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Abstract We consider asymptotics of the correlation functions of characteristic polynomials
corresponding to random weighted G (n, f) Erdés—Rényi graphs with Gaussian weights in
the case of finite p and also when p — o00. It is shown that for finite p the second correlation
function demonstrates a kind of transition: when p < 2 itfactorizes in the limitn — oo, while
for p > 2 there appears an interval (—A.(p), L« (p)) such that for Ag € (—Xr.(p), A«(p)) the
second correlation function behaves like that for Gaussian unitary ensemble (GUE), while
for Lo outside the interval the second correlation function is still factorized. For p — oo
there is also a threshold in the behavior of the second correlation function near Ao = £2: for
p < n?/3 the second correlation function factorizes, whereas for p > n?/3 it behaves like
that for GUE. For any rate of p — oo the asymptotics of correlation functions of any even
order for Ag € (—2, 2) coincide with that for GUE.

Keywords Random matrix theory - Sparse random matrices - Correlation function of
characteristic polynomials - Grassmann variables

1 Introduction and Main Results

Consider an ensemble of hermitian n x n random matrices of the form

My = (djkwji)j (1.1
where p

1 with probability —;

di = p~1/? n
jk="p . . p
0 with probability 1 — —;
n

wie = w') +iwy, j £k (1.2)
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and {wj}{), wﬁ), wy:1<j<k<n,1<I<n}arei.i.d. random variables with zero mean

such that

2 2
1 2 2 .
2EHw§.k> ]:2E[(w;k’ ]:E{|w,,y ]:1, i £k (1.3)
Here and everywhere below E denotes the expectation with respect to all random variables.
{djx : j < k} are also independent of each other and of wﬁ.}(), wﬁ) , Wy

These matrices are known as “weighted” adjacency matrices of random Erd&s—Rényi
G(n, g) graphs, with {d;;} corresponding to the standard adjacency matrix and {w jx}—
the set of independent weights, which we take to be Gaussian. These matrices are widely
discussed in the last few years since they demonstrate a kind of interpolation between a
“sparse” matrix with finite p, when there is only a finite number of nonzero elements in each
line, and the matrix with p = n coinciding with Gaussian unitary ensemble (GUE). The
results on the convergence of normalized eigenvalue counting measure

Na(A) :#[A;") €A, j= 1,...,n}/n, Na(R) =1

of these matrices in the case of finite p were obtain in [20,21] on the physical level of rigour,
thenin [1] for w;; = 1 and in [14] for arbitrary {w j;} independent on {d;;} and having four
moments.

It was also shown that for p — oo the limiting eigenvalue distribution coincides with
GUE

. 1
lim N,(A) = / pedh,  poe) = VA= A2 n,  (14)
n—00 2

A

while for finite p the limiting measure is a solution of a rather complicated nonlinear integral
equation which is difficult for the analysis. It is known that the support of the limiting measure
(spectrum) is the whole real line. Central Limit Theorem for linear eigenvalue statistics was
proven in [26] for finite p and in [27] for p — oo. For the local regime it was conjectured
the existence of the critical value p. > 1 (see [5]) such that for p > p. the eigenvalues are
strongly correlated and are characterized by GUE matrix statistics, for p < p. the eigenvalues
are uncorrelated and follow Poison statistics. The conjecture was confirmed by numerical
calculations [15] and by supersymmetry approach (SUSY) [8,18] on the physical lever of
rigour. Notice, that the results of the present paper confirm the existence of similar threshold
for the second correlation function of characteristic polynomials. Rigorous results for the
local eigenvalue statistics were obtained recently in [4,10]. First for p > n?/3 and then
for p > n® with any ¢ > 0 it was shown that the spectral correlation functions of sparse
hermitian random matrices in the bulk of the spectrum converge in the weak sense to that
of GUE. For the edge of the spectrum, it was proved in [12] that for p > n?/3 the limiting
probability P{mjax )»5.") > 2 4 x/n?*/3} admits a certain universal upper bound, whereas the

1/5

result of [13] implies that for p <« n'/* the limiting probability P{max AE.") > 2+ x/p}is
J

zero. Note that more advanced results for the edge eigenvalue statistics were obtained in [28]
for so-called random d-regular graphs. It was shown that if 3 < d <« n%/3 and w jk = %1
then the scaled largest eigenvalue of (1.1) converges in distribution to the Tracy—Widom law.

The correlation functions of characteristic polynomials formally do not characterize the
local eigenvalue statistics. However, from the SUSY point of view, their analysis is similar
to that for spectral correlation functions. In combination with the fact that the analysis for
correlation functions of characteristic polynomials usually is simpler than that for spectral
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correlation functions, it causes that such an analysis is often the first step in studies of local
regimes.

The moments of the characteristic polynomials were studied for a lot of random matrix
ensembles: for Gaussian orthogonal ensemble in [6], for circular unitary ensemble in [7,11],
for f-models with 8 = 2 in [2,29] and with 8 = 1, 2, 4 in [3,17]. Gotze and Kosters in
[9] have studied the second order correlation function of the characteristic polynomials of
the Wigner matrix with arbitrary distributed entries, possessing the forth moments, by the
method of generation functions. The result was generalized soon on the correlation functions
of any even order by T. Shcherbina in [22] where it was proposed the method which allowed
to apply SUSY technique (or the Grassmann integration technique) to study the correlation
functions of characteristic polynomials of random matrices with non Gaussian entries. The
proposed method appeared to be rather powerful and since that was successfully applied to
study characteristic polynomials of sample covariance matrices (see [23]) and band matrices
[24,25].

In the present paper we apply the method of [22] to study characteristic polynomials
of sparse matrices. To be more precise, let us introduce our main definitions. The mixed
moments or the correlation functions of the characteristic polynomials have the form

2m
Fon(A) =E { [ ] detM, —2)) ¢, (15)
j=1

where A = diag{\, ..., Ay} are real or complex parameters which may depend on n.
We are interested in the asymptotic behavior of (1.5) for matrices (1.1), as n — oo, for

where Ag, {x j}i’i | are real numbers and notation j = 1, 2m means that j varies from 1 to

2m.
Set also

Fom(A) JA=8/p,if p > 2;
DZm(A) = 1/2m ) )L*(P) = [ 0, 1fp E 2 (16)

2m
(H Fam(% j1>)

j=1

Theorem 1 Let an ensemble of sparse random matrices be defined by (1.1)—(1.3) for finite p
and let w(i}{), wﬁ) be Gaussian random variables. Then the correlation function of two

characteristic polynomials (1.5) for m = 1 satisfies the asymptotic relations
(D) for o € (—2x(p), Ax(p))
sin((x1 = x2)y/ 4(p)? = 45/2)
lim Dy (A) = ;
n—oo
(x1 = x2)\/ s (p)? = 35/2

(i) for ko ¢ (=2x(p), A+(p))
Jim Do (A) =1,

where Dy and A (p) are defined in (1.6).

Remarks 1. The theorem shows that the second order correlation function has a threshold
p = 2,i.e.if p > 2 there are two types of the asymptotic behavior—cases (i) and (ii), if
p < 2 there is only one type of the asymptotic behavior—case (ii).
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2. If we let Ag depend on n, the asymptotic regimes (i) and (ii) are fully agreed.

3. Note that A.(p) — 2, as p — 00, and since the limiting spectrum is always [—2, 2] (see
(1.4)), therefore for p — oo one expects GUE behavior for all Ag € (—2, 2) (i.e. for all
Ao in the interior of the limiting spectrum, cf (1.4)); we confirm this in Theorem 2.

Theorem 2 Let an ensemble of diluted random matrices be defined by (1.1)—(1.3), p — oo

and let w(-}(), w(-i) be Gaussian random variables. Then the correlation function of charac-

teristic polynomials (1.5) for Ly € (=2, 2) satisfies the asymptotic relation

Som (X
lim Day() = 222X
n—oo Som (1)
with X = diag{xy, ..., xo,} and
. ( Sin(7w psc (h0) (Xj — X)) ]’“
A 7 Psc(A0)(Xj — Xm+k) k=1
Som (X) = (1.7)
Ay s X)) A1, - - X2m)
where A(y1, ..., ym) is the Vandermonde determinant of y1, ..., ym-

Notice that 32,,, (I) is well defined because the difference of the rows j; and j in the
determinant in (1.7) is of order O (xj, — xj,), as xj, — xj,. The same is true for columns.
To formulate our last result we introduce the Airy kernel

Ai(x)Ai'(y) — Ai'(x) Ai (y)
X—y '

Alx,y) = (1.8)

where Ai(x) is the Airy function.

Theorem 3 Let an ensemble of diluted random matrices be defined by (1.1)—(1.3), p — 00,

and let w;}{), w(i) be Gaussian random variables. Then the correlation function of two

characteristic polynomials (1.5) for m = 1 satisfies the asymptotic relations
() I — oo

lim D21 +n~23X) =1;

n—o0
(ii) If# ¢

A(x1 +2¢,x2 + 20)
VAT +2¢, %1 + 20)A0x; + 2¢, x2 + 2¢)

lim D21 +n~23X) =
n—o0

where D5 is defined in (1.6) and A is defined in (1.8). For Lo = —2 similar assertions are

also valid.

