex (Rs; nT) e (Rs: n™), 8§>0, nely,

then ko s € R‘;O. The following lemma shows that ko s is positive definite. It is a two-
component generalization of [7, Lemma 3.9]. A computationally similar, but technically
different proof is given in the Appendix.

Lemma 10 Let k: I 02 —> R be positive definite such that for any C > 0 and any compact
ACR?

/C‘"‘ex (1a: n%) en (1a: n7) k(ndi(n) < oo.
rg
Let 0 < f* < 1 be integrable and define

ko :=kap [] £ [] £ @), nerg.

xent XeEn"
Then k is positive definite.

Lemma 8 implies Tj;(t)*k(),(g = Us(t)*kos € Rg and Lemma 9 shows that Us(t)*kg s is
positive definite. Let G € B;;(I“Oz), then (G, T5(t)*ko s) > 0. Observe that

(G, T5()*kos) = (Ts()G — T(1)G, ko s) + (T ()G, ko.s). (33)
For the first term we obtain, by ||ko_slix, < llkollx,,
(T5)*G = TG, kos)| < |[T50)G = TG 1, ko, -

The latter tEnds to zero, see Lelrlma 7. The second term in (33) tends, by dominated conver-
gence, to (T (¢)G, ko) = (G, T(t)*ko). Thus

(G, T5()*kos) —> (G, T(1)'ko), §— 0,

and hence (G, T(1)*ko) > 0, i.e., T (t)*ko is positive definite.
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For the general case, let ;9 € P, with correlation function kg € Ky . Then ko s(n) =
5"”k0(n) belongs to KCy_s for any § > 0. By previous case, we see that T(t) kos € Ky is
posmve definite. Taking the limit § — 0 yields the assertion.

4 Ergodicity

Suppose the conditions (A) and (B) are satisfied. The following is the main statement for this

section.

Theorem S There exists a unique invariant measure [Liny € Py associated to L, i.e.,
/LF(V)duinv(J/) =0, FerFP(r?. (34)
r2

Let kiny be the associated correlation function.

(1) The semigroup ?(t) is uniformly ergodic with exponential rate and projection operator

PG(n) = / G (&)kiny (§)dA(E) 1™ (). (35)
g

(2) The adjoint semigroup f(t)* is uniformly ergodic with exponential rate and projection
operator

P*k(n) = kiny (0K (#). (36)

(3) There exists constants a, b > 0 such that for all py € Py

= ae_bt ”kH«O - kﬂvinv

”kﬂt - kﬂinv Ka Ko’ r=> O,

holds, where (ji;)>0 is the unique weak solution to (1).

The rest of this section is devoted to the proof of this theorem. Multiplication by 1*and 1—-1*%
defines projection operators 1*: K, —> ICO and (1 — 1%*): Ky —> KZ!, respectively.
Here, KZ! = {k € Kolk©@9 = 0} and /cg {k € Koylk™™ =0, n+m > 1}. By
1*(1 — 1*) = (1 — 1*)1* = 0 we obtain K, = ICg @ ICO?I. Define a linear operator S by
Sk(@) = 0 and

Sk(n) = W(Bk)(n) n#v.

It is not difficult to see that S leaves KZ! invariant and ||S|.¢c,) < 1. The next lemma
provides existence and uniqueness of solutions to L“k = 0. Its proof is an easy modification
of the arguments in [10].

Lemma 11 The equation
L%%iny =0, kiny(@, 0) =1, 37)
has a unique solution kiny € Ky. This solution is given by kiny = 1% 4+ (1 — $)~LS1*, where

S1*(n) = IIFO(I) (77+) o+ 4 ]lro“) (n7) o'l
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In particular, (36) is a projection operator on Ky, with range
Ran(P*) = {k € D (L#) |L*k = 0},
and it is given by P*=1*+ (1 — S)"'S1*, where 1* acts as a multiplication operator.

