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Abstract We construct a family of self-similar solutions with fat tails to a quadratic kinetic
equation. This equation describes the long time behaviour of weak solutions with finite mass to
the weak turbulence equation associated to the nonlinear Schrodinger equation. The solutions
that we construct have finite mass, but infinite energy. In Kierkels and Velazquez (J Stat Phys
159:668-712, 2015) self-similar solutions with finite mass and energy were constructed.
Here we prove upper and lower exponential bounds on the tails of these solutions.
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1 Introduction

The theory of weak turbulence is a physical theory which describes the transfer of energy
between different wavelengths in a large class of wave systems. This theory can be applied
to homogeneous problems that can be approximated to leading order by a system of linear
waves that interact by means of weak nonlinearities. The basic mathematical model in the
theory of weak turbulence is a kinetic equation that describes the transfer of energy between
different wavelengths. Contrary to the starting wave equations, the kinetic equations arising
in weak turbulence theory exhibit irreversible behaviour. Examples of applications of the
theory of weak turbulence to specific physical systems can be found in [3], [4], [8,9], [13],
[171, [22] and [23].
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One of the most extensively studied systems in the setting of weak turbulence theory is
the one associated to the nonlinear Schrodinger equation

iu, = —Au + elulu, (1.1)

with ¢ > 0 small (cf. [4,13,24]). Denoting F (¢, k) = |u(z, k)|2, where 1 is the space Fourier
transform of the solution of (1.1), then restricting to isotropic solutions one obtains up to
rescaling the following equation for f (¢, w) := F(t, k) with w := k|2

o fi = / / WA+ ) fsfs — (fs + fa) i fo]dosda, (12)

where f; = f(t,w;) for each i € {1, 2, 3,4}, where w» = (w3 + w4 — w1)+, and where
W = min; {,/w;}//w1. The mathematical theory of this equation has been studied in detail in
[6] where several properties of the solutions of (1.2) were obtained. As it is more convenient
to study the evolution of the mass density function g(¢, ®) = /o f (¢, w), we reformulate
(1.2) as

Bglzl// W[( g1, gz) 8384 _(g3 g4) 8182 ]dw3dw4
! 2 [0,00)2 Jo1 Jwr ) Jwzwg W/ Vi J w12 ’
(1.3)

where now g; = g(t, w;) foreach i € {1, 2, 3,4}, where wy = (w3 + w4 — ®1)+ and where
W = min; {,/w;}. Formally this equation has two conserved quantities, namely the mass,
which is the integral of g, and the energy, which is the first moment of g.

For a class of weak solutions to (1.3) with finite mass, it was proved in [6] that all solutions
converge, ast — 00, to a Dirac mass supported at a well-defined point a > 0, which depends
only on the support of the initial distribution. It turns out that unless the initial distribution is
contained in a periodic lattice, there holds @ = 0. In this last case, it is possible to formally
derive an equation that describes the behaviour of the fraction of mass that is not supported
near the origin, which we denote by G. Formally this equation reads as

8,G(w) = 2/0 G(w (wS)Gg()é)d%‘ G(w)/ G(S)dé'
1 G(w) [G(w—é) n G(S)]ds G(w+~§) [G(w) G(&)
2 Vo Vo—§ V& Vot+& L Vo o V&

in which one may recognize a coagulation-fragmentation equation with nonlinear fragmen-
tation. Note that many terms in (1.4) are singular and the meaning of this equation has to
be precised. A more elaborate discussion on the sense in which G describes the asymptotic
behaviour of g can be found in [6] and [10]. It is known that solutions to (1.3) can contain
Dirac masses at the origin. If that is the case, then (1.4) can be obtained by only considering
those collisions which are mediated by an interaction with the condensate.

Notice that if we assume that g = My + G, then the energy of g is contained in G.
Therefore the analysis of the long time behaviour of G is relevant, even though the mass of G
becomes negligible compared to the mass supported at the origin as t — 0o. As conjectured
in [6], we expect a self-similar distribution of the energy among the different wavelengths as
t — oo, provided that g has initially finite energy. In [10] we have proved the existence of a
family of self-similar solutions G to (1.4) with finite energy. These solutions are the natural
candidates for describing the long time asymptotics of solutions g to (1.3) with finite mass

]dé (1.4)
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and energy. Note however, that stability of these self-similar solutions is an open problem,
even at the linearised level.

Of course, the assumption of finite energy is not really needed to have self-similar
behaviour for the solutions g of (1.3). Long time self-similarity can be expected
if the initial data has a power law tail as @ — oo. This gives a natural scal-
ing law relating the energy density and w. Actually, long time self-similarity can
only be expected if either the initial distribution has a power law tail, or if the
energy is finite. This is because otherwise the behaviour of the solutions is not stable
for large values of @ under the evolution equations (1.3) and (1.4). This is remi-
niscent of the situation for the coagulation equation with constant kernel, where in
order to have self-similarity the power law behaviour for the initial data is needed
(cf. [12]).

Let us briefly discuss the expected self-similar behaviour of a solution g to (1.3) if we
assume the initial distribution to behave like w™" for large values of w, where p > 0. Given
that for p < % it is not clear whether the collision terms in (1.3) can be given a meaning,
we restrict ourselves to the case p > % A particularly relevant exponent is p = %, which is
the so called Kolmogorov—Zakharov exponent for (1.3). The interpretation of this exponent
is the existence of a constant flux of particles from large values of w to smaller ones in the
space of frequencies (cf. [22]).

If we suppose that p > 1, then g has finite mass and the heuristic derivation of (1.4) is
valid (cf. [6,10]). As discussed before, we thus expect the self-similar solutions G of (1.4) to
describe the long time asymptotics of solutions g to (1.3). One of the main results of this paper
will be the proof of existence of self-similar solutions to (1.4) with tail behaviour w™* for
1 < p < 2.If p > 2, then the solutions have finite energy. Existence of self-similar solutions
with finite energy has been proved in [10]. In this paper we prove that these solutions decay
exponentially as @ — o0.

The case % < p < 1is different, since the mass of g is infinite. We therefore expect the
amount of mass located at the origin to grow without limit. Dimensional analysis suggests
that the long time asymptotics of solutions to (1.3) then cannot be approximated by solutions
to a simpler quadratic equation, similar to (1.4), where all the collisions are mediated by
interaction with one particle placed at the origin. More precisely, if we suppose that g =
Méo+ G, where M = M (t) is the amount of mass located at the origin, then there are terms
that are cubic in G that cannot be ignored, and we expect self similar solutions to be of the

form
1 w
Gt,w)=—72 —/ ).
t20-1 t20—1

We further note that dimensional analysis alone is insufficient to determine the exact scaling

law for M. However, it suggests that M ~ t* for o < le_—fl.

Seemingly the first paper to consider the asymptotics of solutions of (1.3) in connection
with solutions to the nonlinear Schrodinger equation is [18]. In particular, that paper describes
the scaling properties of solutions g to (1.3) in the cases where either the energy is finite, or
where g behaves for large frequencies according to the Kolmogorov—Zakharov power law.
These two cases correspond to assuming that the spectral distribution F (7, k) = |u(z, k)|2
has either finite energy or decays according to the Kolmogorov—Zakharov exponent for large
|k|. However, in the case of infinite energy there is no particular reason for the exponent of
the power law to be restricted to this one. Hence, it makes sense to study solutions g to (1.3)
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where g initially has arbitrary power law behaviour at infinity, at least from a mathematical
point of view.

This paper is a continuation of the study of self-similar solutions to (1.4), which was
initiated in [10]. We refer to that paper for a more extensive discussion of the connection
of (1.2) to particle models, as well as other equations in mathematical physics such as the
Boltzmann—-Nordheim equation.

The structure of the paper is as follows. In Sect.2 we introduce our notation, and we give
the statements of the main results. Section 3 contains the proof of existence of self-similar
profiles, while in Sect. 4 regularity is proven. In Sect.5 we then demonstrate unique power
law behaviour of the self-similar profiles in the case of infinite energy. Lastly, in the case of
finite energy we prove a pointwise exponential upper bound and an exponential lower bound
in averaged sense in Sect. 6.

2 Notation and Results

We start with some definitions and notations that we use throughout the paper.

Definition 2.1 We write M([0, 00)), M4 ([0, 00)), and M ([0, co]) for the spaces of
signed, nonnegative, and finite nonnegative Radon measures respectively.

Remark 2.2 Note that the notation for measure spaces as introduced in Definition 2.1 differs
from the one in [10]. In that paper M, ([0, 00)) was used to denote the space of finite
nonnegative Radon measures p on [0, oo] for which p({oo}) = 0.

Remark 2.3 For an integral with respect to a measure p we will always use the notation
u(x)dx, even if p is not absolutely continuous with respect to Lebesgue measure.

Definition 2.4 Given an interval I C [—o0, oo], we write C(I) = C%(I) for the set of
functions that are continuous on /. Given further k € N, we write CX(I) for the subset of
these functions in C(I) whose derivatives of order up to k exist and are in C(/), and Cf (D),
or C.(I), for the set of functions in C¥(I), or C(I), supported in a compact K C I. Given
finallyk € No = {0, 1, ...} and« € (0, 1), we write C"""(I) for the set of functions in Ck(l)
for which the k-th derivative is ¢-Hd6lder continuous on any compact K C 1.

Remark 2.5 Given ¢ € C(I), we write [[¢|lcoc = ll@llcr)-

Remark 2.6 Note that if f € ck ([0, o0]), then not only are the functions f ® with
¢ = 0,1,...,k, bounded on the interval [0, co], but also limy_ o f(x) exists, and
lim, .00 fO(x)=0fore=1,... k.

Definition 2.7 Given k € Ny, we denote by By the subspace of those functions ¥ €
Ck([0, 0o]) for which

11+ )2 ()l ek (0.0 =2 1018, < 00

Remark 2.8 Since By is a separable Banach space, the unit ball in the dual space 13, endowed
with the weak-* topology is metrizable (cf. [1, Theorem 3.28]). Consequently, the properties
of the weak-* topology restricted to the unit ball in B can be characterized by means
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convergence of sequences. We recall that a sequence {y,} in B}, converges to u € B, with
respect to the weak-s topology (denoted jt,, %~ in By) if and only if

/ (), (x)dx — / P (x)u(x)dx forall 9 € By.
[0,00) [0,00)

Remark 2.9 We use the notations a V b = max{a, b} and a A b = min{a, b}.

A robust characterization of the power law behaviour of measures p near infinity will be
achieved by means of the functionals

R"_Z/ (LA BY ju(oldx. 2.1)
[0,00)
More precisely, we will make extensive use of the following normed spaces.

Definition 2.10 Given p € (1, 2], we define X, to be the subset of those nonnegative Radon
measures u € M ([0, co)) for which

sup (R"_z/[o )(1 AR) Iu(x)|dx] = |lull, < o0. (2.2)

R>0

Remark 2.11 Even though the space X}, only contains nonnegative Radon measures, the
norm || - ||, is defined for arbitrary signed Radon measures by (2.2).
Also, since ||ul2 = f[o ) u(x)dx we can identify any u € X, with a unique element
in M+([O oo]) N {u({oo}) = 0}, and we will henceforth use the abbreviated notation
= M4.([0, oo]) N {u({oc}) = 0}
Note lastly that if p € (1, 2), then for all u € X, there holds w({0}) = 0, since 0 <
n({0) < R72 [l (A Byu(o)dx x R*P < ||ull,R* for all R > 0.

Lemma 2.12 Given p € (1, 2), there holds X,, C B(’), and {||ll, < 1} N &, is weakly-x*
closed in B;,.

Proof Since for ¥ € By with ||#]|5, = 1 there holds [0 (x)| < <1A )17 for x > 0, we

L
+

find for 4 € X, which are nonnegative, that
def 1
g s [ veueoars [ (Al pwds <l @3)
12118, =110.00) [0.00)

which proves the inclusion. Given further a sequence {u,} in {||ull, < 1} N &), such that
n 2 win B), then clearly u > 0. Furthermore, for all R > 0 there holds by definition of
weak-* convergence that

t(R) = RP™2 /

g )(1/\ BY pn(x)dx — RP™ 2/ (1A R) u(x)dx,

[0,00)

and since for all R > 0 the sequence {, (R)} is bounded by one, we conclude that |||, < 1.
O

Definition 2.13 By the weak-* topology on X, we mean the restriction of the weak-* topol-
ogy of B, to X),.

Lemma 2.14 Given p € (1, 2), the unit ball in X, is weakly-* compact.
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Proof Using (2.3), there holds {||ull, < 1}NA, C {||pL||B(/J < 1}, so by weak-* closedness it
suffices to check that {||u|| By = 1} is weakly-* compact, which follows by Banach—Alaoglu
(cf. [1, Theorem 3.16]). ]

Remark 2.15 Notice that for any function ¢ € C([0, oo]) there exists a unique ¥ € By such
that ¢(x) = (1 + x)? (x), and vice versa. Therefore

Il = sup / 2 () (x)dx
¢ sy =110.00)

(x) Hx)
= sup / o) 48 dx = |4 ,

Ileqoen=110.00 ¥ Hellcao.cony
and B(/) and M ([0, oo]; %) are isomorphic.

Definition 2.16 For p € (1, 2), we define for any Ry > 0 the subset Y, = ), (Rp) to contain
those elements u € X, that satisfy both || u], < 1 and

/[O ) (1A 2) pxydx = RZ—PAP(R%) forall R > 0, (2.4)
, 00

with A, (x) = (1 — |x|72=P)/2) .

