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Abstract We study the long-range directed polymer model on Z in a random environment,
where the underlying random walk lies in the domain of attraction of an «-stable process for
some « € (0, 2]. Similar to the more classic nearest-neighbor directed polymer model, as
the inverse temperature f increases, the model undergoes a transition from a weak disorder
regime to a strong disorder regime. We extend most of the important results known for
the nearest-neighbor directed polymer model on Z¢ to the long-range model on Z. More
precisely, we show that in the entire weak disorder regime, the polymer satisfies an analogue
of invariance principle, while in the so-called very strong disorder regime, the polymer end
point distribution contains macroscopic atoms and under some mild conditions, the polymer
has a super-a-stable motion. Furthermore, for & € (1, 2], we show that the model is in the
very strong disorder regime whenever 8 > 0, and we give explicit bounds on the free energy.

Keywords Long-range directed polymer - Free energy - Strong disorder - Weak disorder -
Invariance principle - Coarse graining - Localization - Super-a-stable motion
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1 Introduction

The directed polymer model was first introduced by Huse and Henley [23] in the study of
the Ising model. A later motivation for studying the model and generalize it in arbitrary
dimension was the observation that when a polymer chain stretches in some media with
impurity or charges, the behavior of the polymer chain will be influenced by the interaction
between the polymer chain and the environment. The polymer chain is modelled by a directed
random walk, and a family of random variables in space represents the random environment.
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The first mathematical study of the directed polymer model was due to Imbrie and Spencer
[24], which was then followed by many other authors e.g. [3,8,11,14,16,17,26,32]. For an
early review, see [15], and for a comprehensive introduction to directed polymer in random
environment and other related polymer models, see [18].

So far, most of the results achieved in the study of directed polymer are based on the
assumption that the polymer chain performs a simple symmetric random walk. In that case,
we call the model the nearest-neighbor directed polymer. It is natural to consider replacing
the simple random walk by more complicated random walks to reflect a variety of physical
phenomena. In [13], Comets considered long-range random walks, whose increment dis-
tribution is in the domain of attraction of some «-stable law. The reason that we consider
the long-range model is that it models superdiffusive motions, unlike the nearest-neighbor
model, which only models the diffusive motion. Another reason that motivates the study of
long-range directed polymer is that in recent years, long-range random walks have played
an increasingly important role in related fields, such as mathematical finance and statistics.
It is likely that the directed polymer model may be applied to the study of other subjects.

In [13], the author extended some early results for the nearest-neighbor directed polymer
to the long-range case. Since then, much progress has been made for the nearest-neighbor
model. The goal of this paper is to investigate whether these newer results can also be
extended to the long-range model and what are the important differences between the two
cases. We will see later that there are indeed some differences between the long-range model
and the nearest-neighbor model due to the heavy-tailed increments, which will result in some
technical difficulties.

Remark 1.1 In [28], Miura, Tawara, and Tsuchida also studied a long-range model. They
considered a continuous case in which the polymer chains are modelled by symmetric Lévy
processes and the random environment is given by a time-space Poisson point process. The
continuous model is worth investigating so we mention this reference here for literature
completeness but we will focus on discrete model in this paper.

1.1 Long-Range Directed Polymer Model

Let S = (S,)n>0 be a heavy-tailed random walk on Z with i.i.d. increments, starting at 0.
The law of § is denoted by P and the corresponding expectation is denoted by E. We assume
that the increment distribution of S is in the domain of attraction of some stable law, which
is equivalent to

P(S1| >n) =n"%L{n), Yn > 1, for some o € (0, 2), (1.1)
or
E[(S1)*Lysyj<m] = L(n), Vn > 1, fora =2, (1.2)

where L(-) is some positive function slowly varying at infinity (see [21, Theorem 3.2] and
[7, Chapter 1]). Under the condition (1.1) or (1.2), the random walk S converges to some
a-stable law after centering and scaling, that is, we can find a sequence of centering factors
{by}nen and a sequence of scaling factors {a; },eN, such that
N
L = X, weakly as n — 00, (1.3)
an
where X, is some stable law with stable exponent o« € (0, 2]. The scaling factor a, is
determined by the stable exponent « and the slowly varying function L(x), and can be
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expressed as n v [(n) for some slowly varying function /(n). When « € (0, 1), the centering
factors b,, can be chosen as 0. When « € (1, 2], E[ S]] exists and b,, can be chosen as nE[S]].
For simplicity, we just assume E[S1] = 0 and we will see that all proof can be adapted in a
straight-forward manner for the non-zero mean case. When o = 1, b, can be computed, but
we set b, = 0 for technical reason. For details, see [29, Chapter 7]. Therefore, throughout
this paper, we assume b, = 0.

We assume from now on that the random environment is described by a family of i.i.d.
random variables @ = (w; x)(i.x)eNx 7, Which is independent of the random walk S. The law
of w is denoted by P and the corresponding expectation is denoted by [E. We also assume
that the random environment has a finite logarithmic moment generating function, at least
for small enough |B],

A(B) :=log E[exp(Bw; x)] < 0o, VB € [—c,c], for some ¢ > 0. (1.4)

Without loss of generality, we can further assume that E[w; ] = 0 and E[(w;, D31 =1.
Given the random environment w, for any N > 0, and 8 > 0, we can define the polymer
measure through Gibbs transformation of the law P of the random walk up to time N by

P 5y .= ] exp(ﬁﬂw s) (1.5)
dp T Zh g p e '
where
N
Zy 5 =E |:exp (Z ,Ba)n,gn):| (1.6)
n=1

is the partition function which makes Py, pa probability measure and S is the inverse tem-
perature. We also denote the Hamiltonian of the system by

N
HY(S) === wns, (1.7)
n=1

which represents the energy of the path of the random walk. It can be seen from (1.5) that
under the polymer measure P, L the random walk paths with low energy carry more weights.

Remark 1.2 Unlike many other papers concerning the nearest-neighbor model, in this paper,
we only consider the model on Z'*! instead of Z4*!. The reason is that when we later
consider the significant classification of the strong disorder regime and the weak disorder
regime, whether the random walk is recurrent or transient plays a key role, see [13,14]. It is
known that for heavy-tailed random walks on 7Z satisfying (1.1) or (1.2), the random walk
is recurrent for @ € (1, 2] and transient for « € (0, 1), and for the critical case ¢ = 1,
whether the random walk is recurrent or transient depends on the slowly varying function
L(x). In dimension 2, the random walk is transient for « € (0, 2). And in higher dimension,
the random walk is transient for all « € (0, 2]. As we can see, the phase transition mostly
occurs in dimension 1. Therefore, most of the interesting behaviors are contained in one
dimensional model as we vary o € (0, 2]. We also mention that our Proposition 1.13 can
adapts the case d = 2, o = 2, which might be of interest.

Denote the o-field generated by the random environment up to time N by Gy =
0 ((wn,x)o<n<N,xez)- It is easy to see that the normalized partition function
A zy

o . N.B
N8 p(NAB)) (18)
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is a IP-martingale with respect to the filtration (Gy)n>0. Since VA N.B is nonnegative, it con-

verges to some random variable VAY 0. almost surely by the martlngale convergence theorem.

It can be seen that the event {Z“’ = 0} is in the tail o-field ﬂ 0 ((Wn,x)n=N,xez). By
N=0

Kolmogorov’s 0-1 law, either IP(Zg’ﬁ =0)=0or IP(Z&Yﬂ = 0) = 1. We call the first
case the weak disorder regime and the second one the strong disorder regime. This simple
but significant observation was first made by Bolthausen for a binary random environment
(see [8]).

It is believed that in the weak disorder regime, under the polymer measure P%, N.p the
random walk’s behavior is comparable to that under P, i.e., the random walk fluctuates on
the scale N# (up to some extra slowly varying function) as N — oo. While in the strong
disorder reg1me under the polymer measure P§ B there will be some narrow corridors at

a distance >N @ from the origin, in which the random walk falls with high probability. In
particular, the random walk’s end-point distribution contains macroscopic atoms. We call
this expected phenomenon in the weak disorder regime delocalization, and the one in the
strong disorder regime localization.

One important result that connects strong disorder with localization is [14, Theorem 2.1],
for the nearest-neighbor model which is then extended to the long-range case model in [13].
We cite that result here:

Theorem 1.3 (Comets [13]) Denote
Iy = (P%q,ﬁ)@z(szlv = 5¥). (1.9)

where S', §? are two independent copies of the random walk S satisfying (1.1) or (1.2)
and (P%_]yﬂ)@’2 can be viewed as the distribution of the couple (SY, $2) with the same
environment w. Let B > 0. Then,

P(Z%, 5 =0) = (Z Iy = ) (1.10)

Moreover, if]P(zg’oﬁ =0) = 1, then P-a.s., there exist c1, ¢z € (0, 00), such that
N
—c1 logZN Z W< —c logZNﬁ for N large enough. (1.11)

The quantity /y can be considered as the end-point overlap of two i.i.d. copies of the polymer
at time N. For technical reasons, we consider the probability of {S = 512\/} under the product

measure (P, _ ﬁ)® where the increment Sy — Sy—1 is distributed as the original random
walk. This theorem heuristically indicates that trajectories should intersect infinitely often in
strong disorder.