First we establish ergodicity for f(t). Let Lg = {G € Ly|G = k1%, k € R} and £§1 =
{G € L4|G () = 0}. Then L, = L@ L£Z" and the projection onto £9 is given by multiplica-
tion with 1*. Likewise, 1 — 1* projects onto £Z!. Define By;: £LZ! — L0, By1G = 1*BG
and Ly: £2' — £Z', L11G = AG + (1 — 1%) BG. Taking into account L = L(1 — 1*)
yields

LG = Boy(1 —1")G 4+ L11(1 —1%)G, G € L,. (38)

Moreover, since D(L) = {G € L4|M - G € Ly} and £ C D(L) it follows that D(Ly;) =
D(L) N LZ'. Note that B is given by

1*"BG(n) = 1*(mz~ / G(@, x)dx + 1*(mz* / G(x, M)dx,
R4 R4
and hence is a positive operator. The next statement was shown for the one-component G~ -
dynamics in [25]. Based on their techniques we present an extension to the two-component

case. Such extension includes a better estimate on the spectral gap of L and admits a larger
constant in condition (B).

Proposition 3 Let a(x) € (0, 1) be given as in condition (B) and

T
wo = sup {a) c [0, Z] ae) < cos(w)} . (39)

Then the following statements hold:

(1) The point 0 is an eigenvalue for (Z, D(Z)) with eigenspace £g and eigenvector 1*.
(2) Let 2o := (1 —a(a)) > 0. Then

I1 := {» € C|Re(L) > —Ao} \{0},

and

125:{)»6((:

jarg()l < 7 + wo} \(0),

belong to the resolvent set p(Z) of L on Ly.

Proof Let (A1, D(L11)) be the restriction of (A, D(Z)) to EEI and denote by || - ||£31 the

normon[,gl.ObservethatM(n) > 1forall |p| > 1. Then, forany A = u+iw, u >0, w €
R, by M(n) > 1 forall |n| > 1,

G G| , (1 1 )
< <|Glmin| —, —— ).
‘)»+M(77)‘ Vu+1D2+w? A V1 +w?

This implies A € p(A;) and

1 1
R (% A1) Gll zz1 < min (7 7) 1GIl =1 (40)
La Al V1 +w? La
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Consider the decomposition
(h—=Li) = (1= =19BR®; A1) (h — A1). (41)
Then, by (14),
I(1 = 19)BG| 121 s[|BG(n)|e“‘"'eA<p; () < a@]M -Gl 21,
r}

for any G € Lgl. This implies that (1 — (1 — 1*)BR(x; Ay)) is invertible on £§1, ie.,
A € p(L11), and

R(; Li1) =R (s A (1= (1 =T19BR (3 Al))_l : (42)

In particular, we obtain for A = u + iw, u > 0, w € R by (42) and (40)

(L 1
min (. 7o)

R(A; L) G =1 < G| j=1,
R (A L11) Gll =1 < | —at@ G o2
and for A = iw, w € R
—1
. V1 4+ w?
IR (iw, LII)G”Cgl =< WHG”L;I-

ForA=u+iw, 0 >u > —X\pand w € R write

(u+iw—Li;))={04+uR(w; L11))({w—Lyy).

|u |ue]

Then, by |u| < Ao and «/Wﬁ =5 < 1 we obtain . € p(L11) and

R(A; L Gl =1 <
IR (A5 L11) Gll 21 < I a@)

AQ

Vigwr! !
Ay 1Gl ot

Therefore, I} belongs to the resolvent set of Ly1. For b let A = u +iw € I andu < 0.
Then, there exists @ € (0, wg) such that |arg(})| < % + w and hence

|w| = [ tan(arg(A))[[u| = cot(w)|u].
This implies for n # ¢

I+ M = @+ Mm)* +w? > (u+ M1))* + cot(w)u?.

M)
1+cot(w)?

cot(w)? )2 cot(w)? )

The right-hand side is minimal for the choice u = —

which yields

4+ M) = M»n)* ((

1 + cot(w)? (1 + cot(w)?)?
cot(w)? 2 2
= M 27 = M .
() 1+ cot(@)? ()7 cos(w)
Then, by
* . . a(a)
[(1=19BRG: A) G| 21 < a@ IAIR G A Gll 1 = SR IGl gz,
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and (39) we have a(«x) < cos(w). By (41) we obtain I, C p(L11). Moreover, for each
A = u + iw such that % < larg(A)| < % + w and, for some w € (0, wyp),

V2w

1— a(a)

cos(w)

IR G Lin) Gll o1 < IG Il

) e
cos(w) cos(w)
< Gl g = VGl .

