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Abstract We employ thermodynamic formalism for the study of conformal iterated function
systems (IFS) S = {¢;}ics with arbitrary overlaps, and of measures p on limit sets A, which
are projections of equilibrium measures /i with respect to a certain lift map ® on Z;“ x A.No
type of Open Set Condition is assumed. We introduce a notion of overlap function and overlap
number for such a measure & with respect to S; and, in particular a notion of (topological)
overlap number o(S). These notions take in consideration the n-chains between points in
the limit set. We prove that o(S, i) is related to a conditional entropy of [t with respect to
the lift ®. Various types of projections to A of invariant measures are studied. We obtain
upper estimates for the Hausdorff dimension H D (1) of i on A, by using pressure functions
and o(S, ). In particular, this applies to projections of Bernoulli measures on E;r. Next, we
apply the results to Bernoulli convolutions v, for A € (%, 1), which correspond to self-similar
measures determined by composing, with equal probabilities, the contractions of an IFS with
overlaps S,. We prove that for all A € (%, 1), there exists a relation between H D(v;) and
the overlap number o(S,). We also estimate o(S;,) for certain values of A.
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1 Introduction and Outline

Iterated function systems (IFS) have been studied by many authors, and a lot about their
theory is known. In many instances, systems which satisfy the Open Set Condition were
studied. When arbitrary overlaps of the images of the contractions are allowed, the theory is
different and the results from the case of Open Set Condition do not work anymore.

Let us consider a finite set / and an iterated function system S = {¢;, i € I} consisting
of injective conformal contractions ¢; defined on the closure of an openset V.C R?, g > 1.
Denote by E;r the one-sided space {v = (w1, w2,...),w; € I,j > 1}, with its shift
endomorphism o : E; — E;r, o(w) = (w2, w3, ...). For an arbitrary sequence @ and
for an integer n > 1, let the n-truncation w|, be the finite sequence (w1, ..., ®,). Also by
[i1 ...i,] we denote the n-cylinder {w € >t w = iy, =1ipt,n>1,i1,...,i,€l.

Let denote now by A the fractal limit set of the iterated function system S, where:

A= U ﬂl¢w|n(V)

weE;’ nz

Since all the maps ¢; are contractions, we can define the canonical coding map 7 : E;r —
A, m(w) = nli)ngo P 0P, 0 - -0, (V), forallw = (w1, w2, ...) € Z?. The singleton 7 (@)
will also be denoted by ¢, © ¢, o - - -, as this infinite composition is in fact a point. We will
denote the composition ¢;, o- - -o¢;,, alsoby ¢;, _;,,form > 1,i; € I,1 < j < m.The map
7 is called the canonical projection onto the limit set A of the system S. Various properties of
conformal IFS’s with overlaps were studied by several authors, for e.g. in [4,12,15,16,21],
etc. Let us fix now some more terminology and notation.

Definition 1 By overlaps we mean intersections of type ¢;(A) N¢;(A) # @, i # j. If
for a point x € A and an integer m > 1, there exists a point { € A and a finite sequence
i1,...im € I suchthatg; o---0¢; (¢) = x,then ¢ is called an m-root of x, and (iy, . .., i)
is called an m-chain from ¢ to x.

In general, the number of roots/overlaps depends on the point x € A, so it is not constant.
Notice also that the m-chain from a certain root ¢ to x is not uniquely defined, i.e. there may
exist two different m-chains (i1, ..., i) and (ji, ..., jm) so that ¢;, ;,, (&) = @, (&) =
x. Considering the above, how can we define a good notion of average number of overlaps
of the IFS S, and how is such a notion dependent on a probability measure p on Aj; also,
how does such a number of overlaps affect the Hausdorff dimension of u? It is clear that
we have to look at n-roots of points, since the limit set A is invariant under the system S,
ie. A = ‘LeJI @i (A), thus for k-iterations of S we have A =

1

k > 2. In [12] we studied the effect, of the bounds for the number of overlaps, on the
Hausdorff dimension of the limit set A. This hints to the fact that the overlap number should
be given by an average rate of growth of the number of n-chains between points in A. Another
question is, what probabilities « on A should be considered, and what roots in A should we
use. Some n-roots and n-chains which are non-generic with respect to @ and to a lift map
D Z}L XA — E;r x A will thus be ignored when defining the overlap number relative to
.