The free energy of the system is defined by

1
F(p):= lim —logZ{ ;. (1.12)

This limit is known to exist and to be deterministic IP-a.s. One can refer to [13,14] to see
that

. 1
F(B) =N]1_r)nOo NlE[log Z%’ﬁ]. (1.13)
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We set
D DN
p(B) = Nll_I)noo N log Zyy s = F(B) — A(B) =0, (1.14)

where the inequality is due to Jensen’s inequality. It can be seen that if p(8) < 0, then 21“\’, P
has exponential decay, which implies that strong disorder holds, but not the converse. Thus,
the case p(B) < 0is called the very strong disorder regime.

Since we have the dichotomy between weak disorder and strong disorder, we can draw the
phase diagram of the system, which was first established for the nearest-neighbor directed
polymer in [17] and then extended to the long-range case in [13]. We summarize their results
as follows.

Theorem 1.4 (Comets-Yoshida [17], Comets [13]) Forany «a € (0, 2], there exist 0 < ,86! =
Bl(a) < B? := B2(a) < oo, such that

. 1
And
=0, ifpelo, B
p(ﬂ)[<0’ ifB > B2 (1o

Remark 1.5 The reason that p(ﬁ?) = 0 is that p(B) is continuous in B, since ﬁ log Zﬁyﬂ
is convex in B. It is conjectured that there is no intermediate phase between weak disorder
and very strong disorder (except at the critical point 8 = ,BCZ), ie, Bl = ﬂcz. But so far this
conjecture has only been proved for the nearest-neighbor directed polymer on Z'*! in [16]
and on Z>*! in [26]. A recent more refined result for the nearest-neighbor polymer on Z>*!
is achieved in [3], which gives the exact asymptotic behavior of p(8) at high temperature.
Another open question is to determine whether there is weak disorder or strong disorder at
critical point 8 = ..

To close this subsection, we cite two quantitative results which give sufficient conditions
for the existence of a weak disorder regime, respectively a strong disorder regime.

Theorem 1.6 (Comets [13]) If the heavy-tailed random walk S is transient, and denote
7, =P®2@n > 1,51 8, -5, =0) < 1, (1.17)
where S is an i.i.d. copy of S, then for all B such that
A2B) —2A(B) < —logmp, (1.18)
weak disorder holds.
Theorem 1.7 (Comets [13]) For any o € (0, 2], if
BY(B) = 1(B) > — D q(x)logq(x), (1.19)

xX€Z
then p(B) < 0, where q(x) = P(S1 = x).

Remark 1.8 By Theorem 1.6 and Remark 1.2, there is always a weak disorder regime for
a € (0, 1), since A(0) = 0. In Theorem 1.7, > g(x)loggq(x) is always finite and for the

x€Z
random environment satisfying essup|w; 0| = oo, we have S1'(B) — A(B) — oo as B — o0

(see [13]). Hence, strong disorder holds at low temperature.
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1.2 Main Results

We summarize the results of this paper in this subsection. Unless otherwise specified, the
random walk S and the random environment w that we consider here are introduced in
Sect. 1.1, from (1.1) to (1.4). In Theorem 1.18, we need some extra but mild conditions on
S and w, which we will mention there.

We first study the path behavior of the long-range directed polymer chain in the weak
disorder regime. As in [17, Theorem 1.2], we will establish a stable-law version of invari-
ance principle under the polymer measure Py p- For heavy-tailed random walks that were
introduced in (1.1), (1.2) and (1.3), define the following cadlag process

XN =S, fortel:ﬁ,w),nzo,l,...,N. (1.20)
an N N

Then (X,N)te[o,l] converges to an a-stable Lévy process (X;):c[0,1] € D[0, 1] in distribution

(see [30, Proposition 3.4]), which we call an analogue of invariance principle for o-stable

process. Here D[0, 1] is the space of all functions on [0, 1] which are right continuous with

left limits equipped with the Skorohod topology induced by the metric

dx,y) = ;gf\{ sup [A(r) =tV sup [x(r) — y()»(t))l] , 1.21)

0<t<l 0<t<l
where A is the set of all the strictly increasing functions A(¢) on [0, 1] with A(0) = 0 and

A(1) =1 (see [6, Chapter 3]).
Following the notations above, our first result is

Theorem 1.9 For the long-range directed polymer model defined in Sect. 1.1, assume that
o € (0, 1] and weak disorder holds. Then for all bounded continuous functions F on the
path space D[0, 1], we have

% SLE(XMei0.a)] = EXIF(X)reo, )] as N — oo, (1.22)

where EX denotes the expectation for the a-stable Lévy process X.

This theorem says that in the weak disorder regime and under the polymer measure Py N.p
the polymer chain converges to the same «-stable Lévy process as S under the measure P. It
is expected that the “in probability” convergence (1.22) can be improved to an “almost sure”
version, but we cannot prove it for the moment.

Remark 1.10 In [13], Comets proved a scaling limit result for the long-range directed poly-
mer under a stronger condition (1.18), which implies weak disorder. Here by applying the
procedure developed in [17], we can weaken the condition (1.18) and improve the scaling
limit result to the analogue of invariance principle for «-stable process in the entire weak
disorder regime.

Our second result concerns the phase diagram. We can characterize the phase diagram in
Theorem 1.4 in more detail. More precisely, we prove

Theorem 1.11 Following the same notations and assumptions as in Theorem 1.4, we have

() B! =0ifandonlyifS is recurrent.
(i) B! = B2 =0fora e (1,2].
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Remark 1.12 For the nearest-neighbor directed polymer model, (i) has been proved in [14,
Theorem 2.3]. Our result is the analogue for long-range directed polymer.

It can be seen from Theorem 1.6 that transience of S implies the existence of a weak disorder
regime. Therefore, to complete the statement of Theorem 1.11 (i), what we need to prove is
the following result.

Proposition 1.13 [f the heavy-tailed random walk S is recurrent, then only strong disorder
holds, i.e., B! = 0.

Remark 1.14 As we have mentioned in Remark 1.2, recurrence holds for « € (1, 2] and
transience holds for @ € (0, 1). For the critical case o = 1, ﬂcl can be either 0 or positive,
which depends on the slowly varying function L(-).

Theorem 1.11 (ii) will be proved by showing p(8) < Oforany § > Oifw € (1, 2]. In fact, we
can give an upper bound for the free energy that we believe to be sharp up to multiplication
by a constant.

Theorem 1.15 If « € (1, 2], then there exists a slowly varying function ¢, which can be
expressed by a and L(-), an inverse temperature By > 0 and a constant C > 0 (all depend
on a and on L(-)), such that for 0 < B < By,

p(B) < —Cﬁﬂ%cp (%) . (1.23)

Remark 1.16 1t is conjectured that the asymptotic behavior of the free energy of long-range

directed polymer is p(8) ~ —F8 = w(%), where F is the free energy of a continuum model
and ¢ is some function slowly varying at infinity, although the existence of F is still an open
question. For more information, see [9, Conjectures 3.5, 3.11], where the authors consider the
scaling limits of disordered systems, including the long-range directed polymer. Although in
that paper the slowly varying function is ignored in long-range directed polymer models, it
can be easily included as done in the conjecture on the critical curve of the pinning models.
It is also natural to conjecture that for & = 1, 8! = 0 can imply g2 = 0, which we are now
trying to prove. However, there is still some technical difficulty to deal with the critical case.
We will shortly discuss that in Remark 3.7 after the proof of Theorem 1.15.

Our next result concerns the phenomenon of localization in the very strong disorder
regime. A strong result for localization was given by Vargas, in [32, Theorem 3.6], who
considered e-atoms of polymer measure P%; 4 for the nearest-neighbor directed polymer. By
some modifications in the proof of his key lemma [32, Lemma 5.3], we can extend his result
to the long-range model.

Theorem 1.17 Denote
AV ={x € L Py, 4(Sy =x) > €} (1.24)
If p(B) < 0, i.e., very strong disorder holds, then for IP-a.s., there exists an € > 0, such that

N

1

lim 21 Lycosy > 0. (1.25)
n=

N—o0
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This theorem says that in the very strong disorder regime, as the random walk moves in
the random environment, there will be atoms carrying mass bigger than € in the polymer’s
end-point distribution under P%’ for arbitrarily large N.