Remark 2.17 For any Ry > 0, the set V,(Ro) is a nonempty ((2 — p)(p — Dxl=rdx € Vo),
convex and weakly-* compact subset of the unit sphere {1, = 1}.

We now state the notion of weak solution to (1.4), which is analogous to the one that was
introduced in [10].

Definition 2.18 A function G € C([0,00) : X,) that for all + € [0,00) and all ¢ €
C'([0, 00) : C1([0, 00))) satisfies

/ o(t, x)G(t, x)dx —/ ¢(0,x)G(0, x)dx
[0,00) [0,00)

t ! G)GWY) ]
- wowar+ s [ O yaxay|as. @5
/OI:/[O,QO)(/)(X) (x)dx )= Hl@l(x, y)dxdy | ds, (2.5)
where D, for ¢ € C([0, 00)) is defined by

Dalel(x, y) = o(x + y) + (lx — y)) = 2¢(x V y),
will be called a weak solution to (1.4).

Remark 2.19 The use of the space X> = M ([0, co]) N{({oo}) = 0} might seem artificial.
We only impose the restriction to {i({co}) = 0} to avoid trivial nonuniqueness due to the
fact that (2.5) does not give any information about G (-, {oo0}), which could be an arbitrary
function since we are using test functions that are compactly supported in [0, 00).

Remark 2.20 We frequently use the following notation for the second difference:
AfFx) = fx+y)+ flx—y) —2fx)
Also, for notational convenience we introduce

D3 [91(x, y) = Dalel(x, y) with ¢(z) = 29 (2)
=X +Px+y)+lx—yPx—y) =2V y)dxVvy). (2.6)
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Lemma 2.21 For f € C 2(R) and x € R there hold

A2f(x) = / Iyl = 1w — x])s £ (w)dw foryeR, @7
R
xX+y

3y [Af, f(x)] - / £ (w)dw fory > 0. 2.8)

x—y
Proof By the fundamental theorem of calculus we observe that
x4yl X
= [ ree- [ e
X x=|yl

x+lyl pz x X
:/ / f//(w)dwdz—i—/ / £ (w)dwdz.
xJx =yl Jz

Applying Fubini to the right hand side and rearranging terms, we find (2.7). The proof of

(2.8) is similar. o
Remark 2.22 For any f, g € C([0, 00)), we write f(x) ~ g(x) as x — oo if there holds
lim, oo £89 = 1.

2.1 Statement of Main Results

In this section we state the main results of this paper. The first result gives a sufficient condition
for existence of a self-similar solution.

Proposition 2.23 Given p € (1,2], if ®, € L'(0, 00) is a nonnegative function that for all
¢ € CL([0, 00)) satisfies
1
*/ (x¢'(x) = (p = D(p(x) — 9(0))) P, (x)dx
(0,00)

0
<I>p(X)<1>p(y) 2

= —A dxdy, (2.9

//{x>y>0} 5 yo(x)dxdy, (2.9)

then the function G € C([0, 00) : Xy) that is given by

IPollL10,00) x dx
G(t, x)dx = (M — ——L7L 029 ) 50 (6)dx + @ ,
(1, 0dx ( (t+to)("“>/”) 00O p((t+to)””) + 1o

with ty € (0, 00) and M € [0, 00) such that Mtépfl)/p > | ®PpllL10,00) s @ weak solution
to (1.4) in the sense of Definition 2.18.

Proof Making the necessary changes, this is identical to the proof of [10, Proposition 4.1],
in which the case p = 2 was considered. m]

The rest of this paper is devoted to the proof of the following results.

Theorem 2.24 (Existence) Given p € (1, 2], there exists at least one ®, € X, that for all
¢ € CH([0, 00)) satisfies

1
*/{0 )(w’(X) — (0 = D(p(x) = 9(0))) @, (x)dx

0
1 B, (1) D, ()
=3 //{Om)z P Dilplx. pdxdy. (10)
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Proposition 2.25 (Regularity) Given p € (1,2], if ®, € A> satisfies (2.10) for all ¢ €
C Ll ([0, 00)), then @, is absolutely continuous with respect to Lebesgue measure, and its
Radon—Nykodim derivative is smooth on (0, 00) and satisfies

x/2 ‘I’p()’) |:q>p(x +y) Cbp(x -y) _zq)p(x)] d
VY L S Ey VX =y NE

o ¢p(y)¢p(x+)’) d>p(x) /x 4>p(y)
+ dy —2 dy. (2.11
/x/2 N NEIN N NG v 21D

Actually, @, thus satisfies (2.9) forall ¢ € CCl ([0, 00)), and furthermore, @, is either strictly
positive or identically zero on (0, 00).

— 1x®,(x) = D,y (x) =

Proposition 2.26 Given p € (1,2], if ®, € X satisfies (2.10) for all ¢ € Ccl.([O, 00)), then
x®,(x) € X,. Furthermore, for any ¢ > 0 the rescaled measure ®,(x)dx = ®,(cx)dx
also satisfies (2.10) for all ¢ € CC1 ([0, 00)), and there holds |x @ (x)|l, = c 7P lx P, (X)) -

Remark 2.27 The statements in Theorem 2.24 and Proposition 2.26 have already been proven
for the case p = 2 in [10, Section 4]. In the proofs in this paper we will thus restrict ourselves
to the case p € (1, 2).

Theorem 2.28 (Power law asymptotics) Given p € (1, 2), if ®, € X; satisfies (2.10) for
all p € CCI([O, 00)), and if furthermore || x®,(x)|l, = 1, then

C,(r)~2—p)p—Dr?asr — oo.

Theorem 2.29 (Exponential bounds) If ®; € A satisfies (2.10) with p = 2 for all ¢ €
CLI. ([0, 00)), and if @, is not identically zero on (0, 00), then there exist constants a, ¢ € (0, 1)
such that

e—ar

Dy(r) <

forallr > 1, and / ®y(x)dx > ce @ forall R > 0.

¢ (R,R+1)

3 Existence of Self-Similar Profiles

The proof of Theorem 2.24 for the case p = 2 was already given in [10], and the obtained
profiles @, turned out to have finite energy. Due to this finiteness of the energy the existence
result for self-similar solutions to (1.4) in [10] can be seen as the analogue to the existence
result for self-similar solutions with finite mass to the coagulation equation obtained in [5]
and [7].

For the coagulation equation, self-similar solutions with infinite mass, i.e. with fat tailed
behaviour at infinity, have been obtained in [14] for locally bounded kernels, and in [16] for
a class of singular kernels, which in particular includes the classical Smoluchowski kernel
for Brownian coagulation.

In this paper we construct self-similar solutions with fat tailed behaviour at infinity to
(1.4), adapting the methods of [14]. The main idea in the construction made in that paper,
is that for fat tailed solutions the linear terms in the equation for the self-similar profile are
dominant for large values of x. The effect of the nonlinear collision kernels can be seen as a
nonlocal diffusive effect for large particles, which gives a lower order correction. Due to the
fact that in coagulation equations the size of the particles is always increasing, the resulting
diffusive effect is directed towards larger values. Conversely, in our case the collision kernel
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can transport particles to both larger or smaller values, and the resulting nonlocal diffusive
effect is no longer directed. However, the operator describing this diffusive effect is more
symmetric than in the case of coagulation. This has two main consequences. Firstly, the
natural test functions required to study the transport of particles are those that are either
convex or concave, while in the case of the coagulation equation the natural test functions
were the monotone ones. Secondly, due to the symmetry of our collision kernel the singular
terms in (1.4) have a weaker effect, and many of the technicalities that had to be introduced
in [16] can be avoided.

We would like to mention that large parts of our construction below also work in the case
p = 2. However, technicalities aside, it is not a priori clear that this construction yields a
nontrivial solution where not all the mass is concentrated in the origin.

We now restrict ourselves to p € (1, 2). Introducing as in [10] the notations W, (x) =
x®,(x) and ¥ (x) = %((p(x) — ¢(0)), we can rewrite (2.10) as

1 / LU w0,
p /[o,oo) (0 + 2= 0 () W= /[0‘00)2 AP0 1(x. y)dxdy.

(3.1)

where we recall the notation (2.6). Now, we would like to prove existence of a solution to
(3.1) by showing that there exists a stationary solution to

/ O(t, X)W, (t, x)dx —/ (0, x)W, (0, x)dx
[0,00)

[0,00)

t
= / [/ (ﬁs(s, x) — % (x0 (s, x)+ (2 — p)l?(s,x))) W, (s, x)dx
0 LJ[0,00)

1 W, (s, X)W,(s,y)
+ 5 //[0700)2 WDZW(S’ I)(x, y)dxdy]ds. 3.2)

In order to avoid technical difficulties due to the singularity of the kernel, we will consider a
regularized version of (3.2). We then prove existence of stationary solutions to that equation
by a Schauder type fixed point theorem, and finally show by a compactness result that by
removing the regularization we obtain a solution to (3.1).

Assumption 3.1 Let p € (1,2) and ¢ > 0 be fixed arbitrarily, let a € (0, §) be arbitrary,
and let ¢ € C°((—1, 1)) be a fixed even function such that ¢ > 0 and ¢l 1wy = 1. For

any b > 0 we define ¢p(x) = éqﬁ(%) for all x € R.

Proposition 3.2 Under Assumption 3.1, there exist Ry > 0 and a weakly-* continuous semi-
group (S4(1))i=0on Y, = Y, (Ro) such that if given Wy € YV, then W, (¢, 1) = S, (1)Wo € V)
satisfies

/ O (t, x)W, (¢, x)dx —/ 9 (0, x)Wo(x)dx
[0,00)

[0,00)

t
= / [/ (ﬁs(S,x) - % (xVx (s, x) + (2 = )V (s, x))) W, (s, x)dx
0 [0,00)

Wi (s, x)(Pa * Wu(s, ))() « )
+//{x>y>0} (GHo ey DaPE )l ydudy } o GI

forallt > 0andall v € Cl([O, o0) : By).
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3.1 Construction of the Semigroup

To prove existence of an evolution semigroup for (3.3), it is useful to consider a reformulation
where the transport term is removed. Introducing the variables

H,(s, X) = W,(s, x), U(s, X) = e /P (s, x), X =xé'/?, (3.4)

we can write (3.3) as

/ w(t, X) H,(t, X)dX —/ ¥ (0, X)H,(0, X)dX
[0,00) [0,00)

t
=/ [/ (565,30 + 251065, X)) Has, X)dX
0 LJ10,00)

N // e$P Hy (s, X) (@uesso * Ha(s, )(Y)
(x>v=0) (X +eeS/P)(Y 4 ¢ges/P))3/2

x D[ (s, )X, Y)dXin| ds. (3.5)

To construct the evolution semigroup for (3.3) we thus construct a solution to (3.5). To this
end we prove existence and uniqueness for suitable mild solutions, which turn out to be weak
solutions in the sense of (3.5).

Lemma 3.3 Under Assumption 3.1, then given Hy € X,, there exist T > 0, depending on ¢
and || Ho | p, and a unique function H, € C([0, T : X)) that is a fixed point for the operator
Ty, from C([0, T : X)) to itself, defined by

TulH(, X) = Ho(X)e™ Jo A lH (01004

4 t
+ / ¢ L A@UH @00 B (O H (5, )1(X)ds, (3.6)
0

where Ay (s) : X, — C([0, o), for s € [0, T], is given by

2Xes/P X (Guesso x H(Y) . p—1
(X +ee5/P)3/2 Jo (Y + ges/P)3/2

Aa($[H](X) = , (3.7

and where B, (s) : X, — X, again for s € [0, T], is such that for all € By we have

- &P H(X) @ yerto % H)(Y)
/[vo,w)w(X)Ba(S)[H](X)dX = //{X>Y>0} ((X—i—ees/p)(Y +8€s/p))3/2
X[(X+YV)VWX+Y)+ (X -Y)Y(X —Y)]dXdY.

Moreover, for initial data in {|| ]|, < Eo} N X,, the constant T > 0 depends only on & and
Ey.

Lemma 3.4 The fixed point H, € C([0, T] : X,,), obtained in Lemma 3.3, satisfies (3.5) for
allt € [0, T]and ¢ € C'([0, T : By).

Proof of Lemma 3.3 To check that 7, is well-defined from C ([0, T'] : &) to itself, it suffices
to check that B, (s) maps X, into itself. To that end we note that

| Ba(s)LHl, = sup R7~2 / (1A R) By H1(X)dX
R>0 [0,00)
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2 op % HY(Y
*/ (Sup R"‘z/ (1A %) H(X)dX) Paero * H)XA) o,
€ J(0,00) \R>0 (Y,00) Y + ges/p

2 sip(Y — Z
fllHllp/ (/ Laerto Y — Z) - )dY) H(Z)dZ,
& [0,00) (0,00) Y + ge’/P

so using further that |Y — Z| < ae’lP < %eew’ forall Y — Z e supp(¢d,,s/0), wWe have

| Ba ($)[H]| %IIHII Md)’ H(Z)dz
¢ P=e P J10.00) \J(0.00) Z + (8 — a)es/P

2 L.,s/p o
< ganp/[O )—1 (M 2 )H(zmzz Le s DIPH 2.
,00

Lees
y€e /p

IA

IA

A

A

(3.8)

Using this estimate and exploiting the nonnegativity of the first term on the right hand side
of (3.7), we find for any ¢ € [0, T'] that

I Za[H](, )

IA

t
& ODIP| By, + / U=O=D10 | B ()L H (s, ]| ds
0

IA

20t
o P=/p (||1—10||p + 57’/0 e BP=D/Pds x sup ||H(s, .)||%),

s5e[0,1]

implying that 7, maps the subset

Si= [H € C([0,T]: Xp)| sup [[H( )p=:1Hlr, = 2||H0||p]
t€[0.T]

into itself, provided that 7 > 0 is small enough. Note that for ¢ > 0 fixed, T > 0 can be
chosen uniformly for Hy € {||ull, < Eo} N &).

