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Abstract The hexagonal polygon model arises in a natural way via a transformation of the
1-2 model on the hexagonal lattice, and it is related to the high temperature expansion of the
Ising model. There are three types of edge, and three corresponding parameters ¢, B, y > 0.
By studying the long-range order of a certain two-edge correlation function, it is shown
that the parameter space (0, o0)> may be divided into subcritical and supercritical regions,
separated by critical surfaces satisfying an explicitly known formula. This result complements
earlier work on the Ising model and the 1-2 model. The proof uses the Pfaffian representation
of Fisher, Kasteleyn, and Temperley for the counts of dimers on planar graphs.

Keywords Polygon model - 1-2 model - High temperature expansion - Ising model -
Dimer model - Perfect matching - Kasteleyn matrix

Mathematics Subject Classification 82B20 - 60K35 - 05C70

1 Introduction

The polygon model studied here is a process of statistical mechanics on the space of disjoint
unions of closed loops on finite subsets of the hexagonal lattice H with toroidal boundary
conditions. It arises naturally in the study of the 1-2 model, and indeed the main result of
the current paper is complementary to the exact calculation of the critical surface of the 1-2

B Zhongyang Li
zhongyang.li@uconn.edu
http://www.math.uconn.edu/~zhongyang/

Geoffrey R. Grimmett
g.r.grimmett@statslab.cam.ac.uk
http://www.statslab.cam.ac.uk/~grg/

Statistical Laboratory, Centre for Mathematical Sciences, Cambridge University, Wilberforce Road,
Cambridge CB3 OWB, UK

2 Department of Mathematics, University of Connecticut, Storrs, CT 06269-3009, USA

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10955-016-1497-9&domain=pdf

734 G. R. Grimmett, Z. Li

model reported in [5,6] (to which the reader is referred for background and current theory of
the 1-2 model). The polygon model may in addition be viewed as an asymmetric version of
the O (n) model with n = 1 (see [2] for a recent reference to the O (rn) model).

Let G = (V, E) be a finite subgraph of H. The configuration space X of the polygon
model is the set of all subsets S of E such that every vertex in V is incident to an even number
of members of S. The measure of the model is a three-parameter product probability measure
conditioned on belonging to X, in which the three parameters are associated with the three
classes of edge (see Fig. 1).

This model may be regarded as the high temperature expansion of a certain inhomogenous
Ising model on the hexagonal lattice. The latter is a special case of the general eight-vertex
model of Lin and Wu [16] (see also [25]). Whereas Lin and Wu concentrated on a mapping
between their eight-vertex model and a generalized Ising model, the current paper utilizes
the additional symmetries of the polymer model to calculate in closed form the equation of
the critical surface for a given choice of order parameter. The parameter space of the polymer
model extends beyond the set of parameter values corresponding to the classical Ising model,
and thus our overall results do not appear to follow from classical facts (see also Remarks
2.2 and 2.4).

The order parameter used in this paper is the one that corresponds to the two-point cor-
relation function of the Ising model, namely, the ratio Z¢ ¢« r/Zg, Where Zg ¢« f is the
partition function for configurations that include a path between two edges e, f, and Z¢ is
the usual partition function.

Here is an overview of the methods used in this paper. The polymer model may be
transformed into a dimer model on an associated graph, and the above ratio may be expressed
in terms of the ratio of certain counts of dimer configurations. The last may be expressed (by
classical results of Kasteleyn [7,8], Fisher [3], and Temperley and Fisher [19]) as Pfaffians
of certain antisymmetric matrices. The squares of these Pfaffians are determinants, and these
converge as G 1 H to the determinants of infinite block Toeplitz matrices. Using results of
Widom [22,23] and others, these limits are analytic functions of the parameters except for
certain parameter values determined by the spectral curve of the dimer model. This spectral
curve has an explicit representation, and this enables a computation of the critical surface of
the polygon model upon which the limiting order parameter is non-analytic.

More specifically, the parameter space (0, c0)> may be partitioned into two regions, termed
the supercritical and subcritical phases. The order parameter displays long-range order in
the supercritical phase, but not in the subcritical phase.

The results of the current paper bear resemblance to earlier results of [6], in which the
same authors determine the critical surface of the 1-2 model. The outline shape of the main
proof (of Theorem 2.5) is similar to that of the corresponding result of [6]. In contrast, neither
result seems to imply the other, and the dimer correspondence and associated calculations of
the current paper are based on a different dimer representation from that of [6].

The characteristics of the hexagonal lattice that are special for this work include the
properties of trivalence, planarity, and support of a Z2 action. It may be possible to extend the
results to other such graphs, such as the Archimedean (3, 122) lattice, and the square/octagon
(4, 8%) lattice.

This article is organized as follows. The polygon model is defined in Sect. 2, and the
main Theorem 2.5 is given in Sect. 2.3. The relationship between the polygon model and the
1-2 model, the Ising model, and the dimer model is explained in Sect. 3. The characteristic
polynomial of the corresponding dimer model is calculated in Sect. 3.5, and Theorem 2.5 is
proved in Sect. 4.
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2 The Polygon Model

We begin with a description of the polygon model. Its relationship to the 1-2 model is
explained in Sect. 3.1. The main result (Theorem 2.5) is given in Sect. 2.3.

2.1 Definition of the Polygon Model

Let the graph G = (V, E) be a finite connected subgraph of the hexagonal lattice H = (V, E),
suitably embedded in R? as in Fig. 1. The embedding of H is chosen in such a way that each
edge may be described by one of the three directions: horizontal, NW, or NE. (Later we shall
consider a finite box with toroidal boundary conditions.) Horizontal edges are said to be of
type a, and NW edges (respectively, NE edges) type b (respectively, type c), as illustrated
in Fig. 1. Note that H is a bipartite graph, and we call the two classes of vertices black and
white.

Let I be the product space IT = {0, 1}£. The sample space of the polygon model is the
subset TTP°Y = [1PY(G) C 1 containing all m = (7, : e € E) € I such that

Zne iseitherQor2, veV. 2.1

esv

Each 7 € TTP°Y may be considered as a union of vertex-disjoint cycles of G, together with
isolated vertices. We identify 7 € IT with the set {e € E : 7, = 1} of ‘open’ edges under 7.
Thus (2.1) requires that every vertex is incident to an even number of open edges.

Let €4, €p, € # 0. To the configuration w € ITP°Y, we assign the weight

w(r) = eﬁ'”(")‘eiln(b)‘ef‘”(m, (2.2)

where 7 (s) is the set of open s-type edges of w. The weight function w gives rise to the
partition function

ZG(P) = Z w(m). (2.3)

7 eTTPoly

This, in turn, gives rise to a probability measure on ITP°Y given by

Pg () = w(r), m e PV, (2.4)

Zg(P)
The measure P may be viewed as a product measure conditioned on the outcome lying in
T1P°YY . We concentrate here on an order parameter to be given next.