Remarks 1. Notice, that the case p > n?/3 corresponds to the case ¢ = 0 in (ii).

2. The results of Theorem 3 are in a good agreement with the results of [12,13] in the sense
that the asymptotic behavior changes when p crosses the rate n2/3. However, in [13] it
is argued that in the case p < n?/3 the appropriate scale is p~' instead of n=2/3. We
postpone the study of F, with the scaling p~', as well as the related study of F near
A«(p) for finite p, to subsequent publications.
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328 Te. Afanasiev

The paper is organized as follows. In Sect. 2 we obtain a convenient integral representation
for F»,, using integration over the Grassmann variables and Harish—Chandra/Itzykson—Zuber
formula for integrals over the unitary group. Sections 3, 4 and 5 deal with the proof of the
Theorems 1, 2 and 3 respectively. The proof is based on the steepest descent method applied
to the integral representation.

Notice also that everywhere below we denote by C various n-independent constants,
which can be different in different formulas.

2 Integral Representation

To formulate the result of the section, the following notations are introduced

A(diag{yj}l;zl) = A({yj}ljle) is the Vandermonde determinant of{y; }]J‘-:l; 2.1)
e End V is the set of linear operators on a linear space V;

In,k={aez,’<|15al<...<ak5n]. 2.2)

The lexicographical order on 1, i is denoted by <;
e Ho, is the space of self-adjoint operators in End AICE" (see [30, Chapter 8.4] for
definition of A?V);

dB=dP(B)= || dBux [] d%Bapd3Bus (2.3)
05612,,,.] Ot<ﬂ
is a measure on Ho;,, ;. By denotes the corresponding entry of the matrix of B in some

basis. It is easy to see that d P,(UBU*) = dP;(B) for any unitary matrix U, so the
definition is correct.

2m
Hy = [ [ Hami: (24)
1=2
e Set also
2m 1 2m
Aon(G1,G) = > ! [] = A®sGs =b,D™ 25)
Ky -2k ot 2k =2m a=1 @Dkt 4

kjE +

where {b;}° ., {bs }o2 | are the sequences of certain n, p-dependent numbers and

s=1° =
G =(Ga,...,Gam), G;eEndAlCY™, 1=1,2m.

Exterior product A A B of operators is defined in Sect. 1 in Appendix. Since
dim A?"C?" = 1, the space End A2"C>" may be identified with the C. In (2.5)

2m - 2m B
A (bsGy — by I)™s is understood as { N (bsGs — bS])Aks] )
s=1 s=1 l.n;l..n

@ Springer



On the Correlation Functions of the Characteristic Polynomials... 329

1 % (22m _ ( (2 ) 2m
(2m) _m | " m
com(x) =n (2) (n) { Zx } 2.6)
We prove the following integral representation for the correlation function F>,,.

Proposition 1 Let M,, be a random matrix of the form (1.1)—(1.3), where wﬁ), w(i) j <k

wy; have Gaussian distribution. Then the correlation function (1.5) admits the representation

2m
i2m=mexp 3 2o > xj
j=1
Fam(A) = CP™ (X)

A(X)
/ / A(T)exp { —i Zx tjt T RGTaR, (2.7)
H,,, R2m
2m 2m
where R = (Ra, ..., Rom), Rj € Homy, dR =[] dR;, T = dlag{tj}jml, dT = H dtj,
j=2 J
2m 2m
(T, R) = log Aon (T, R) = = | D (tj +ih0)* + X tr R} (2.8)
j=1 =2

and all other notation is defined at the beginning of the section.

Remark 1 In the special case m = 1, the representation (2.7) simplifies to

jero(x1+x2)
Fy(A) = C, (X)i/(tl — 1) exp lzx t;t e TdTds, (2.9)
j=1
where C,(X) = C\? (X) and

2
1
F(T,5) =loglbas —nin) = >t +ire) +57 | (2.10)
j=1
The proof of Proposition 1 is based on the method of integration over the Grassmann

variables, the required properties of which are reviewed in Sect. 1 in Appendix. The proof
of the proposition is given in Sect. 2.1.

2.1 Proof of Proposition 1

Let us transform F3,,, (A), using (6.1)

2m
Fan(A) = E { [ ] det(M — 1))
j=1

2m 2m n
=E / exp =D D dpwpd v — qu/fﬂw,l TTTT4vdvi
=1 \I<j,k<n =1 j=1
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330 Te. Afanasiev

Averaging first with respect to {w ¢}, we obtain

2m 2m n
Fym(A) =E |/exp lZd,kx,mj + Z(z X+ Zw,,w,z)] HHdwﬂdwﬂ’ ,

<k I=1 j=I
where, in order to simplify formulas below we denote

2m

Xik = DV v
I=1
Since evidently (xjxxk;)>"+! = 0, we get

E{e ./kaka/] = [1 +Zl' jk(XJka] ] =1 —|—Z W(Xijkj)l’ Jj <k

Define the numbers {al}z’" by the identity

2m
eXp[ZaI(XIkaJ ] =1 +Z N (X/ka/)

=1

Observe that
1 n—p
“h=y B= 2pn?
and that
aIN%,neoo, (2.11)
p'~in

a=0,1>1,iftp=n.

Then F»,,(A) can be represented as

2m
Fzm(A)Z/exp Zzal(XJka/) +Z(Z ~ax;; Z)Lz'/szlﬂjz)
=1

j<k =1

2m n

[TT14%av. (2.12)

=1 j=1

To facilitate the reading, the remaining steps are first explained in the simpler case m = 1
and only then in the general case.

2.1.1 Casem =1
Let us transform the exponent of (2.12).

XjkXkj = Z Y jo Vkea Vg, Vg1 = — z Vi Vity Vi, Vi »

a,pelr a,Bel

(ikxii)* = 4H ViV = 4H Vi iV = 4H Vi H Vg Vikg»

=1 g=1
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where I 1 is defined in (2.2). Since wﬂ = J?z =0, we have

2

2 n
Zx,ka,+Z X,J——Z% DU | = (D | [ DoV ava
Jj<k =1 j=1 i J

2

n 2
> e =2 D [ vi

i<k j=11=1

Hubbard—Stratonovich transformation (6.2) applied to (2.12) yields

2 2

n n

exp 1 a1 ZX/ka/+Z X// =252 o Zt}+2(u2+v2)
Jj<k 1, j=1

n 2
HCXP (i Ztﬁjﬂ/fﬂ +i(u— i)Y P 4+ iv)lﬂmﬁjz] dQ;
j7

=1

exp 1 a2 Z(X]kxkj =V2r /GXP[ - *S ]

j<k
X H exp {—s\/‘Taz : le‘ﬂjlezwﬂ] ds
j=1

where H, is the space of self-adjoint operators in End C? and

_(n u—+ivy
Q_ (u—iv 5] )’
dQ = dhdtrdudv.

- _ — _ [2=p) ; ;
Set by = —/4nay = \/7 . Now we can integrate over the Grassmann variables

n 3/2 n.2
Fr(A) = 2(%) /e_fs /(bzs —det(Q — i) e 24 0ds
R

Change the variables t; — ¢; 4+ iA; and move the line of integration back to the real
axis. Indeed, consider the rectangular contour with vertices in the points (—R, 0), (R, 0),
(R, —iAj)and (—R, —iA;). Since the integrand is a holomorphic on C function, the integral
over this contour is zero. Because the integrand is a polynomial multiplied by exponent, the
integral over the vertical sides of the contour tends to O when R — oo. So, recalling that

Aj = Ao + xj/n, we can write
Fa(a) = S8 ot
T
x / e8¢ / (bas — det Q)"e™ 2 (QFIA0® expi i tr X 0}d Qds,
R Ho

where
1

32
Co(X) = n(%) B (3 +3) (2.13)
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332 Te. Afanasiev

Letus change the variables Q — U*T U, where U is aunitary matrixand T = diag{t;, t2}.
Then d Q changes to 5 (t; — )2dtdr, and

l n
B(A) = 3 Ca(X)H0TH) / 8 / (t1 = 12)2(bas — 112)"

R
n 2
exp —EZ(tj—i-iAgf /e—’“<XU*TU>dU2(U)des,
j=1 A

where U, is the group of the unitary 2 x 2 matrices, dU>(U) is the normalized to unity Haar
measure, dT = dtdt,.

The integration over the unitary group using the Harish—Chandra/Itsykson—Zuber formula
(6.3) implies the assertion of Remark 1.

2.1.2 General Case m > 1

Let us transform the exponent of (2.12).