Our last result concerns the fluctuation of the polymer in the very strong disorder regime.
It has been shown in [5,27] that under the polymer measure, a Brownian polymer B; in a
continuous Gaussian field will fluctuate on a scale which is not less than t% ast — oo, if
the Gaussian field has weak coorelation. Since t% is larger than the underlying scale t%, it
reflects a superdiffusive phenomenon. By adapting the methods in [5,27], we can establish a
similar result for the long-range model. For some technical reason, we will consider a family
of heavy-tailed random walks with more regular tails in a Gaussian random environment. We

show that for any stable exponent & € (1, 2], the random walk fluctuates on a scale > N ¥
under P%’ p as N — oo. In such case, we say that the random walk has a super-«-stable
motion.

Theorem 1.18 Let (X,)neN be a sequence of i.i.d. integer-valued random variables with
symmetric distribution

LUKD - vk e z\ {0},

P(X| =k) =1 lkI**"”
po>0, fork=0,

(1.26)

where L(-) : (0,00) — (0, 00) is some slowly varying function and « is some constant
strictly larger than 1 (not necessarily less than 2). We denote the heavy-tailed random walk
by

N
Sy = X 1.27)
n=1

The random environment @ = (w; x)(i,x)eNxz IS afamily of i.i.d. standard Gaussian random
variables and we define the related polymer measure as in (1.5) and (1.6). Then given « in
(1.26) and B > O, for any arbitrarily small € > 0, we have

. BN
lim E|PY > —1. 12
N [ N.B (12% 500 = e F T+ 2oz V)2 (1.28)

Remark 1.19 The condition (1.26) is a bit stronger than (1.1) or (1.2), since by [7, Proposition
1.5.8], (1.26) implies that for o« € (1, 2), X is in the domain of attraction of the stable law
with stable exponent «, and for « > 2, X is in the domain of attraction of the Gaussian law.

In summary, in this paper, we draw a more detailed phase diagram for the long-range directed
polymer model, and we extend the invariance principle in the weak disorder regime and a
localization result in the very strong disorder regime from the nearest-neighbor directed
polymer model to long-range directed polymer model. We also provide an upper bound for
free energy of the model and a lower bound for the fluctuation scale for « € (1,2]. We
hope that our results lay the foundation for further investigations of the long-range directed
polymer model.

1.3 Organization and Strategy of the Proof
In Sect. 2, we will prove Theorem 1.9. The procedure is the same as that in the proof of

[17, Theorem 5.1] for the nearest-neighbor model. The difference is that we need to do some
estimates for heavy-tailed random walks instead of the simple random walk. We will apply
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some technical lemmas from [17] without stating their proof. Those lemmas can be extended
to the long-range directed polymer model after careful checking.

In Sect. 3, we will prove Proposition 1.13 and Theorem 1.15. For Proposition 1.13, we
will adapt the method used in the proof of [14, Proposition 2.4(b)]. We will also give some
equivalent criterion for the recurrence of long-range random walks. For Theorem 1.15, we
will use the now standard fractional moment/coarse graining/change of measure method,
developed in the pinning model literature, used in [26].

In Sect. 4, we will prove Theorem 1.17, which is based on the techniques developed by
Vargas in [32].

In Sect. 5, we will prove Theorem 1.18. The methods that we will use were developed
in [5,27]. Instead of computing the covariance of the random environment as that in [5], we
will apply the change of measure method as that in [27], which is also used in the proof of
Theorem 1.15.

Each section is independent and can be read separately.

Remark 1.20 One main difficulty in extending results for the nearest-neighbor model to the
long-range ones is that, up to time N, the simple random walk can only reach at most (2d)™
sites on Z?, but the heavy-tailed random walk can reach infinitely many sites in one step.
As we will see, the method in [16], or the greedy lattice animal argument in [32, Sect. 3.1]
cannot be directly applied to the long-range model.

2 Proof of Theorem 1.9

In this section, we will always assume that weak disorder holds, i.e. ]P(Z“’ >0) = 1.
According to the definition of the polymer measure P%, N.p> We perform change of measure for
P at time N with respect to the first N steps of the random walk S. First we introduce the
notation

N
210\)7,,3("»)‘) =E |:CXP (Z(ﬂwn+i,5,, - )\(ﬂ))):| , 2.1)

n=1

where E*[-] denotes the expectation with respect to P* := P(:|Sp = x), the probability
measure for the random walk starting at x. Then it is not hard to observe that given 8 and w,
Py P is an inhomogeneous Markov chain and the transition probabilities are given by

PR s(Siv1 = yISi=x) =
exp(Baiy1.y—A(BNZY_;_y 5li+1.y)
Z§i %)
P(S1 = y|So = x), fori > N.

P(Slzy|50:x), fOI'OSl SN_I, (22)

MOI‘eOVGI‘, we can rewrite
78 50, x) = E*[exp(Ben,s, — A(B) Zy_, 5(1. S1)]. (2.3)
It can be seen that

00ﬂ(o x) = hm VA .50, x) = E[exp(Bwr s, — x(ﬂ))Zgg,ﬁ(l,sl)], P-as., (2.4)

where the first limit exists by martingale convergence theorem, and the inequality is due to
Fatou’s lemma. Notice that (ZZ, ﬁ(i , X))i>0,xez are identically distributed since w is i.i.d.,
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and w5, is independent of Z‘” (1, 0). Hence, by taking expectation on both side of (2.4)
and switch the order of £ and Ex we have

E[ZZ, 4(0.x)] = E[E*[exp(Bw1.s, — A(B)ZL 4(1. S| = BIZZ 4(1.x)]. (2.5)

By the argument from (2.4) to (2.5), notice that Z;,ﬁ(o, x) and ig’o,ﬂ(l, x) have the same
distribution, and then it follows that

72, 40, x) = E*[exp(Bwr,s, — M(B)ZE, 4(1, SD]. P-as. (2.6)

o0

Next, forall A € Foo =0 ( U F N), where Fy is the o-field generated by the first N steps
N=1

of the random walk S, the limit

N
E |:]1A exp (Z Bwn.s, — Nk(ﬂ))]
P2 4(A) = hm Py 4(A) = 11m n 2.7

Zﬁﬂ

exists P-a.s by applying martingale convergence theorem to both the numerator and the
denominator and the positivity of Z

Motivated by the argument above we can define a random, inhomogeneous Markov chain
with transition probabilities

exp(Bwit1y — MBNZL, 4 +1,)
72, 40, x)

Phme (S =15 =) = P(S) = yISo = ).

(2.8)

Note that (2.8) is obtained by taking limits in both numerator and denominator in (2.2),
which is well-defined by (2.6). The reason we define P“’ . is that PZ B is not known to be
countably additive on F,, while P“’ . isindeed a probablhty measure on Fo, and coincides

with P2 5,8 O0 U Fn. The probability measure P4
n=1

of Theorem 1.9.
We cite the following results from [17], which we do not prove and will be used in our
proof.

4 me will play an important role in the proof

2.1 Useful Preliminary Result

Proposition 2.1 ([17, Proposition 4.1]) Assume weak disorder.

o
9 ne(A) =PE2(A), Pas. forall Ae | Fy. 2.9)
N=1
Moreover,
EP§ ,.(A) = EPY, 5(A) VA € Feo, (2.10)
P < EPE . <P onFu. (2.11)

It is not hard to deduce Proposition 2.1 from [17, Lemma 4.2]. We state a weaker version of
[17, Lemma 4.2] here, which will be helpful later in the proof of Proposition 2.5.
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Lemma 2.2 ([17, Lemma 4.2]) Suppose {An}n>1 C Foo such that

lim P(Ay) =0. (2.12)
N—oo
Then
Nli_r)nooIE[ %,ﬁ(AN)]=N1£noo]E[P§:oﬁ(AN)]=o. (2.13)

The next proposition we cite concerns the total variation distance between the polymer

measure P% Yy and the Markov chain P‘é’ me- We introduce the total variational norm
[l = vllFy = 2sup{u(A) —v(A) : A € Fy}. (2.14)

Proposition 2.3 ([17, Proposition 4.3]) In the weak disorder regime,
I E[IIP§1.5 — P4 |=o. 2.1
Jim sgp PNtk — Pgmellry | =0 (2.15)
The last result we cite here is the following lemma, which is a key ingredient to deduce our

main result Theorem 2.7.

Lemma 2.4 ([17, Lemma 5.3]) For all B € ]—‘S? 2, the following limits exists P-a.s. in the
weak disorder regime:

(PL.p) 7 (B) = lim (PG ;) (B), 2.16)
where the definition of (Pﬁ_]yﬂ)@2 is given in Theorem 1.3.
Moreover,

o0
(P2 )2 B) = (P4,)2%B), vBe |J 7’ @2.17)

N=1
E[(P2 5) P (B)] = E[(P,,)®°(B)], VB e 7D’ (2.18)
E(P4 )87 < P®2, on 72, (2.19)

Note that by [17, Remark 5.3], we cannot identify (P&’ ﬁ)(z) with (P&’ ﬁ)® 2 because we do
not know whether P% 8 is a countably additive product measure. Although Lemma 2.4 looks
similar to Proposition 2.1, the proof of Lemma 2.4 is much more technical, involving Doob’s

N
decomposition of submartingale, since E®?2 |:exp (Z Blw, st + @, 52) — ZNA(ﬂ))] is
n=1

no longer a [P-martingale with respect to filtration Gy .