It is convenient to view the polygon model as a model on half-edges. To thisend, let AG =
(AV, AE) be the graph derived from G = (V, E) by adding a vertex at the midpoint of each
edgein E.Let ME = {Me : e € E} be the set of such midpoints, and AV =V UMV. The
edges AE are precisely the half-edges of E, each being of the form (v, Me) for some v € V
and incident edge e € E. A polygon configuration on G induces a polygon configuration on

Fig. 1 An embedding of the
hexagonal lattice, with the
edge-types marked
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736 G. R. Grimmett, Z. Li

AG, which may be described as a subset of A E with the property that every vertex in AV has
even degree. For an a-type edge e € E, the two half-edges of e are assigned weight €, (and
similarly for b- and c-type edges). The weight function w of (2.2) may now be expressed as

w(r) = eF@leT IOl 7 Il (AG). 2.5)

We introduce next the order parameter of the polygon model. Let e, f € ME be distinct
midpoints of AG, and let TT, ; be the subset of all 7 € {0, 1}4£ such that: (i) every v € AV
with v # e, f is incident to an even number of open half-edges, and (ii) the midpoints of e
and f are incident to exactly one open half-edge. We define the order parameter as

ZG,e(—)f

Mg(e, f) = , (2.6)
Zg(P)
where
Zgeosi= D, ef@lrOleel Q@.7)
7'[61_[@__[

Remark 2.1 (Notation) We write € for the parameter of an s-type edge, and €, for that of
edge g. For conciseness of notation, we shall later work with the parameters

o= eg, B = e,%, y = eg,
and the main result, Theorem 2.5, is expressed in terms of these new variables. The ‘squared’
variables 632 are introduced to permit use of the ‘unsquared’ signed variables €, in the definition
of the polymer model on AG.

The weight functions of (2.2) and (2.5) are unchanged under the sign change €, — —¢;
for s € {a, b, c}. Similarly, if the edges e and f have the same type, then, for 7 € I, r, the
weight w(rr) of (2.7) is unchanged under such sign changes. Therefore, if e and f have the
same type, the order parameter M (e, f) is independent of the sign of the €,, and may be
considered as a function of the parameters «, 8, y.

Remark 2.2 (High temperature expansion) If (o, 8, y) € (0, 1)3, the polygon model with
weight function (2.5) is immediately recognized as the high temperature expansion of an
inhomogeneous Ising model on AG in which the edge-interaction J of an s-type half-edge
satisfies tanh J; = |€g|. Under this condition, the order parameter M (e, f) of (2.6) is simply
atwo-point correlation function of the Ising model (see Lemma 3.2). If the |€, | are sufficiently
small, this Ising model is a high-temperature model, whence Mg (e, f) tends to zero in the
double limit as G 1 H,, and |e — f| — o0, in that order. It may in fact be shown (by results
of [12,14,17] or otherwise) that this Ising model has critical surface given by the equation
af + By +ya=1.

See [1, p. 75] and [17,21] for accounts of the high temperature expansion, and [4] for a
recent related paper. The above Ising model may be viewed as a special case of the eight-vertex
model of Lin and Wu [16]. It is studied further in [6, Sect. 4].

2.2 The Toroidal Hexagonal Lattice

We will work mostly with a finite subgraph of H subject to toroidal boundary conditions. Let
n > 1,andlet 71, 72 be the two shifts of H, illustrated in Fig. 2, that map an elementary hexagon
to the next hexagon in the given directions. The pair (7, 7o) generates a Z2 action on H, and
we write H,, = (V,, E,) for the quotient graph of H under the subgroup of Z? generated by
the powers ;' and 7. The resulting H, is illustrated in Fig. 2, and may be viewed as a finite
subgraph of H subject to toroidal boundary conditions. We write M, (e, f) := My, (e, f).
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Critical Surface of the Hexagonal Polygon Model 737

Fig. 2 The graph Hj, is an n x n ‘diamond’ wrapped onto a torus, as illustrated here with n = 4

As in Remark 2.1, let
o= 62, B = 6,3, y = ef.. (2.8)

Theorem 2.3 Let e, f be distinct edges of H,. The order parameter My(e, f) =
M,‘f’ﬁ’y(e, f) is invariant under the change of variables (a, 8, y) — (o, B~1, y~1), and
similarly under the other two changes of variables in which exactly two of the parameters «,
B, v are replaced by their reciprocals.

Proof Let w € TTPY be a polygon configuration on AH,,, and let 7’ be obtained from 7 by

2(e) = {n(e) if e hastype a, 2.9)

1 — m(e) otherwise.

Since 7’ is obtained from 7 by adding, modulo 2, a collection of edges that induce an even
subgraph of Hj,, we have that 7’ € 1P Let w®#Y () be the weight of 7 as in (2.5), with
o, B, y given by (2.8). Then

WY () = (" ), (2.10)

where #s is the number of s-type edges in H,,. Similarly, if e # f, then 7’ € Il,, r and (2.10)
holds.

By (2.9)—(2.10), M,, is unchanged under the map (o, 8, ) — (o, 8~', ¥ ™). The same
proof is valid for the other two cases. O

Remark 2.4 Recall Remark 2.2, where it is noted that the polymer model is the high tem-
perature expansion of a solvable Ising model when (a, 8, y) € (0, 1)3. By Theorem 2.3, this
results in a fairly complete picture of the behaviour of lim,_, ., M, (e, ) when either none
or exactly two of the three parameters lie in (1, 00). In contrast, the dimer-based methods
of the current work permit an analysis for all triples (., 8, y) € (0, 00)3, but at the price of
assuming that e, f satisfy the conditions of the forthcoming Theorem 2.5.

2.3 Main Result

Let e = (x, y) denote the edge e € E of the hexagonal lattice H = (V, E) with endpoints
x, y. We shall make use of a measure of distance |e — f| between edges e and f which, for
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738 G. R. Grimmett, Z. Li

definiteness, we take to be the Euclidean distance between the midpoints of e and f, with
H embedded in R? in the manner of Fig. 2 with unit edge-lengths. Our main theorem is as
follows.

Theorem 2.5 Let e, f € E be NW edges such that:
there exists a path £ = U(e, [) of AH,, from Me to Mf,

using only horizontal and NW half-edges. 2.10)
Let e # 0 fors =a, b, c, sothatw, B,y > 0, and let
1 —ap 14+ ap
Y= , = , (2.12)
o+ B oa—pB

where y; is interpreted as oo if o = .