Besides the canonical coding projection  : E;r — A, one can consider also the projection
oI E}" XA — A, m(w, x) = x, and the projection 77 : E;‘ X Zf — E?’ XA, T(w,n) =
(w, ™n); so we obtain projections of o-invariant measures on Zf, ®-invariant measures on
Zf x A or ®-invariant measures on Ei X E;r (where @ is a lift of @ to Zf X Z;r). In
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Theorem 1 we will prove that, for Bernoulli measures, the corresponding projection measures
on A are in fact the same.

We introduce a notion of overlap number o(S, [iy ) associated to a ®-invariant Gibbs state
Ly on Z;“ x A (and to its mp-projection py, on A), and we use thermodynamic formalism
to relate it to the dimension of fiy. In Theorem 2 and Corollary 1 we show that the overlap
number o(S, fLy) is related to the folding entropy of fiy with respect to the lift map ®.
In particular, this applies to Bernoulli measures on E;‘ and their lifts on Ef x A. When
i = o is the projection of the measure of maximal entropy /iy from Z;“ X A, one obtains a
topological overlap number o(S) of S, which quantifies the average level of overlapping in
S, and indicates how far is S from satisfying the Open Set Condition. By using Theorem 1,
we compute in Corollary 2 the overlap number o(S) as a limit of integrals over Z}" w.r.t the
uniform Bernoulli measure v e And in general for Bernoulli measures vp, Corollary

1
L.
2 gives a simpler formula for (l)‘(S s fp)-

Next, in Theorem 3 we use the overlap number of iy, to obtain estimates for the Hausdorff
dimension of a set of full u-measure in A, which set is constructed explicitly. This gives
upper bounds for H D(uy ), by using zeros of pressure functions associated to o(S, fiy ),
which are computable in certain cases of interest.

In Sect.3 we apply the results to the case of Bernoulli convolutions v, for A € (%, 1),
where v;, gives the distribution of the random series >, ., £A" with the +, — signs taken
independently and with equal probabilities. In this case, one has an iterated function system
with overlaps S, whose limit set is an interval [, and v, appears as the projection of the
measure of maximal entropy v 1 from E;r to 1. Bernoulli convolutions have attracted a

lot of attention (see [15]), starting with Erdos [3] who showed that v, is singular for A1
Pisot; then, continuing with the result of Solomyak [21] about the absolute continuity of v;
for Lebesgue-a.e X € (%, 1), and the result of Przytycki and Urbanski [17] that HD(v;) < 1
for »~! Pisot, and other more recent results. In Theorem 4 we find a relation between H D (v;,)
and the overlap number o(S,), for all 1 € (%, 1). We show how to approximate o(S;) with
integrals on E; with respect to the uniform Bernoulli measure VL Ly By using known results
on H D(v,), one obtains then upper estimates for o(S,,); in particular, one can estimate o(S;,)
more precisely for specific values of A, like A = 2’%, m > 2(i.e. % non-Pisot), or A = @
(i.e. % Pisot). In Corollary 3 we prove that 0(S,) is strictly less than 2, for all A € (%, 1).In
the end, we obtain dimension estimates for biased Bernoulli convolutions vy, for A € (%, 1)
and p € (0, 1). The results about overlap numbers can be applied also to other conformal
iterated function systems with overlaps.

2 Overlap Numbers of Measures and Dimension Estimates

First, let us define an overlap lift function which allows to associate the dynamics of a map to
our IFS S. With regard to this function, the contractions ¢; appear as restrictions to cylinders
[il.iel.

Definition 2 In the above setting, for the finite IFS S = {¢;}; s, define the overlap lift map

DX xA—> T x A, (@, %) = (00, ¢pp, (), (0,x) € Z] x A

Let us now consider a Holder continuous function v : Zf x A — R. Since the lift map
® is distance-expanding in the first coordinate and contracting in the second coordinate, it
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46 E. Mihailescu, M. Urbanski

follows that it is expansive and we can apply the theory of equilibrium states (for e.g. [7,22]).
As  is Holder, there exists a unique equilibrium measure for ¢ with respect to @ on E;r XA,
denoted by fiy .