[wl [A]
where we have used |w| > \‘ﬂ For the first claim let i € D(L) be an eigenvector to the

eigenvalue 0. The decomposition ¥ = Y + (1 — 1% = o + ¥ with ¢ € £0 and
Y1 € £L2' N D(L) = D(Ly)) yields, by (38),

0=1Ly =1*By + L1y € £2 @ £2.

Hence L11y; = Oandsince 0 € p(L11) also 1 = 0. For the second statementlet A € 1; Ul
and H = Hy+ H; € ﬁg (&) Llozll. Then, we have to find G € D(L) such that

(A—L)G=H.
Using again the decomposition of Z, above equation is equivalent to the system of equations
AGo — 1*BG| = H),
A—=L1)G1=H
Since A € I1 U, C p(L11) the second equation has a unique solution on 551 given by

G1 = R(; L11)H;. Therefore, G is given by

1 *
Go =~ (Ho+1*BR (A; L)) H) .

Remark 4 The proof shows that for any & > 0 there exists @ = w(¢) € (0, F) such that
7
S(e) = {k € Cllarg (420 — )| < 7 +a)} C L ULUI0),

and there exists M (e) > 0 with

M (e)

IR(A; L11) G|l =1 <
= [A]

NGl o1

forall A € E(s)\{O} Moreover, (L11, D(L11)) is a sectorial operator of angle wg on £>1
Denote by T (1) the bounded analytic semigroup on £Z! given by

T(r)—zjln 'R (¢; Lipde, 1> 0, (43)

where the integral converges in the uniform operator topology, see [28]. Here, o denotes any
piecewise smooth curve in

{k € (C‘larg(k)| < % +w0} \{0},

running from ooe " to ooe'? for 6 € (%, % + wo) .
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The £§1 part of f(t) is given by (1— ]l*)?(t) |£§1 and hence has the generator (1 — IL*)EG =
L11G. As aconsequence, we obtain 7' (t) = (1 —1*)T(¢)| ozl This yields the decomposition
T)=1"+1"T)1 -1+ T()(1 —1%), t>0. (44)
By duality we see that the adjoint semigroup (/T\(t)*),zo on /C,, admits the decomposition
TH* =1+ —15HT@O*1* + T@)*(1 — 1%), >0, (45)
where ?(t)* € L(IC§1) is the adjoint semigroup to (?(t))tzo.
Lemma 12 The projection operator P: Ly — Eg, given by (35), satisfies
(PG, k) = (G, P*k).
Moreover, we have P= ?(t)i’\ = i’\?(t) and
T(t)*P* = P*T(t)* = P*. (46)
Now we are prepared to prove Theorem 5.

Proof (Theorem 5) The spectral properties stated in Remark 4, formulas (43)—(45) imply
that for any ¢ > 0 there exists C(¢) > 0 such that

(1= 19T ("Gl z, < Ce)e X |Gllg,. GerLy', t=0.

Repeat, e.g., the arguments in [25]. This yields
IT 0kl < C@e ™ klk,, kekE".

Let k € K, we obtain, by (36),
k— Pk = (1 — 1"k - kiny € K=
Using (46), we see that
IT0)*k = P*kll, = IT0*k = P*B)lx, < Ce)e” ™|k = P*kllxc,, (47

holds. This shows that ?(t)* is uniformly ergodic with exponential rate. By duality also ?(t)
is uniformly ergodic with exponential rate. Let ng € Py and u; € P, be the weak solution
to (1). Denote by (k;,)/>0 C Ky its associated family of correlation functions. Then, for any
t>0,