!
) = A0 D TV ey Yoy Vg, Vi,

c‘v,BEIZm,l q=1
[ 1
=0 D [T viss [ Vks, Vi
(X,,B€12,,,J q=1 q=1

where I, ; is defined in (2.2).
Since 1//11 = %f, =0, we have

Z(X,/’k)(kj)l + Z %XJZJZ = (=D'ay? Z Z H Vjag Vit H Vi, Vkey

j<k j=1 J<ka.peluq=1
+ 3 ZH Wﬂxqwjﬂq ijﬁqwjaq
] 1g=1
l !
=Sy Y b2 | K27 | EZ
a.pelm jk q=1 q=I
| Lo L
= 5Dy ZHV’% it | 1 22 T ] ¥ks, ke
a,f Jj q=1 k g=1
2
1

W otq ]aq

||:|~

D'an’ | 5 2 Z

n

n 1 1
+ z ZH Jﬁq ZHEjﬁqwjaq ,
j=lg=1

a<p \j=1q=1

where < is the lexicographical order.

@ Springer



On the Correlation Functions of the Characteristic Polynomials... 333

Hubbard-Stratonovich transformation (6.2) yields

2
n [
exp | 0/ (3 [0
j=1g=1
n 1
:\/g/exp bl(Ql)aoz Z;I_J;Ejaqwjaq —%(Qz)ia d(Ql)aou
j=lg=
no 1 o n 1 o
oxp { (D' A%ar [ DT Ve, Viee | { 22 T V6, Vie
Jj=1g=1 j=1gq=1
n 1
:%/GXP{_M(Q’)"MZ}GXP bl D TV je, Vi, | (QDap
j=1¢=1

n 1
+ b | D1V i, Viay | (@ap | dR(QDapdS(Q1)ap.

j=1g=1

where

by =i'l\y/nay. (2.14)

The above computations compose into the following representation of the exponent of (2.12)

1 2m 2
1 & 1 (7 LM
oo o (S +3203 ) 1= (5) T G) [ ew|-Fue]

j<k j=l Hom.1

n I
H exp {1 by Z(Ql)aﬂ H Vjog Vigy [ 401
j=1 ap q=1

(2.15)

where Ho, 1 1s the space of self-adjoint operators in End ALC?™ and d Q; is defined in (2.3).
Therefore, substitution of (2.15) into (2.12) gives us

2m n [
n —
Fom(A) = Z2m / HexP[ — S Q?] [Texp {6 > (00ep [ | Ve, Vit
j=1 w.p g=1

Hom,1 % Hpn [=l

2

RS I PR — 8

=\ 5 = 37 )i + v v 4 pdv [ dor, (2.16)
=1

where H,, is defined in (2.4) and

m 4m
g _ (1)1 () HE)
L ) b '
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Now we can expand the exponents of (2.16) into the series

exp sz > (g H Vo, Vigg — (* )azxu + MV Vi

=1 ap
2m 1 k
= exp ZZ(Qm,us,aqw,ﬁq =24 ZZ(Qz)aﬂHw,aqw,ﬁq :
=1 a8 k=1 ! =1 a.B
(2.17)

where _ _ _
Q1 =biQ1+A Qr=bQi—bl,
by =@ =27ha, by—1 =0.

The most important terms contain all 4m Grassmann variables {v;, w j s} 2|, because the
other terms become zeros after integration over Grassmann variables. Thus, expansion of
(2.17) with Lemma 6 implies

/ exp ZZ(Qz)aﬂHw,aqwmq Hdw,,dw,z

=1 a,p
_ 1 (ki + ...+ kop)! (2m)!
- ' Dk Kom
2t ot o KU Flan) ket (DR (@m)DR
kjE +
2m
X Z (/\ QAk) ijaqw]ﬂq Hdl//]ldl//ll,
a,BEbmom \s=1 ap 9=1

where only the most important terms remain. Integration over the Grassmann variables and
substitution of the result into (2.16) gives us

2m
Py =227 [ [ (42001, 0)) eXp[—Zztrle]dQldQ,
=1

Hm HZm,I

N 2m
where 01 = Q1 + 5-A = Q1 —iA, Q = (Q2,..., Q2), dQ = [[ dQ; and Agy is
=2

defined in (2.5).
Change the variables (Q1);; — (Q1);; + i and move the line of integration back to
the real axis. Similarly to the case m = 1, the Cauchy theorem yields

c@’”)( X)
Fam(A) = - exp xon, / / (A2n(Q1, Q)"

Hy, HZm.l

2m
X exp (—Z (tr(Ql +iNo)?+ D tr Q%)] e '"X0140,d0,

=2
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where C,(lzm) (X) is defined in (2.6). Let us change the variables Q1 = U*T U, where U is a
unitary operator and 7 = diag{tj}?'zl. Then d Q changes to 7™ K{Wi A(T)2dT and

C(2m) X
Fan(a) = S e Aon,] / A(T)? (A (Q1. Q)"

H,, R2m

2m 2m
X exp —g Dt +ir) + D wof / e 1 TXUTTU g1y, (U)ATd Q,
j=1 =2

U2m
(2.18)
2m
where Ko, = [] Jj!, A(T) is defined in (2.1), Uy, is the subgroup of the unitary operators
j=1
2m
in End C?", dUs,, (U) is the normalized to unity Haar measure, dT = [] dt . Transform
j=I
A (Q1, Q)
2m
GO A N\ b Qs — by )N
s=2
2m
= U B TUY A \ (UFU) (b5 Qs — b (U UY)Me,
§s=2

where [ is the identity operator. The assertion (iv) of Proposition 2 implies

2m
U*H TN A N\ (UAU) (b O — by D(UFU) )M
s=2
2m
— (U*)/\Zm ((blT)/\kl A /\(bSUAS QS(U*)/\S _ bsl)/\kS)U/Qm
s=2
2m
= OO A N\ B UN QiU = by
s=2

Change the variables Q; = (U*)N R;UM, 1 =2, 2m. Since U™ is the unitary operator ,
2

m
d Q changes to dR = [] dR;. Then (2.18) implies
=2

C(Zm)( )
Fam(A) = - exp xon, / / A(T)? (Agu (T, R))"

H,, R2m

2m 2m
X exp —g Dt +ir)* + D R} /e*"“XU*TUdUQm(U)deR,
j=1 =2 Uny
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336 Te. Afanasiev

where R = (Ry, ..., Roy).

2m 2m
n
/(Azm(T,R))”exp - Dt +ir)* + D wR} | tdR (2.19)
i j=1 =2

is a symmetric function of {t J'}?Z |- Indeed, after swapping ¢, and ¢;, and changing the

variables R; — (M* . )N R;MA-[. , where M, ;, is the unit matrix, in which rows j; and
Jij2 2 AT . .

Jo2 are swapped, the integrand in (2.19) remains unchanged. Hence, the integration over the

unitary group using the Harish—Chandra/Itsykson—Zuber formula (6.3) can be done, which

yields the assertion of Proposition 1.

3 Proof of Theorem 1

To find asymptotics of F»(A), we apply the steepest descent method to the integral represen-
tation (2.9). As usual, the key technical point of the steepest descent method is to choose a
good contour of integration (in our case it is 3 dimension space of (#1, #2, s5)), which contains
the stationary point (¢], #3', s*) of f and then to prove that for any (1, f,, s) in our “contour”

Rf@, 0,8) <RFE, 15, 8%). 3.1

Let us introduce the function 4, : RS — R

11—«

2 2
1
ha(t1, 12,5, b3, 30) = - | log A — Dt —st— ( ) b3 —2a(l—a)rd |, (32
j=1

where 5
A = (bys — iy +a23)” + 223 (11 + 1) 3.3)

Then N f at our “contour” (which is defined further) has the form

1(1—a)?
Rf (T, ) = ha(hn, N2, s, b2, 20) + 5 ( - ) b3 + (1 — a)rl
for some «. To prove (3.1), we use the following lemma.

Lemma 1 Let hy be defined by (3.2) and (3.3). Then for every a € [1/2, 1), t1, t2, s, b2,
Ao € R the following inequality holds

1 2
ha(t1. 12, 5.2, %0) < —log [—— ) —1 (3.4)
2 l—«

Moreover; the equality holds if and only if at least one of the following conditions is satisfied

@) a=1/2, 1) = —th = £/4 —4b3 — )2/2, s = by,

b)) a=1/2,1=0== 4—4b§—)%/2, s = —by, barg = 0
© t=h=0s5s=b=2 ol —apd+(=2)° B =1;

a

@ t1=n=0s=—-b% by=2%, 2 =0.

l—a’
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Proof Rewrite the inequality (3.4) in the form

- 1
log —— A2 41 < 5(rf +1 + 52+ d? +2a(1 - @)4f),
o

where d = lTT“bz. Since

- |-
log ——2Al2 < 272412y, (3.5)
o (07

it is sufficient to prove

11—\’ 1
( “) A<y (242 +52+d+2a(1 —a)2)’. (3.6)
o

Recalling (3.3), we have

1—a\? 1—a\?
( ) A:szdz—i—(?) tlztzz—l—az(l—a)zké

o

1l—«o
-2

sdtity + 2a(1 — a)Agsd + (1 — a)? A5 (1] — 13).