(a) The limit M (e, £)* = limu—oc My (e, f)? exists for y # y1, y.
(b) Supercritical case. Let Ry, be the set of all (a, B, y) € (0, o0)3 satisfying
1—aB ‘ 1+ apf
<y < .
a+p a—p
The limit Ao, B, y) = lim|e— |00 M (e, f)2 exists on Rg,p, and satisfies A > 0 except
possibly on some nowhere dense subset.

(c) Subcritical case. Let Rgyp be the set of all («, B, y) € (0, oo)3 satisfying

1—01/3‘ ‘1+aﬂ
or y > .
+B a—p

either y <
o

The limit A(a, B, y) exists on Ry, and satisfies A = 0.

The function A has a singularity when crossing between the subcritical and supercritical
regions. A brief explanation of the regions Ry, and Rgyp follows. It turns out that the process
is ‘critical’ if and only if the spectral curve (see Sect. 3.5) of the corresponding dimer model
intersects the unit torus. This occurs if and only the parameter-vector («, 8, y) is a root of
the equation a8 + By + ya = 1 or of any one of the three equations obtained from this
equation by the changes of variables of Theorem 2.3. See Proposition 3.4.

Assumption (2.11), as illustrated in Fig. 3, is key to the method of proof, and we present no
results in the absence of this condition. Thus, Theorem 2.5 is not of itself a complete picture
of the location of critical phenomena. For the related 1-2 model, certain further information
about the limits corresponding to Theorem 2.5(b, c) may be derived as described in [6] and
[17], and we do not explore that here, beyond saying that it includes information on the rates
of convergence, and on correlations unconstrained by condition (2.11).

By Remark 2.1, it will suffice to prove Theorem 2.5 subject to the assumption that €, > 0
fors =a,b,c.

Fig.3 A path £ of NW and
horizontal edges connecting the
midpoints of e and f
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Critical Surface of the Hexagonal Polygon Model 739

3 The 1-2 and Dimer Models

We summarize next the relations between the polygon and the 1-2 and dimer models.

3.1 The 1-2 Model

A 1-2 configuration on the toroidal graph H,, = (V,,, E,,) isasubset F' C E,, such that every
v € V, is incident to either one or two members of F. The subset F' may be expressed as a
vector in the space X, = {—1, 1}F» where —1 represents an absent edge and 1 a present edge.
(It will be convenient later to use the space X, rather than the more natural I1, = {0, 1}En)
Thus the space of 1-2 configurations may be viewed as the subset of ¥, containing all vectors
o such that

Z”@ e{1,2}, vevV,

esv

where 7, = %(1 + 0e).

The hexagonal lattice H is bipartite, and we colour the two vertex-classes black and white.
Let a, b, ¢ > 0 be such that (a, b, ¢) # (0, 0, 0), and associate these three parameters with
the edges as in Fig. 1. For 0 € ¥, and v € V), let o|, be the sub-configuration of o on
the three edges incident to v, and assign weights w(o|,) to the o, as in Fig. 4. We observe
the states o, ,, Oe, ,» O, ., Where e, s is the edge of type s incident to v. The corresponding
signature is the word 7 (ey )7 (ey )7 (ey,4) Of length 3. The signature of v is given as in Fig.
4, together with the local weight w(o|,) associated with each of the six possible signatures.

Let

wio) = [[w@h). o€, 3.1
veV
and
Zy = Z w(o). (3.2)
og€ex,

This gives rise to the probability measure

Un(o) = Ziw(a) o€ X, 3.3)

We write (X), for the expectation of the random variable X with respect to ;.

001, @ 110, 010, b 101, b 100, ¢ 011, ¢

001, a 110, a 010, b 101, b 100, ¢ 011, c
Fig. 4 The six possible local configurations o |, at a vertex v in the two cases of black and white vertices of

H,, (see the upper and lower figures, respectively). The signature of each is given, and also the local weight
w(o|y) associated with each local configuration
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740 G. R. Grimmett, Z. Li

The 1-2 model was introduced by Schwartz and Bruck [18] in a calculation of the capacity
of a certain constrained coding system. It has been studied by Li [13,15], and more recently
by Grimmett and Li [6]. See [5] for a review.

3.2 The 1-2 Model as a Polygon Model

By [6, Prop.4.1], the partition function Z,, of the 1-2 model with parameters a, b, ¢ on H,,
satisfies

Zi=(L@+b+0)"z,

where
Z;, = Z H (1 + Aav,bav,c + Bgv,aav,c + Co'v,agv,b), 34

oceXveV,
oy.s denotes the state of the s-type edge incident to v € V, and

a—b-c b—a-c c—a—>b
A=——— B=——-— C=—r—. (3.5)
a+b+c a+b+c a+b+c
Each e = (u, v) € E, contributes twice to the product in (3.4), in the forms o, ; and oy, ¢
for some s € {a, b, c}. We write o, for this common value, and we expand (3.4) to obtain
a polynomial in the variables o,. In summing over o € %, a term disappears if it contains
some o, with odd degree. Therefore, in each monomial M (o) of the resulting polynomial,
every o, has even degree, that is, degree either O or 2. With the monomial M we associate the
set p of edges e for which the degree of o, is 2. By examination of (3.4) or otherwise, we
may see that i) is a polygon configuration in Hj,, which is to say that the graph (V;,, wps)
comprises vertex-disjoint circuits (that is, closed paths that revisit no vertex) and isolated
vertices. Indeed, there is a one-to-one correspondence between monomials M and polygon
configurations 7. The corresponding polygon partition function is given at (2.3) where the
weights €,, €p, €. satisfy

epec = A, €,6c =B, €., =C, 3.6)
which is to say that
, BC , AC , AB
€, = 7, €, = F, €. = ? (37)

Note that these squares may be negative, whence the corresponding €, €5, €. are either real
or purely imaginary.

The relationship between €, and the parameters a, b, c¢ is given in the following elementary
lemma, the proof of which is omitted.

Lemma 3.1 Leta > b > ¢ > 0, and let €; be given by (3.5)—(3.7).
(a) Leta < b+ c. Then €,, €p, €. are purely imaginary, and moreover
() ifa®> <b*>+c2 then0 < les] < 1,0 < |ep| < 1,0 < |e]| < 1,

(i) ifa® =b*+c2 thenles) =1,0 < |ep] < 1,0 < |ec] < 1,
(iii) ifa® > b2+ c2 then|eq| > 1,0 < |ep] < 1,0 < |ec| < 1.