2.2 End of the Proof of Theorem 1.9

Now we can prove Theorem 1.9. First, under the probability measure P/‘;”mc, we establish an
analogue of averaged invariance principle for the cadlag process (XV);c(0.1] via a second
moment calculation and Proposition 2.1. Since the Markov chain and the limit of the polymer
measure P%, ) coincide on the o -field generated by the random walk S up to any finite time, we
can apply Proposition 2.3 to extend the analogue of averaged invariance principle from P‘g’ me

to the polymer measure P%; e Then, by the same procedure above, we can establish the ana-

logue of averaged invariance principle for the i.i.d. couple ((X tN )iel0,1] ()~( tN )ie[0,1]) under
the product measure (P“’,mc)‘X’2 via Lemma 2.4. Finally, since (XtN )refo,1] and (5( ZN )ref0,1]
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arei.i.d., E(Ez)mc

vergence in probability of E“A’, ﬂ[F (X tN )ref0,11)] will then follow by applying Proposition
2.1 again.
More precisely, our first step is to establish the following proposition.

[F(X ZN )ref0,1])] converges in L? (thus it converges in probability). The con-

Proposition 2.5 Assume that o € (0, 1] and weak disorder holds. Then the path measures
EPY 5((X7),ci0.4) € ) = PY(X)reqo,1) € -) weakly as N — oo, (2.20)
EPS e (X7Y),ci0.) € ) = PY((X)reqo,1) € -) weakly as N — oo (221

Remark 2.6 The analogue of Proposition 2.5 was proved for the nearest-neighbor model in
[17]. To extend it to the long-range model, we use the observation that under the Skorohod
distance, X ,N and X ,N ~ are close for fixed k and large enough N.

Applying Proposition 2.5, we will then prove

Theorem 2.7 Assume that o € (0, 1] and weak disorder holds. Then, for all bounded con-
tinuous functions F on the path space D[0, 1],

ES s [F((X),c0.00)] EEX[F(X)iep.1)] as N — oo. (2.22)
E(;}) mc[F((XtN)tg[()yl])] LP) EX[F((Xt)te[O,l])] as N — oo. (2.23)

Proof of Proposition 2.5 We first prove (2.21). Since the path space D[0, 1] is separable, by
[19, Theorem 11.3.3], it suffices to show that

Jim E[EY 1 [F((X)ic0.)] = EX[F(X0)ie0,1)]. YF € BL(D[O, 1]), (2.24)

where BL(D[0, 1]) is the set of all the bounded Lipschitz functionals on D[0, 1]. To simplify
the notations, we denote F((XN),E 0,11) by fnv and F((X)tef0,17) by f.

Our first statement is that for any sequence (N )x>1, such thatforall k > 1, Nk+1 >p>1,
we have
1 & P _x
=" v — EX[f], asn — oo, (2.25)
"4
To prove (2.25), we start by observing that
n n
P( LS fv —EX(f]] > 6) = P( i Z (fve —ELfn])| > %)
k=1 k=1 (2.26)

(’;i Elfy,] - EX[f] > ¢

The second term on the right-hand side vanishes as n tends to infinity by the analogue of
invariance principle for stable laws. For the first term,

1< 4
P(‘nZ(ka—E[ka]) > §)< o

k=1
—o ZE U Z Z E [(fv — ELfn) (fv; — ELAN,D)]|-

k=1 j=k+1

2

Z (fne — ELfw,1)

k=1

2.27)

@ Springer



332 R. Wei

The first term on right hand side is bounded by (’)(%), since F is bounded. For the second term
on the right hand side, by the method that was used in [2, p. 99], each term in the summation
P
is bounded by C(p) (%) for any p < « and then bounded by C(S)p_(é_‘s)(j_k) further
J

for some 0 < § < é (see Potter bounds in [7]), where C(p) and C(8) are constants only
depending on p and § respectively (one can find the full details in [25, Theorem 4.18]).
Therefore, the summation in the second term is also bounded by O(%). Combine (2.26)
and (2.27), we obtain (2.25). By (2.11), the convergence in (2.25) also holds in lEP‘é”mC-
probability.

Denote Ey = E[Ew,mc[ fn1]. For any converging subsequence E,, we can find a sub-
subsequence E N> such that iI}f (Nkj +1/Nk;) = p > 1, and then by (2.25) and bounded

n
convergence theorem, lim % > E N, = EX[ f1. Therefore we conclude that (2.24) holds.
n—oo i—1 )

Next we prove (2.20). The basic idea is the same as the proof of (2.21), we only need to
prove that for all F € BL(D[0, 1]),

Jim E[EY g[F(X)iero.i]] = EX[F(X0)ieq0.17)]- (2.28)
ForO<k <N,

B [, [ — BX U] < B[ 5 1w — ivo]
FE[ES pUv—i] ~ B el fwel]  229)
+ | [Bg el fv-id] - E¥L11].
For any fixed k, let N tend to infinity, then by (2.24), the last term vanishes. For the first

term, denote d((X,N),e[o,l], (X,N_]‘),E[o,]]) by d(N, k), where d(-, -) is the Skorohod metric
on DJ0, 1], which was introduced in (1.21). Then for any § > 0, we have

E[ES 4 |fy — fy-kl] < LEIE§ sldN. 0 Lagv p55]]

+2( sup |F(x)|)E[E%,ﬁ[ldw,kpa]], (2.30)
xeD[0,1]

where L is the Lipschitz norm of F. The first term on the right-hand side of (2.30) can be
made sufficiently small by choosing ¢ sufficiently small. The expectation in the second term

can be bounded by
> 6 sup > 6 ,
] U [15/ =k ])}

(2.31)
since Skorokhod distance allows us to align the jumps of two different cadlag functions. To be
specific here, in (1.21), we can choose A(7) = NT_" on [0, N_T"_l] and linear on [N_T"_l 1]

S Sj

]E|:P‘,$ﬂ([ sup |+ —
1<j<N—k

SN—k+j  SN—k

ay  AdnN—k an anN —k

to make the first N —k — 1 jumps of both X" and X ;v ~* occur at the same time, which gives
an upper bound (2.31). We observe that
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P sup
1<j<N-k

Sj Sj

an aN—k

SN—k+j SN—k
> 8] U [ sup | = — o

l=j=k

Si E) SN—k k)
< P sup J > ANk + P ( ST ANk (232)
1<j<N—k N =T el 2=
SN—k+j—SN—
+P sup N k+a]N Nk | % )
1<j<k

Note that a;v =t — 1, as N — oo. By weak convergence of a;,LkSN_k, the continuous

mapping theorem and the fact that sup |X;| < oo a.s., the first two terms on the right-
0=t<1
hand side of (2.32) tend to 0 as N tends to infinity. The last term also tends to 0, since

d
SN—k+j — Sn—k = §;. Denote

S S

sup —_ =
1<j<N—k |AN aN—k

SN—k+j SNk

>3]U[ sup

l=j=k

> a] (2.33)

an aN—k

by Ay for N > k. We have Nlim P(An ) = 0. Then by Lemma 2.2, (2.31) tends to 0 as
— 00
N tends to infinity. Therefore, the first term on the right-hand side of (2.29) vanishes.
Finally, the second term on the right-hand side of (2.29) is bounded by sup [E ‘E‘lhk sLIN]
N ,

_E%),mc[fN]" Note that fx is measurable w.r.t. 7. Hence
Sp E [E ol fiv] — Ef el ]| = ( sup |F(x>|)supIE (1P 115 = Pmellzy ]
N xeD[0,1] N

(2.34)

Let k tend to infinity and apply Proposition 2.3. The right-hand side of (2.34) tends to 0. This
completes the proof of (2.20). O

Proof of Theorem 2.7 By the same procedure as in the proof of (2.21), but using Lemma 2.4
instead of Proposition 2.1, for any G € C,(DI0, 1] x D[0, 1]), we have

Jim B[ (€5 0 @16 (X e0n. B ie0.0]] = EOOG(Xero.1r. et

(2.35)
If we choose G(x, ) = (F(x) — EX[f])(F (%) — EX[f]), then it follows that
2
Jim B [(E/‘éimc[fN - EX[f]]) ] =0, (2.36)

which proves (2.23). To prove (2.18), it suffices to show that for all F € Cy(D[0, 1]),

lim E ’E‘;\’, sLiv — Ex[f]]‘ —0. 2.37)
N—o00 ?
The proof of (2.37) is the same as that of (2.28). O
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3 Proof of Proposition 1.13 and Theorem 1.15

3.1 Proof of Proposition 1.13

We will first give some equivalent conditions for the recurrence of heavy-tailed random walks,
which will be used later.