To check that the operator is actually strongly contractive on S for sufficiently small 7 > O,
and thereby proving the lemma, we now first observe for H 1* R Hz* € X,and o € [0, T] that

|Aa(@)HF1C) — Aa(@)HF1C)|
2Xe0!P X (@aeorr * (Hf — HY))(Y)

< dy
= Yoo X T ee?/PY 2 |Jg T (¥ ¥ eelr)2
2 (Y —Z
< 7/ ( MdY) \H} — H}|(Z)dZ
€ J10,00) 0 Y + geo/p

IA

%6*0(/’*1)/17”[_11* _ HZ*Hp
hence for Hy, Hb € Sand 0 <s <t < T we have

He— JI Aa@)[Hi(@)1()do _ = [! Aa(@)[Ha(0,)]()do

[ee)

'
< ==l / 1Aa(@)[Hi (0, )1() — Aa(@)[Ha(@, )1()ls0 do
< %’;(I — 5)et=9=/e) g — Hll7.p. (3.9)

Again for H', Hf € X, we next note that

/(0 ) (1A §) |Ba($)[H{1 = Ba()[H51|(X)dX
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< // es/p|H1*(X)(¢aex/p * Hl*)(Y) - H2*(X)(¢ael"//> * Hz*)(y)|
“ JJixsy>0) (X + ee5/P)(Y + ges/P))3/2
X ((X+Y)AR+ (X —Y)AR)dXdy,

so analogous arguments as used to obtain (3.8) give us that

1 Ba($)[H{] — Ba($)[H3 1l
< Ze TV (IHT N, + I1HS W) | HY = H3 . (3.10)
Combining finally (3.8), (3.9) and (3.10), we find for H;, H, € S the estimate
172 Hi] = TalHao]l7,p < K(T)IIH1 — Hall7,p,
with
T—0

K(T) = 57700 Hyl, (1 +4 (§T||Ho||p + e—T<ﬂ—1>/P)) =0,

and noting again that for ¢ > 0 fixed we can again choose T > 0 uniformly for Hy €
{llnllp < Eo} N X,, the proof is complete. m]

Proof of Lemma 3.4 By construction there holds H, = 7,[H,], so multiplying this identity
by ¢ € CL([0, T1: By) and integrating with respect to X, we obtain for all ¢ € [0, T] that

/ @, X)Ha (2, X)dX
[0.00)

_ / ot X) Ho(X)e— i AcLHa(s.21(0ds g
[0.00)

t
+/ / @1, X)e~ Js Aa@Ha @00 B () F, (5, )](X)dXds.  (3.11)
0 J[0,00)

If now ¥ € C'([0, T] : Bp) is arbitrary, then taking the time derivative of (3.11) with ¢
replaced by ¥, we get

0y [/ v(t, X)Ha(t,X)dX]
[0,00)

=/[0 )W(t»X)Ba(t)[Ha(t, )1(X)dX

+/[o : (Ve (2, X) — (1, X)Aa (D[ Ha (2, )1(X)) Ha (1, X)dX, (3.12)

where the last term on the right hand side is obtained by combining two terms, using the
identity obtained from (3.11) with ¢(¢, X) = ¥ (t, X)A,(t)[H, (¢, -)]1(X). Integrating (3.12),
we then obtain (3.5). O

We are now able to show local in time existence of solutions to (3.3) by construction, as
well as an estimate of the norm || - ||, for these solutions.

Proposition 3.5 Under Assumption 3.1, suppose for Yo € X, that T > 0 and H, €
C([0,T] : X,) are as obtained in Lemma 3.3 with Hy = Wy. Then the function ¥V, €
C(0,T]: X,), defined via

W, (t,x) = Hy(t, X) and x = Xe '/?, (3.13)
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satisfies (3.3) for all ¥ € CY[0,T]: By) and all t € [0, T], and for all t € [0, T] there
holds || Wa(t, ), < Wollp-

Proof To check that W, satisfies (3.3) is an elementary computation [use (3.4)], so we restrict
ourselves to proving the estimate of the norm. We observe that

IWa(t, )y =e P DP Y Hy(t, ),
so it suffices to check that
| Ha(t, )l < e~ D/P| Hy|l, forall £ € [0, T]. (3.14)

By Lemma 3.4, now H, satisfies (3.5) forallz € [0, T]and ¢ € C! ([0, T : Bp), and we note
forany R > Othat (X)) =1 A % satisfies Y € By. Moreover, the mapping X +— Xy (X)
is concave, so D3] < 0, and there thus holds

/ (1A ) Hu(, X)dX</ (1A 2) Hy(x)dx
[0,00)

—1
P // (1 A R) Hy(s, X)dXds.
[0,00)

By Gronwall’s lemma and multiplying by R”~2 we then get
R”_z/ (1A BYH, (1, X)dX < P~ D/PRP™ 2/ (1A %) Hy(X)dX,
[0,00) [0,00)
and (3.14) follows by taking the supremum over all R > 0. O

We are now able to construct a family of operators on the unit ball of &),, which will turn
out to be the semigroup required in Proposition 3.2.

Definition 3.6 Under Assumption 3.1, we define the family (S, (¢));>0 of operators from the
unit ball in &, into itself as follows. Let T > 0 be as obtained in Lemma 3.3, depending only
on the parameters e > Oand Eg = 1. Thenforall ¥y € {||u|l, < 1}NAX,, there exists a unique
function H, € C([0, T] : X,) that is a fixed point for the operator 7,, given by (3.6) with
Hy = Wy. For ¢t > 0 we now set S, (1)Wo = W,(t,) if t < T, where ¥, € C([0,T] : X))
is defined via (3.13), and

Sa(Wo = S, (t —nT) (Sa(T))" Yy ift € mT, (n + 1)T]forn € N, (3.15)

which is possible since S(7)W, is in the unit ball for all W, € {[|u]l, < 1} N &, (cf. Propo-
sition 3.5).

Proposition 3.7 Under Assumption 3.1, the family of operators (S,(t));>0, as defined in
Definition 3.6, has the semigroup property, i.e.

Sa(t1 + 1) = Sa(t1)Sa(t2) forall ty, tp > 0. (3.16)

Moreover, given Wg € {||ull, < 1}NX), then the function defined as W, (t, x) = S, (t)Wo(x)
satisfies (3.3) forallt > 0 and all ¥ € Cl([O, o0) : By).

Proof Forany Wg € {||ull, < 1}N&,, let H, € C([0, T]: X)) be the unique fixed point to
7, with Hy = W¢. Using then (3.13), we find by careful computation that
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Aa($)[Ha (s, )I(X) =

2Xes!P / Guerto * Hals, DY) 0 p =1
(X + es/p)3/2 Y + ges/p)3/2 P
2Xe™s/P X (g 5 Wy (s, N, el
T Xe 4o /0 Grer DT
A (0)[ W (s, )1(Xe5/P), (3.17)

and similarly we can check that
Ba()[Ha(s, )1(X) = Ba(0)[W, (s, )](Xe /7). (3.18)

Using now (3.17) and (3.18), it follows by the definition of H, as the fixed point of 7, that
fort € [0, T] and X > O there holds

Ha(t, X) = Wo(X)e™ o AaOl¥ats.loxe/0)ds

t
b [ e FAOIB T b, @)1, 5, e s,
0

hence by again (3.13) for ¢ € [0, T'] and x > 0O there holds

W, (1, x) = Wo(xe/Pye™ Jo AaOWals. e =/P)ds
t . .
+ / o [ A1 )0 000 (0 V(o7 s,
0
For any 1, 1 > 0 with #; + 1o < T we then use the following decomposition

1+t
Wo( el L1y / e g
0
1% "
(\Ifo()efo Bk / el 1ds)efr”'2l s
0

H+n
+/ ef;l-%—'z[...]dg[.“]ds
L)

and after performing the changes of variables s — #; + s and ¢ — 1, 4 o in the integrals
on the right hand side we obtain

W, (t +1,x) = Y, (tp )m«z“/p)e_f(;l AaO)[Wa(t2+s,)](xe 172/ P)ds

t
+ / e L AV )5 ()1 (145, )] (xe )P ds,
0

We now see that Hy (s, xe’/?) = W, (s, x) := W (12 + s, x) is a fixed point for the operator
T, with Hy = W,(#2, -), and by the short time uniqueness of fixed points, obtained in Lemma
3.3, we thus find that

Sa(tt + )W =Y, (11 + 12, -) = S (1) Va(t2, 1) = Sa(t1)Sa(t2) Vo,

which proves the semigroup property for t1,p > O witht) +1 < T.
Next we use the local semigroup property as derived above to observe for 1, 2 € [0, T]
with 11 +t» > T that

Sa(ti +12 = T)Sa(T) = Sa(t1 + 12 — T)Sa(T — 12)Sq(12) = Sa(t1)Sa(t2),
so since the left hand side equals S, (] + #) by definition [cf. (3.15)], we have
Sa(t1 +12) = Sa(t1)Sa(t2) = Sa(12)S4 (1) for all t1, 1 € [0, T]. (3.19)
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Using lastly (3.15) and (3.19) for arbitrary 1, f, > 0, and writing n; for the integer part of
’T", we find that
Sa(t1)Sa(t2) = Sa(t1 — n1T)(Sa(T))" Sa(ta — naT)(S,(T))"

= Sa(t1 —n1T)Sa(ty — naT)(Sa(T))" ™

= Sa(t1 + 12 — (n1 + ) T)(Sa(T))" 2. (3.20)
Ift1+1t < (n1+ny+ 1)T, then the right hand side of (3.20) equals S, (#1 +#2) by definition.
On the other hand, if t{ + #p > (n| + ny + 1)T, then by again (3.19) we have

Sa(t1 + 12 — (n1 + n2)T)(S(T))" "2
= Sa(ty + 12 — (n1 + na + DT)(Se(T)" 2+,

and here the right hand side equals S, (¢ + 2) by definition. We therefore conclude that
(3.16) holds. O

3.2 Two Useful Lemmas

In this subsection we give two lemmas that will be useful for obtaining the lower bound in
our proof of existence of a set ), = ), (Rp) that is invariant under the previously defined
evolution. These results will also be used in the final section of this paper.

Lemma 3.8 Forany a € (0, 2) the fundamental solution u® to the integro-differential equa-
tion

u (1, x) = /R Y A2, )] eody, (3.21)

i.e. the solution to (3.21) with initial datum u(0,-) = &g, is given by u®(t,x) =
1=V, (xt=1/%), where v, € C®(R) is the probability density function that has characteris-
tic function exp(—cy |k|%), with ¢, = —2T (—a) cos(%) ifa # 1 and ¢y = m. In particular,
Vg IS positive, symmetric, nonincreasing on Ry, and it satisfies lim|;| oo 121l (2) = 1.

Proof Taking the Fourier transform of (3.21) gives us
(1, k) = —colk|*i(t, k),

hence u“ is the inverse Fourier transform of exp(—cq |k|“1):

1 : . a 1 X
Wt x) = E/Rezkxe calkl®t g — v (W)

with vy (z) = 1 / ke ecalkl® g
2w R
Smoothness and symmetry of v, are immediate, while for the remaining properties of vy
we note that exp(—cy |k|%) is the characteristic function of a symmetric stable probability
distribution (cf. [11, Theorem 5.7.3]). Now, [11, Theorem 5.10.1] states that all stable dis-
tributions are unimodal, so since by symmetry the maximum of v, is located at zero we
have that V,(x) = ffoo vy (z)dz is concave for x > 0. Therefore v, < 0 on Ry and it is
shown that v, is nonincreasing on R.. The asymptotics of v, follow by a standard contour
deformation argument, and strict positivity follows from combining the decay behaviour of
v With the monotonicity result. O

Since we will frequently use solutions to (3.21) with odd initial data, we give the following
lemma.
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Lemma 3.9 For«a € (0,2), let u® be the fundamental solution to (3.21), let ug € C(R) N
L'(R; |x|~*'dx) be odd, and for t > 0 let u(t, -) := [ug * u®(t, -)1(-). Then the following
hold.

o Forallt > 0, u(t, ) is odd and smooth.

e Maximum principle. Ifug > 0[ < 0]on Ry, thenu(t,-) > 0[<0]on Ry forallt > 0.

e Ifug is concave [convex] on Ry, then u(t, -) is concave [convex] on Ry for allt > 0,
and in particular

Ai[u(t, )(x) <0[=0]forallx >0,y e Randt > 0. (3.22)

Proof Forallt > 0, uo(t, -) is odd since it is the convolution of an odd and an even function,
while smoothness follows from the fact that u“(z, -) is smooth for all # > 0. Suppose now
thatug > O[ < 0] on R,. For x > 0 we then find, by the facts that u¢ is odd and that u® (z, -)
is even for all ¢ > 0, that we can write

u(t, x) = /R uo () (4% (6. x — y) — u®(t, x + 7)) dy,

and it follows that u(¢, -) > 0[ < 0] on R forall # > 0, since u*(¢, -) is even and monoton-
ically decreasing on Ry (u®(t,x — z) — u®*(t, x + z) > 0 for x, z > 0). We next restrict
ourselves to the case where u is concave on R, since the other case is similar. Then, for all
y € R there holds Af,uo < 0onRy.For|y| < x this follows immediately from the definition
of concavity, while for |y| > x > 0 we note, using that uq is odd, that

ATug(x) = Afuo(lyD) +2(uo(1y]) — uo(lyl — x) — uo(x)) < 0.