) Ifa =b+c, then |e;] = 00, €, = €, = 0.
(c) Ifa > b+c, then e, €p, €. are real, and moreover |e,| > 1,0 < |ep| < 1,0 < |e.| < 1.

Equations (3.6)—(3.7) express the €, in terms of A, B, C. Conversely, for givenreal €; # 0,
it will be useful later to define A, B, C by (3.6), even when there is no corresponding 1-2
model.
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Critical Surface of the Hexagonal Polygon Model 741

3.3 Two-Edge Correlation in the 1-2 Model

Consider the 1-2 model on H,, with parameters a, b, ¢, and specifically the two-edge corre-
lation (0.0 7), where e, f € E, are distinct.

‘We multiply through (3.4) by 0.0y and expand in monomials. This amounts to expanding
(3.4) and retaining those monomials M in which every o, has even degree except o, and o7y,
which have degree 1. We may associate with M a set ), of half-edges of AH,, such that: (i)
the midpoints Me and M f have degree 1, and (ii) every other vertex in AV, has even degree.
Such a configuration comprises a set of cycles together with a path between Me and Mf.
The next lemma is immediate.

Lemma 3.2 The two-edge correlation function of the 1-2 model satisfies

Zn,e<—>f _

Zn(P) - Mn(e7 f)7 (38)

where the numerator Zy . r is given in (2.7), and the parameters of the polygon model
satisfy (3.7) and (3.5).

(Ueaf>n =

3.4 The Polygon Model as a Dimer Model

We show next a one-to-one correspondence between polygon configurations on Hj,, and dimer
configurations on the corresponding Fisher graph of H,,. The Fisher graph F,, is obtained
from Hj, by replacing each vertex by a ‘Fisher triangle’ (comprising three ‘triangular edges’),
as illustrated in Fig. 5. A dimer configuration (or perfect matching) is a set D of edges such
that each vertex is incident to exactly one edge of D.

Let 7 be a polygon configuration on H, (considered as a collection of edges). The local
configuration of 7 at a black vertex v € V), is one of the four configurations at the top of
Fig. 5, and the corresponding local dimer configuration is given in the lower line (a similar
correspondence holds at white vertices). The construction may be expressed as follows. Each
edge e of T, is either triangular or is inherited from H), (that is, e is the central third of an
edge of Hl,). In the latter case, we place a dimer on e if and only if e ¢ 7. Having applied this
rule on the edges inherited from H,,, there is a unique allocation of dimers to the triangular
edges that results in a dimer configuration on IF,,. We write D = D () for the resulting dimer
configuration, and note that the correspondence 7 <> D is one-to-one.

By (2.2), the weight w(7r) is the product (over v € V) of a local weight at v belonging to
the set {e,€p, €p€c, €c€4, 1}, where the particular value depends on the behavior of 7 at v (see
Figure 5 for an illustration of the four possibilities at a black vertex). We now assign weights
to the edges of the Fisher graph F,, in such a way that the corresponding dimer configuration
has the same weight as 7.

Each edge of a Fisher triangle has one of the types: vertical (denoted ‘V’), NE, or NW,
according to its orientation. To each edge e of F,, lying in a Fisher triangle, we allocate the
weight:

A if e is vertical,
B ifeisNE,
C ifeisNW,

where A, B, C satisfy (3.6)—(3.7). The dimer partition function is given by

Z,(D) = ZA\D(V)lB\D(NE)lch(NW)I, (3.9)
D
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742 G. R. Grimmett, Z. Li

\
—— -0 »-—--e

" \ " \
I N
Lom o

/
L]

Fig. 5 To each local polygon configuration at a black vertex of Hl,, there corresponds a dimer configuration
on the Fisher graph [F;,. The situation at a white vertex is similar. In the leftmost configuration, the local weight
of the polygon configuration is €p€., and in the dimer configuration A

where D(s) € D is the set of dimers of type s. It is immediate, by inspection of Figure 5,
that the correspondence w <> D is weight-preserving, and hence

Zn(D) = Zn(P)-

3.5 The Spectral Curve of the Dimer Model

We turn now to the spectral curve of the weighted dimer model on F,,, for the background
to which the reader is referred to [14]. The fundamental domain of F,, is drawn in Fig. 6,
and the edges of F,, are oriented as in that figure. It is easily checked that this orientation
is ‘clockwise odd’, in the sense that any face of Hj,, when traversed clockwise, contains an
odd number of edges oriented in the corresponding direction. The fundamental domain has
6 vertices labelled 1, 2, ..., 6, and its weighted adjacency matrix (or ‘Kasteleyn matrix’) is
the 6 x 6 matrix W = (k; ;) with

w;, if (i, j) is oriented from i to j,
kij = y{—w; ; if (i, j) is oriented from j to i,

0 if there is no edge between i and j,

where the w; ; are as indicated in Fig. 6. From W we obtain a modified adjacency (or ‘modified
Kasteleyn’) matrix K as follows.

We may consider the graph of Fig. 6 as being embedded in a torus, that is, we identify the
upper left boundary and the lower right boundary, and also the upper right boundary and the
lower left boundary, as illustrated in the figure by dashed lines.

Let z, w € C be non-zero. We orient each of the four boundaries of Fig. 6 (denoted by
dashed lines) from their lower endpoint to their upper endpoint. The ‘left’ and ‘right’ of an
oriented portion of a boundary are as viewed by a person traversing in the given direction.

Each edge (u, v) crossing a boundary corresponds to two entries in the weighted adjacency
matrix, indexed (u, v) and (v, u). If the edge starting from u# and ending at v crosses an upper-
left/lower-right boundary from left to right (respectively, from right to left), we modify
the adjacency matrix by multiplying the entry (i, v) by z (respectively, z~1). If the edge
starting from # and ending at v crosses an upper-right/lower-left boundary from left to right
(respectively, from right to left), in the modified adjacency matrix, we multiply the entry by w
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Critical Surface of the Hexagonal Polygon Model 743

Fig. 6 Weighted 1 x 1 fundamental domain of IF,. The vertices are labelled 1, 2, .. ., 6, and the weights wj,j
and orientations are as indicated. The further weights wil, zE! are as indicated

(respectively, w™"). We modify the entry (v, u) in the same way. For a definitive interpretation
of Fig. 6, the reader is referred to the matrix following.