“kut — Kiny “ Ky = Cle)e”Fomor ”kuo — kiny ”)ca )

shows that kjy,y is a limit of positive definite functions. Hence, it is positive definite. Thus, there
exists a unique measure iiny € Py having kiqy as its correlation function. Since 7T (¢)*kiny =
kiny, it follows that pi,y is invariant for L. Property (34) follows immediately from LAy =
0. O

5 Vlasov Scaling
The general scheme of Vlasov scaling for (one-component) interacting particle systems in

the continuum can be found in [9]. Particular examples for two-component models have been
considered in [8]. For convenience of the reader, we give a brief description.
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The aim is to produce a certain scaling L +—— L,, n € N such that the following
scheme holds. Let L f be the scaled operator on correlation functions and e’ L3 the (heuristic)
representation of the scaled evolution of correlation functions. The particular choice of L —>
L, should preserve the order of singularity. Namely, for 8 > 0 let RgG () = BMG ),
then

R-1e'™ Ryk — TRk, n — oo, (48)

should exist. The evolution TVA (t) should preserve Lebesgue—Poisson exponentials, i.e., if
ro(m) = ex(py . n)ex(pg: ). then T (Oro(n) = ex(p; . N )ea(p; s n™). We will show
that p;”, p;" satisfy a certain system of non-linear integro-differential equations.

Instead of investigating the limit (48), observe that formally

A A
Rn_letL” R, = 'Rt L Ra

:= R, 1 L2 R, and study the

@) = etLiren | as n — 00, We will prove

Thus, it is the same to consider renormalized operators Ln ren

behaviour of the renormalized semigroups 7,
that the limit

n, ren

LA 14, (49)

n,ren

exists and L‘A, is associated with a semigroup TVA (t) =eé' L\A/. The limit (48) is then obtained
by showing the convergence

(1) — TE (), (50)

n ren

in a proper sense.

Note that L nAren and L?) are operators on K, and therefore cannot be generators of strongly
contlnuous semigroups. Hence, we consider ﬁrst the scaled evolutlon on quasi- observables
Ln := KL, K and the renormalized | operators L,, ren = R,,L R,-1.We show that L,, ren is
the generator of an analytlc semigroup T,, ren () of contractions and prove that Ln ren —> L v,
asn — oo. Here, LV is again the generator of an analytic semigroup TV (t) of contractlons
By Trotter—Kato approximation (see [6, Chap. 3, Theorem 4.8], it follows that T,,,ren (1) —

fv (t) strongly in L. By duality we obtain (49) and (50).
5.1 Assumptions and Scaling

Put z* — nz¥ and scale the potentials by % ie.,gr— %g where g € {¢%F, vT, «*, 7).
Denote by L, the corresponding (heuristic) Markov operator obtained by this scaling. Simi-

larly to the case n = 1, we consider the following assumptions.

(V1) Suppose that there exists « = (a*, =) € R? and a locally bounded measurable
function p:Rd —> [1, oo) such that (g * p)(x) exists for all x € R? and g €

{¢:|:, 1)&:I:, Ki, ‘L'i}.
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(V2) We have

sup <Z+e—a+eea_(¢’*p)(X)ee°‘+(w+*p)(X) +g e —oﬁee‘”_(K’*p)(X)ee“+(r’*p)(X)) <1,
xeRd
sup <Z—e—a*eea+(¢+*p)(x)eea_(w’*p)(x) +q+ea+—a*ee°‘+(K**p)(X)ee"‘_(r+*p)(X)) <1,
xeRd

ot (ot o (ot 1 +—q+
sup e« (TEp)(x) e (TTHp) () ,
xeRd q+

& e e e L4

sup e
xeRd q

Let us comment of the assumptions. It can be shown that (V1) and (V2) are stronger then
(A) and (B). Similarly to Lemma 2, one can show that

sup (g * p)(x) <00, Vge {d)i, vE, oE, Ki},

xeRd
implies that for each @ = (a™, o ™) there exists (@), qi(a) > 0 such that (V1) and (V2)
are satisfied for all z+ < z¥ () and qjE < qi((x).