Here the first term on the right hand side of the equality is nonpositive by the previous
argument, and the remaining terms are nonpositive by

[yl Il

uo(lyl = x) + uo(x) = uo (7 x 0+ 2= 1y1) +uo (25 x 0+ 271y1)

where we have used that u((0) = 0 since ug is odd. Next, since the second difference operator
is linear, it commutes with the integral operator on the right hand side of (3.21), and since
further the second difference of an odd function is odd, we find by the maximum principle
proven above that (3.22) holds. Additionally we then find that u(z, -) is concave on R since
for all x > 0 we have u,, (¢, x) = limy_,¢ y%Ai[u(t, J](x) < 0, where we recall that we
may take two derivatives by smoothness of u“(, -). O

3.3 Invariance of ), (Ry)

Our goal in this subsection is to show that, for some suitable Ry > 0, the semigroup intro-
duced in Definition 3.6 maps the set J,(Rp) (cf. Definition 2.16) into itself. The proof of
invariance of the lower bound [cf. (2.4)] shows strong similarities with the approach in [14].
As mentioned before, the main difference here compared with the approach in that paper is
that because of the form of the nonlocal diffusion operator in our collision kernel [cf. (2.5)]
it is convenient to use test functions that are concave, while in [14] it was natural to use
monotone test functions. A consequence of this is that in order to measure the size of W, it
is now natural to use the functionals given by (2.1), as opposed to the functionals fOR h(x)dx
which were used in [14].
We first derive the following estimate.
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Lemma 3.10 Under Assumption 3.1, let (S,(t)):>0 be the semigroup on the unit ball of X,
as defined in Definition 3.6. Let further v € C(R) be such that the mapping z +— z9(z) is
odd, bounded, and concave on Ry. Then for all t > 0 and all Wy € {||nll, < 1} N X, it
holds that

/ D (x) S, (1) Wo(x)dx
[0,00)

& —t/p _
. ez(p—l)/p/ (/ WO, (” : y) dy) Lygode,  (3.23)
[0.00) \Jr (p1)!/? (p)!/°

where v, is the self-similar profile associated to the fundamental solution of (3.21) with
o = p, which was obtained in Lemma 3.8.

Proof Throughout this proof we let t > 0 and Wy € {[|ul|l, < 1} N A, be fixed, and for all
s € [0, t] we write W, (s, x) = S, (s)Wo(x).
For ¥ € C(R) fixed as in the statement of the lemma, we define
u(s, x) ="V [g s ul (p(t — 5), )] (xe" 7)) x L,
fors € [0,¢] andx € R, and with¢(y) := y9(y), (3.24)
where u” is the fundamental solution of (3.21) with @ = p as obtained in Lemma 3.8. We

then note that u(z, -) = ¥, and that u(0, x) is equal to the integral with respect to y in the
right hand side of (3.23). Therefore (3.23) can be written as

/ u(t, )W (1, x)dx = / (0, x)Wo(x)dx,
[0,00) [0,00)

S0, using u as a test function in (3.3), we see that (3.23) is equivalent to

t
/ [/ (1550 = 3 ata (5,0 + @ = p)us, ) Wals, )dx
0 LJ0,00)

T (Pa x Wals, N

where we recall that Dj is defined in (2.6).

Next, for x > y > 0 we note that (x + 8)_3/2 < %(y + a)‘l/z, and, defining U (s, x) :=
xu(s, x), that Di[u(s, )](x,y) = A%[U(s, 9)](x). Further, since U (s, -) is odd, bounded
and concave on Ry for all s > 0 (cf. Lemma 3.9), by (3.22) it holds for all x, y > 0 that
Ag[U (s, -)](x) < 0, which together yields the estimate

Y (a x V(s NG '
/0 (x+e)(y+8)3? Dy [u(s, )](x, y)dy

21 (fa * Wals, ) (y)
o X Ry (v +e)?

Ag[U(s, )](x)dy. (3.26)

By an integration by parts, and using (2.8) for 9, [Ai[U(s, -)]1(x)], we can now write the right
hand side of (3.26) as

1 0 (g * Wy (s, ))(2) x4y
x/l‘h (/y de) (/xy U (s, w)dw) dy, (3.27)

where we note that the integral with respect to w on the right hand side is nonpositive for
x,y >0, since U(s, -) is odd and concave on R (note that ffa U”(w)dw = 0 for a > 0).
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To find a lower bound for (3.27) we thus need an upper bound for the integral with respect
to z. We thereto note for z > y that (z + e)2 < yiz(l A %), and by expanding the domain
of integration we find

= el DO 1 B |
/y (z+¢)? dz = y2 /[O,oo) (1 A z+s) (Pa * Wals, ) (z)dz

= yiz/[o | (/[0 | (] A ﬁ) $a(z —X)dZ) W, (s, x)dx,

(3.28)

where the equality holds by Fubini. Now, since for all z —x € supp(¢,) there holds |z — x| <

a< %, we have for all x > 0 that

/{0!00) (11 sy ) dale —0dz < (14 xj%)/Rqsa(z—x)dz <(1n2),

which, using the definition of the norm, we can use to estimate the right hand side of (3.28)
by

1 _ _

—2/ (1A 2) Wals. x)dx < L Wals, ), 3777 < y 7"

Y= J10,00) 7

Combining then the previous estimates, and recalling the nonpositivity of the integral with
respect to w in (3.27), we obtain

(o Wals D)
/lO,oo) (/0 O+ o)y £ epa/a 21 DIy ) Yoo

x+y
3/ (/ yP x/ U (s, w)dw dy) 1w, (s, x)dx, (3.29)
[0,00) \/R4 x—y

where, by an integration by parts in the integral with respect to y, the right hand side of (3.29)
can be rewritten as

/ (,0/ y*f’*lAf,[U(s,-)](x)dy) L@, (s, x)dx. (3.30)
[0,00) R4

Also, since u” is the fundamental solution of (3.21), we note that U (s, x) = xu(s, x) by
construction satisfies [cf. (3.24)]

Us(s, x) + £ U (s, x) = 2xUs (5, ) = —pe'™ / Yy PTIAZU G, )] ()dy. (3.31)
Ry
Checking then that the left hand side of (3.31) can be rewritten as
x (15,00 = £ (s, ) + @ = puts, 1))

we find that the first integral between square brackets on the left hand side of (3.25) equals

/ (—peH/ y—f’—‘Ai[U(s,-)](x)dy) 1w, (s, x)dx. (3.32)
[0.00) Ry

Concluding, since the first and second integral between square brackets on the left hand
side of (3.25) can be estimated from below by (3.32) and (3.30) respectively, the left hand
side of (3.25) can be bounded from below by
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t
/ ( / (p(l ) [y AU, -)](x>dy) %wa(s,x)dx) ds,
0 [0,00) Ry ’

which is nonnegative since both 1 — e’ and A§ [U (s, -)](x) are nonpositive on the domain
of integration, while all other terms are nonnegative. This proves that (3.25) holds, and since
(3.23) and (3.25) are equivalent the proof is complete. ]

The following two lemmas will be useful in the actual proof of invariance of (2.4) under
the evolution (3.3), where we will use a suitable function ¢ in (3.23).

Lemma 3.11 For p € (1,2) and W € X,, it holds for all odd ® € C%*([—o0, ool) that
satisfy limy— 00 O (x)x2~P = 0 that

/ Ox) - 1w(x)dx = —/ 0" (x) (/ (1nf) \Il(z)dz) dx. (3.33)
[0,00) [0,00) [0,00)

Proof Observing that

/ (Mf)xy(z)dz:// Lw(z)dzdy,
[0,00) ' 0 Jy -~

it is clear that (3.33) follows by integrating by parts twice, provided that the boundary values
vanish. Since © is odd with bounded first derivative, we have ©(x) = ©'(0)x + o(x?) as
x — 0,s0

<2000 [ (1A%) ¥z
[0,00)

<2(0'O)||¥], - x** — 0asx — 0,

‘@(x) JARTTEE:

where the second inequality holds by definition of the norm. Notice further that by our choice
of ®, and using again the definition of the norm, we have

‘@’(x) (1A %) W()dz| < W], - 10" (x)|x*” — 0asx — oo.

[0,00)

The claim then follows as the remaining boundary values vanish trivially. O

Lemma 3.12 For p € (1, 2), let v, be the self-similar profile associated to the fundamental
solution of (3.21) with « = p. Then for all 61, 62 > 0 the function

@(x):/Ry(l/\ 2 v (52) & (3.34)

Y1
y
is odd, smooth, and satisfies limy,_, oo ®' (x)x% " =0 and

—0"@ = (v, (52) = v, (52)) & = 0forx = 0. G:3)

Proof That © is odd follows from the fact that it is the convolution of an odd and an even
function, while smoothness follows since v, € C°°(R). We now note that o, f (x — y) =
—dy f(x — y), so differentiating (3.34) we obtain

ow=— [y (a4 ()] g = [ w (@) g 6o

where the second equality follows by integration by parts. Differentiating (3.36) once more,
we then obtain the equality in (3.35), while the nonnegativity follows from the symmetry
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and monotonicity properties of v,. Finally, by symmetry and using the tail behaviour of v,
(cf. Lemma 3.8), we find that

(x+61)/62 00 1 6P
0'(x) =/ vp(z)dz < / vp(2)dz ~ —2 as x — oo,
(x—61)/62 (x—61)/62 pxP

hence @' (x)x27° < %6’5 x20=0) 5 gasx — oo. |
We are now able to prove the following.

Proposition 3.13 Under Assumption 3.1, there exists some Ry > 0, independent of a and ¢,
such that the set ), = Y, (Ro) is invariant under the evolution of the semigroup (S4(t)):>0
as defined in Definition 3.6.

Proof Since the semigroup (S, (f));>0 maps the unit ball of X, into itself, we only need to
prove preservation of the lower bound [cf. (2.4)] for some Ry > 0. Let thus Ry > 0 be
arbitrary for now, and fix any Wy € YV, = ), (Rp). We will then write W, (¢, x) = S(t)Wo(x)
forall r > 0.

Now, for any R > 0 the function #(z) = 1 A |§| satisfies the assumptions from
Lemma3.10, so by (3.23) and the change of variables y — ye™'/? we find for all ¢ € [0, T']
and all R > 0 that

/ (1 A g) W, (t, x)dx
[0,00)

y(1A1552)
- t(,o—Z)/p/ / Y 7Y Vay) Lwooyd 3.37
- ooy \ S " reniie Ve \Gorenyizn ) @ | Po)dr. - G37)

where we recall that v, is the self-similar profile associated to the fundamental solution of
(3.21) with « = p (cf. Lemma 3.8). Multiplying then (3.37) by RP~2 and using Lemmas
3.11 and 3.12, we obtain

RH/ (1A B)w,(r, x)dx

[0,00)
- (Rez/,o)P—2 (U x—Re’/") —v (x-!—Re’//’))
- [0.00) P\ (prenyl/e P\ (prenyl/e

x _dx
X (/[()’oo) (1 VAN z) \DO(Z)dZ) (ptet)l//’ ) (338)

which, by the inequality in (3.35) and using the lower bound on Wy € Y, (cf. Definition
2.16), we can bound from below by

1/p\P~2 —Re!/? +Re!/? 2— d
(Re''?) /[0 o (Up (fp,ezfl/p) —Up (?p,er;)l/ﬂ)) X p)‘P(RLO) (pterx)n/p
t/p\P—2 —Re'lP 1- d
= (Re /p) /]Rvp (?ptetjl/p) xlx] pAP(%O) (ptefx)l/ﬂ
(R t/p p=2 pte’ Re!lP
= (%) u (Tg ). (3.39)
where u is the solution to (3.21) witha = p and u(0, x) = x|x|1’pkp (x). In view of the fact

that the left hand side of (3.38) is nonnegative for all R > 0, and since the right hand side of
(3.39) does not depend on W, any more, it now only remains to show that, for all R > Ry,
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with Rgp > 0 chosen appropriately, the left hand side of (3.39) is bounded from below by
A P(R%) ast — 0, or equivalently that

(/7Y 2 (% sef/ﬂ) >ap(E)ast — 0, forallé > 1. (3.40)
Let now u* be the solution to (3.21) with « = p and
w0, x) = x|x|'=° (1 - |x|_(2_p)/2) € C(R) N L' (R; |x|~"~'dx).