The signs of these weights are chosen to reflect the orientations of the edges. The resulting
modified adjacency matrix (or ‘modified Kasteleyn matrix’) is

0O -Cc B -1 0 0

C 0 —-A 0 —z7! o0
Kk—_|-B4 00 0 —w!
1 0 0 0 -C B
0 z 0 C 0 -A
0 0 w—-B A 0

The characteristic polynomial is given (using Mathematica or otherwise) by
P(z,w) :=detK
1
=14+ A*+B* +C* + (A’C? - B?) (w+—)
w
2p2 2 1 22 (W, 2
+ (A B =CH\z+ - )+ BC -AH)|—+—). (3.10)
b4 . w
By (3.6) and (2.8),

Pz,w)=1+ a2ﬁ2 +a2y2 + /32)/2 +oty(/32 )| (w + %)
+ B —1) (z+1) + Y@ —1) (3+3).
Z Z w

The spectral curve is the zero locus of the characteristic polynomial, that is, the set of roots
of P(z, w) = 0. It will be useful later to identify the intersection of the spectral curve with
the unit torus T? = {(z, w) : |z| = |w| = 1}.
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Let
U=af+ By +ya—1,
V =—af+ By +ya+1,
S =af—By tya+l,
T =af+ By —ya+1.

(3.11)

Proposition 3.3 Let €,, €p, €. # 0, so that «, B,y > 0. Either the spectral curve does
not intersect the unit torus T2, or the intersection is a single real point of multiplicity 2.
Moreover, the spectral curve intersects T? at a single real point if and only if UVST = 0,
where U, V, S, T are given by (3.11).

Proof The proof follows by a computation similar to those of the proofs of [11, Thm. 9] and
[13, Lemma 3.2]. A number of details of the proof are very close to those of [11,13] and are
omitted. Instead, we highlight where differences arise.

Let €4, €p, €. > 0. By (2.8) and (3.6)—(3.7), the map ¢ : (A, B,C) — («, B,y) is a
bijection between (0, oo)3 and itself. That P(z, w) > 0, for (z, w) € T? and (a, 8, y) €
(0, 00)3, follows by the corresponding argument in the proofs of [11, Thm. 9] and [13, Lemma
3.2]. It holds in the same way that the intersection of P(z, w) = 0 with T2 can only be a
single point of multiplicity 2.

We turn now to the four points when z, w = £1. Note that

P(1,1) = (=1 +A>+ B>+ C?)? = U?,
P(=1,-1)= (1 - A+ B> + C})? = 82,
P(—1,1)=(1+A>—B>+C*?> =72,
P, —1) =1+ A2+ B> - C*?=V?,
by (3.6). Since A, B, C # 0, no more than one of the above four quantities can equal zero. O

The condition UV ST # 0 may be understood as follows. Let y; be given by (2.12), and
note that

v, B) =1/yi(@ B). (3.12)
Proposition 3.4 Leta, B,y > 0andletU,V, S, T satisfy (3.11).

(a) We have that UV ST =0 ifand only ify € {y1, y2}.
(b) The region Ry, of Theorem 2.5 is an open, connected subset of (0, 00)3.
(¢) The region Ry, is the disjoint union of four open, connected subsets of (0, 00)3, namely,

Rl =y <y)niaB <1}, RZ, =1ly <yi}n{ap > 1},
R),={yr>winie<p}, Rj,=1{y>nrinfe> 4}

Proof Part (a) follows by an elementary manipulation of (3.11). Part (b) holds since y; < y»
for all o, B > 0. Part (c) is a consequence of the facts that y; = 0 when « + 8 = 0, and
y» = oo whena — 8 =0. O

(3.13)

4 Proof of Theorem 2.5
4.1 Outline of Proof

We begin with an outline of the main steps of the proof. In Sect. 4.2, the two-edge correlation
of the polymer model on Hj, is expressed as the ratio of expressions involving Pfaffians
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of modified adjacency matrices of dimer models on the graph of Sect. 3.4. The squares of
such Pfaffian ratios are shown in Sect. 4.4 to converge to a certain determinant. This implies
the existence of the limit M (e, f)? of the two-edge correlation, and completes the proof
of part (a) of the theorem. For parts (b) and (c), one considers the square M (e, f )2 as the
determinant of a block Toeplitz matrix. By standard facts about Toeplitz matrices, the limit
A =limpe_ oo M(e, f )2 exists and is analytic except when the spectral curve intersects
the unit torus. The remaining claims follow by Proposition 3.3.

4.2 The Order Parameter in Terms of Pfaffians

By Remark 2.1, we shall assume without loss of generality thate,, €5, €. > 0.Let £ be the path
of AH, connecting Me and M f as in (2.11). To a configuration 7w € II, ; we associate the
configuration 7’ := 7 + £ € TIP°Y (with addition modulo 2). The correspondence 7 <> 7’
is one-to-one between I, s and I1P°Y. By considering the configurations contributing to
Zy.e« f, We obtain by Lemma 3.2 that

_ Zn,e<—>f _ Zn,/d(P)
Mule. ) ="y = (gfg) Zu(P) “D

where Z, ¢(P) is the partition function of polygon configurations on AH,, with the weights
of s-type half-edges along € changed from ¢ to €1

From the Fisher graph F,, we construct an augmented Fisher graph AT, by placing two
further vertices on each non-triangular edge of F,, see Fig. 7. We will construct a weight-
preserving correspondence between polygon configurations on AH, and dimer configurations
on AF,,.

We assign weights to the edges of AF,, as follows. Each triangular edge of AF,, is assigned
weight 1. Each non-triangular s-type edge of the Fisher graph F,, is divided into three parts in
AT, to which we refer as the left edge, the middle edge, and the right edge. The left edge and
right edges are assigned weight €', while the middle edge is assigned weight 1. We shall
identify the characteristic polynomial P4 of this dimer model in the forthcoming Lemma
4.3. Let E; be the set of left and right non-triangular edges corresponding to half-edges in ¢,
and let V, be the set of vertices of edges in Ey.

Fig. 7 The fundamental domain of AF,, which may be compared with Fig. 6
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746 G. R. Grimmett, Z. Li

There is a one-to-one correspondence between polygon configurations on AH,, and poly-
gon configurations on H,,. The latter may be placed in one-to-one correspondence with dimer
configurations on AF,, as follows. Consider a polygon configuration w on H,,. Anedgee € E,
is present in 7 if and only if the corresponding middle edge of e is present in the correspond-
ing dimer configuration D = D(m) on AF,. Once the states of middle edges of AF, are
determined, they generate a unique dimer configuration on AF,,.