5.2 Statements

Let Ln := K~!L,K be alinear mapping defined on BbY(I"O ) and put Ln ren := Ry, L R,-1.
Then, L,, ren = Ap + By where (A,,G)(n) = —M,(n)G(n) with cumulative death rate

Mn(’?) = |n+| + |7]7‘ + Z eiéE,ﬁr(Xa77+\x)e*%Er+(x,n_)

xent

+) e w B T\ g 1 B (rn )

xen~
Let f'(g: n) =[]y, n (e_%g(x_y) - 1) , the second linear mapping is given by
(B,G) (n)
—Z+Z/" LBy (x67) )= hEy (6™ V(s \ET) £ (s hEY)
ECﬂRd

X G($+ Ux, E_) dx

+z_2/e i Egt (8 = By (087 )f"( s NET) AT (T \E)
§CﬂRd

x G (%, £ Ux)dx

+qt Z Z e—%EKJr(x,ﬁ\x)e—%Eﬁ(x,é*)fxn (K+; Tl+\%‘+) fn (T+; 77_\%‘_)
§Cnxest

X G(SJr\x E” Ux)

1t Y e B T B ED) g1 (=1 e £ (27 e
§Cnxet™

G(EtUx, £\x)
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—qm Y Y e B W B D 1 (e P\ £ (e ) 68

§Cn xegt
E#n
_ _1 - _1 + L _
—qm YY) e nFer E T B (BT o (e g T\ET) £ (2 T \ET) GB).
§Cn xeg~
§#n
As before, we consider this linear map on the domain
DA, ={G e LyM, -G € Ly}.

One can show that there exists a constant a, (a) € (0, 1) such that

f B, G(me™Me; (p; mda(n) < an () / My (MG (me®e; (p; mdr(n), 0<G e D(Ay),
I r2

where Bj, is defined analogously to B’. Hence (Zn,ren, D(A,;)) is a well-defined operator on
Ly . The next statement follows by the same arguments as Proposition 1 and Theorem 2.

Proposition 4 Let n € N be arbitrary and fixed. The following assertions are satisfied.

(1) (/L\,,yren, D(A,)) is the generator of an analytic semigroup (T},,ren (t))s>0 of contractions
on L. Moreover, Bbs(l"oz) is a core.
(2) Let (Ty ren(t)*)i>0 be the adjoint semigroup. For any ko € ICy, there exists a unique weak
solution to
d

3 (G ki) = (LorenG, kin). kenlizo = ko, G € By (I}).

This solution is given by k; , = An,ren(t)*ko.

In the next step we consider the limiting operators, as n — 0o. These operators are formally
givenby Ly = Ay + By, where AyG(n) = —My(n)G(n) and

My () =2n*|+2n7|
Bv6) ) =" Y [ e (076 = M\ e (v = )
SCﬂRd
x G (T Ux, £7)dx
4 Y [en (6700 e (-9 =9 \E) G (6T £ Ux) d
Ecan
+qt Y Y e (kT = nNET) e (—T = n\ET) G (ET\x, £ Ux)
ECnxegt
+q Y Y a(-k =) \E e (-t (= nN\EY) G (T Ux, £ \x)
ECnxeE~

—gTY Y e (kT = nN\EN) er (T =) nT\ET) G&)

§Cn xegt
i ¥€5

—g Y Y a(— =2 \E) e (-t (= nT\ET) G&).

§Cn xeg—
i ¥€5
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As before, it can be shown that forany 0 < G € D(Zv) with
D(Ly):={G € LMy - G € Ly},
we have
/ By, G(e*Me (p1 m)din(1) < a(@) / My (G (mees(p: mda(n).
ry Iy

for some constant ay (@) € (0, 1). Here B 1s defined analogously to B’. Hence ZV is a
well-defined operator on £, with domain D(LV)

Theorem 6 The following assertions are satisfied:

(1) The operator (ZV, D(Zv)) is the generator of an analytic semigroup (TV ®))i>0 of
contractions on Ly. Moreover, By (F o) is a core for the generator.