We then observe that u*(0, -) < u(0, -) on R4, so by the maximum principle in Lemma 3.9
we have that u*(z, -) < u(z, -) on Ry for all T > 0, and in particular

(?;‘et/p)p_2 u (%g:, Ee’/p) > (éjet/p)p_z u* (%’ é’;‘et/p) (341)

for & > 1 and ¢ > 0. Now, for x > 0 and t > 0, we expand the convolution of #*(0, -) with
the fundamental solution to (3.21) to obtain

— — — — _ dv
X"t (T, x) = x” 2/}R(x—y)lx—yl1 "(l—lx—yl @ ”)/z)vp (T%)Tﬁ

1—- —(— —(2—p)/2 )
= [ =2 (R 2Ry ()

which, using the notation
W, 0)i= (=) 1= g7 (1= 3= @021 = gmConr2),
and the facts that [ v,(z)dz = 1 and [, zv,(z)dz = 0, yields
xP2ut(t,x) = W(x,0)
+-/R (W (5. 2) = W, 0 = 2We (. 00) v, (37) 7. G42)

Next, we estimate v, by its tail behaviour (cf. Lemma 3.8), to find that we can bound the
absolute value of the second term on the right hand side of (3.42) by

—1-p dy

y
tl/p zl/p

/R|W(x, L) = W(x,0) — W, (x,0)|

T —1—p T
< — [ WO =Wk 0 - W x, 0|51 dg = — K (),
X R X

so noticing then that K (x) can be uniformly bounded for x > 1 by a constant « > 0, we
obtain that

X2 (1, x) > (1 — x_(z_p)/z) - r—'; forallx > landall 7 > 0. (3.43)
X

Combining thus (3.41) and (3.43) we find for £ > 1 and ¢ > O that

ptet
t/p\P—2 (L‘f' t/p) -~ (1 _ (go!/P —<2—P>/2) _ R
(&)™ " u RD Ge = (Ee"’”) (Eeilr)P
_ (1 _ §—<2—p)/2)+(1 _ efr(zfp)/ap)) g-Q-n)/2 _ ,%Eg—p’

(3.44)
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where we note that the first term on the right hand side equals A, (§) for & > 1 (since it is
positive). Expanding then finally the exponential in the second term, we can bound the right
hand side of (3.44), for t — 0, from below by

hp(&) 41 (BRem 0 - trgr)

2
where, provided that Ry > 0 is such that Rg > é’i ¥ | the second term is nonnegative for

& > 1, which implies that (3.40) holds, and thus proves the claim. O

3.4 Proof of Proposition 3.2

Proof of Proposition 3.2 Let (S4(t));>0 be the semigroup on the unit ball in X, that was
defined in Definition 3.6. Following Proposition 3.13 there then exists some Ry > 0 such
that the set ), = V), (Ro) (cf. Definition 2.16) is invariant under the evolution of (S, (t))s>0.
It thus remains to check, for any fixed r > 0, that the mapping Vo — W, (z, -) 1= S, (1) Yo
is weakly-* continuous, which by continuity of the change of variables (3.13) is equivalent
to checking weak-* continuity of Wy — H,(t, -).

Now, for any two measures W1, Wy € {||nll, < 1} N X,, we write lIJL’;(s, D= Sa(s)Y;,
i €{1,2}, forall s € [0, 7], and we let Ha" € C([0,1] : X,) be defined via the change of
variables (3.13), which are functions that satisfy (3.5) for all ¢ € CL([0, 11 : By). What we
need to show is that for any ¢* € By and any § > 0 small, there exists a weakly- open set
U =U™, 8) such that W] — Wy € U implies

‘/ VHX)H! (1, X)dX — YHX)H2(t, X)dX | < 6. (3.45)
[0,00) [0,00)
By a density argument we may restrict ourselves to ¢* € By, and by (3.5) we know that

/ VX)) (Hy (1, X) = HF (1. X)) dX

[0,00)

= / ¥ (0, X) (V1 (X) — (X)) dX, (3.46)
[0,00)
if Y € C! ([0, ] : By) satisfies ¥ (¢, -) = ¥* on [0, oo], and, for all s € (0, ),
0= / (V565 %) + 22405, X0) () (s, X) = H2 (s, X)) dX
[0.00) ?

+q(H), ¥, 8) — q(HZ, 9, 5)
with

(Hy ¥, 5) = // P Hi(s, X)(¢yes0 % Hi(s,))(Y)
A= x>v=0) (X +ees/P)(Y + ges/r))3/2

xDA[¥ (s, )](X, Y)dXdY.

Using the identity hih§ — hohl = §(hy — ho) (b + h%) + % (hy + ha)(h§ — h’), we now
rewrite the difference q(Hal, v, s) — q(Hf, ¥, s) as

1
3 [ (30 = B X0 @ x (L + HE D)
{X>Y>0}

o+ (H (5. X) + HJ 5. X0) @in * (H) (s.) = HY (5. (D)
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e PD3[Y (s, )X, ¥)
(X + ges/P)(Y + ges/P))3/2

which in turn equals

dxdy,

/ (CCHL s s, X) + €(H2, W5 5, X) + C (HL, s s, X) + € (H2, 43 5, X))
[0,00)

x (Hj (s, X) — H7(s, X)) dX,
with
1

X
LH) s, X) = 5/
0

P (Paesto x Hi(s, )(Y)
((X + ees/P)(Y + ges/r))3/2

D3[¥ (s, )1(X, Y)dY,

and
es/pHé(S’ X/)
[v.00] (X" + ges/P)(Y + ges/P))3/2

x D3y (s, )X, Y)dX'dY.

; 1
Z*(Hé,l//;s,x)zi/ Paesto (Y — X)
[0,00)

We thus obtain the linear backward in time boundary value problem

Vs = —250Y — (CCH ) + LCHZ ) + C(Hy ) + E(HE )
Y, ) =y*,

which can be uniquely solved in C!([0, 1], By) by a standard fixed point argument, since
K(HL’;, -) and E*(H;, -) are bounded linear operators from B to itself. Moreover, by estimate
(3.14) we find that there exists a constant C > 0, independent of 1/ *, such that || (0, -) | 5, <
Cll¥*| B,- Now, by compactness of || - ||5,-bounded sets in By, we can select finitely many
w1, ..., w, € By such that min; | (0, -) — w;llz, < %8. For any i € {1,...,n} we then
write the right hand side of (3.46) as

/[o )(w(O,X)—wi(X))(‘I’l(X)—‘Ifz(X))dX,
+/[o )wi(X)(‘Pl(X)—‘Pz(X))dX,
so defining finally

U= ‘u € M([0,00)) : [Inll, < oo and max

1

/ 0 (X)u(X)dX
[0,00)

<%8],

it follows, by choosingi € {1, ..., n} suchthat |y (0, -) —w; || 5, is minimal, thatif W; —¥; €
U, then (3.45) holds, which completes the proof. ]

3.5 Proof of Theorem 2.24

Proof of Theorem 2.24 In view of Remark 2.27 we restrict ourselves to the case p € (1, 2).
For any ¢ > 0O fixed and a € (0, %) arbitrary, let Ry > 0 and (S4(?));>0 be as obtained in
Proposition 3.2. Then, by a variant of Tychonoff’s theorem (cf. [5, Theorem 1.2]) there exists
some W € ), for which for all + > 0 there holds S()W; = WZ, and which for all ¥ € B;
satisfies

: / (x?'(x) + (2 = p)*(x)) W, (x)dx
P J10,00)
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\IIS a \Ilg *
://[ ) a (V) (a * )(y)Dz[ﬁ](x,y)dxdy. (3.47)
xX>y>

L (x+e)(y+ )32

Further, since ), is compact and independent of a, there exist ¢, — 0 and W® € Y, such
that \Il;n £ Wfin X, and we will see that W® satisfies

1/ (X0’ (x) + (2 = PP (x)) U (x)dx
[0.00)

P
1 VW)
=2 //[o,ooy G+ o)y + ey 21 ey, 349

for all 9 € Bj. Indeed, writing a for a, and a — 0 for a, — 0, for any ¥ € B fixed it
follows from the definition of weak-* convergence that the left hand side of (3.47) converges
to the left hand side of (3.48). Convergence of the right hand side is more tricky since in the
limit there might be a nontrivial contribution along the diagonal {x = y > 0}. Expanding
the convolution and using Fubini, we first of all rewrite the right hand side of (3.47) as

Vo) ([ o) DI ) )
Y (v — )W e V7

_// Ve (x) W (2) ( x ¢a(y—z)D§[z9](x,y)d )dxdz
ooy (G+o)c+en 2 \Jo (G+e o +en2 ’

which by symmetrization equals

! WE (1) W (2)
2 //[o,oo>2 ((x + &)z +¢))3? Ea(x, 2)dxdz, (3.49)

with
X pa(y — DB, ) © pa(y — DI, )
o G+ T+ 2T (e Ty e 2

where the extension of the domains of integration until —oo is possible if we extend D3[?]
to a continuous function on R? by setting D3[#] =0on R2\ ]R%_. Observing next that

Ea(x,2) =

/ daly — )y + / ' paly — 1)y = / T gandy + / g (dy

—0Q

X—Z o0
= / ba(y)dy + / ¢a(—y)dy = 1 forallx,z € R,
X—Z

—0o0

where the last equality holds since ¢, is even, we then find by continuity and symmetry of
Dj3[¥] that for all § > O there exists some as > 0 such that

|€a(x,2) — D3[9](x, 2)| < S foralla € (0,as) and all x, z > 0.

Using then the fact that (x + &)™/ < ¢73/2(1 + f)’l < 321 A £) for x > 0, the

definition of the norm || - ||,,, and the fact that W[, = 1 for all ¥} € Y),, we obtain for
a € (0, as) that
! WE ()W (2)
2 Ea(x,2) = D5[¥](x, 2)) dxdz
’2 //[0,00)2 ((x +&)(z +¢€))3/2 ( a(x,2) S[T1( ))
1)

2
< - (5—3/2/ (1n%) \Ilg(x)dx) < 1720 5.
2 [0,00)
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Further, as (x + ) 3/2 < r~1/2¢=1(1 A %) for x > r > 0, we similarly get that

1 Ye(x)WEi(2)
— 4 a Di[Y dxd
‘2//[0,0@2\[0 1o (Gt 6)(c + e)y32 D2V I(x, D)z

We(x) We(x)
< 4191l ( /[Om) o dx) ( /(mo) s dx)

< 491, eC 4% x r12,

so recalling that on compact squares the finite sums of products of single variable functions
are dense in the uniform topology in the continuous functions, it follows that in the limit
a — 0, (3.49) becomes

WE(x)We(y) « —-1/2
//[o o (G o)y T epiz 2P dxdy+ 00+ 0D

as § — 0 and r — o0, and taking these limits we obtain that W¢ indeed satisfies (3.48) for
all ¥ € By.

Before we take the limit ¢ — O we will need a further estimate: We show that there is a
constant K > 0, independent of &, such that

JXWE(x)
0,21 (x +8)32
To that end, we note that x?¥'(x) + (2 — p)?(x) = [x?(x)]x — (0 — 1)¥(x), and choosing

¥ € By such that the mapping z + z¥(z) is nondecreasing and concave we obtain from
(3.48) that

dx < K -z'7°?forall z > 0. (3.50)

p;I/ B ()W (x)dx

“// VOV peig)r, y)drdy (3.51)
0002 (X +8)(y+)32 271 ’

where D3[9] < 0. Now, by an approximation argument (3.51) also holds with 9, (x) =
ana %), for arbitrary r > 0. We then use the definition of the norm || - ||,, and the fact that

W], = 1, to estimate the left hand side of (3.51) by pTTer_p. Noting furthermore that the
second difference of an affine function is zero, we find for x, y > 0 that

D3[0,1(x, y) = Dalz9,(2) — rl(x, y) = =Dal(r — 2)+1(x, y)
[ =G+ + = x =YDt =200 = (x V)4 ]
—[x+y=rsn—Ix=yDhi].
and it follows from (3.51) that

p 1,2-p > // NEAAE)) VYY) Gty—=r)eA(r—|x— w*dxdy. (3.52)
0.002 (x + )32 (y +¢)3/2 vy

Setnow o = g(ﬁ—i— 1) > 1, whichsolves I — (a2 —a) = %oﬂ, and notice that (xy)_l/z(r —
[x —y]) > (azr)_l(r — (Ol2 —a)r) = 1 for x, y € (ar, a2r]. We then restrict the domain
of integration on the right hand side of (3.52) to (ar, &*r]? to obtain

l( VI () N dx ) < p=1,2—p

4 \Jra2r (x + £)3/2 2

’

@ Springer



On Self-Similar Solutions to a Kinetic Equation... 1375

hence there holds

ARG 20772 [2=1) #1P forall r > 0
(@l (x+8)3277 7 ’ |

and using the decomposition (0, z] = U?‘;O(a_j_lz, o~/ 7] we obtain (3.50).

Now, as )V, is independent of ¢, there also existe, — Oand ¥, € ), such that W*» % W,
in X,. Writing then ¢ for &, and ¢ — 0 for &, — 0, the left hand side of (3.48), by definition
of weak-* convergence, converges to

l/ (x0'(x) + 2 = p)P(x)) Wy (x)dx
P J10,00)

1
= f/ (X (0)]x — (p — Dxd (x)) 2w, (x)dx. (3.53)
P J10,00)

We next check that (3.50) carries over to the limit. Let thereto ns € C(R), for 6 > 0, be
nondecreasing with ns = 0 on (—o0, §) and ns = 1 on (24, 00). Using then (3.50), for all
z > 0 we obtain

/ 1y, (x)dx = lim L, () (s (x) — ns(x — 2))dx
(0.2] 80 .J(0,z+25]
v
= lim lim M(ng(x) —ns(x —2))dx < K - z!7P/2,

§—0e—0/(0,z425] (x + 8)3/2
(3.54)

Now, with ns as above and using (3.50), we find for any ¢ € C ([0, oo]) that

VR / Y 1,
/[O"X’) . (x + )32 o 0,00) (14 £)¥2 x W (x)dx
< [ Y o = 2K o x 87

= Jo.os) (x +)32
so similarly using (3.54), and since ¥, € X, implies ¥, ({0}) = 0, we obtain

lim w(x)M

dx =/ V() LW, (x)dx.
£=0./[0,00) (x +&)3/? [0,00) v

We thus find that the finite measures ffg;j‘; dx converge with respect to the weak-* topology

in (C([0, oc]))’ to some P, € X, that satisfies D, (x) = %\I/p(x) for x > 0. Recall now that
[D3[9]1(x, y)| < 4|95, for all x, y > 0, and also [D3[9](x, y)| < 2||PI5, (x A y). Then
(xy)_l/ 2D3‘[19](x, y) is bounded and continuous on [0, 00]2, and vanishes uniformly on the
boundary, and we thus obtain that the right hand side of (3.48) converges to the right hand
side of

1
7/ (x[x? ()]x — (p — DX (x)) Py (x)dx
£ J10,00)
[ [
= / / Mvz‘[ﬁ](x, y)dxdy, (3.55)
[0,00)2 /Xy
which @, satisfies for all & e By [cf. (3.53)]. To conclude, we note that by appropriate

approximation it can be shown that ®, satisfies (3.55) for all ¥ for which the mapping
7 > zVU(z) is differentiable and constant from a certain point onwards towards infinity. The
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proof is then completed by the observation that any ¢ € C!([0, o)) defines such a function
via p(x) — ¢(0) = x9 (x). ]
4 Regularity, and a Decay Result

We start this section with a useful integrability estimate, which can be seen as an improvement
on (3.50).