(3.6) is transformed into

1—a)? 1—
s2d% + (J) 112122 -2 asdtltz + 20(1 — O!))\%Sd
o o

1 1
+ (=G0 =) < @+ + (7 +d?)?
1
+ 5(rf + (% +dH) +a(l —a) 3@ +13) +a(l —a)rd(s® +d%).

The last inequality is the sum of following obvious inequalities

(1 —a)2 37 —13) < a(l — a3 (17 +13), (3.7)
1
std? < 2 (7 +dY?, (3.8)
1—a)’ 1
( a) g <t < Z(tl2 +13)%, (3.9)
o

|-« L oo 2.2 2
-2 - sdtitr <2lsdtinr] < 5([1 + )+ dY), (3.10)
2a(1 —a)rjsd < a(l — a)Af(s® +d?). (3.11)

It remains to determine conditions when the equality in (3.4) holds. It holds if and only
if the equalities in (3.5), (3.7)—=(3.11) hold. Let (n’) denotes the corresponding equality for
inequality (n). Then

(B5) e A=Y (.12)
l—«o

(3.8") & 5% =d?,
(3.9) =} =13.
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Everywhere below until the end of the proof we assume that s> = d> and z‘l2 = t22. Then

, (o =1/2;
3.7 & | oty = 0;
, (o =1/2;
GN e | o,
i o= 1/2,
(3.10) & | |sdy, <O0:
| s =0;
, [sd > 0;
Gl e |5 2y

Let us consider the following cases
1. 1 =0.
1.1 Ag = 0. Then (3.12) is transformed into (bs5)? = (ﬁ)2 Since s = d?, we get
by = +1%; that implies (d).
1.2 sd > 0. Then (3.12) is equivalent to a2k(2) + ib% = 1=, that implies (c).

1
o
2.0 #£0=a=1/2.

2.1 s = 0. Hence, (3.12) is transformed into k(z) /4 + t12 = 1 that implies (b).
22 s #0=dstir <O.
2.2.1 sd > 0. Then (3.12) is transformed into A3/4 + b3 + t = 1. Condition (a) is
satisfied.
2.2.2 sd < 0= Ay = 0. Then (3.12) is transformed into b% + 1‘12 = 1. Condition (b)
is satisfied.

Finally, it is easy to check that the values of i, at the points satisfying (a)—(d) are equal
to the r.h.s. of (3.4). ]

Now we are ready to prove Theorem 1. We start from the lemma

Lemma 2 Let all conditions of Theorem 1 are hold and Ao € (A«(p), Ax(p)). Then F>(A)
satisfies the asymptotic relation

F>(A) = 2nexp {n(§ + b3 — 2)/2 + ho(x1 + x2)/2}

sin((x] — x2),/4 — 4b% — 22/2)
o xzx - 2 =M/ (1 +o(1)). (.13)
1 — X2

where by is defined in (2.14).

Proof Set
(=17 > .2
=S4 — 4b} — a3
T — diag {r;;, rj} —ihAg)2, (3.14)

where n,v =1, 2.
Consider the contour 3t; = 3t = —10/2, s € R. It contains the points (] —ilo/2,t; —
iAo/2, b2) and (t5 —iAo/2, t{ —iro/2, b2), which are the stationary points of f. The contour
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may contain another stationary points of f, but this fact does not affect the proof, except the
case Ao = 0 for which the points (¢]", #{', —b2) and (13, t5, —b>) are also under consideration.
First, consider the case Ao # 0.

Shift the variables #,, — 1, — ilo/2 in (2.9) and restrict the integration domain by

Bg = {(t1. . 5) € R : max{|n1]. |2, 5|} < R}.

Then
i ph0(X1+x2)/2 (i
F(A) = CoX) [ (1, 5)™ (T=3805) 4745 4 0. 1 = oo,
(x1 —x2)
Bg
(3.15)
where f is defined in (2.10) and
2
g(T.5) = (1 —t)exp { —i D xyty
n=1
Then it is easy to see, that for n # v
1 1
P by = 563 + 3G — 1.
(t —iro/2)* + 1 b3 —by(tF —iro/2)
FITM™ by = — [ 3 (17 —io/2% + 1 —ba(rf —ido/2) | ;

—ba (1 —ido/2) —ba(t} —iro/2) b3 +1
det f"(T{™) by) = —(4 — 4b% — 33) < —(u(p)? = 2D

(69> = 25/4+ 1 b3 —bat}
RfT by) = — [ B3 )2 —23/4+1 byt | ;
~bat} byt b3+ 1

det R 1" (T by) = — (1 — A2 /4) (4 — 4b3 — 32) < —(hu(p)? — 2D)2/4,

where T*("V) is defined in (3.14).
Note that

i 1 1
Nf (T - EAO, S) = h12(t1, 12,8, b2, ho) + Eb% + EK%,

where h,, is defined in (3.2). According to Lemma 1, i f (T — %Ao, s), as a function of real
variables #1, £2, s, attains its maximum at (7", b>). Hence, %t f”(T\"", b») is nonpositive,
but since det R £ (™, by) < 0, R (T, by) is negative definite.

Let Vn("v) be an—1/? log n-neighborhood of the point (T*(']U), by) and let V,, everywhere
below denote the union of such neighborhoods of the stationary points under consideration,
unless otherwise stated. Then for (7', s) ¢ V,, and sufficiently large n we have

KT, by) — Rf (T - %Ao, s)

: : " (nv) " i 10g2 n
> min ~ min Nf(T" 7, b)) —Nf|T — EAO’ s >C ,
TV (1§ h0.s)eav,"” n

Thus we can restrict the integration domain by V,.
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Setg = (t1, 12, 5), ¢* = (t,’;‘, t), ba). Then expanding f and g by the Taylor formula and
changing the variables ¢ — n~'/%q + ¢*, we get
i exp{n(Ag + b3 —2)/2 + Ao(x1 + x2)/2}
(x1 — x2)

Fa(A) = n32Ch(X) -

1
x| 2 gOT™ by) exp [qu”(nf"”% bz)qT] dg +o(1)

n;év[_ logn,logn]3

This is true because g(N T*("V), by) # 0. Performing the Gaussian integration, we obtain

2\ 32 i exp [n(A(z)+b§—2)/2+)»o(X1 +x2)/2]
FQ(A) = (7) Cn(X) .
(x1 — x2)
X(ngmf"”), by)det™ 2 (— f"(T{™, b)) + o(l)). (3.16)
n#Ev
Since

g(.‘ﬁT*(nU), b2) — ZIJE_H;;(X]_XZ)a n # v,

and C,, has the form (2.13), we have (3.13).

If o = 0, then repeating the above steps, we obtain the formula similar to (3.16). The
only difference is that there are two more terms (i.e. there are as many terms as stationary
points) in the sum. Since g is zero at the points with #; = f», we have exactly (3.16) and
hence the asymptotic equality (3.13) is also valid. O

The assertion (i) of the theorem follows immediately from Lemma 2.

Lemma 3 Let all conditions of Theorem 1 are hold and k(z] >4 — 4b§ + & for some ¢ > 0.
Then F>(A) satisfies the asymptotic relations

@) for o #0

o’ exp {n;\\—i- (1 —a)ro(xy +x2)}

F)(A) = 1+ o(1)), 3.17
X = o T —al =G —2apyn TOW) G4
where o and A satisfy
2 AN 2
ae(1/2,1), ad—-—a)rg+|——) b7 —1=0, (3.18)
o

-~ . l—«

A=f (—lOlA(), bz) . (3.19)
o
(ii) forig =0
/2 b3

Proof Choose Jt; = Jta = —akp, s € R as the good contour with the stationary point

(—i(xko, —iakg, 'jTabz), where « satisfies (3.18). Existence and uniqueness of such « follow
from the fact that the Lh.s. of (3.18) is a monotone decreasing function of « whose values at
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o = 1/2 and @ = 1 have different signs. Everywhere below we assume that « is a solution
of (3.18).

If Ao = 0, we have two stationary points at the contour—(0, 0, 1).

Consider the case Ay > ¢. Shifting the variables 1; — ; — ia)o, similarly to (3.15) we
get

je(1=®ro(x1+x2) T—iaA R2/4
F>(A) :cn(X)W/g(T, s)e T=iebo)grgs + 0K/, (3.21)
Bg
It is easy to check that
l—«a 1(1-a)>
f(—iaAo, by ) = 5( - ) b3+ (1 —a)A%+log1 —-1; (322

- (-3 (2202 ibngl=el

l -«
£ (—i(xAO, " b2) = — (%Ol)‘ b% 1—1- a)Z)\(Z) in)\O(l_aa)z :

. —a)? . —a)? —a\2
lbz)»()i(l oza) lbz)\()i(l aoz) 1+b% (IJ)

o
2a — 1 1—a)?
- aaz (a(l—a)(2a—1)xé+2b§ (T"‘) )<o;

det f//(—l()ll\(], by
(3.23)
2a —1 1—a)?
det‘)tf//(—loon, abz =— ozz (l—i-b%( Ol) )
o o
2 11—« 2
x (a(l — @)@ — )22 + b3 <0.
o
In addition,
2
. 1 l—« 2 2
Rf(T —ialo,s) =ho(t1, 2,5, b2, Ao) + S\ by + (1 — a)A
o
with iy of (3.2). So, similarly to the proof of Lemma 2 one can write
[ A+ (=20 (x14x2)
Fa(A) = Cu(X)
(x1 — x2)
x ( / o(T, )"V T=iaro)=R g 4 0 (e*C 1082”) ) (3.24)

Va

where V,, = U,-17210g, ((0, 15%b2)) and A is defined in (3.19).
Repeating the argument of Lemma 2, we get

iexp{nA + (1 — a)ro(x] + x2)}

F>(A) = n2Cp(X) - (1+o0(1))
(x1 — x2)
1 1—
< Gl ) ) e (05 ) )
—logn,logn]?