In particular, if we take a Holder continuous function g : A — R and the associated
function ¥, : 2;“ x A = R, ¥g(w, x) = g(x), then we have the equilibrium measure ﬁv,g
on E;r x A (relative to @) and its projection (ng)*(ﬁ,/,g) on A, where m; is the projection
on the second coordinate. In general this measure is different from the projection 74 (figor ),
where 7 : Z;“ — A, m(w) = ¢o, o --- , and where in general j1, denotes the equilibrium
measure of a Holder continuous x on E;r (relative to the shift o).

Forany n > 1 and any (w, x) € Z;F x A, we have " (w, x) = (6" w, ¢w, 0 e, 0 0
®w, (x)). Notice that, if 0y, - - - , n, are given and if ¢, 0 - - 0 ¢ (x) = Py, 0+ -+ 0 Py, (¥),
then from the injectivity of the contractions ¢;, i € I, there exists exactly one point y with
this property. By Definition 1, this means that, given the n-chain (n,, ..., n1) as above, the
corresponding n-root y is uniquely defined such that (1,, ..., n1) is an n-chain from y to
Doy...cp (X).

Given now a measure [Ly, as above, an arbitrary point (w, x) € Ef x A,and T > 0, define
the set of n-chains from points in A to @y, (x), Which are t-generic relative to [ty :

An((w,x), T, fw) ={1,....0) €I", Iy € A, ¢p,..0, () (D
Spy(n, y) .
= Pu,. (¥) and | ——= — Ydjiy| < 1),
n i xA
where n = (1, ..., My, Opt1, W42, ...) € E;r, and where S,¥(n,y) = ¥(n,y) +

Y(D(m, y) + -+ Y (P"(n, y)). We denote the cardinality of the set A, by b,, so
bu((@, %), T, fiy) := Card Ay ((@, %), T, fiy ), Y(@,x) € T x A

Remark that, if (i1, ..., in) € Ay ((@, X), 7, fiy) with corresponding n-root y of @, e, (x),
then An(((il, el Opg1, Ong2, ), V)L T, /lw) = Ay ((w, x), T, ﬂx/,).

Definition 3 Given a Holder continuous potential ¥ on Ef x A and T > 0, we call
bu(-, T, fly) - E;F x A — N the n-overlap function associated to the measure [ty and
T.

The function b, (-, T, {iy) is measurable and bounded, but in general discontinuous on
E; x A. In the sequel, we will use the folding entropy of a ®-invariant measure i on
Zf x A; the notion of folding entropy of a measure was introduced by Ruelle [19]. The
folding entropy of a ®-invariant probability u with respect to @ : E;“ X A — Z;L X A, 1is
defined as the conditional entropy Fo (1) := Hy, (e]®~'e€), where € is the point partition of
the Lebesgue space E;r x A. For entropy production see also [13,19,20]. And for measures
invariant under endomorphisms, for e.g. [9-11,14,20]. In [14] Parry introduced a notion
of Jacobian of an invariant measure for an endomorphism, and studied its properties; in
particular, the Jacobian satisfies the Chain Rule. Given a map f : X — X on a Lebesgue
space X and an f-invariant probability u, such that f is essentially countable-to-one, we
denote the Jacobian of u by J¢(w). From [14,19] it follows that, in general, the folding
entropy of a measure u is equal to the integral of the logarithm of the Jacobian of n. So in
our case, the folding entropy of [ty with respect to @ is given by:

Fo(ily) =/+ log Jo (fLy) dfiy
XA

z;
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We investigate now the structure of the ®-invariant probabilities on the product space
E; x A. Let define also the lift homeomorphism & on E;r X E;r, namely:

o Z?‘ X E?’ — E;" X Ef, CTD(a), n) = (ocw, w1n)

If 7(w, n) := (w, (n)), for (w,n) € E;“ X E;“, then we obtain the following diagram
of maps on Zi X Z—Z’ respectively E;r x A, where both vertical maps below are equal to
ﬁ:ijE?‘—)Zl x A:
shxf 5 shxwnf
+ ¥ @

SExA 2 TFxA

This diagram is commutative. Indeed, 7 o &)(a), n) = (cw,m(w1n) = (0w, Py, 0Py, 0Py, ©
--+); on the other hand, ® o 77 (w, 1) = ®(w, ¢y, 0Py, 0--+) = (0w, P, 0Py, 0---). Hence
Fod=0dor.