Proposition 3.1 Suppose that S = (S,;)n<o is a heavy-tailed random walk satisfying (1.3)
with b, = 0.

(i) S is recurrent if and only if Z = 00, where a, = nél(n) for some slowly varying

function [(n), is the scalmgfactor in (1.3).
@ii) If P is in the domain of attraction of the Cauchy distribution, i.e., « = 1, then S is

= 00, where L(n) is some slowly varying function

o0
recurrent if and only if > ﬁ
n=1

defined in (1.1).

Proof (i) For ot € (0, 1), the random walk § is always transient (see Remark 1.2), and

Z an = Z L < oo since l > 1. Hence, the result is obvious.
=1 na l(n)

For o€ [1 2], Sy should take both positive and negative values. We can set the possible
smallest return time k by the greatest common divisor of {n € N : P(S, = 0) > 0},
which is finite. By Gnedenko’s local limit theorem (see [7, Theorem 8.4.1]), we have
0)h
P(su = 0) ~ SO 0 o, 3.1)
Ank
where £ is the largest integer such that {z + hZ} contains all the values of S; for some
integer z and g, is the density function of the limiting stable distribution X Note that

oo o0
S is recurrent if and only if > P(Syx = 0) = Z P(S, = 0) = oo, and Z
n=0
has the same order of —k asn — oo by Umform Convergence Theorem of slowly
varying function ([7, Theorem 1.2.1]), then the result follows by (3.1).
(ii) Again, by [7, Theorem 1.2.1], for any slowly varying function L(x), there exist two

Aan— l)k+m

o0
constants C and C», suchthat Cy < igz; < Cp,forx € [n,n+1).Hence, zl nLl(n) =
n=
oo dt
o0& || g = 0o

By [7, Proposition 1.3.4], we can extend a,, to a regularly varying function a(t) = tI(t)
for t € (0, 0o) and further assume that a(¢) is non-decreasing and differentiable. By
[7, Proposition 1.5.8], %a(t) ~ @ Note that a,, ~ nL(a,) since a, can be chosen
by nP(|S1| > n) ~ 1 (see [29, Chapter 7]), we then obtain

° dt o dt © ds
& — —0& = 00, (3.2)
1oar) 1 tL(a(r)) 1 sL(s)
where the last equivalence follows from the change of variables s = a(¢). Now the
result holds by part (i). O

Remark 3.2 By [12, Theorem 8.3.4], a random walk S whose expectation E[S;] exists is
recurrent if and only if E[S1] = 0. For « € (1, 2], since S; — E[S1] has expectation 0 and

o0
> ai = oo holds always, hence, setting b,, = 0 does not reduce much generality.
n=1 "
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To prove Proposition 1.13, we apply the fractional moment method as in the proof of [14,
Theorem 2.3(b)]. We cite two lemmas [14, Lemmas 3.1, 4.2] here without proof.

Lemma 3.3 Let (&;);>1 be positive, non-constant i.i.d. randomvariables such that E[§1] = 1

oo
and IE[’g‘l3 + log2 &1] < oo. For (;)i=1 € [0, 11N such that > o = 1, define a centered
i=1
o 1
random variable U > —1 by U = >_ ;& — 1. Then there exists a constant ¢ € (0, 00),
i=1
independent of («;);>1, such that

Il , U?
“> o} <E : :
;e <B | ] 63

Remark 3.4 In [14], the authors considered sequences («;)1<;<, for any finite n. It can be
seen that the proof for a countable sequence (¢;);>1 follows the same lines as that for finite
(i) 1<i<n- Note that U is a well defined random variable by monotone convergence theorem.

Lemma 3.5 Recall the overlap Iy from (1.9). For 0 € [0, 1] and A € Z,

5w 6 1 Zw 0 2 6
BUZ1,p)" IN) 2 T BI 2o p)"1 = ToPS ¢ A (34)

Proof of Proposition 1.13 We will show Nlim ]E[(i% ﬁ)(’] = 0 for some € € (0, 1) via a
— 00 ’

recursive inequality between E[(Z%yﬂ)e] and E[(Z%_l,ﬂ)e].

We first establish the connection between 2% p and 2%71’ p by writing

Z%
5o L Uﬁ’ﬂ +1, (3.5
N—1,8
where it can be seen that
Uy g =E§_; glexp(Bon sy —A(B)] — 1. (3.6)

Therefore, conditionally on Gy _1, which is the o-field generated by (w; x)o<i<N—1.xeZ, UN
satisfies the definition of U in Lemma 3.3. Then we have

EL(Zy )0 19v11 = (Z5_, p) ' BLUR 5 + D 1GN-11. 3.7)

To deal with the right-hand side of (3.7), we define an auxiliary function. Assume 6 € (0, 1).
Set f : (—1, 00) — [0, c0) by

f) =1+6u—1+u)?. (3.8)

It is easy to see that there exist ¢y, ¢3 € (0, 0o) such that for all u € (—1, co), we have

c1u2

sra S = cou’. (3.9)

Notice that the left-hand side of (3.9) has the form of the right hand side of (3.3).
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Then

(Z§5_1 o) BLWU 5 + D 1Gx-1]
= (Z§;_ lﬂ)HJE[ljreuw — fWU} p)IGN-1]
:(Z ]ﬁ) _(Zw l’ﬂ)é [f(U ﬂ)|gN 1] (3.10)

(U 4)?
<(Zy_ 15) —(Z5_ 1ﬂ)0E|: ;HIJVwﬁ [ 1]
= (ZN—I,;S) _CS(ZN_l,ﬂ) Iy,

where the last inequality is due to Lemma 3.3, with (oy)yez = (P‘;\’,_l_ﬁ(SN = X))yez and
noticing that Iy = Z Py_ ﬂ(SN = x))2. Taking expectation on both sides of (3.7) and

(3.10) and using Lemma 3.5, we obtain

El(Z§ 5)°1 < (1 - —) BIZY_ %1+ 2P (Sy ¢ Ay 3.11)
[AN] [AN]
for any sequence of bounded sets (A;);>1.
For a recurrent S, by Proposition 3.1 (i), we have %o: i = o0o. Then we can always find
a sequence (b;),>1 such that -
lim 2 = 00, and Z = oo. (3.12)

n—oo day — n

Hence, we can choose Ay = (—by, by) such that P(Sy ¢ Ay) tends to 0, since a;,lSN
converges in probability to some stable law. For any € > 0, for large enough N, we have
2P(Sy ¢ An)? < €, and then

El(Z3 )] — € < (1 - 2%) ENZG_, "1~ ©)

< exp (—2%) (ENZy_, 01— €). (3.13)

Iterating this inequality and using Fatou’s lemma, we obtain

E(Z%, )1 —€ < lim E[(Zj 5)"1—¢

M— o0
M
< gim exp( - > 2 ) @I, 01 -0 =0, (14)
M— o0 n=N Zb ’
Since € is arbitrary, it follows that IE[(Z‘“ ﬂ) ] =0, i.e., strong disorder holds. ]

3.2 Proof of Theorem 1.15

In this subsection, we prove Theorem 1.15, which gives bounds on the free energy when o €
(1, 2]. The technique that is used here has been developed in many articles, see [20,26,31].
We only give a proof for Gaussian environment. It is not hard to deduce the result for general
environment from Gaussian environment, see [26, p. 481].
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Proof of Theorem 1.15 in Gaussian environment We start with a simple observation. By
Jensen’s inequality, for 6 € (0, 1),

pB) = hm —E[logZN ﬂ]< hm —log]E[(Z ﬂ)] (3.15)

Hence, we only need to show that the fractional moment of 21“\’, L for some power 6 € (0, 1)
that will be determined later, decays exponentially in N.

To conclude (1.23), it is sufficient to focus on a subsequence of 2%’/3 by (3.15). We use
the coarse-graining method in this step. Consider the sequence N = mn, where m will tend
to infinity and # is fixed once chosen, which will be determined by g later. The idea is that
we will only investigate the heavy-tailed random walk § at time n, 2n, ..., mn. For each in,
where i = 1, ..., m, we can find a time-space window in IN x Z, in which S;, falls with
high probability, thanks to convergence to stable law.

Let (a,)n>1 be the scaling sequence such that ax,l Sy converges to an a-stable law in dis-
tribution. Notice that we can choose (a,),>1 to be non-decreasing and integer-valued, which
will simplify our argument. Denote [, = [ka,, (k 4+ 1)a,) and we make the decomposition

258= 2 Zirr (3.16)
Viseens Ym€Z
where
nyuu,)‘..,ym) =E {GXP lZ (ﬂwt 5; )} Lisiety, vi=1.... m}} : (3.17)
i=1
Then
ElZy < > BUZG )0 (3.18)
Vseens YmEZ

since the inequality (3 a,)? < > ag holds for any countable sequence for any 6 € (0, 1].
Note that the length of each interval Ij is chosen to match the scaling of S;,, and if S € {S;,, €
Iy, Vi =1,...,m}, then (y1, ..., yn) is called the coarse-grained version of the trajectory
of S.