Xen(f(T_mAO’s)_A)dq,
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where (-, -) denotes the scalar product in R3. The first integral is zero, because f is asymmetric

d
_% (0, ITTO‘bz) = 1. Expanding

. . 0g 1—
with respect to #; and 1, function and — (0, —=%by) =
P ! 2 atq ( o 2) ot

the exponent into the Taylor series, we obtain

Fa(A) = n=52C, (x) . LexplnA+ (A meddolur +xa)} )
(x1 —x2)

1 1— 1 1—
X / —qg” (O, abz) g7 exp [qu” (—iaAo, abz) qT] dq.
2 o 2 o
R3

(3.25)

It is easy to see that

l—« —2ixy i(x;1 —x2) 0
g// (0, bz) = i(X1 - X2) ZiXZ 0
« 0 0 0

Computing the integral in (3.25), we have (3.17).

If .\ =0, thena = 5 zbil . As it was mentioned above, in this case there are two stationary
points at the contour. The asymptotics of the integral (3.21) in the neighborhood of the second
stationary point (i.e. (0, 0, —1)) is computed by the same way as above. (3.17) is transformed

into (3.20). O

The assertion (ii) follows from (3.17) and (3.20).
Now we proceed to the proof of agreement between cases (i) and (ii) of Theorem 1.

Lemma 4 Let all conditions of Theorem 1 are hold and k(z) =4 - 4b§ — &, 6p — 0. Then
F>(A) satisfies the asymptotic relation

Fr(A) =Y, exp{n(2 — 3b% —6n)/2 4+ Xo(x1 + x2)/2}(1 4+ o(1)). (3.26)
where
n(S,i/z, if 8, > 0, n85 — 00;
Y, =1 Cn’/4, if n82 — const;

C(=8,)732, if 8, <0,n8> — o0.

Proof Consider the case §, > 0. Choose the same contour as in the proof of Lemma 2.
Stationary points are also the same.
Change of the variables T = t; + 1, 0 = t] — 1, gives us

jero(x1+x2) . -
Fry(A) = Cp(X)——— ae*l((x1+x2)f+(xl*Xz)ﬂ)/Ze”f(fﬁqf)d.[dads,
2(x1 — x2)
R3
where f(r, o,s)= f(T,s). Set

= —ikg;

of =1} — i, = (=)"\/4 —4b} — 22 = (~1)"5,/%.

It is easy to see that
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7 3 1
F&* b = 1= 503 = 5
Bi+8,/4  (—D)7irgdy /4 ibyro/2
Fr@ oy by =~ (- D)7iro8, > /4 8,/4 (=182 2 |
ibako/2 (—1)b28,% /2 b3 +1
det fw(f*v UJ, by) = —6,/4;
PE
0*f (GROKARINY
33(‘[» n,b)_Ta (8 _3)
4
' 3
a 4(7: O—n’b2)__1'

Let us choose V,, as a union of the products of the neighborhoods of t*, o, b, and
¥, 05, by such that the radii of the neighborhoods corresponding to 7 and s are equal to
log n/+/n, whereas the radius of the neighborhood corresponding to o is equal to log 1n//n8,,,
if mS,% — 00, and to log n/n'/* otherwise. Similarly to the proof of Lemma 2 it can be proved
that for (7, o, 5) ¢ V, and sufficiently big n

RF(c*, 0* by) — N F clog’n 32
- L0y b2) = Nf (T 008) 2 C——, (3.27)

Let n82 — oo. Then by the same way as before, with the only one distinction that the
change of the variable o is 0 — (n8,) V%o + a;‘, we obtain

i exp{n(2 —3b3 — 8,)/2 + Ao(x1 + x2)/2} (1 +o(1))

Fa(A) = n32C(X) -

2(x1 — x2)
2
> / (( D +iGn — x5, Bf)
77:l[—logn,lognl3
149 (x,0,5)
e’/ dtdods, (3.28)

where A(F ) is a quadratic form, defined by the matrix, which is obtained from f "(t*, a,;", by)

by dividing by 8,1,/ % of all numbers in the second line and the second column, i.e.
A;Z])(t, 0.5) = (1.8, %0, 9) [ (¥, 0, bo) (. 8, o 5)T.

Therefore we have (3.26).
Now let n82 — 0. Then, changing the variables o = &, we get

ero(xi+x2)
Fr(A) = C,,(X)i) / da/sm((xl — )G [2)e I F T2 n (NG ) g1 g

Let V,, be a product of the ligf" -neighborhoods of 0 and b,. Then we can shift the variable

T — 7 — i} and in view of (3.27) restrict the integration domain by [0, lof/;"] x Vy
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10g2n
ero(x1+x2)/2 v _
Fy(A) = Cu(x) / (1 + o(1))dé
2(x1 — x2) )

x/sin((x1 —xz)«/g/Z)ef"(xl+x2)r/ze”f(f7i}‘0"/g"?)drds.

Va

Expanding f and sin by the Taylor formulanear (—i g, 0, b>) and O respectively and changing

the variables T — n= V27,6 - n= V25,5 — n=Y25 + by, we have

_2p2 _
Fy(A) = n=32c, (x) P2 = 353 = 80)/2 F hoxt + 32)/2)

2(x1 — x2)
log?n f
B 6 1B.r6.
* /(1+0(1))d‘7 / (xl—xz)zf/ﬁewf(w”dfd& (3.29)
0 [—logn, logn]?

where B ; is a quadratic form defined by the matrix

92 f 1 3F 9%f . .

9c2 2397002 9tds b3 iro/8 ibako/2

1 3f 1 9*f 1 #F o .

1oL L L | (=ike.0.b2) = irg/8 1/16 by/4 +o(1)P,
P2F 1 8 F F ibyro/2 ba/4 1+ b3

dtds 2 9o29s  9s2

where all entries of the matrix P are units. Performing the Gaussian integration, we obtain

2r Cu(X
Fa(A) = ’13% 4\4(/’;) cexp{n(2 — 3b3 — 8,)/2 + Ao(x1 + x2)/2}

+o00 <9
/ V& exp [—(3’—2] d& (1 + o(1))
0

that imply (3.26).

If nzSg —> const, then there is a certain third power polynomial instead of B ; in the last
exponent in (3.29). Thus, the asymptotics of F;(A) differs from (3.26) only by multiplicative
n-independent constant, which is absorbed by C in Y,,. For negative §,, if né,% — 0, all the
changes in equations appear in multiplication by factors which are equal to 1 +0(1), so (3.26)
is unchanged . If n(Srzl — 00, then the combination of the argument of the case §, > 0 and of
Lemma 3 causes some changes in (3.28) and implies Y, = C(=8,)73/?in (3.26). ]

4 Proof of Theorem 2

As in the case of Theorem 1, the proof of Theorem 2 is based on the application of the steepest
descent method to the integral representation of F»,, obtained in Sect. 2. For this end a “good
contour” and stationary points of f>,,, defined in (2.8), have to be chosen. We start from the
choice of stationary points.
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If p = n and hence b; = by, = 0,1 > 1, the proper stationary points are

* r* .
tj:t.,-Z[ —_ ,j=12m, R =0,

_t*
where |
. 2
= 3 (—l)»o+\/4—)\0) .
Set
T = diag(t}}7",. 4.1)
b = (b27 "'7b2m754356»"'752m)‘
Since
(Aow(T. R) f3,,(T, B))'| /7
R=0
b=0

—1 4 2 -2
= (=)™ ! diag {1 + t;" R t;m A T e(zztiz)_4m2_1], ej = lor2
is nondegenerate for Ao € (=2, 2), for sufficiently small b there exists the unique solution
T =T®), R=R(D) (4.2)
of the equation
Aon (T, R) 3, (T, R) =0 (4.3)

such that 7'(0) = T, R(0) = 0, and the solution continuously depends on b and 1y. When
p — 00, (2.11) and (2.14) yield b — 0. Therefore, the solutions (4.2) are the required
stationary points.