By consideration of the particular situations that can occur within a given fundamental
domain, one obtains that the correspondence is weight-preserving (up to a fixed factor),

whence
Z,(P) =( I eg)zn(AD),

g€AE,

where Z, (AD) is the partition function of the above dimer model on AF,, and €, is the
parameter corresponding to an edge with the type of g. A similar dimer interpretation is valid
for Z,, ¢(P), and thus we have

Zn,e<—>f _ Zn,l(P) _ —1 Z;(AD)
Z,(P) (HES) 2~ e Z2any 42
gel gel

where Z),(AD) is the partition function for dimer configurations on AF,, in which an edge
of E¢ has weight €, (where g is the corresponding half-edge), and all the other left/right
non-triangular edges have unchanged weights €, L

We assign a clockwise-odd orientation to the edges of AF, as indicated in Fig. 7. The
above dimer partition functions may be represented in terms of the Pfaffians of the weighted
adjacency matrices corresponding to Z,(AD) and Z),(AD). See [7,8,12,20].

Recall that AF), is a graph embedded in the n x n torus. Let y, and y, be two non-parallel
homology generators of the torus, that is, y, and y, are cycles winding around the torus,
neither of which may be obtained from the other by continuous movement on the torus.
Moreover, we assume that y; and y, are paths in the dual graph that meet in a unique face
and that cross disjoint edge-sets. For definiteness, we take yy (respectively, y,) to be the
upper left (respectively, upper right) dashed cycles of the dual triangular lattice, as illustrated
in Fig. 8. We multiply the weights of all edges crossed by y; (respectively, yy) by z or 77!
(respectively, w or w™!), according to their orientations. Note that ¢ crosses neither y, nor
Vy.

’ Let K, (z, w) be the weighted adjacency matrix of the original dimer model above, and
let K, (z, w) be that with the weights of s-type edges along £ changed from € Tto €.

If n is even, by (4.2) and results of [7,12] and [17, Chap. IV],

Zyeos _ (H(l) —PfK,(1,1) +Pf K (—1,1) + Pf K, (1, —1) + Pf K,(—1, —1)
. :
z,Py ~\1 22,(P)

(4.3)

where
2Z,(P)=-PfK,(1,1)+PfK,(—1,1)+PfK,(1,—1) + Pf K,,(—1, —1). 4.4)

The corresponding formula when 7 is odd is

’

Zueos (H ,1)PfK,;(1, 1)+ Pf K (—1,1) + Pf K,(1, —=1) = PF K} (—1, —1)

AR 2Z,(P)
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Fig. 8 Two cycles yy and yy in the dual triangular graph of the toroidal graph Hj,. The upper left and lower
right sides of the diamond are identified, and similarly for the other two sides

as explained in the discussion of ‘crossing orientations’ of [18, pp. 2192-2193]. The ensuing
argument is essentially identical in the two cases, and therefore we may assume without loss
of generality that n is even.

4.3 The limit as n - oo

In studying the limit of (4.3) as n — oo, we shall require some facts about the asymptotic
behaviour of the inverse matrix of K, (6, v). We summarise these next.

The graph AF,, may be regarded as n x n copies of the fundamental domain of Fig. 7, with
vertices labelled as in Figs. 9 and 10. We index these by (p, ¢) with p,g = 1,2, ..., n, and
let D), 4 be the fundamental domain with index (p, g). Let D = {(p, q) : D(p, g) "€ # @},
so that the cardinality of D depends only on |e — f|. Each D, , contains 12 vertices. For
vy, vz € Dy 1, we write Kn_l(DPI,ql’ v1; Dp, ¢, v2) for the (1, u3) entry of Kn_l, where u;
is the translate of v; lying in D, ..

Fig. 9 The fundamental domain of AF, with vertex-labels
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Fig. 10 Part of the path £ \
between two NW edges \\
\
b4 RN
: Se az as
_*,o—o- -—o
ay ZEN

Proposition 4.1 Let 0, v € {—1, 1}. We have that

. -1 .
nli)ngo K, (0,v)(Dp, g1, Vr; Dp, g5 Vs)
1 dz dw
=-— / / PPN K )y, e, (45)
4 lzl=1 J|w|=1 17 1w

where (p1,q1), (p2,q2) € D,andr,s € {a;,b; :i =1,2,3,4}, and Kl_l (z, W)y,,v, denotes
the (vg, vy) entry ofol(z, w).

Proof The limiting entries of K, 10, v) as n — oo can be computed explicitly using the
arguments of [10, Thm. 4.3] and [9, Sects 4.2—4.4], details of which are omitted here. ]

Note that the right side of (4.5) does not depend on the values of 8, v € {—1, 1}.

4.4 Representation of the Pfaffian Ratios

We return to the formulae (4.1) and (4.3)—(4.4) for the two-edge correlation. The matrices
K,(0,v) and K} (0, v) are antisymmetric when 6, v € {—1, 1}. For 0, v € {—1, 1},

det K, (0, v)

— T 7 det[K(0,v)K @,
det K, 0. v) et[K,(0, VK, (6,v)]

=det[R,K, ' (0, v) + 1], (4.6)

where
R, =K, (6,v) — K,(6,v). @7

The following argument is similar to that of [12, Thm. 4.2]. Let

0 A
Y() = (_ . 0) ,
and define the 4 x 4 block matrix

(Y —eh 0 _
Ss—( 0 Y(Es—és_l)), s—a,b.

Each half-edge of H,, along £ corresponds to an edge of AF,, namely, a left or right non-
triangular edge. Moreover, the path ¢ has a periodic structure in AH,, each period of which
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consists of four edges of AH,,, namely, a NW half-edge, followed by two horizontal half-
edges, followed by another NW half-edge. These four edges correspond to four non-triangular
edges of AF, with endpoints denoted vy, Vp,, Va;» Vays Vas» Vay» Vby»> Vb, - See Fig. 10.

Let (p, g) € D. The 12 x 12 block of R, with rows and columns labelled by the vertices
in D, , may be written as

S. 00
Ri(Dpy. Dpy) =0 =S, 0]. (4.8)
0 00

Each entry in (4.8) is a 4 x 4 block, and the rows and columns are indexed by
Vay, Vay» Vags Vazs Ubys Vb Ubgs Ubss Ueys - -+ » Uey- All other entries of R, equal 0.

Owing to the special structure of R, the determinant of S, := R, K, L@, v) + I is the
same as that of a certain submatrix of S, given as follows. From S, we retain all rows
and columns indexed by translations (within D) of the v,, and V. Since each fundamental
domain contains four such vertices of each type, the resulting submatrix S, ¢ is square with
dimension 8|D|. By following the corresponding computations of [12, Sect. 4] and [17, Chap.
VIII], we find that det S,, = det S, ¢.

Let X, be the Vy x V; block diagonal matrix with rows and columns indexed by vertices
in Vy, and defined as follows. Adopting a suitable ordering of V; as above, the diagonal 2 x 2
blocks of Xy are Y (€5 — €, 1), where s depends on the type of the corresponding edge, and
off-diagonal 2 x 2 blocks of X, are 0. Note that

1 2
detx, = [] (eg - 7) . (4.9)
g€k €s

Let K,jl(G, V)¢ be the submatrix of Kn’l (@, v) with rows and columns indexed by V;. By
Proposition 4.1, the limit
K¢ = lim K10, v), (4.10)
n—oo

exists and is independent of 6, v € {—1, 1}.