Next, to estimate IE[(Zé3 w ))0] we use a change of measure procedure, which we

now explain. We will define a new law for the random environment, which shifts down the
expectation of w; , at sites, where the random walk S visits with relatively high probability,

to a negative value. This can significantly decrease the expectation of Z fylw ) under the

new law of w, and the cost of the change of measure can be chosen to be small.
For any Y = (yo, ..., ym—1), we introduce the set

Jy ={tkn +i,yran, +2): k=0,....m—1,i=1,...,n, |z] < Cia,}, (3.19)

where yp = 0 for convenience and C is a large integer to be determined later. Note that
|Jy| = 2Cya,mn, where |A| denote the cardinality of a set A. We can consider the choice
of Jy in the following way: suppose that the random walk S reaches yxa, at time kn. Then
for the next n steps of this random walk, its path will probably fall in the set

By ={(kn+i,yray+2):i=1,...,n, |z| < Cia,}. (3.20)

m—1

Note that (Bg)o<k<m—1 are disjoint and Jy = |J Bj. According to argument above (3.19),
k=0

we will perform the change of measure on Jy (see Fig. 1 in the next page).
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3an T T T T T T

.4a 1 | 1 | 1 | [l
"0 n 2n 3n 4n 5n 6n 7n 8n

Fig. 1 This figure represents the coarse-grained version of a trajectory of the random walk S. We investigate
the random walk S at time in, i = 1, ..., m. The bold vertical line segments mean that at time in, the random
walk S falls in the interval Iy, , where y; is the vertical coordinate of the lower endpoint of the i + 1-th bold
vertical line segments. The rectangles By containing n x 2Cay sites are defined in (3.20), on which we will
make change of measure

We define the new measure Py, under which (w; x);i>0,xcz are independent Gaussian
random variables with variance 1 and expectation Ey[w1,0] = —8(n)1( x)ejy, Where 8(n)
is a small number and will be determined later. Some direct computation shows that

2
9Py exp - > (5(n)wi,x+8(") ) . (3.21)

. 2
(i,x)elJy

Then by Holder’s inequality,

5B.w 07 _ dP 5B 0
BIZG,, . y) 1 = By [m(z(yl,---,ym)) l

(= [@)7]) @)

. 1-6
dP \ 77 B |Jy108(n)*) Cra,mnds(n)*
(=[G 7)) o (52) ~o (o). oo

. . _1
To make this term independent of n, we can set §(n) = (Cina,)™ 2.
To estimate

(3.22)

Here

Ey[Z{;° |, 1= Elexp(—psm)|{i : (i. Si) € IvIDLisgery, 1<k=ml,  (3.24)

(V1w Ym)
we define
J={Gx):i=1,...,n, |x| =(C; — Day}, (3.25)
J={G,x):i=1,....n, |x| <(Cy —2)ay}, (3.26)
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m—1
Recall that Jy = |J By and By N B; = ¥ for k # [ by (3.20). We have
k=0

E [exp(—=B3G0Ili : (. ) € Iy I Lisp e, 1zk2m |

= E[H exp(—BS(I{i : i, S;) € kam)ﬂskne,y,(}
. (3.27)
< [T max EX [exp(~B3lli : G + (& = Dn, S € Beo1)Dls,er, |

k lxel‘k 1

< 1 maxE* [exp(—pl(i : G, S € ID1s,en, |-
k=1 *€l0

where the first inequality is due to the Markov property and the last inequality is due to our
definition of I and J. Combine (3.14), (3.17), (3.18), and (3.23), it follows that

log E[(Z§; »)°]
<log > exp (—mg) (]Ey[ZN ﬁ])

V1o Y €L

0
< ilog Y ( [T max E*{exp(—B5(n)lli : . S)) € /) Ls,er, ‘,H]) (3.28)

V1o Ym€Z \k=1*€

9
= |: =5 +log Z(maxEX[eXp( BS(m){i = (i, S;) € J}|)ﬂ5nelz])9j|

€7 *

If we can show that the quantity in the square brackets is smaller than —1, then p(8) < — -

9
by (3.15), which will imply very strong disorder. It suffices to show that !
D max E*[exp(—p8()l{i : (i, ;) € T} 1s,er.]’ (3.29)
ez "0
can be made sufficiently small.
Observe that
> max E*[exp(—B8(m)|{i : (i, Si) € J})Ls,er]’
ze7 *€lo (3.30)
< > maxee P(S, €1, D0+ 2K maxEx[exp( Bsm)|{i : (i, Sp) € JYPIP.
[yI=K
For the first term,
00 0
> maxP(S, el)! <2 3 p(y <5 <y+2)
lyl=k *<lo y=K-
< (1
<2 X (7 ) (3.31)
=1<

<2C Z y o,
y=K-2

The last inequality follows from [25, Theorem 2.14] by choosing some y € (1, «). Therefore,
we can fix 6 such that y6 > 1 and then choose K large enough such that (3.31) is small
enough.

For the second term,

2K maIxEx [exp(=Bs(m)I{i : (i, Si) € ]}l)]e
xely
< 2KE [exp(=B5)lfi : (i, $) € T}D] ] (3.32)
< 2K[exp(—nB8(n)) + P{the random walk goes out of J}]
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By choosing a large C1, the second term in the square brackets can be made small by the
analogue of invariance principle for heavy-tailed random walks. For the first term, notice
that

B [m_
VCiVa,  JCilin)

We can choose the smallest n = n(8) such that ,Bn%ll(n)’% > (C», where C» is a large

nBé(n) = (3.33)

constant so that exp(— %) is small enough. By our choice of n, if follows that
lim n% [(n)"7 = C. (3.34)
B—0
Therefore,
a—1 1 C2
ne ——~—_ asf— 0. (3.35)
Vi) B
Define
1
lo(x) == (3.36)

Jia=y

Then [, (x) is also a slowly varying function. We then have
a a C
nﬁhmﬁ)~f,%ﬁqo (3.37)

By [7, Theorem 1.5.13], we can find a slowly varying function lﬁ (x), such that

1
lz(xla(x)) ~ la(—x), as x — oo. (3.38)
Therefore,
1 C
‘4;r~$(i),%ﬁ%Q (3.39)
lo (0% ) p
that is,

,mM~¢(%),%ﬁao. (3.40)

Combine (3.35) and (3.40), and recall that if /(x) is a slowly varying function, then /(ax)
and (/(x))? are both slowly varying functions for any a > 0 and y € R (see[7]). By setting

Q= (lz ) o= , we then obtain

1 2 (1
- ~CfeTp| =), (3.41)
n B
where ¢ is some slowly varying function. Then for some constant C
1 2 1
p(B) = o = AR ol (3.42)
n B
which completes the proof. O
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Remark 3.6 In [26, Proposition 1.5], Lacoin also gave a lower bound for the free energy of
1-dimensional nearest-neighbor directed polymer with an extra logarithmic term. Laterin [1],
the authors proved that one can actually remove the logarithmic term so that the lower bound
and the upper bound are consistent (differ up to some prefactor). The proof of the lower bound
involves the site percolation. To extend their lower bounds to the long-range model, some
property of the long-range percolation may be needed, which has not been systematically
studied, however. Besides, the negativity of the upper bound implies very strong disorder,
which reflects the qualitative behavior of the polymer chain. Therefore, the upper bound is
more significant than the lower bound and we just leave out the lower bound in this paper.
Recently, in [10], the authors identified the sharp high temperature asymptotic behavior of
the shift of the critical point for the pinning model with exponent « € (%, 1). We expect that
their approach is also applicable to the long-range directed polymer with @ € (1, 2].

Remark 3.7 We continue the discussion in Remark 1.14. Although we have given some
equivalent conditions for recurrence of heavy-tailed random walks in Proposition 3.1, for
stable exponent @ = 1, we have not deduced very strong disorder for all 8 > 0 from the
recurrence of the random walk S. The reason is that the slowly varying function L(x) is
subtle and the tail distribution of the random walk S has much slower decay than that of a
simple random walk. Therefore, some more delicate techniques are needed. In Berger and
Lacoin’s recent papers [3,4], they developed a more elaborate change of measure procedure.
By that method, the authors identified the sharp high temperature asymptotic behavior for the
nearest-neighbor directed polymer in Z2*! in [3], and the sharp asymptotics on the critical
point shift for the pinning of one dimensional simple random walk. Note that d = 2 is
the critical dimension for the existence of the weak disorder regime in the nearest-neighbor
directed polymer model on Z¢+!, and the case o = % for pinning model is critical for
whether the disorder is relevant. Hence, we believe that their new method can also be applied
to provide the asymptotic behavior of the free energy for long-range directed polymer model
in the critical case « = 1. This paper does not include that case because it is quite involved
and hence should be treated separately.