Lemma 5 The solution (4.2) also has the following properties
(1) Tj,j,(B) = Tj,j,(0), Tiyk (0) = Tioiy (b) for all ju, jo € Iy, ki, ko € I, where I}, =
Ui =) I ={j, 1] = =17}
@) (RDap(b) = 0,1 =2, 2m, a # B.
Proof Let
7T = diag{tz(j)}, TR= TRy, ..., TRum), 7 € Som,

where 7 R; is the such matrix that (7 R;)eg = (R})a, g, » multi-index 7 (o) contains numbers
w(wy), ..., w(oy) sorted by increasing and S»,, is the group of permutations of length 2m.
Then V€ So fom(xT,7R) = fo,(T, R). So, it is sufficiently to proof the lemma for
those stationary points, for which{' = ... =t/ = -t/ | = ... = —g =1r*.

We are going to prove that there exists the solution of (4.3) that satisfies conditions (1)
and (2) and T (0) = T, R(0) = 0. It is equivalent to existence of the solution of the system

a
Ao (T, R)ngm(Ta R)=0, j=12m; 4.4)
J

ad _
A T,R)—— T,R)=0, el ,1=2,2m,
2m ( )3(Rz)aa Sam ( ) o 2m,l m

where T and R satisfy (1) and (2), with respect to the variables 71, f2, (R)qe- Since the
derivative of the 1.h.s. of the system at T = T, R = 0, b = 0 is nondegenerate, there exists
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the solution of it. In view of uniqueness of the solution of (4.3), the solution of (4.4) coincides
with (4.2). O

The next step is the choice of the “contour” (in this case it is a d»,,-dimensional manifold,

doy = ((g::’l) — 4m? — 1 4 2m)). For each variable we consider some contour and the

required manifold MZm will be the product of these contours. Fix some variable. Order the
corresponding components of the stationary points by increasing of the real part (if real parts
are equal, order by increasing of the imaginary part). Then the contour is a polygonal chain
that connect points by the order described above. Infinite segments of the polygonal chain
are parallel to the real axis and directed from the first point to the left and from the last point
to the right.

The Cauchy theorem and (2.7) imply

5 2m
P2 exp Y ho . xj
-
/ / gom (T TR GT 4R,

Fom(A) = CP™(X)

Fan(A) = CP™ (X)

A(X)
MZm
where
2m
g (T) = A(T)exp 1 —i > x;t;
j=1
Moreover,
5 2m
i Mexpiho > xj
i=1
d / gom (T TR GTaR + r(n, N) |,

A(X)

Mgll
where
M3, = {¢ € Man 191l < N,
|r(n, N)| < Ce_”N2/4, N — oo,
Let ¢ > 0 be an arbitrary positive number. Then, since (7 (b), R(b)) —> (T, 0), for
n—oQ

sufficiently big n and for every (T, R) € A;IZA,; we have

o, (mT - %Ao, ?HR) — R 3, (T. R)‘ <&

where f3, (T, R) = fou(T, R)|p=0. Also, fou(T, R) = f5, (T, R),n — o0, (T, R) € K
for any compact set K. Hence, for sufficiently big n

R fom(T. R) — R fo, (T, R)| <&, (T.R) e MY,

Consider the point (Z’O,RO) € Mgn such that RT0 = mi RRY = 0. Then
R fom (T, R%) > % £y (T, 0) — 2¢. Thus,

max R fon (T, R) > R far, (T, 0) — 26 = max o (T, 0) — 2.
IT=Ao

T,RyeMY
(T.R)eMy, 9t | <N
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Therefore, if % fo,,(T', RY) = max R fo,, (T, R), then
(T,RyeM)

(T'.R") ¢ {(T, R) € MY |9 fo (T, R) > R f2 (T, 0) — 25}

C {(T, R) € MY |RfY (RT — %Ao, RR) > Rfy (T,0) — 48].

So, it is evident, that (T, R') — (T, 0), n — oo for certain T of the form (4.1).
Let V,(T(b), R(b)) be the neighborhood of the stationary point (7 (b), R(b)), which

contains the corresponding maximum point of N f>, with its ki/g;:l -neighborhood, and

diam V,,(T (b), R(b)) — 0. It can be assumed that the union of these neighborhoods is
invariant for map (7, R) — (& T, m R) for every = € S;,. Then, by the same reasons as in
the proof of Theorem 1, we can restrict the integration domain by the union of the neighbor-
hoods V,,. Shifting the variables T — T + JT(b), R — R + IR(b) in each neighborhood
and expanding g»,, by the Taylor formula, we get

2 2m
2" Mexpiho > X
j=1
Fom(A) = CP™(X)

AX) (1+o(1))

x S efan(T6).R®) / S D, (T b))

V(T (b), R(b)) || <2m(m—1)

(2m(m—1)) 1 fom (T+3T (b), RAIR (D))
+rin (T)) 2 dTdR, (4.5)
where the summation is over all stationary points under consideration and

Va(T (b), R(b)) = Vo (T (b), R(b)) — S(T(b), R(D));

82m
J

The number of terms of the Taylor series in (4.5) is the minimal number that allows us to
obtain nonzero asymptotics.

Fix some stationary point (7 (b), R(b)) and some multi-index «. Let B < o be a multi-
index with B8, = B, forsome ji # j2, j1,j2 € [y orji, o € I, where 8 <a & VjB; <
a;. Then

2m

/ D PAT)DP exp { —i D" x;t

j=1

tOt

. T=T(b)
V(T (b),R(b))

2m
+ DY PAT)DP exp {—i > xjt
j=1

18 | o THITB).RSRO) gT 4 R = 0,
T=T(b)

where & is the multi-index, which is obtained by swapping o, and o, in o. Hence, in the
sum in (4.5) only the summands with |¢| = 2m(m — 1) remain.
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Changing the variables T — n~'/2T, R — n~'/?R, we get

2m

i2m*=m exp (Ao > xj]
j=1 .
d (I+o(1)> [enfm(T(b),R(b))

Fan(A) = n= B 2C2M (X)

A(X)
1
<[ (e Y Dt D) (ﬁr))
V(T (b),R(b)) ler|=2m(m—1)
1 " T r6(Q)
- T(b), R 14+ 2 4.
xeXP[zqum( (D), R(b))q ]( + NG )dq], (4.6)

where ¢ is a vector which consists of all integration variables,dg = dTdR,V, (T (b), R(D)) =

V(T (b), R(b)) and [rs(q)] < C 3 Iq; .
J
(4.4) implies that, as n — oo,

(RD)aa = 0(b2), 1 =3,2m;

by
R aa = —_—— + b 5
Ro)ae = o O T @ T 22

@m — x(GNT;;0) + x() -1

Tjj () = Tj;(0) = T;;(0) + T;;(0)5

b3+ o(b3),

where
()_ #I+, ifj€I+;
A TR
Therefore,
mo L M@=A) 5
N fom (T (b), R(b)) = (=" + x(j)(2m — x(j)) - sz +o(b3).

Thus, the value of the R f>,,, at the stationary points of the form (4.2) with #1; = m is greater
than that at the other stationary points of such a form for Ag € (-2, 2)\{0}. For 19 = 0 the
values of the N f>,, at the stationary points are equal, because (4.2) continuously depends on
Ao. This yields that the sum in (4.6) may be restricted to the sum only over the stationary
points with #/ = m (for Ao = O the other summands have the less order of n). We have

j=1

5 2m
i M exp i ho > x;

FZ]n (A) — n7d2m/27m(m71)cr(12m) (X)

AX) (1+o(1))

% Z " fom (T (1), R(b)) Z D go (T (b))1*

#1=m la|=2m(m—1)

R%m

1
X exp [ECIfz/;n(T(b), R(b))qT] dgq
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Consider the term with 7, = {1, 2, ..., m}. The Gaussian integration gives us

2m
w2 Am2—om A1, o X)) AKX 1, - X2m) mn Xo '
Cn™ i exp 7()\0—2)4—721)(]
]:

A(X)
iJ4—25

xexp = D) =) | (14 0(1) = Cn™ (=)D
j=1

[ iJa—13 m ]
expq—

7 2, (X = X)) B 2m
i=1 mn
x _ exp 7@5—2”702%‘ (1+o(1)),
im T1 G — Xmsk) =1

J-k=1

where C is some real n-independent constant.
On the other hand,

el TPse(h0)(Xj—Xmik) _ p—i7Psc(R0) (Xj—Xm-tk) "
det ( )
Xji—X
Jj m+-k k=l

Qimpse (Ao A1, oo, X)) AKXt 15 -+ 5 X2m)

Som(X) =

)

where S’zm is defined in (1.7) and pj. is defined in (1.4). The determinant in the Lh.s. is the

m
sum of exp {in,osc(ko) > ejxj} over all collections {¢;}, which consist of m elements +1
=1

j
and m elements —1, with certain coefficients. Since (see [19, Problem 7.3])

Hk(uj —up)(vj — vg)
(_l)m(mfl)/21<

1 m
m = det ( ] ,
uij—Uv .
[T ()=o) 7T ke
k=1

m
the coefficient under exp { — impsc(o) D (Xj — X j)} is

j=1
] m
det ‘i]
()Cm+j — )Ck) k=1 (_l)m(m+l)/2
2i 7 05 (M) AL, + v oy X)) AKXt Ly« v s Xom)  m m ’
( Psc(A0)) (x1 m) A (X1 2m) Qinpse(ho))™ H (Xj — Xmtk)
jok=1
The other coefficients can be computed by the same way. Therefore,
2 mn Ao m
Fon(A) = Cn™ exp 7@3 -2)+ ?le’ Som(X)(1 + o(1).
j=

The assertion of the theorem follows.
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5 Proof of Theorem 3

In this section we consider the case p — o0. As in the proof of Lemma 3, the good contour
is 31 = It = —arp, s € R with the stationary point (—iako, —iaAg, ITT“bQ), where «
satisfies (3.18).