Proposition 4.2 The limit M (e, [)* = lim,_ oo My (e, [)?* exists and satisfies

. Zn,e<—>f 2 _ 1
M(e, f)* = lim ( ) =det(Xngl+1)(H 6—2) (4.11)

n—00 Zn(P) seE, 8

Proof Let6,v € {—1, 1}, and assume first that €,, €, # 1. By (4.6)—(4.9) and the discussion
before the proposition,

det K/ (6, v)

— 2 7 det[X K (0, I
det K, (0. v) — QeUXeK, (0. v)e +1]

= det[K,, ' (6, v)¢ + X, 'Tdet X
1\2
= det[K, '@, v)e+ X1 [] (eg - 7) :
€
g€k,
On taking square roots, and noting that K71 (6, v), + Xg_1 is antisymmetric,

Pf K/ (6, v)
Pf K, (6, v)
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for some j that is independent of 6, v.
By (4.3),

2Zpeens = (=1 {=p(L DPE KA (L 1) + p(=1, DPE Ky (=1, 1)

1
+ p(L, =DPE K1, =1) + p(=1, =DPf Ko (=1, =D} T] (1 - eg,)

g€k,

where p(0, v) = Pf [K,l‘1 @,v)e + X;l]. By (4.4) and (4.10),
2

. Zy e<—>f)2 -1 -1 1
lim : =|Pf(K, +X,) 1-—= ,
n—00 ( Zu(P) ¢ ¢ gg[ €2

8

and (4.11) follows by (4.9) and (4.1).
Assume next that €, = ¢, = 1. We have

K, (0,v) = K,(0,v), forf,v==£l.

Since X¢ = 0 in this case, we obtain (4.11) once again. If exactly one of ¢,, €5 equals 1, we
obtain (4.11) as above. ]

4.5 Proof of Theorem 2.5(a)
As in [10, Thm. 4.3] and [9, Sects 4.2-4.4], by Proposition 4.2, the limit M (e, f)2 =

lim,,— oo My(e, f )2 exists and equals the determinant of a block Toeplitz matrix with dimen-
sion depending on |e — f|, and with symbol ¥ given by

1 2
V() = 7/ T, ¢)do, (4.12)
T Jo

where T (¢, ¢) is the 8 x 8 matrix with rows and columns indexed by vy, Va,, Vay, Vay»
Vb, Uby, Uby» Up, (With rows and columns ordered differently) given by

€u_1 +K1_l(§sei¢)va2,val Aa Kl_l(fyei(b)vaz.vw)‘-a Krl(§v€i¢)va2,vb4ka
—K '@l v ha €a = KNG ey gy ha o =K (G €0,y R
K@ @)y vy 2o K @e D vmts 6+ KT G,k
and Ay =1— €g 2. See [22-24] and the references therein for accounts of Toeplitz matrices.
One may write
_1 Qi,j(z, w)
Ky G wlij=—7—, (4.13)
1 L] PA(Z, w)

where Q; j(z, w) is a Laurent polynomial in z, w derived in terms of certain cofactors of
Ki(z, w), and PA (z, w) = det K{(z, w) is the characteristic polynomial of the dimer model.

Lemma 4.3 The characteristic polynomial P of the above dimer model on AF,, satisfies
PA(z, w) = (eq€pec) "4 P(z, w), where P(z, w) is the characteristic polynomial of (3.10).

Proof The characteristic polynomial P4 satisfies PA(z, w) = det K, (z, w). Each term in
the expansion of the determinant corresponds to an oriented loop configuration consisting
of oriented cycles and doubled edges, with the property that each vertex has exactly two
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incident edges. It may be checked that there is a one-to-one correspondence between loop
configurations on the two graphs of Figs. 7 and 6, by preserving the track of each cycle
and adding doubled edges where necessary. The weights of a pair of corresponding loop
configurations differ by a multiplicative factor of (AB C)? = (e epec)”. ]

By the above, the limit M (e, f )2 exists whenever P4 (z, w) has no zeros on the unit torus
T2. By Lemma 4.3 and Proposition 3.3, the last occurs if and only if UV ST # 0. The proof
of Theorem 2.5(a) is complete, and we turn towards parts (b) and (c).

4.6 Proofs of Theorem 2.5(b, c)

Consider an infinite block Toeplitz matrix J, viewed as the limit of an increasing sequence of
finite truncated block Toeplitz matrices J,,. When the corresponding spectral curve does not
intersect the unit torus, the existence of det J as the limit of det J,, is proved in [22,23]. By
Lemma 4.3 and Proposition 3.3, the spectral curve condition holds if and only if UV ST # 0.
We deduce the existence of the limit

A, By) = lim M. f)*, (4.14)

le—f|—o00

whenever UV ST # 0. By Proposition 3.3, the function A is defined on the domain D :=
0,003\ {UVST = 0}.

Lemma 4.4 Assume o, B,y > 0. The function A is an analytic function of the complex
variables a, B, y except when UV ST = 0, where U, V, S, T are given by (3.11).

As noted after Theorem 2.5, A is singular when UV ST = 0.

Proof This holds as in the proofs of [12, Lemmas 4.4—4.7]. We consider A as the determinant
of a block Toeplitz matrix, and use Widom’s formula (see [22,23], and also [6, Thm. 8.7])
to evaluate this determinant. As in the proof of [6, Thm. 8.7], A can be non-analytic only if
the spectral curve intersects the unit torus, which is to say (by Lemma 4.3 and Proposition
33)if UVST =0. O

The equation U VST = 0 defines a surface in the first octant (0, co)?, whose complement
is a union of five open, connected components (see Proposition 3.4). By Lemma 4.4, A is
analytic on each such component. It follows that, on any such component: either A = 0, or
A is non-zero except possibly on a nowhere dense set.

Let o, B, y > 0. By Proposition 3.4, UV ST # 0 if and only if

y €0,y U (1, v2) U (y2, 00), (4.15)

where the y; are given by (2.12).

Proof of Theorem2.5(b). By Proposition 3.4, UV ST # 0 on the open, connected region
Rgup- Therefore, A is analytic on Rgyp. Hence, either A = 0 on Ryyp, or A # 0 on Ry, and
the zero set Z := {r = (@, B, ¥) € Rsuyp : A(r) = 0} is nowhere dense in Ryyp. It therefore
suffices to find («, B, ) € Rsup such that A(a, B, y) # 0.