Also @ is a homeomorphism. Then as in [18], by using Hahn—Banach theorem and
Markov—Kakutani theorem and by approximating integrals of functions from C(Ef X Zf, R)
with integrals of functions g o 77 o ®", n e Z, for gecC (Z;r x A, R), it follows that for
any ®-invariant probability v on Ei x A, there exists a unique ®-invariant probability D
on E}F X Z}" such that 77, (V) = v. In particular, the equilibrium measure llw of the Holder
continuous ¥ on E}L x A, is the -projection of the equilibrium measure /it " of y ;=Y om
on Ef X E?‘. Hence, the measure of maximal entropy fig on Ef x A is the T-projection of
the measure of maximal entropy jig for ® on £} x X}, i.e.

o = 7« (o)
Moreover, the topological entropy of the map @ is equal to the topological entropy of the
shift o : Z;r — Z;”, i.e. log|7|, because in the second coordinate we have contractions, so
the separated sets are determined only by the expansion ¢ in the first coordinate. With the
canonical distance on Zf, dw,n) = Z‘i w, the ball of center w and radius 2% is the
1>

cylinder [wy, ..., ®,], so B((w, x), %) =lwi,...,w,] X B(x, Zi,,). If we consider n-roots
of x and the measure of maximal entropy [io w.r.t ®, then all these n-roots are generic. Since
in this case the overlap function b, does not depend on t, we denote it simply by b, (w, x),
for (w, x) € E;r X A.

In general, there are several ways to define projections of invariant measures on the
fractal limit set A, depending whether we project o -invariant measures on ):)f, or ®-invariant
measures on Ef x A, or ®-invariant measures on E;r X E;r. In many cases, for example
for Bernoulli measures, these projections will be shown to coincide. Let us first consider a
Holder continuous potential ¢ on Zf x A, and as above let (1 its (unique) equilibrium state
on Ef x Ajif o : E;r X A — A is the projection on the second coordinate 73 (w, x) = X,
denote the projection measure on A by:

Wy = (2) 5 (fly) 3)

Consider next g a Holder continuous potential on E;r, and let jig be its unique equilibrium
measure on E}L. Then we can define two kinds of projection measures on A. The first type
is uy defined above in (3), where ¥ = g o 7(; 0 iy = (72)«(fLy ). The second type is the
self-conformal measure:

7L g )s 4
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48 E. Mihailescu, M. Urbanski

where 7 : E;r — A, m(wiw2...) = Py, 0 @u, o--- is the canonical coding map for A.

We now prove that, for Bernoulli measures on E;r, the two types of projection measures
defined above, are in fact equal. This will make our results about overlap numbers apply to
m-projections of Bernoulli measures onto A. Consider then a Bernoulli measure vp on E;r
determined by an arbitrary probabilistic vector p = (p1, ..., pjs|). Thus the vp-measure of
the cylinder [w1, ..., w,] = {n € E;r, N = ®1,..., My = Wy}, is equal to Py, ... pw, for
anyn > land w; € I,1 <i < n. Consider the potential ¢ : Z;‘ - R, ¢p(wwr...) =
10g po,, forw = (w1, w2, ...) € £ . Then S, (®) = ¢(w)+¢ (0 (@)+: - -+p (0" H(w)) =
10g pw, - - . Pw,- By taking Bowen balls for the shift o (which are cylinders in our case), we
see immediately that

Py () =0

Clearly, ¢ is Holder continuous on E;r and its unique equilibrium measure fi4 is equal to
the Bernoulli measure vp; this is due to the expression of [ty on cylinders [w; ... w,] (see
[2,7]), i.e.