4 Proof of Theorem 1.17

We will first extend the key lemma [32, Lemma 5.3] so that it holds not only for finite (;)7_,,
but also for countable many (1;);>1.

Lemma 4.1 Denote A = {(A;)i=1 C [0, 11N : ZA = 1}, and let (n;)i>1 be an

i.i.d.sequence of positive random variables such that E[l log n1l] < oo. Then for any positive

integer k, we have
o0 1 k
(;{1)1;\ E |:log (Z}: Aim)} =E |:log< Z:' m)} . (4.1)
1 1= 1=

sup(ri) <}

>~

Proof We prove the lemma by contradiction. Assume that

R

sup(Ai) <%
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then we can find a sequence (*;) such that

E |:10g (2 Xi m)} <E [mg(;C Z: m)} ) 4.3)

Note that there are only finite many A;’s that equal to %, and by continuity, we can adjust
those A;’s if necessary such that sup; hi=€< % and (4.3) still holds. For any fixed integer

no_ ~ A
n which is large enough such that A, = D" A; > €k, we set &; = 1);—’ for 1 <i < n. Then,
i n

o0 n k
_ - 1
E |:10g( E )\,-m)i| >E |:log( E kir],-)i| +logA, > E |:10g(k E n,-)i| +log Ay,
i=1 i=1 i=1

4.4)

where the first inequality is due to the positivity of 7; and the second inequality holds by [32,
~ n ~

Lemma 5.3] since sup A; < % and D" A; = 1. Let n tend to infinity, then log A,, tends to 0

1<i<n i=1

and (4.4) contradicts (4.3). O

Proof of Theorem 1.17 We follow the same strategy of proof as that for [32, Theorem 3.7]
in the nearest-neighbor case. We will decompose N ! log Z“’ W, to construct a martingale by
successively conditioning on Gy, which is the o-field generated by (w;i x)1<i<N,xez. First,
define

.p=lw:isupPy_ s(Sy =x) > e} 4.5)
x€Z
Then
logzj‘\}JS 1 N Z(;)ﬂ
N _ngllogzjlﬂ
| N
= 2 las, IOg(ZZP?—l,ﬁ(SJ‘ =x) exp(ﬂwj,x)) (4.6)
’ XE

j=1
N
+% Z ]l(AE ) log (Z P] 1ﬁ(S = x) exp(Bw;, x))
j=1

Note that in the second term of the right-hand side of (4.6), sup P%7 | ,g(SN =x) < €.
x€Z ’
Hence, we can apply Lemma 4.1 to this term later.

Define Gy-martingales

N
My := > ]l(Afiﬂ)c log(z P;f’_l,ﬂ(Sj =x) exp(ﬁwj,x))
j=1 v XEL

. 4.7
- Zl Liac e 2 |:10g (ZZP?_W(S]' =X) eXp(,Bwj,x))‘ Qj—1} :
Jj= ; XE
and
Ly := Z ]lA‘/g log (Z P/ 1 5(S = x) exp(Bw;, x))
(4.8)

N
Z [IOg (ZZPj‘LLﬁ(Sj =x) exp(ﬁwj,x)) ’ gjfl:|
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Then

| N

v 2 Lac log ( 2 P05 =) eXP(,BC‘)j,x))
XE

N
=Ly L Z] Ly B [mg(zzpj.f],ﬂ(sj =x) exp(ﬂw,-,x))‘ g,_l] (4.9)
j= xe

v

N
Lyt BE[w1 0] - % zl Lyes = Ly
]:

by Jensen’s inequality. And

N
& zl L(ac )¢ log (ZZP';.LW(S,- =X) exp(ﬁa)‘,-,x))
j= X€

M

N
1
=+ é ]l(A;ﬂ)c]E |:log (X%‘,ZP;[Lﬁ(Sj =x) exp(ﬂa)j,x))‘ gj,1:| (4.10)
N ¢
> My z ]l(Ae yIE | log | € > exp(Bwi,0)
j=1 i=1

by (4.1) with (exp(Bwj x))j>0,xez and (P(}Ll,ﬁ (S; = x))xez playing respectively the role
of (n;)i<1 and (A;);>1 in (4.1). We obtain

1
logZ§ s M <
TN'—TN—— an o | E{log | € expBaro) | |- @.11)

i=1

We will then prove that N and & = tend to 0 as N tends to infinity by applying the following
theorem [22, Theorem 2. 19]

Theorem 4.2 (Hall-Heyde [22]) Let (Y,,),,>1 be a sequence of random variables and (Fp)n>1
an increasing sequence of o -fields with Y,, measurable with respect to F, for eachn. Let Y be
a random variable and c a constant such that IE|Y| < oo and P(|Y,]| > x) < cP(|Y| > x)
foreach x > 0andn > 1. Then

n
w1 — ELY|Fo1]] 5 0 asn — oo. (4.12)
i=1

IfIE[|Y|log™ |Y|] < oo, then the convergence in probability in (4.12) can be strengthen to
almost sure convergence.

First, by Jensen’s inequality, we have
BY PV 4(S; =x)wjx <log (Z PY | 4(S; =x) exp(ﬁw‘,-,x)). (4.13)
XeZ X€Z,

And by using that log x < xé for 1 < 6 < e, we have

1

0
log (Z PV 4(S; =x) exp(ﬂw,,x)) < (Z Py 5(S; =x) exp(,swj,x)) . (414

XEZ XEZ
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Then, by applying (4.13) when log (YZ P;{l ,s(Sj =x) exp(ﬂwj,x)) < 0 and (4.14) when
€7 ’
log (rz P;f’_l B(Sf =X) exp(ﬁwj,x)) > (), it follows that for all j,
€7 ’

0
E

log (Z P;l‘)—l,ﬁ(sf =Xx) exp(ﬂwj,x))

XEZ

6
< ﬁGE(Z PV, 4(S; = x>|w,-,x|) +E [Z PY | 4(Sj=x) eXP(ﬁwj,x)}

XEZ XEZ

< B'Elwi 0 + exp(h(B)) = C. (4.15)

Let ]l(A;ﬁ)c log (}%“Z P‘]f’_l,ﬂ(Sj =x) exp(ﬂwjyx)) and lA_ef,ﬂ log (}%“Z P(;)—l,ﬂ(Sj = x) exp
(Bwj, x)) play the role Y; in Theorem 4.2, and define a random variable Y such that for all
x > C%,
c
P(Y| > x) = —, (4.16)
X

where C is the same as that in (4.15). Then,

lim =% = lim ~ - 0, in IP-probability. 4.17)

Note that, recalling 6 > 1 and by the definition (4.16), IE[|Y|log™ |Y|] < co. Therefore, the
convergence in (4.17) can be strengthened to almost sure convergence. By taking limits on
both sides of (4.11), we have

N

1 F(B)

lim N El ]l(Aj',ﬂ)c < ; 5 IP‘a-S-, (418)
J=

N—o0 H
E |log | € 2 exp(Bwio)
i=1

where F(B) is the free energy of the system by (1.10). Let € tend to O along the sequence
(%)kzl- By Jensen’s inequality, the law of large numbers and Fatou’s lemma, it is not hard
to see

lim B | log | € > exp(Baio) | | = 2(8) > F(). (4.19)

i=1

The last inequality is due to our very strong disorder assumption.
Hence, we can choose € small enough such that

1

E|log| € iexp(ﬂwlgo) > F(B). (4.20)

i=1
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Then by (4.14), for P-a.s.,

N N
— 1 .1
lim NZ;IL(A;J;)C <1¢ lim NZ;IL(A;ﬁ) >0 (4.21)
J= J=

N—oo N—o0

Recall the definition of A;’,f”ﬁ and Ajv, P in (1.24) and (4.5), and then (4.21) implies
(1.25). O

5 Proof of Theorem 1.18

The basic idea of the proof is to compare the entropy cost and the energy gain when a heavy-
tailed random walk introduced by (1.26) and (1.27) stays in a distance of O ( (logLN)Q) away
from the origin. It can be seen that

74 5= exp(—BHY(SHP(S), .1
S

where Hy (S) is the energy introduced by (1.7). For technical feasibility, we may study the
second half of the trajectory of the random walk, i.e., (Sy,2, ..., Sy). On one hand, if the

second half of Sy stays in a distance N /(log N)2, which is > Né for o € (1, 2] and makes
P(S) very small, then there is a significant entropy cost. On the other hand, with some random
variable Y, we may write exp(—BHy (S)) ~ exp(—+/NY), which fluctuates dramatically.
Therefore, it is possible that we can find some block with very high energy on Z in a distance

of O (G2
random walk is likely to stay in that block instead of somewhere near the origin.