(2) Let (TV(Z) )i=0 be the adjoint semigroup on K. Then, for any ro € ICy there exists a
unique solution to

d ~
3 (G ) ={LvG, ), rilizo =ro, G € By (1) - 1)

The solution is given by r; = TV (H*ro.
() Letro() = [Teey+ £ @) [Trey- £ (x) with

Py () < e pl), xeR

Assume that (p;", p;) is a classical solution to

ap () () 2T e WD =670 )0

ot
—q* o~ T xp, @) e~ (TTRo () +(x)+q P ) e~ (KT*0 )(X) 7 (x),
(52)
Ipr (x) _ () 4 e RN = ()
ot
g e WTDIWGTRNW p () 4 gt e WD g R0DW ().
(53)
such that

pE) < e p(x). xeRY 10
Then r;(n) := erzfr o (x) ]_[XET pr (x) is a weak solution to (51).
Proof The first two assertions follow by a modification of the arguments given in the proof
of Proposition 1 and Theorem 2. For the last assertion, observe that r; (1) is continuous w.r.t.

o (Ky, Ly). Since lLr,II r, < 1forallt > 0, it follows that ; is continuous w.r.t. C. The
adjoint operator to Ly is given by
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(LK) () = =Inlk(p — g™ Y QY (™, e ) k(p —g~ Y QY (r7, ™) k(m)
xent xXen~

+28 Yy oV (Wt ¢ ) k(T )+ D0 QY (0T, )k (nL n\x)
xent xen~

+qT Y o (vt Tt k(nt ux, n7\x)
Xen—

+q Y QY (tT k) k(nt\x. 7 UX),
xent

defined on its maximal domain D(L )={k € Ky |LAk € Ky} and
QY (g0, g1) k() = /ek (—go(x — ) ET)ex (—g1(x — )5 €7 ) k(n U E)dA(E).
g

We have

ry () _\ 9p (x) _ 0o (%)
ét =Y r(nh\x ) o+ > n(ntn \x) =5

xent xen—
An easy computation (see, e.g., [8]) shows that r; is (formally) a solution to

dr: (1)
ot

provided (,ot+ , p; ) solve (52) and (53). By (2) it follows that

A
= L\/"t(’]), Itli=0 = ro,

d

& (G, 1) = (G, L) = (LvG, 1),
which implies (51). O
The next statement establishes convergence of the scaled evolution to the limiting solutions.

Theorem 7 Let G € L, then, ﬁ,ren(t)G — 7Y (t)G as n — oo. In particular, for any
ro we have

(G, Thren(®)*ro) — (G, Tv(®)*ro), n—0, G € L.
Proof Since By (1“02) is a core for an and Zv, it suffices to show that
Z,”enG — ZVG, n— oo

holds in Ly, for any G € By, (1"02). But this follows, by dominated convergence, similarly to
[8]. O
6 Examples

6.1 Dynamical Widom—-Rowlinson Model

The model with ¥ = 0 and ¢g* = 0 is known as the dynamical Widom—-Rowlinson

model. It was introduced in [30] and an extension is provided in [19,20]. It has been recently
studied in [11] where a local evolution of correlation functions was constructed. Moreover,
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its kinetic limit was derived and for the solution (one particle density) of the kinetic equation
the dynamical phase transition was shown. In contrast to [11] we obtain a global evolution
of states and show that in a certain regime there exists only one invariant state and the non-
equilibrium evolution of states is ergodic. Below we consider an extension of this model with
additional mutations.

Assume that ™ = ¢~ = 0 and k™ = k= = 0. The (formal) Markov generator is for
F € FP(I'?) given by

LOG) =Y (Fiy'\e, v ) =FmM)+ Y. (Fr™ vy \x) = F())

xeyt xXey~

+ Z+ / e—E¢—(X,J/7) (F (y+ Ux, J/i) _ F()/)) dx
Rd

+z- / ¢ Ept Gy (F(y*, vy~ Ux)— F(y))dx
]Rd

+qt Y e ECYI(F (yT\x, vy Ux) = F(y))
xeyt

+q Z e E-(r ™) (F ()/+ Ux, y \x) = F(y)).
xey~

Let p > 1 be alocally bounded function, & = (¢, a™) € R? and assume that the potentials
are such that condition (A) is fulfilled. Concerning condition (B) we obtain