Lemma 4.1 Given p € (1,2], if ®, € X satisfies (2.10) for all ¢ € CL! ([0, 00)), then there
exists a constant C > 0 such that

/ ®,(x)dx < C - ~/R forall R > 0. 4.1)
(0.R]

Proof Given any nonincreasing convex function ¢ € C Cl ([0, 00)), we obtain from (2.10) that
there holds

/;%1/[0 )(W(O) —¢(x)) D, (x)dx

LI e,
= 2 //[0’00)2 \/ﬁ Daole](x, y)dxdy, 4.2)

SO using appropriate arguments to approximate ¢(x) = (r — x)4, with » > 0 arbitrary, and
arguing as in the proof of (3.50), we find from (4.2) that

L@y ll2 - r = STI®,10), 4.3)
with

P P
70,10 = [ 2RIy n A vy, @
F

Also as in the proof of (3.50), we then restrict the domain of integration on the right hand
side of (4.3) to (ar, a?r]?, with @ = £(+/7 + 1), to obtain

( =

- @ (x)dX) <Dyl -,

4 (ur,azr] r L r
hence there holds

2 [p=1 .
/(a—lr,r] Op()dx < 21/ 519,12 Jrforallr > 0,

and (4.1) follows by the decomposition (0, R] = (J5Zo(@ /'R, /R]. o
We now first show that self-similar profiles are Holder continuous.

Lemma 4.2 Given p € (1,2], if ®, € A> satisfies (2.10) for all ¢ € CCI([O, 00)), then it is

absolutely continuous with respect to Lebesgue measure, its Radon—Nykodim derivative is

locally a-Holder continuous on (0, 00) for any a < %, and it actually satisfies (2.9) for all
¢ € C:([0, 00)).
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Proof Given x € C2((0, 00)), wesetp(x) = — fxoo %X (z)dz and use this function in (2.10)
to obtain

/ xX(xX)@p(x)dx — (p — 1) / Lx(2)dz®, (x)dx
(0,00) (0,00) JO

_’ T T P
2//[0,00)2 JxXY vy ;X (2)dz |xfy|ZX(Z) z)dxdy. (4.5)

Writing then X, = supp(x) and ¢, = % min(X, ), we first of all note that

X
’ / / Lx(2)dz®, (x)dx
0,00) JO

< 0,26y, 00) x/ Lx@ldz

Zy

< (@5 (1264, 00)) X 12 Lacsy) IxlLrz,),

with p € [1,00) and g = %, and similarly we find that

B (17 1o [ 1)
‘//[gx.ooﬂ JxXy (xvy 2 x(2)dz Ix—y\ZX(Z)dZ dxdy

< L@alls 0P x2 [ Lxies

y

< (%(q)z([gx, 00)))? x ||%||L‘i()3x)) IxlLr(s,)-

A

Noticing now that the term between brackets in the double integral on the right hand side of
(4.5) vanishes on {x + y < 2¢,}, by symmetry it remains only to estimate the integral over
(x,¥) €[y, 00] x (0, gy 1. We thereto let p € (1, 00) be arbitrary, r € (p’il , 00) large, and
g € (1, 00] such that 1 = ; + 5 + 1. and we obtain that

7

Pp(x)P,(y) (/”y 1 /)‘ 1 )
L= “x(2)dz — Lx(@dz ) d(x,y)
‘//[gx,oomo,gxl VXY x -y

<[ TPax [ 2l e, 0
< —L2dx x @I, 2, ¥ 1®,(y)dy,
500 VX Og1 0TI

which, using for the integral with respect to y a dyadic decomposition and Lemma 4.1, can be
bounded by a constant times || x | L» (5, ). Note here that the dependence on x of the constants
in the preceding estimates is limited to dependence on ¢,. Combining thus the preceding
estimates and using a density argument, we then find for any p € (1, co) andany K C (0, oo]
compact that

< C(@p, min(K), p, p)lIx llLr (k) forall x € LP(K), (4.6)

‘/ X ()P, (x)dx
K

with C(®p, k, p, p) < c(P,, p, p)O(k_%CDZ([k, 00))) as k — oo. By duality it now fol-
lows that @, € (1, (1 o) L ((0, 0o]), and since ®,, € A; is finite we have @, € L!(0, 00).
Moreover, from the dependence on min(K) of the constant C in (4.6) we find for all
q € [1,00) that | ®,lLa(r00) < O(ré_] ||<I>2||L1(,,oo)) as r — o0o. Note further that the
contribution of integrals over lines to the double integral on the right hand side of (2.10) is
zero for Lebesgue integrable functions, so ®, actually satisfies (2.9) forall ¢ € C Cl ([0, 00)).
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For the remaining continuity claim we fix y € (0, %) and [a, b] C (0, co) arbitrarily, and
we start by showing that for any ¢ € C2°(R) with support in [a, b] we have

‘/ o' (x) x®,(x)dx
R

< C(®p,a,b,y, p)lellrr®)- .7

Indeed, by (2.9) we immediately have

= (o= DIPpll2@,pmllel2w

‘/ @' (x) xP,(x)dx
(0,00)

q)p(x)q)p(Y) /
+p l//s| N go(x)dxdy‘ + pl dxdy

where we have split the double integral over the domains

Si={(yVv(@@—y)<x<y+b<2b and SH={x>y>(3Vb)}.

For the integral over S; we now first note for all y € [0, b] that

‘/ D, () A2p(x)dx
(yVv(a—y),y+b) i

and since || A2 ol = CIellar® y? (cf. [19], [20,21]) we obtain

o
S

where the remaining integral with respect to y is bounded (use Lemma 4.1 and a dyadic
decomposition of the interval (0, b)). For the integral over S» we note that the second dif-
ference of ¢ is now completely given by ¢(x — y). Applying thus Holder’s and Young’s

inequalities we obtain
1
‘// dxdy = EII% I 22(5,00) H/ @, (Mlp — y)ldy
S (b,o0)
< C(@p, DDl L1 (0,00 101l L2

and it follows that (4.7) holds. We lastly fix any ¢ € C°((a, b)) with ¢(x) = % for x €

Iy = [# #] and we set ©(x) := ¢(x)x®P,(x). Given then any ¢ € C®(R), we

use (4.7) to get

< 21,25 201 4301 L2 @)

< C(@p.a. b)cmf / ¥ 20,0y X llpllar ey,

L2(b,00)

=

‘/ ¢ (x)®(x)dx
R

/R(Cw)/(X)x@p(X)dx

+ ‘/]R ¢ (0p() x Py (x)dx

< C(@p,a,b,y, Pcellar® + 128" @Dl IPpll 120, 101l L2 @)

and since C*°(R) is dense in H” (R) we obtain

‘/ ¢'()OM)dx| < C(®p,a,b,y, ¢, Plglnrw forallp € H"(R),
R

hence ® € H™V(R) = (H” (R)). Therefore ® € H'~7(R) C c03-v (R) (cf. [2, Theorem
19.6(b)] and [20, Section 2.7.1, Remark 2] resp.) and since ® = @, on I, we have
®, € CO’%’V (14,5). We then complete the proof by observing that y € (0, %) was chosen
arbitrarily, and that for any K C (0, 0o) compact there are a, b € (0, oo) such that K C I, 5.

O
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We are now able to prove Propositions 2.25 and 2.26.

Proof of Proposition 2.25 By Lemma 4.2 we have that ®, € ﬂ(K% %9 ((0, 20)), and @,

satisfies (2.9) for all ¢ € C, Ll ([0, 00)). We will prove smoothness via a bootstrap argument,
for which we need to rewrite (2.9). For any § > 0, let ns € C([0, oo]) be a nondecreasing
function with 75 = 0 on [0, §) and 15 = 1 on (26, oco]. For fixed ¢ € C2°((0, 00)) it then
holds by dominated convergence that

/(0 ) (Lxe (0l = 0(0)) Bp(x)d

1 Ns(x)Pp()Ns(Y)Pp(y)
- ‘%l—rﬂ) //{x>v>0} \/9?)’ qu)(x)dxdy, (4.8)

and if § < % min(supp(¢)), then

N5 (X))@, ()N (NP (¥) o
A dxd
/[x>y>0} «/ﬁ ygo(X) e

- [ (/“2 OB [ B £2) , BoE ) _p2elt)]
(0,00) \JO vy ity VY=Y vx
+/Nwd 2 2o [ ¢p(y)dy)go(x)dx.
x/2

y
Vy(x +y) VX oJp Y
Using then the local Holder regularity of ®, and the integral estimate from Lemma 4.1, we

find that (Di’;yy ) [CD\"/(;%Vy ) + <1>3(x7; ) 2 (bfﬁ ) is integrable with respect to y near zero, and
we are able to take the limit § — 0 in the right hand side of (4.9). Combining (4.8) and (4.9),
we thus obtain that @, satisfies (2.11), where the derivative on the left hand is still taken in
the distributional sense.

Suppose now that ®, € C*((0, 00)) for some k € Ng and & € (0, 1). To show that
®, € CKT1.e=€((0, 00)) for some arbitrarily small € > 0, it then suffices to check that
the right hand side of (2.11) is in Ck2=€((0, 0)), and since the second and third terms
are actually even more regular it is enough to check this for the first. Moreover, writing

Floy =222

4.9)

we observe that

FE)[FOGR) + 79 (hx) =279 )] € b0, 00 for = 0,1, k,
and we can restrict ourselves to proving that f € C%%((0, c0)) implies
x/2 q),o()’)
0o Y

Let thereto K C [k1, k2] C (0, c0) be compact, and let « > O be a constant such that
[f(x)—=fO)| <«klx—y|*forallx, y € [%kl, 2k;]. For x1, xo € K with x| < x; there then
holds

[f&++ =y —2f@]dy = F(x) € C**7((0,00)).  (4.10)

|F(x1) — F(x2)| <

2/2.0,() 5 ‘
A d
/x1/2 NG v (x2)dy

x1/2
"(” A2 £(e) = A2 f ()| dy,

0
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where the first term on the right hand side is bounded by a constant times |x; — x> |. Writing
further £ = min{%xl, x2 — x1}, we find that

X|/2q>
/ "(y)\Azf( D= AL ()| dy

x1/2
o ([ 20y i [ 20,

which, using dyadic decompositions of the domains of integration and the estimate from
Lemma 4.1, can be bounded by a constant times

lxp — x2|%(1 +log |x; — x2]) < lxp —x2|“"€ as |x; —x2| = O,

with € > 0 arbitrarily small, and we have shown (4.10). By induction it then follows that
®, € C*((0, 00)).

To lastly prove our positivity claim we suppose that there is some x € (0, co) such that
®,(x) = 0. As we have &, > 0 on (0, co) there then holds d>;)(x) = 0, and it follows
from (2.11) that ®,(y)®,(x + y) = 0 forall y € (0, c0), and that ®,(y)P,(x —y) =0
for all y € (0, x). As a consequence of the latter identity we find that & p(%) = 0, hence
®,(27"x) = O for all n € N by induction. From the iterated first identity we therefore have

D,(y)P,(27"x +y) =0forall y € (0,00) and all n € N,

so local uniform continuity implies (® p(y))2 =0forall y € K with K C (0, co) compact,
hence ®, = 0 on (0, c0), and we conclude that ®, is indeed either strictly positive or
identically zero on (0, 00). m]

Proof of Proposition 2.26 Since the rescaling statement is an easy exercise, we restrict our-
selves to proving that x®, (x) € X,. Moreover, in view of Remark 2.27 we restrict ourselves
to the case p € (1, 2), but see also Lemma 6.1.

Now, we first show that

R
RP—Q/ (1A E)xe,(x)dx = g/ I[®,)(r)rP3dr forall R > 0,  (4.11)
[0,00) 0

with Z given by (4.4). To that end we note that by continuity of ®, (cf. Proposition 2.25),
after an approximation argument we can use ¢(x) = (r — x)4, with r > 0 arbitrary, directly
in (2.9) to obtain

1 r o0
; ((p — 2)/0 x®,(x)dx + (p — l)r/ <1>p(x)dx) 7 Z[D,1(r). (4.12)

Using then the estimate from Lemma 4.1 in a dyadic decomposition for the first integral on
the left hand side of (4.12), we find that for small » > 0 the second term is dominant and of
order O(r) as r — 0. As a consequence the product of (4.12) and P73 s integrable near
zero, and for any R > 0O we find that the right hand side of (4.11) equals

R r e
/ I:r”_z/ x<1>p(x)dx+r"_1/ de(x)dx] dr,
0 0 r .

hence (4.11) holds.