Our proof consists of two parts. We will first investigate the energy gain. However, we will
not estimate the energy directly. Instead, we will compare the contribution to the partition
function from the environment on different blocks. In order to do that, we will use a change of
measure argument developed in [27], since it is more likely to extend to the model with some
general environment and it is much shorter than the method used in [5]. Then we need to
compute the entropy cost, which will be done by an estimate on a Radon-Nikodym derivative,
although it is not as accurate as the Girsanov Theorem used in [5,27].

) away from the origin, and if the energy gain wins the entropy cost, then the

Proof of Theorem 1.18 Without loss of generality, we can assume that the integer N is always
even throughout the proof, such that we can omit many “|-]” symbols to make the proof more
readable.

For any given € > 0, to be consistent with (1.28), we denote

Iy = BN BN NZ (5.2)
N= (_4(a +14€)2(logN)2" 4(a + 1+ €)2(log N)2) ' '

Then we can define a change of measure from IP to a new probability measure PP with Ladon-
Nikodym derivative

— =exp (—W — 7) , (5.3)
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where
N
z Z Wn,x
n:%-H xely
W= ————. 5.4

VRV

It is not hard to check that & := (@; x)(i,x)eNxz defined by

1
2

Wiy = wix+ 1{(1.,)()6[%“71\,]”,\]} (%|JN|) (5.5

is a family of i.i.d. standard Gaussian random variables under P. Probability measure PP has
some important property. Firstly, it makes the random environment on [%, N ] x Jy become
less attractive to the random walk. Secondly, it does not differ from IP too much, which can
be seen by the following application of the Holder inequality:

]P(A):]E[%IIA} < /]E[(:;]‘/I@’(A </ eP(A). (5.6)

Then for any p € (0, 1], we have

W 1 i 10) 1
P (PN,ﬁ (12%XN|Sn| < §|JN|) = P) < \/eIP’ (PN,ﬂ (lrfr}laSXNIS,A < §|JN|) > p)

¥ 5.7
. E|:exp(ﬂ ’z,l wn,sn)l(|s,,\<%um, \msn,m)] 5.7
= |eP — ~ >p
E|:exp</3 Z Wn, Sy )i|
n=1
In order to deal with the last term in (5.7), we partition all integer Z by
1% = [(2k — DL, 2k + )L) N Z, Yk € 7Z, (5.8)
where
2
N
L= P (5.9
4(a + 1+ €p)2(log N)?

with some €y € (0, €) so that when N is large enough, Jy C 11(\)/' Note that under this
partition, only those w; x’s with (i, x) € [% +1,N]x 11(\), is influenced by changing measure
from PP to . We define

N
N :=E [exp(ﬂ an,sn) Ys,ert, vne[gﬂ,]v]}} (5.10)
n=1

and

N
Zyp=E ["XP (/3 Z“’"»Sn) Lsai<1aml Vn€l1,NJ}i| : (5.10)

n=1

Since 11’§, and 1,{, are disjoint for k # j, we have for any positive integer M,

Z3 5= > Z5 g (k). (5.12)
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Then we can bound the last term in (5.7) by

N
. E|:exp(5”§lwn,Sn)Il(‘s,,K%uNL vneu,N”]
P v Z p
E|:6Xp(/3 Z Wn, Sy ):|

n=1
N 2&)
] P ¥ p)

Zy gty —

(ke(M;M)\(O) M. (5.13)

X _1 7@
:P(exp (_ﬂ% (%'JND 2) Z uitd Z%ﬂ(k) Zp)
N

_1 7
= ]P(CXP (_:3% (%'JND 2) z Al Z%ﬂ(k) Z p)v
ke{—M ’

,,,,, M\ {0}

IA

where in the first equality, we change w to @ and the last equality results from the property
Lp(w) = Lp(@). The proof will be completed by the following proposition, whose proof
will be given later.

Proposition 5.1 Forany € > 0, there exists some constant C > 0, such that for any positive
integer M and large enough even integer N, we have

> Z8 sk = CUN)“HDZ () (5.14)

with P-probability greater than 1 — ﬁ

By Jn C 11(\)/ and Proposition 5.1,

VA Z2 (0)
NF < N < C(MN)*H1*5 (5.15)
> Zy gk — > Zy gk — '
ke{—M,...M}\{0} NP ke{—M....M}\{0} NP

with IP-probability greater than 1 — ﬁ Note that by our choice of Jy,

1
N (N 2
exp(—,B (—|JN|) ) ~ N~tlte, (5.16)
2\ 2
Combine (5.7), (5.13), (5.16), (5.17) and choosing p = N~%in (5.7), and then we have
P (P max 1S, < 21vl) = N"5) < /-5 (5.17)
NB\i<pen " 2 NT) = —V2M '

when N is large enough. Thus

1 e .
E[P‘iv’,,s (1I_<I}fISXNISnI < 5|JN|)i| < ‘/W + N4 (5.18)

By sending N to infinity and then sending M to infinity, we finish the proof of Theorem 1.18.

]

Now we prove Proposition 5.1, which gives an estimate on the entropy cost for a random
walk staying in the blocks which are far away from the origin.
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Proof of Proposition 5.1 Forallk € {—M, ..., M}, by recalling L in (5.9) and Illf, in (5.8),
we define

0 forl<n<¥
hy(n, k) =1 - - 5.19
w (. 0) [ZkL, for ¥ +1<n<N, (5.19)
and
N
5w
Zypk) :=E [exp (ﬂ len,wm,k)) Usery, WEMH,N]}} . (520
n=
0 N i -
When S, € Iy foralln € [5 + 1, N], ‘(wn,sﬁhN(n,k))ne[,sz’N} }ke{M,“,,M} are inde

pendent families for different k. Hence, it is easy to show that ]P(?%’ B (k) = 7%’ () = 0

.....

1

P(Z% .0 = 70 k)) = —— 5.21
(N*ﬂ() kel M) N )) oM + 1 (5:21)

Note that 7;,.5(0) = Z%,ﬁ(O) and we need to compare 7%,/30() with Z;‘\’,,ﬂ(k) for k # 0.
By writing S, = S, — hn(n, k), we have

N
Zyp=E [CXP (5 Za)ﬂ,sn+hN(”7k)) Hs,en, Vne[g]+l,N]}:| : (5.22)

n=1

We can complete the proof with the help of the following lemma.
Lemma 5.2 Define a sequence of random variables X, 1<n<N by

_ X £ N
x::[ " orn# 5 +1, (5.23)

Xy —hy(n, k), forn=1% +1.

We change the measure from P to a new probability measure P by Ladon-Nikodym Theorem
such that L((X)1<n<n) = Lp((X)1<n<n). Then for any § > 0, we can find a constant
C > 0, such that for any k € {—M, ..., M} and large enough integer N, we have

dp
— > C(Jk|N)~@t1+d) 5.24
3o (IkIN) (5.24)

Proof of Lemma 5.2 1t is obvious that P and P only differ on the distribution of X Nyp- We
use the notations

P(Xy, =x)=p.VreZ (5.25)
and h = hy(n, k) for short. Then
P (x%+1 = x) —P (ng —x— h) N (5.26)

The Radon-Nikodym derivative can be written explicitly by

dP
d—F: Z ]l[ ]Px +]l[ &—i-]l &
}

(5.27)
N LB PR ESIU PR B I
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The summand in the summation on the right hand side of (5.27) is

a+1

L(|x]) 1 h
L(|x — h)) X

(5.28)

By Potter’s bound (see [7, Theorem 1.5.6]), given a slowly varying function L(x), for any
8 > 0, A > 1, there exists some constant C = C(§, A), such that

L(x) . *\° [x\ 7
> C min (7) s (7) . (5.29)
L(y) x=Ay=A [ \y y

We can partition the summation range by (—oo, 1], [1, # — 1], [k + 1, 00) to get rid of the
absolute value in (5.28) and then apply (5.29) to achieve (5.24). Note that the term (log N )2
in L can be ignored by some adjustment in the power 8, since it is a slowly varying function.

O

Now by (5.22) and Lemma 5.2, for § = % and some constant C, we have

N
— F | 9P _
Zy k) =E [dﬁ exp (ﬂ ,El wn,sn+hN<n,k)) ]l{f,,ell(\),, Vne[’2V+1,N]]] (5.30)
= C(MN)™ 13 Z 5 k),

where in the last inequality, we use the property that Eﬁ((f)lf,,f;v) = Lp((X)1<n<nN)-
Combine (5.21) and (5.30) and then we finish the proof of Proposition 5.1. O

Remark 5.3 In [27], the author also showed that for a Brownian polymer B; in a continuous

. 3 .
Gaussian field, B; cannot fluctuate on a scale larger than O(N #). However, in Theorem 1.16,
we have shown that if the one step distribution of the random walk has polynomial decay,
then even though it is in the domain of attraction of the Gaussian law, it will fluctuate on a

scale larger than O(N 1=¢y for arbitrarily small € > 0, which is much larger than N % This
is a remarkable difference between the long-range model and the short-range model, which
is comparable to the nearest-neighbor model.
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