Bla; n) = e ot Z e_E¢*(x”’+\x)C¢,f (x, a™)

xent
xen—
+l]+ea+—a_ Z e_Ef+(x’"_\x)Cr+ (x, a_)
xXen—
xent
gt Y e FE T (Cos (v 07) — 1)
xent
r E e ()
xen~
= Z <€*a+Z+C¢* (X, Ol+) + q7€a77a+cr’ (x, Cﬁ))
xent
+ Z (e—a*z_Cw (x, a_) +q+ea+_aicf+ (x’ OF))
xXen—
7 )
xent
+qm Y e (O (v, @) — 1)
Xen—
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Note that we have

M) = [t + [0 [ +q" Y e B 4 g7 3B,

xent xen~

Hence there exists a(a) € (0, 1) such that

Bla; n) <a(@M@), nelg,

provided the following conditions are fulfilled

sup (e_"‘+z+C¢f (x, oe_) +q_e°‘__°‘+CT7 (x, ot+)) <1,

xeRd

sup (e_a_z_C¢+ (x, cx+) +q+e°‘+_°‘_CT+ (x, Ol_)) <1,

xeRd

_  l+g"

sup Co+ (x, a7 ) < )
xeﬂg‘i T ( ) g+
sup Co— (x, ™) < 1+f1_.
xeRd q

The second pair of conditions is satisfied, provided

, 1+4*
sup f (1 — e_’i("_’)) p(dy < e " ln< +f ) ,

d q
xeR Rd

ie., o are large enough. The first two conditions are satisfied, if the activities 7+, qﬂE are

small enough. In such a case conditions (V1) and (V2) are fulfilled. The kinetic equations
are given by

dp;" (x) + + =~ #p ) (x) + —(tHap () o+ — (e ) -
Fy (x)+z"e ! —q'e 1 (x) +q e t s (x),
dp, (x) _ o+ et _ 4, -
taz = —p; (1) 42T OHID — gmemTHIO p () 4 g e T (),

Let us consider, for simplicity, the case where the dynamics for the =+ particles is deter-
mined by the same parameters, i.e., 7+ =7z, qi =q, ¥ =1 and ¢i = ¢. In such a case
let = . Above conditions reduce to the pair of conditions

sup (ze “Cy(x, @) + qCr(x, @) < 1,

xeR4

: 1
sup / (1 — efr(x*y)) p(dy <e *In <ﬁ> )
q

d
xeR Rd

Then again conditions (V1) and (V2) are fulfilled and the kinetic equations take the simple
form

8p+(x) B _ _ - _ + _
taz = —p;" (x) + 2¢O — g TN p¥ () 4 ge= TP po (1),
ap, (x) _ — _(¢tspt —(t#p;" - —(t*p;
pr = —p; (1) +27e” PO — gemTOW p () 4 gem T pF ().
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6.2 Pure Mutation Dynamics

Suppose that particles are only allowed to change their type, i.e., consider the dynamics for
the operator V from the introduction. Moreover, assume that k¥ = 7~ and k= = . The
Markov (pre-)generator is therefore given by

(VE) ) =gt Y e BerGrW0e=E Gy (F (yF\x, y~ Ux) = F(y))

xeyt

+q” Z e—Er(X,J/f\X)e—Ew(XyV*) (F ()/+ U x, y—\x) _ F()/)) .

xey~

The corresponding dynamics describes the time evolution of spins associated with randomly
distributed particles. We suppose that the potentials k* > 0 are measurable and symmetric.
Moreover, assume that there exists a measurable, locally bounded function p: RY — [1, 00)
such that (1 —e™* F- ). p are integrable for any x € R?, i.e., condition (A) holds. Suppose
that there exists @ € R such that

1 +
sup Ce+(x, @)Cr—(x, @) < %
xeRd qt +q
Then assumption (B) holds for «™ = @~ = a. Moreover, conditions (V1) and (V2) are
satisfied, provided
1+q¢*

s (T YT ) ) < G

Let /1 be an initial state and j; be its time evolution on I"2. It is not difficult to see that

/H (yFUy ) ro(dy™ dy7) = / H(y" Uy )m(dy™ dy7), 120,
re 2
holds for any H polynomially bounded cylinder function on the one-component configuration

space I" := I'". This relation shows that the distribution of the particles in the space RY is
conserved in the time evolution. The kinetic equation is given by

ap; (x ~

ptat( ) —qTe KW ot () 4 g KT 5 (1),
00, (x o~ —~

'Otat( ) — —q_e_(K *p‘)(x)pt_(x) +q+e_('<+*p’)(x)p,+(x),

where p 1= pt+ +p, is the total particle density. Note that g is preserved in the time evolution.