We next note that Z[®,] > 0, so the right hand side of (4.11) is nondecreasing as a
function of R, hence the supremum over R > 0 is given by the limit R — oo. Observing
lastly that (xy)"Y2(x + y = 1) A (r — |x — y])y < lforallx,y > O and r > 0, we
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obtain the uniform bound Z[®,] < | ®, ||§, hence the right hand side of (4.11) is bounded
as a function of R, and we conclude that ||x®,(x)|, < oo. O

5 Power Law Asymptotics: Theorem 2.28

The proof of Theorem 2.28 is given after the following useful result.

Lemma 5.1 Given p € (1,2), if ®, € X, satisfies (2.10) for all ¢ € CCl ([0, 00)), then the
limits

RP2
/ ®,(x)dx and hm / x®,(x)dx
(R.00) R—oo p—1 Jo,R

exist, and both equal ||x® ,(x)||,.

RP71
lim
R—>002—p

Proof Recalling from the proof of Proposition 2.26 that @, satisfies (4.12) for all r > 0, we
find by a rearrangement of terms that

R/ ®,(x)dx — (2 — p) (1A B)x®,(x)dx = £ Z[®,1(R)
R,00) [0,00)
=(p— 1)/ xd> p(x)dx —/ x®,(x)dx forall R > 0. (5.1)
0.R)

Also from the proof of Proposition 2.26 [cf. (4.11)], we know that

/ (1A 2)xe,(x)dx = R** (||xq>p(x)||p - 3/ I[Qp](r)r”_Sdr) ,
[0,00) 2 R

so we can rewrite the first equality in (5.1) as

RP-!
7 / D, (x)dx — lx®, ()l
P J(R,0)

I[P, I(R)RPZ [ -
:g( pz_p —/R I[®,10r)r” 3dr),

where the right hand side tends to zero as R — oco. Doing the same for the second equality
in (5.1) completes the proof. O

Proof of Theorem 2.28 Recall that &, € C*((0, 00)) (cf. Proposition 2.25).
We first remark that for any » > 0 we have

D,(r) 3 ' - r®,(r) 3
2=p)p—Dr=r T =D [i00) Pp(x)dx
r®,(r) rPl

+

d,(x)dx — 1
p—1 f(r,oo) G,(x)dx |2—p /(r,oo) P

(5.2)

which by Lemma 5.1 reduces the problem to showing that the first term on the right hand
side of (5.2) vanishes as r — oo. Recall now from the proof of Proposition 2.26 that ®,
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satisfies (4.12) for all » > 0, and note that we may differentiate this equation with respect to
r to obtain

(p—1) Q,(x)dx —r®,(r) = 5 2%%(1[(1)9]0 +h) = Z[®,]1(r))

(r,00)
(o} [}
_ B(// p(x) p()’)dxdy
2 {lx—yl<r, /Xy

(xVvy)>r}

q)p(x)q)p(y)
—//{HW k), (53)

VXY
Then, since |,

(r.00) ®,(x)dx ~ (2 - p)r'=P asr — oo (cf. Lemma 5.1), we find by (5.3)
that the first term on the right hand side of (5.2) vanishes as r — oo if

(xVvy)<r}

D D
// dedy =o(r' ") asr —> oo, (5.4)
{x+y>r,|x—y|<r} XY
so by proving (5.4) we prove the theorem. Now, the left hand side of (5.4) can be estimated
by
s
4 2 ar p(x) qu (6))
4o, | +2 / dy )dx. (55)
rir Ll(4l”°°) 3r VX [r—x]| VY

where the first term is O (! =2°), which decays sufficiently fast. For the second term of (5.5)
we use a dyadic decomposition of the interval (lr — x|, %r) and Lemma 4.1, to find that the

term between brackets can be bounded up to a constant by log ( ) Holder’s inequality

further gives us the estimate

x 1900 (3,.00) 108 172 o 315,
/ CDP() | |dx< ( ) o8 ( 4)

3 3
3, 3
1 ar

)

1 1
so recalling for ¢ € (1, 00) that || ®,lLa(r00) < O (r5_1||c1>p ||L1(mo)) =0 (ﬂ_p) as
r — oo (cf. proof of Lemma 4.2), we find that the second term in (5.5) is bounded by a term
of order O(r%_p) as r — 00, hence (5.4) holds. ]

6 Exponential Bounds: Theorem 2.29

6.1 A Pointwise Exponential Upper Bound

Our first result gives an explicit upper bound to the moments of self-similar profiles, and can
be seen as an improvement on [10, Lemma 4.22].

Lemma 6.1 If &, € X, satisfies (2.10) with p = 2 forall ¢ € Cg ([0, 00)), then there exists
a finite constant A > 0 such that

/ xV®y(x)dx < yyAnyor all y > 0. 6.1)
(0,00)
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Proof Let r > 0 be fixed arbitrarily, and let m, = f(O,r) xV @y (x)dx (for y > 0). To prove
the result it suffices to show that there exists a finite constant A > 0, independent of r, such
that m, < y”A?*!forall y > 0.

We first recall from the proof of Proposition 2.26 that ®; satisfies

/ @y (x)dx = r ' Z[D1](r), 6.2)
(r,00)

with Z as defined in (4.4). Similar to the derivation of (4.12), for any y > 1 we now
approximate ¢,,,, (x) = (r” — x¥) by functions in CLI. ([0, 00)) to obtain

1-y) xV @y (x)dx + ry/ ®;(x)dx

©.r) (r,00)
Do (x)D2(y)
=2 / / — 2 A2, (x)dxdy. (6.3)
{x>y>0} VXY i

Introducing the notation ¢, (x) = x, we note for x > y > 0 that we have

((x+ Y)Y —r")y — Ay (x) ifx <,
V= =" ifx >r.

Af] Dr,y (x) = [
Noticing further that

(49 =)y =" N +y) =)
7 == =N — (= )4

we find from (6.3), where we use (6.2) in the left hand side, that

(1—y) x¥ ®o(x)dx 4+ 17 I Z[D5](r)

0,r)
) )
> 7 T[@s)(r) - 2 / / 220992 £24, (x)dxdy,
{0<y<x<r} XY

hence

D (x)DP2(y)
-1 Y ®,(x)d 52// A2 dxdy. 6.4
(y="> (O'r)x 2(x)dx Oererer) /B Y&y (x)dxdy (6.4)

Since for x > y > 0 there holds Aj¢(x) = 2y* < 2y,/Xy, (6.4) now yields
m <2 / / 2y ®2(0)®2(y)dxdy
{O<y<x<r}

—2 / / (A N®B()dedy < 2mgmy, 6.5)
0,r)

so using Holder’s inequality, then (6.5), and then again Holder’s inequality, we obtain for all
y € [0, 2] that

-4
my, <mg, ‘m

=

Y
2

[S'a

1- - 1- -
=my * (mp)' my* <my * Q2momy)” m,

12 1+5 12 -5 y 1+5 % % 4 - 1 v+l
=2"my * (mp)" my* <2Vm, mymy | m,* = 5 (2mo) ,

hence m, < yYAv*tl forall y € (0,2]if A > 2||®all2 > 2mg (since y? > %).
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Forn € NN (2, co) we use the binomial formula to note for x > y > 0 that
" . n . " n .o
Algn(x) = D (1+ (=1))) x (.)x”‘fyf <2> ( .)x"—fyf‘1 X /XY,
i= d j= M
which we then use in (6.4) to obtain

4 * (n
m, < — Z (j)m”,jmjfl. (6.6)

j=2

Supposing now thatm, < yY AVt forall y € NN (0, n) with some A > 2| ®,]|», and since
in particular mg < || P22 < A, we use (6.6) to find

4 & . .
Ol ; (’;)(n =G =T art 6.7)

where we suppose that 0° = 1. Also by the binomial formula, we note that

n
(’7) (n—p"7j < (") (n— )"~ j' =n" for j e NN (0, nl,
J =0 !

hence

n

4 < (n A N A R ! G-/t
n_lz(j)(n—p IG—=1DI"" <n" x4 n_lz . (68

jJ
j=2 Jj=2 J

Noticing then that the term between brackets on the right hand side of (6.8) is actually the
average of terms that are all bounded by %, it follows that the right hand side of (6.7) is
bounded by n" A"*1 hence by induction we have that m, < )/VAV‘H forall y € (0,2]UN
with any A > 2|| D2 ||>.

Finally, suppose that y € (2, 00) \ N and let n be the smallest integer larger than y. By
4 Y

. . - = . .
Holder’s inequality we then have m, < m, "my , so with the above estimates on m,, for
n € N we find that

Y
my < AT (AT T = 7 ()7 A <97 ()7 withany A > 2] @),
whereby m,, < y7 (3@2112)+" forall y > 0, 50 (6.1 holds with A > 3@, o

Mimicking the proof in [15], we are now able to prove the pointwise exponential upper
bound.

Proposition 6.2 If &, € X, satisfies (2.10) with p = 2 for all ¢ € CC1 ([0, 00)), then there
exists a constant a € (0, 1) such that ||e®” @2 (r)|| L(1,00) < OO.

Proof Recall first of all that ®, € C*°((0, 00)) (cf. Proposition 2.25).

Now, let A > i be a constant such that (6.1) holds, which exists by the proof of Lemma
6.1. For any r > 0 there then holds

/ ®r(x)dx < r_”/ x7 ®p(x)dx < Aexp (y log (@)) forall y > 0,
(r,00) (0,00)
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where the right hand side is minimal if y = eLA’ SO
/ Dy (x)dx < Aexp( ) for all » > 0. (6.9)
(r,00)

We next differentiate (4.12) with respect to r, i.e. we set p = 2 in (5.3), and we drop the
double integral over {|x — y| < r, (x V y) > r} to find for r > O that

) )
rda(r) s/ d>2(x)dx+// L2IP2) gy, (6.10)
(r,00) {x+y>r,(xVvy)<r} VXY

Since the integrand in the double integral on the right hand side of (6.10) is symmetric, for
r > 1 we can now estimate that term by

1
D (x)D2(y) ToD(x) [ [ DoY)
2// —————dxdy +2 dy )dx. (6.11)
{x>%,y>%} VXY r—% \/; (r—x ﬁ )

For& € (0, %) we then let n be the smallest integer such that 2=l &, and we use Lemma
4.1 to obtain

® T V27
: 2(” Z/z“ 20 4, Z W Elogzllogél (6.12)

so combining (6.10), (6.11) and (6.12), and using (6.9), we find for r > 1 that

AC_
log2

o

Multiplying (6.13) by %e% ¢, and choosing R >> 1 sufficiently large, then yields

£

1 1 r

ra(r) < eTHE (A3 4 %) 4

<b2(x)|10g(r — x)|dx. (6.13)

4C 1
e2T Dy (r) < ! | 4 loe2 e%ﬁ|logx|dx X ‘e%ﬁd)z(z)H
~r Jr L®(r—%.r)
1 z
< - (1 + ‘g%ﬁd}z(z)H ) forall r > R, (614)
r Lee(1,r)
so setting a QLA € (0, 1), using (6.14), and iterating, we obtain

e @2(2) L1 < e Do) xR + % (14 €™ P2(2) Lx1.0)
22 (le @22l L1,r) + %) forallr > R. (6.15)

IA

The claim now follows since the right hand side of (6.15) is independent of r. O

6.2 An Exponential Lower Bound in Integral Form

We will prove the following result, of which the lower bound is a corollary.

Proposition 6.3 If &, € X satisfies (2.10) with p = 2 forall ¢ € CC1 ([0, 00)), and if O, is
not identically zero on (0, 00), then there exists a finite constant B > 1 such that

inf [ / eBXobz(x)dx] > 0.
R=0 (J(R,R+1)
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Supposing that ®, € &> is as assumed in Proposition 6.3, then @, is smooth and strictly
positive on (0, 00), and it satisfies (2.9) in particular for all ¢ € Ci ((0, 00)), which we can
rewrite as

/0 N [%(xq)x(x)—go(x))— 0 qij(l)Az <)dy] S(0dxr =0, (6.16)

Note that (6.16) also holds for ¢ € Wol’°°((0, 00)), so given a function ¢ : (0,7) —
Wy ((0, 00)) with ¥,(s, -) € L>(0, 00) that satisfies

2(Y)
5

@s(s,x) = —%(xwx(s,x)—cﬂ(s,x))+ A [ (s, )](x)dy (6.17)

for almost all s € (0, t) and x € (0, 00), there holds

/oo(p(O, x)®r(x)dx > /00 (s, x)Py(x)dx for all s € [0, ¢].
0 0

In the following we will construct such a function.
From this point onwards we denote by u the solution to (3.21) with o = % and initial data
u(0, x) = sgn(x). Now, this function has the following explicit self-similar form

&
u(s, x) = w(sx—z) fors >0and x € R, withw(§) = 2/ v%(z)dz,
0

where v 1 is the self-similar profile associated to the fundamental solution of (3.21) with
o = % (cf. Lemma 3.8). Since v ! is odd, strictly positive, and nonincreasing on R, and

since it has L'-norm equal to one, it follows that w is a bijection from R onto (—1, 1), that
is furthermore concave on R. Consequently we can thus fix unique constants ¢ > ¢ > 0

such that w(cy) = % and w(cy) = %. Moreover, for all s > 0 the concave mappings

X > %(65‘7 A1) and x %(czﬁ A 1) then lie below u(s, -) on R.