Consider the 1-2 model of Sects. 3.1-3.3 witha = b > 0 and ¢ > 4a. By (2.8), (3.5),
and (3.6), the corresponding polygon model has parameters

c—2a 2

a=ﬁ=c+2a’ V= (c =2a)(c+2a)
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In this case, y» = co and ¥ € (y1, 2).
By [6, Thm. 3.1], for almost every such ¢, the 1-2 model has non-zero long-range order.
By Lemma 3.2, A(«, B, y) # 0 for such c. O

Proof of Theorem2.5(c). By Remark 2.2, when «, 8, y > 0 are sufficiently small, the two-
edge correlation function M (e, f) of the polygon model equals the two-spin correlation
function (0.0 f) of a ferromagnetic Ising model on AH at high temperature. Since the latter
has zero long-range order, it follows that A = 0. Suppose, in addition, that 8 < 1 and
y < y1. Since A is analytic on R (in the notation of (3.13)), we deduce that A = 0 on

sub

Rslub. ‘We next extend this conclusion to Rfub with k =2, 3, 4.

Let (o, B,y) € Rjub. By (3.12), we have that ' < 1 and y~! < y;(a™", B), so that
(@', B.y™") € R!,. By Theorem 2.3,

A, B,y) =A@ ' By H=0.

Therefore, A = 0 on R?ub.
Let (o, B, y) € R2.  whence (a~!, B~y e R! by (3.12). As above,

sub? sub
A, B.y) =A™, B~ y) =0,

whence A = 0 on Rfub. The case of Rgub can be deduced as was R;‘ub. O

Acknowledgments This work was supported in part by the Engineering and Physical Sciences Research
Council under Grant EP/103372X/1. ZL acknowledges support from the Simons Foundation under Grant
#351813. The authors are grateful to two referees for their suggestions, which have improved the presentation
of the work.

References

1. Baxter, R.J.: Exactly Solved Models in Statistical Mechanics. Academic Press, London (1982)
2. Duminil-Copin, H., Peled, R., Samotij, W., Spinka, Y.: Exponential decay of loop lengths in the loop
O(n), (2014) (to appear)
3. Fisher, M.E.: Statistical mechanics of dimers on a plane lattice. Phys. Rev. 124, 1664-1672 (1961)
4. Grimmett, G.R., Janson, S.: Random even graphs. Electron. J. Comb. 16 (2009) Paper R46
5. Grimmett, G.R., Li, Z.: The 1-2 model (2015). http://arxiv.org/abs/1507.04109
6. Grimmett, G.R., Li, Z.: Critical surface of the 1-2 model (2015). http://arxiv.org/abs/1506.08406
7. Kasteleyn, P.W.: The statistics of dimers on a lattice, I. The number of dimer arrangements on a quadratic
lattice. Physica 27, 1209-1225 (1961)
8. Kasteleyn, P.W.: Dimer statistics and phase transitions. J. Math. Phys. 4, 287-293 (1963)
9. Kenyon, R.: Local statistics of lattice dimers. Ann. Inst. H. Poincaré, Probab. Statist. 33, 591-618 (1997)
10. Kenyon, R., Okounkov, A., Sheffield, S.: Dimers and amoebae. Ann. Math. 163, 1019-1056 (2006)
11. Li, Z.: Local statistics of realizable vertex models. Commun. Math. Phys. 304, 723-763 (2011)
12. Li, Z.: Critical temperature of periodic Ising models. Commun. Math. Phys. 315, 337-381 (2012)
13. Li, Z.: 1-2 model, dimers and clusters. Electron. J. Probab. 19, 1-28 (2014)
14. Li, Z., Spectral curves of periodic Fisher graphs. J. Math. Phys. 55 (2014), Paper 123301
15. Li, Z.: Uniqueness of the infinite homogeneous cluster in the 1-2 model. Electron. Commun. Probab. 19,
1-8 (2014)
16. Lin, K\Y., Wu, EY.: General vertex model on the honeycomb lattice: equivalence with an Ising model.
Mod Phys. Lett. B 4, 311-316 (1990)
17. McCoy, B., Wu, T.T.: The Two-Dimensional Ising Model. Harvard University Press, Cambridge, MA
(1973)
18. Schwartz, M., Bruck, J.: Constrained codes as networks of relations. IEEE Trans. Inf. Theory 54, 2179—
2195 (2008)
19. Temperley, H.N.V., Fisher, M.E.: Dimer problem in statistical mechanics—an exact result. Philos. Mag. 6,
1061-1063 (1961)

@ Springer


http://arxiv.org/abs/1507.04109
http://arxiv.org/abs/1506.08406

Critical Surface of the Hexagonal Polygon Model 753

20.
21.

22.
23.

24.

25.

Tesler, G.: Matchings in graphs on non-orientable surfaces. J. Combin. Theory Ser. B 78, 198-231 (2000)
van der Waerden, B.L.: Die lange Reichweite der regelméssigen Atomanordnung in Mischkristallen. Zeit.
Physik 118, 473-488 (1941)

Widom, H.: On the limit of block Toeplitz determinants. Proc. Am. Math. Soc. 50, 167-173 (1975)
Widom, H.: Asymptotic behavior of block Toeplitz matrices and determinants. II. Adv. Math. 21, 1-29
(1976)

Widom, H., Toeplitz matrices and Toeplitz operators. In: Complex analysis and its applications (Lectures,
Internat. Sem., Trieste, 1975) vol. 1, pp. 319-341. Internat. Atomic Energy Agency, Vienna (1976)

Wu, X.N., Wu, FY.: Exact results for lattice models with pair and triplet interactions. J. Phys. A 22,
L1031-L.1035 (1989)

@ Springer



	Critical Surface of the Hexagonal Polygon Model
	Abstract
	1 Introduction
	2 The Polygon Model
	2.1 Definition of the Polygon Model
	2.2 The Toroidal Hexagonal Lattice
	2.3 Main Result

	3 The 1--2 and Dimer Models
	3.1 The 1--2 Model
	3.2 The 1--2 Model as a Polygon Model
	3.3 Two-Edge Correlation in the 1--2 Model
	3.4 The Polygon Model as a Dimer Model
	3.5 The Spectral Curve of the Dimer Model

	4 Proof of Theorem ??
	4.1 Outline of Proof
	4.2 The Order Parameter in Terms of Pfaffians
	4.3 The limit as ntoinfty
	4.4 Representation of the Pfaffian Ratios
	4.5 Proof of Theorem ??(a)
	4.6 Proofs of Theorem ??(b,c)

	Acknowledgments
	References