Set B = 2« — 1. Then (3.18) transforms to b, = B(1 + 8)(1 — B)~', and hence B =
\/%(1 + o(1)). Substitution of Ay = +2, a = # and by = (1 + B)(1 — B)~'in (3.22)
and (3.23) yields

| B2+ B) BH(1 = B)(1+B)~! £if(1 - B)
f”(—iaAo, b2)=— BX(1—B)(1+ B~ B2+ B) +iB(1—B) |:
+iB(1 — B) +iB(1 — B) 1+ 82
detf”(—' A I_Jb)——i-(Z—(lJrﬂ)(l—ﬁ)(Z—ﬂ))
R T ) T T
_ 41428 -89
- (1+p2

In addition,

Bf (. l—« o ;
—5 | —iado, by ) = —2isign(hp)(1 — B)°.
Btj o

If (i) % — 00, then V,, is chosen as a product of the neighborhoods of 0, 0, and leabz

such that the radius of the corresponding to #; and #, neighborhoods is lj}%, but the radius

of the corresponding to s neighborhood is k:ff’. We have (3.24).

n
Change of variables T — (nB)~'/?T,s — n~1/2s+ %bz and repeating of the argument
of the proof of Lemma 3 yield

F2I +n~23X) = Cpexp{nA + n'ro(x1 + x2)/2}(1 + o(1)),

where C is some absolute constant and A = f (—iaAg, =2by).
The assertion (i) follows.
2/3
Let now (ii) % — c¢. Chose V,, the same as in the case (i), but the radius of the

neighborhoods corresponding to #; and 1, is 1(13%1. Then (3.24) is also valid.

The Cauchy theorem implies

- nA+2n'3(1—a)(x1+x2)

Bl +n73X) = (0 1 / g(T, 5)e"/ T2l =D g7 g
n/3(x — x2)

n

+0 (e—Clogzn)

where the integration domain over s is not changed, but the ones over ¢; become {|z| <
n~3logn | argz = —mw/6 or argz = —57/6}.
Changing the variables 7 — n BT, s — n=1/2g 4+ l;—"‘bz, we obtain
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. n 131 _
P21 4+ n_2/3X) _ n_”/6C,,(X) K exp{nA +2n"/°(1 — a)(x; + x2)}

(I+o(D)

(x1 —x2)
R 2 .
x/e*#szds / (tl—rz)exp[—Z(%(l—ﬂ)%}
R yxy j=1
+ (2"‘\/‘;)«/51‘]2 +intj) ]dT

where
y ={argz = —m/6 or argz = —51/6}.

Change of the variables 7; = t; + i+/2c and using of the Cauchy theorem gives us

ey iexp{nA + 2n'3(1 — a) + V20)(x1 + x2)}

RQ2I+n"3Xx)=C (1 +o(1))
(x1 —x2)
2 /i
X / (t1 —m)exp§— Z (5113 +ilx;+ ZC)Tj) dtidr,
j=1

Y Xy

where C is some absolute constant. Taking into account (1.8) and (2.13), we get

F,Q2I +n2Bx) = cn?3 exp [n;{\—i- (2n1/3(1 — o)+ \/%)(xl —|—x2)]
X A(x1 4+ 2¢, x0 +2¢)(1 + 0(1)).

which completes the proof of the assertion (ii).
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Appendix
Grassmann Variables

Consider the set of formal variables {v/;, W j };?Z] which satisfy the anticommutation relations

Yivk Ul =0k + U = 0 + U v = 0.

This set generates a graded algebra .4, which is called the Grassmann algebra. Taking into
account that 2 = E? = 0, we have that all elements of A are polynomials of {1, W j };?:1.
We can also define functions of Grassmann variables. Let x be an element of A and f be
any analytical function. By f(x) we mean the element of A obtained by substituting x — zo
in the Taylor series of f near zg, where z is a free term of x. Since y — zg is a polynomial
of {yj, ¥ j}7:1 with zero free term, there exists / € N such that (x — z9)! = 0, and hence
the series terminates after a finite number of terms.

The integral over the Grassmann variables is a linear functional, defined on the basis by

the relations
[avi= =0 [vav;= [Favi=1.
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A multiple integral is defined to be the repeated integral. Moreover “differentials”
{dyj, dyr j}'}=1 anticommute with each other and with {v/;, ¥ j}’}zl.Hence for a function f

n

j=1 j=1

The use of Grassmann variables for computing averages of determinants rests on the
following identity, valid for any n x n matrix A:

/exp[ -> @A,kw] [Tdv;av; = detA. (6.1)
j=1

k=1

The one more identity is the Hubbard-Stratonovich transformation

)2 a 242
eV = /eZaxy asx dx,
N

eyt — a2/eay(u+iv)+at(u—iv)—azuz—azvzdudv. (62)
b4
which valid for any complex numbers y, ¢ and any positive number a. The identities (6.2)
also hold when y, ¢ are arbitrary even Grassmann variables (i.e. sums of the products of even
number of Grassmann variables). For even Grassmann variables the formulas can be proved
by Taylor-expanding e2¢*Y and e®“+iv)+at(u=iv) jntg the series and integrating each term.

The properties explained so far suffice to obtain the integral representation for F5,,, m =
1, whereas the general case m > 1 requires some additional preliminaries, pertaining to
antisymmetric tensor products. Further details about antisymmetric tensor products may be
found in [30, Chapter 8.4].

Grassmann Variables and the Exterior Product

The exterior product of vectors is well-known, as well as the exterior product of alternating
multilinear forms (see [30]). However, to prove Proposition 1 we need the exterior product
of alternating operators. Define it as following. Let A be a linear operator on AYC" and B
be a linear operator on A”C". Then the exterior product A A B is the restriction of the linear
operator Alt o(A ® B) on the A9+ C". Here Alt is the operator of the alternation, i.e.,

1
Ali(r) = > senmfr(t), te AV,

T weSk

where Sy is the group of permutations of length k; sgn  is the sign of permutation 7; fr
is the canonical automorphism of V® which carries v] ® ... ® v to Vr(1) ® ... @ VUr(k)s
v; € V; V is some finite-dimensional linear space. Note, that for A € End V the exterior
product A A A coincides with the well-known second exterior power of linear operator A.

Fix some basis {e; }’]’.:1 of C". Let A € End AKC" and o, B € I, k., where I, i is defined
in (2.2). By Aqpg we denote the corresponding entry of the matrix of A in the basis {eq; A
oo Neg, a € 1 i)

To obtain the integral representation for F»,, we use the lemma:
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Lemma 6 Let A and B be linear operators on A1C" and A" C" respectively. Then

> AaﬂHw%wﬂ, > Byany,wa

a,Bely 4 V. 0€lnr
q+r
g+r -
~("7) X @nmi [T,
9 o, BELl g+r Jj=1

Proof Let S, , be the set of such € S, 4, that satisfy inequalities (1) < ... < w(g) and

n(g+1) <...<m(g+r). Then

> Aaﬂl—[wa,wﬁj > Bysl‘[wy,ws

O‘,BEInq V‘SEIIH
q+r
= 3 semsmoan B [[ T v
a,BEly g+r T,0€8, r Jj=1
where
A = (Ax (1), - - -+ A (gtr))s
/
a = (ag,...,aq) € I 4,
= (‘xq+ly ey aq+r) € In,r~
On the other hand,

1
(A®B)(eg Negr) = (A® B)(m > senofalep ® eﬂu))

’ O’ESq+V

_( +r)'( ® )( Z sgnofg(eﬂ/(g)elgu))

0ESyr

qlr!

a€lyy “0ESy
yElr

where eg = eq; A... A €Cays 0 € Iy g.
Hence,

Ir!
Alt((A ® B)(eﬂ/ A eﬁ”)) = (qq+ r)‘ Z ( Z sgn O'Aaﬂ(’, B},ﬁ{/}/)ea N €y
’ 0ESyr

a€ly g
yEIH r

'r'

(6]+r)‘ Z Z sgnoAa ﬂ/ ol Bl €al, N €qlt

a€ly gir T,0ESy r

'r'

T g+ 2. 2 senaseno ey Bupen Ao

a€ly g4r T,0E€Sy r
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Thus,
q'r!
(AN B)pg = m Z sgnm sgno Ay g By gy,
T,0E€Sy
which completes the proof of the lemma. O

We also need some properties of the exterior product of the operators.