For fixed R,b > 1 we first compare the functions s, x) = e’Ru(s,x — R) and
f 2(s,x) = febx In particular we are interested in the solutions x(s) to f (s,x(s)) =
fz(s,x(s)), Wthh for small s > 0 are given by x(s) = R + £;(s), i = 1,2, with
lr(s) = £1(s) > O the solutions to u(s, ¢;(s)) = %ebli(”. From Fig.1 we then find that
as long as u(s, c;s2) = 1 > ‘11 bers?

§2 < b min { 1 log2, —- log 3} then there exist two dlfferent solutions ¢; (s), and there holds

Ly(s) —L1(s) > (cp — cl)s > 0.

We then compare f3(s, x) = ?®+D(u(s, R+ 1 — x) + b(x — (R + 1))) with f2. We
are interested in the solutions x(s) to f3(s, x(s)) = f2(s, x(s)), which for small s > 0
are given by x(s) = R +ri(s), i = 1 2, where rp(s) < ri(s) < 1 are the solutions to

e’ (u(s, 1 = ri(s)) + b(ri(s) — 1)) = ;). Figure 2 now shows that as long as both
eP(u(s, c1s?) — beis?) = % b _ pe C152 > % bers® and eP(u(s, cas?) — beas?) = 3 el —
2

2 .
and u(s, c35%) = 3 > i beas® hold, i.e. as long as

bePcys? > 4leb0252 hold, i.e. as long as s < 3 mm{aq(b, i)’ Eq(b, Z)} with q(b, o)
such that e?(a — g(b, @) = %eq(b'“), then there exist two different solutions r; (s), and
ri(s) — r2(s) > (c2 — ¢1)s? > 0. Note further that indeed r2(s) > 7q(b, 1) = O(3) as
b — 0.
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0y (S) : 0182 0282 EQ(S) - % log 4

Fig. 1 Fors > 0 small and b > 1 large, we have sgn(x), u(s, x) (thick) and %ebx (dashed), as well as

%(q’;z A1) and %(Q% AT)

O () 1 ()

1 — ¢y82

Fig.2 Fors > Osmalland b > 1 large, we have eb(sgn(l —x)+b(x—1)), eb(u(s, 1—=x)+b(x — 1)) (thick),
%ebx (dashed) and eP* (dotted), as well as eb(%(cl;é A1) +b(x — 1)) and eb(%(cl;sé AD)+b(x—1))
1 2

For b > 1 sufficiently large, we then define f : (0O, %) — Wol’oo((O, 00)) by

fl(s,-) on[R, R+ €2(5)),

f2(s,-) on[R+ £a(s), R +r2(s)],
f(S, ) = 3

f3(s,-) on(R+ras), R+ 1],

0 else.

(6.18)
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The following lemma will be useful.

Lemma 6.4 Let ©3 € X, be as in the statement of Proposition 6.3. Then there exists a finite
constant C > 0 such that

 dy(e’/2y) 1
————dy < C| (A +|logz) A —) forallz > 0andall s > 0.
4

A vz
Proof We first note the trivial estimate that
® Po(ety) e e %2112
dy < Dy (y)dy < forz > 0 ands > 0. (6.19)
/z VY VZ Jzer vz

For z € (0, %), let now n be the smallest integer such that 271 — 7 so that using Lemma
4.1 we find

5/2 2= 5/2 n s et
/2 Dy (e )’)d - Z/ q’z(e y) dy < Z e [ | @, (y)dy
z A2-i-1

Jj=1
z _“\/ZC V€$/22 J
- 2-i-1

<CV2n < %Hogd forall s > 0.

(6.20)
The claim then follows by combining (6.19) and (6.20). m]

Lemma 6.5 Let &, € X be as in the statement of Proposition 6.3. Then there exist
large constants Ro,bo > 1 such that if for R > Ro and b > bgy the function
f (O, %) — WO]’OO((O, 00)) is given by (6.18), then for all s € (0, %) the function
Y (s, x) := e 1020 £(s x) satisfies

Y dae?y)
Ys(s, x) < 7Ay[1//(s, 1(x)dy for almost all x > 0. (6.21)
0

XY
Proof Clearly, by nonnegativity of ®, and v, the right hand side of (6.21) is nonnegative if
x € [0, R)U(R+1, 00), while the left hand side is identically equal to zero. For x € [R, R+1]
we now set ¢ = ¢3 — ¢; > 0, and we estimate the right hand side of (6.21) from below by

W Do y) s P2(e*2y) |
/0 TSI A, Ny =206, / ST, 6.22)

where, for sufficiently large Rg > 1, the second term is bounded from below, uniformly for
all R > Ry, by —logb x (s, x) (use Lemma 6.4 and x > Rp). By the smallness of the
domain of integration in the first term of (6.22), we further find that we can bound this term
by
é/b? Dy ( s/2 )
S [T 220D 3415,
e - s, )](x)dy, (6.23)
0 N

where i = 1if x € [R, R+ £2(s)),i = 2if x € [R+ £2(s), R + ra(s)], and i = 3 if
x € (R + r2(s), R + 1]. By the semigroup property of the exponential function this then
means that, for x € (R + £5(s), R + r2(s)), (6.22) can be bounded from below by

0 @ (o5/2
/ P27y (e”«" +e — 2) dy —logh | e~ %@ 3o
NV
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> —logh x ¥ (s, x) = Ys(s, x).

Note now, for x € (R, R + £2(s)), that A2[ f1(s, )](x) = "R A2[u(s, )](x — R) < 0 for
all y € R (cf. Lemma 3.9), so we can estimate the integral in (6.23) with i = 1 from below
by
1 ®y(e*/%y)
VR, Y

s/2 x+
- ﬁ A ( %(} 2) z) (/ yfuljw(s,w)dw) dy,  (6.24)
+ Wy x—y

where the equality follows by integration by parts and (2.8) for dy[A2[f! (s, )](x)], and
where the integral with respect to w in the right hand side of (6.24) is nonpositive for all
y € Ry (cf. proof of Lemma 3.10). By Lemma 6.4, and choosing R >> 1 sufficiently large,
we then bound the right hand side of (6.24) from below, uniformly for all R > Ry, by

x+y \
/ 2 (/ y ful)w(s, w)dw) dy = ebR/ y 2 A%[u(s, )1(x — R)dy, (6.25)
Ry ﬁ x—y R, b

where for the equality we have integrated by parts back again, and noting that the right hand
side of (6.25) by construction equals eRug(s,x — R) = fs1 (s, x) it follows that (6.22) can
be estimated from below by

e 10205 £1(s x) —log(b)e™ 18P fl(s, x) = Yy (s, x).

AZLf (s, 91()dy

Recalling lastly that the second difference of an affine function is zero, similar arguments
show that the inequality in (6.21) also holds for x € (R + ra(s), R + 1), which completes
the proof. O

Now, for R > 1 sufficiently large, let ng € C*(R) be such that supp(ng) = [%R +
1, %R], such that ng = 1 on [%R + 2, %R — 1], and such that ng is increasing on (%R +
1, %R + 2), and decreasing on (%R — 1, %R). Forb > land:t e (0, %) we then define
10 € C®((0, 00)) by

0 ebx ) r+1 pei2
£ = e x it / @y (ydy | 6.26)

re[O,%R

Lemma 6.6 Let &, € & be as in the statement of Proposition 6.3. Then there exist large
constants Ry, by > 1 such that if for R > Ro and b > bg the functions f : (0,t) —
Wy (0, 00)) and f° € W01’°°((0, 00)), with t € (0, ), are given by (6.18) and (6.26),
then the function

Y(s,x) 1= e 0PN £(s x) 4 Lsem 1080 Oy (6.27)

satisfies (6.21) for all s € (0, 1).

Proof By Lemma 6.5 we can restrict ourselves to x € (%R +1,%R) in checking that ¢
satisfies (6.21) for all s € (0, ¢). Similar to the first estimate in that lemma, we now note that

X q>2(es/2y) ) /R+r1(s)x q)z(es/Zy)
—— A7 . dy > ———— (s, x +y)d
/0 T Memdyz [ Syt nay

e @y(ey) Dr(e'?y)
+ /0 B A . 100y~ 296, //bz P 629
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where the last term on the right hand side is bounded from below by —logb x ¥ (s, x) if
Ro > 1is sufficiently large (cf. proof of Lemma 6.5). We then estimate the first term on the
right hand side of (6.28) from below by

R+ri(s)—x ® es/2
e~ logs / $2€7y) Lebtrtn gy
R

tos-x VXY
obx r+(1-2¢15%)
> e log®)s T gpf / ebyq)z(es/zy)dy
4R rE[O,%R]
eflog(b)x

bx r+1
e

x — inf [/ ehet/zyq)z(y)d)’] ;
8R refo,4r1 LJr

where we have used that (1 — 2c152)es/2 =14 %s + O(sz) > 1 as s — 0. Note next that
the second term on the right hand side of (6.28) can be written as

¢/b? B (812
%Seflog(b)s/ D2ey) (me(x + e +nr(x — y)e ™ — 2nR(x)) dy
0

XY
bx r+1
¢ mf [/ ey d>z(y)dy] . (6.29)
“8R ref0,4R]

Recalling now (2.7), the integral over the second difference in (6.29) can be bounded from
below by

é/b? s/2
— [ 22 [ e+ we] an]ay

ww

ﬁ

U
> ——— / ¥2 02 y)dy x sup [+ we™ |
¢ ww

ViR wl<

which is 0( R b2 ) as R,b — oo (use Lemma 4.1 and a dyadic decomposition), hence

bounded from below by —1if Ry, bp > 1 are sufficiently large. Recalling lastly that 1 — fs >
% for s € (0, b ), we conclude with the above that the right hand side of (6.28) is bounded
from below by

bx

1., log(b ¢ e
[se 2] e x g int | [ Ponman] = s,
s r

ref0,2R]

and the proof is complete. O

Lemma 6.7 Let ©, € X, be as in the statement of Proposition 6.3. Then there exist constants
Ro, bo > 1 and ¢ > 0 such that log(I (by, Ro)) > log(bo) + 1, and such that for all R > Ry
and all b > by there holds

16, R) > t (I(be ™, 4R))” forallt € (0, 1), (6.30)
where
r+l1
I(b,R) :=c x inf [/ ehxcbz(x)dx}. (6.31)
rel0,R1 |/,
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Proof Let Ry, by > 1beas obtained in Lemma 6.6, and let R > Ro,b > boandt € (0, ) be

fixed arbitrarily. We then define ¢ : (0, 1) — W, *((0, 00)) as ¢ (s, x) := "/ 2y (s, xe~*/?),
with ¢ given by (6.27), and we note that ¢ satisfies (6.17) foralmostall (s, x) € (0, 1) x (0, c0)
and ¢ (0, x) < ebxl(R,RH)(x), hence

R+1 00
/ @y (x)dx > / Y, xe /)@y (x)dx,
R 0

where the right hand side can be bounded from below by

1L Ret/2 1 r+1

5 - 5t -

/ @y (x)dx x 2 inf ’/ e t/z"’fl>2()’)dy]
SRe!/? R reo.irm UJr

R ¢ r+1 2
> ———| inf / Py (mdyt )
T 16 16R \ sep0.4r) LJr

Taking then the infimum, (6.30) follows with ¢ = ﬁ. We lastly note that

—

r+1
1(bo, Ry) > ce?™ x inf / ®y(x)dx b,
rel0.Ro) | Jry )

where the logarithm of the right hand side is linear as a function of by, and it follows that
indeed log (I (bo, Ro)) > log(bg) + 1 if by > 1 is sufficiently large. m}

Proof of Proposition 6.3 Let Ry, bg > 1 and ¢ > 0 be as obtained in Lemma 6.7, and let /
be given by (6.31). Now, set B = boe”z/lz, and foralln € Ndefinet, =n"2 A B~ L, b, =
bp_1e/? and R, = %Rn,l. For every n € N there then holds b, < by exp(% 27:] i <
B, hence 1, € (0, bi”), so it follows from (6.30) that I (b,,, Ry) > t,(I (by—1, Ry—1))?* for all
n € N. Taking the logarithm and multiplying by 27", we now find for all n € N by iteration
that

27" log(I (b, Rp)) = 27"V log(I (by—1, Ru—1)) + 27" log(t,)
n
> log( (bo, Ro)) + Y 277 log(t)),
j=1

from which we obtain that log(/ (b,, R,;)) > 0 for all n € N, since log(I (bg, Ry)) >
log(by) + 1 (cf. Lemma 6.7), and since

n .
> 27/ log(t))
j=1

v

> 2777 (log(j7?) + log(B™"))
j=I1

oo
, 4
-1 (log(bo) 4 7—2) — > 27 log(j) > —log(bo) — 1.
=1

v

The proof is then completed by the observation that

1 1
inf [/ eB"(Dg(x)dx] = = x inf I(B, R,) > — x inf I (b,, Ry),
R=0 | J(R,R+1) ¢ neN ¢ neN

where the right hand side is strictly positive, as the infimum is taken over terms that are
strictly larger than 1. O
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Proof of Theorem 2.29 Corollary of Propositions 6.2 and 6.3.

Remark 6.8 To deduce a pointwise exponential lower bound on ®,, we seem to require
existence of a solution ¢ on (s, x) € [0, T) x [0, 00) to

¢s(s,3) = =5 (xgu(s.0) =95, 0) + 72 fi P AJp(s, )](0)dy
®(0,x) =6o(x — 1)
for all r > Ry with Ry > 1 finite. However, existence of such solutions is nontrivial due to

the possibly divergent behaviour of @ near zero. A better understanding of well-posedness
of (6.32) requires a more detailed analysis of the asymptotics of ®,(z) as z — 0.

(6.32)
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