Acknowledgements Financial support through CRC701, Project A5, at Bielefeld University is gratefully
acknowledged. The author would like to thank the anonymous referees for many critical remarks.
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Appendix
Proof of Lemma 1

Let G > 0, then (for the notation see [22])

f / G(E. 0. nUEAAMLE)

Iy I'o

S I
Z;ﬁ/ / G({x}"7 {x}zi’;’, {x}’il‘Fm)dx;ler

00
n=1

m=1 Ry (Rdym
00 n
1 n m n n n
=> =21, G () (s 1)) dx]
n=1"""m=1 (R

= [ Y6 me maran.

Ty &Cn

This shows the assertion in the case G > 0. For the general case, let G = GT — G~ with
G* > 0. Then

[ [c*e nnvonom = [ ¥ 6= me nam.
Iy Iy Iy §Cn

In particular the left-hand side is finite if and only if the right-hand side is finite. (2) can be
checked by using G = G — G~ and above equality.

Proof of Lemma 10

It suffices to show that
/ G(k(mda(n) > 0,
g

forany G € Bbs(l"oz) such that KG > 0. By approximation it suffices to consider G of the
form

N
G =) biex(g:nM)en(giin), NeN, bheC, g eC (R"; C),

i=1

with KG > 0. Here C, (]Rd; C) denotes the space of continuous functions, having compact
support in R with values in C. For such functions G we obtain

N
Gme. (fHn e (fin)=> biex(g fTin) e (s fin).
i=1
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Let A C R? be the unions of the supports ofgii, i=1,...,Nand AL = max{||gii||oo|i =
1,..., N}. Then

/|€x (& fHn™) e (g7 f7: n7)| k(da(n)
2

-
< /‘AL"HAL’] e (1a: n™)en (L n7) k(dr(n) < oo.

2
FO

Let ;# € P be such that £ is its correlation function. Then ]_[mw 1+ f+(x)gi+ (x)) ]_[XE)/,

(I+f~(x)g; (x))is integrable w.r.t. . Moreover, since gijE have compact support, it follows
that

[T+ @etw) [T 1+ 5 e )

xeyt xey~

= [ (+rwg@) [ (+7 g @),

xeytna xey—NA

and hence

/ [T+ et ®) [T (04 £ e () duly)

r? xeyt Xe€y~
= / [T+ rfwe @) [T 0+ e @)du ().
Fﬁ , xeyt xey~
We obtain

/ G (k(n)dar(y) = Zb / e (fre nt)en (f7gs n7) k(mdr(n)

2
FO FO

Il
.MZ

b"/ [T+ mg ) [T 1+ @e @) duy)

i=l1 r xeyt xey~

I
.MZ

b; / [T+t mgre) [T+ g ) dut4y).

1 5 xeyt xey~

1
FA.A

Introduce the notation e; (h; f%) := ex(ht; ey (h™; ) for h*:R¢ — Cand g =
(BT, B7) € FOQ. By 1+ figijE =(—fH+ 0+ gii) we get for the integrand

[T 0+ wg ) [T 0+ g @)

xeyt xey~

=Y a(l-r5ea(f*(1+g): v \&%).

gtcy*
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This implies
[omkmam= [ 3 e -5 e (15 A

2 5  Ercy*
T T34

N
x Y bies (1+ g5 y*\eF) du™ " (y)

i=1

= / D e (1= 5 e e (F5 yR\ET) (KGO \&)du A (v)

.
2 EFCy
I} 4

> 0.
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