Proposition 2 Let Aj € End A% C", j = 1,k, and B € End C". Then

(i) Aty ANAy = Ar) AAy;
(ii) (A1 A A2) AN Az = Ay A (A A A3z);

k k
(iii) N\ A; = (Alto ® Aj)
j=1 j=1

rver’
k k k k

(iv) N\ 4B = ( A Aj)B" and N BrIA; = B A Aj);
J= J= J= J=

k
whereq = . qj, B =B A...AB.

=
4 g times

Proof Assertions (i) and (ii) follow from Lemma 1 and from Grassmann variables multipli-
cation’s anticommutativity and associativity.
(ii1) Consider the case k = 3.
Al NAy ANA3 =Alto((I 0 A)) ® (Alto(A; ® A3)))
=Alto(I ® Alt) 0 (A] ® Ay ® A3) = Alto(A] ® Ar ® A3),
where [ is the identity operator.

The general case follows from the induction.
(iv) By definition, we have

k k
J\ B A; = Alto(R) B I A;.
j=1 j=1
Consider (AltoB®%)(1; @ ... ® vg;), v € C"

(AltoB®U) (11 ® ... ® vy)) = — D sgnmfx(Bvi ®...® Bug;)

: meSy;

= — ngnnan(l)@).--@an(qj)

TESy;

= 7 2 T B (@ @)
;!

TESy;

(B%9i 0 Al) (v ® ... ® g, ).

Therefore, Alt o B®9/ = B®4j o Alt, in particular, B9/ = B®4j |qu cn- Thus,
k k k
/\ B A; = Alto(X) B2 Aj = AltoB® o (®A,)
j=1 j=1 j=1
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k

= B®1 oAlto(®Aj) = BAQ(;\Aj).

j=1

The proof of the second formula is similar. O

The Harish-Chandra/Itsykson—Zuber formula

For computing the integral over the unitary group, the following Harish-Chandra/Itsykson—
Zuber formula is used

Proposition 3 Let A be a normal n x n matrix with distinct eigenvalues {a j}7=1 and B =
diag{bj}’}:], bj € R. Then

n—1 det{exp(za;bp)}; ,_;
exp{ztr AU*BU}dU, (U :( 'g) pk=t
/ pl }dU, (U) ,1;[1] P RAGAD)

where z is come constant, A(A) = A({a; };'.:1), A is defined in (2.1). Moreover, for any

symmetric domain Q2 and any symmetric function f(B) of{bj};’.:l

//exp{ztrAU*BU}AZ(B)f(B)dUn(U)dB
U, Q

n —(?=n)/2 n
= (Hﬂ)ZAT/eXP[Zzajbj]A(B)f(B)dB, (6.3)
Jj=1 Q j=1

where dB = []}_, db;.
For the proof see, e.g., [16, Appendix 5].
Remark 2 Notice, that (6.3) is also valid if A has equal eigenvalues.

Indeed, if aj, = aj,, j1 # j2, the integrand in r.h.s. of (6.3) changes sign when b, and
b, are swapped. Thus, the ratio of the integral and a;, — aj, is well defined.

References

1. Bauer, M., Golinelli, O.: Random incidence matrices: moments and spectral density. J. Stat. Phys. 103,
301-337 (2001)

2. Brezin, E., Hikami, S.: Characteristic polynomials of random matrices. Commun. Math. Phys. 214, 111—
135 (2000)

3. Brezin, E., Hikami, S.: Characteristic polynomials of real symmetric random matrices. Commun. Math.
Phys. 223, 363-382 (2001)

4. Erdés, L., Knowles, A., Yau, H.-T., Yin, J.: Spectral statistics of Erdds - Rényi Graphs II: eigenvalue
spacing and the extreme eigenvalues. Commun. Math. Phys. 314(3), 587-640 (2012)

5. Evangelou, S.N., Economou, E.N.: Spectral density singularities, level statistics, and localization in a
sparse random matrix ensemble. Phys. Rev. Lett. 68, 361-364 (1992)

6. Fyodorov, Y.V., Keating, J.P.: Negative moments of characteristic polynomials of random GOE matrices
and singularity-dominated strong fluctuations. J. Phys. A Math. Gen. 36, 4035-4046 (2003)

7. Fyodorov, Y.V., Khoruzhenko, B.A.: On absolute moments of characteristic polynomials of a certain class
of complex random matrices. Commun. Math. Phys. 273, 561-599 (2007)

8. Fyodorov, Y.V., Mirlin, A.D.: Localization in ensemble of sparse random matrices. Phys. Rev. Lett. 67,
2049-2052 (1991)

@ Springer



356 Ie. Afanasiev
9. Gotze, F., Kosters, H.: On the second-order correlation function of the characteristic polynomial of a

Hermitian Wigner matrix. Commun. Math. Phys. 285, 1183-1205 (2008)

10. Huang, J., Landon, B., Yau, H.-T.: Bulk universality of sparse random matrices, arXiv:1504.05170v2
[math.PR] (2015)

11. Keating, J.P., Snaith, N.C.: Random matrix theory and ¢(1/2 + it). Commun. Math. Phys. 214, 57-89
(2000)

12. Khorunzhiy, O.: On high moments and the spectral norm of large dilute Wigner random matrices. Zh.
Mat. Fiz. Anal. Geom. 10(1), 64-125 (2014)

13. Khorunzhiy, O.: On high moments of strongly diluted large Wigner random matrices, arXiv:1311.7021v4
[math.PH] (2015)

14. Khorunzhy, O., Shcherbina, M., Vengerovsky, V.: Eigenvalue distribution of large weighted random
graphs. J. Math. Phys. 45(4), 1648-1672 (2004)

15. Kiihn, R.: Spectra of sparse random matrices. J. Phys. A 41(29), 295002 (2008)

16. Mehta, M.L.: Random Matrices. Academic Press Inc., Boston (1991)

17. Mehta, M.L., Normand, J.-M.: Moments of the characteristic polynomial in the three ensembles of random
matrices. J. Phys. A Math. Gen. 34, 4627-4639 (2001)

18. Mirlin, A.D., Fyodorov, Y.V.: Universality of level correlation function of sparse random matrices. J.
Phys. A 24,2273-2286 (1991)

19. G.Pdlya, G. Szegd, Problems and Theorems in Analysis. Vol. II. Theory of Functions, Zeros, Polynomials,
Determinants, Number Theory, Geometry. Die Grundlehren der Math. Springer, New York (1976)

20. Rodgers, G.J., Bray, A.J.: Density of states of a sparse random matrix. Phys. Rev. B 37,3557-3562 (1988)

21. Rodgers, G.J., De Dominicis, C.: Density of states of sparse random matrices. J. Phys. A Math. Gen. 23,
1567-1573 (1990)

22. Shcherbina, T.: On the correlation function of the characteristic polynomials of the Hermitian Wigner
ensemble. Commun. Math. Phys. 308, 1-21 (2011)

23. Shcherbina, T.: On the correlation functions of the characteristic polynomials of the Hermitian sample
covariance matrices. Probab. Theory Relat. Fields 156, 449-482 (2013)

24. Shcherbina, T.: On the second mixed moment of the characteristic polynomials of 1D band matrices.
Commun. Math. Phys. 328(1), 45-82 (2014)

25. Shcherbina, T.: Universality of the second mixed moment of the characteristic polynomials of the 1D
band matrices: real symmetric case. J. Math. Phys. 56, 063303 (2015). doi:10.1063/1.4922621

26. Shcherbina, M., Tirozzi, B.: Central limit theorem for fluctuations of linear eigenvalue statistics of large
random graphs. J. Math. Phys. 51(2), 023523 (2010)

27. Shcherbina, M., Tirozzi, B.: Central limit theorem for fluctuations of linear eigenvalue statistics of large
random graphs: diluted regime. J. Math. Phys. 53(4), 043501 (2012)

28. Sodin, S.: The Tracy-Widom law for some sparse random matrices. J. Stat. Phys. 136, 834-841 (2009)

29. Strahov, E., Fyodorov, Y.V.: Universal results for correlations of characteristic polynomials: Riemann-
Hilbert approach. Commun. Math. Phys. 241, 343-382 (2003)

30. Vinberg, E.B.: A Course in Algebra. American Mathematical Society, Providence (2003)

@ Springer


http://arxiv.org/abs/1504.05170v2
http://arxiv.org/abs/1311.7021v4
http://dx.doi.org/10.1063/1.4922621

	On the Correlation Functions of the Characteristic Polynomials of the Sparse Hermitian Random Matrices
	Abstract
	1 Introduction and Main Results
	2 Integral Representation
	2.1 Proof of Proposition 1
	2.1.1 Case m = 1
	2.1.2 General Case m > 1


	3 Proof of Theorem 1
	4 Proof of Theorem 2
	5 Proof of Theorem 3
	Acknowledgments
	Appendix
	Grassmann Variables
	Grassmann Variables and the Exterior Product

	The Harish-Chandra/Itsykson--Zuber formula

	References