éeanb(w)—m(qb) < s (Bu(®, £)) < CeSi#@=nP2(@),
so we conclude that

e = vp
In case of Bernoulli measures, we can now prove that the various projection measures are

equal on A:

Theorem 1 In the above setting, let p = (p1, ..., pj1|) an arbitrary probabilistic vector,
and - Z}" xA =R, Yy((01...),x) =108 py,, with {Ly denoting the unique equilibrium
measure of ¥ with respect to ® : E?‘ XA — E;" X A. Then the following measures are
equal on A:

Ty Vp = 772*,1210 =(mo ﬁ)*(”p X Vp),
where 1> : Z?‘ X AN —> A, m(w,x)=x,and 1 : Zf — A is the canonical coding map,

and where 7 . E;“ X E;“ — 2;’ x A, 1(w,n) = (w, 1(n)).

Proof In order to prove the first equality, let us define Y = v o7, where 7 (w, 1) = (@, 7).
So & is a Holder continuous potential on Z}L X E;’. Then recalling that Ci>(a), n) = (cw, w1n)
is an expansive homeomorphism with specification property, it follows [7] that there exists a
unique equilibrium measure [t jon E;r X Z;. Also we have the projection 7 (w, ) = (w, 1)

from 27 X Ef to 2;‘ x A. Moreover, from definitions it can be seen that
FD(w, ) = (0. po, (17) = P o F(w, 1),

s0 7 o @ = ® o 7. This implies that fr*(,&v;) = [Ly, i.e. the projection to E;F x A of the

equilibrium measure of ¢ on E;“ X E;r, is equal to the equilibrium measure of . Hence
from above,

T2y (A) = iy (13 (A) = 1, (S] x 171 (A)) ®)

On the other hand, notice that the Bowen ball for @ is givenby B, ((w, n), &) = [w] ... w,] X
E}L, and for any 1 <i < n, we have ®'(B,((w, 1), €)) = [®i+1 ... o] X [w; . .. w1]. From
the ®-invariance of the equilibrium measure ;1]]/, it follows that forany 1 <i <n,

iy (D' (Bu((@,m), €)= g (@i ...on] X TF) = fig (@it ... 0x] X [0 ... 01]) (6)
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However recall that 7y.fly = iy = vp, and thus (7 o 7?)*,111/; = vp. Therefore using also
(6) we obtain that, for any j > 1 and any w, n € Zi,

iy (Lol x Iy -..njD) = vp(lnj...me1l) = py; -+ Py Poy (7
By adding over o € Ef we obtain that, for any j > 1 and forany n = (11m2...) € Z?’,
g (ZF I eonih) = pyy - py; = vp(mn .. ;]

But this works for any cylinder in E;r. Also, for any Borel set A C A, we have m,vp(A) =
Vp (w71 (A)). Hence from the above, and by using also (5), we can infer that 7, fLy is in fact
a self-conformal measure on A, namely,

772*/21// = TTxVp

We now prove the second equality. From before, o : E;r X E;r — E;r X Ef isa
homeomorphism which preserves ,[L]/}. Also notice that for any wy, w2, 01, ..., 0m € I,

one has ®([wiw2] x [N1...0m]) = [w2] X [winin2...10m]. But, from (7), g ([w2] x
[w1n1...9m]1) = PwrPw Py --- Pyn» and from the ®-invariance of /1&, it follows that

fg (wro2] X [1...0m]) = [L,;,(i([wlwz] X 1+ m])) = P, Pw, Py, - - - Pn,,- Hence
by induction it follows similarly that, for any k, m > 1,

agor...old X 1. .0m]) = po; - Py = Py -+ - P

This means that ,&12/ = Vp X Vp, and that m,vp = (72 0 )4 (vp X Vp). O

The equality of the projection measures for Bernoulli probabilities has useful conse-
quences when computing the associated overlap numbers, see Corollary 2.

For any conformal iterated function system S, we want to prove now that the exponential
rate of growth in n, of the number of generic n-chains/roots from A, is approaching the
folding entropy of the measure [iy . In particular it follows that, on average, the number of
n-chains associated to the n-overlaps of A grows exponentially like ¢ f@(0)

Theorem 2 Let a finite conformal IFS S = {¢;,i € I} with limit set A, and a Holder
continuous potential ¥ on the lift space Zf X A; denote the equilibrium measure of ¥ on
Z?’ X A by fiy. Then,
1

lim lim — log b, (w, x), T, fly) diy (@, x) = Fo(j

f—>0”—’°°n[:;fx1\ g by ((w, x), T, fby) dity (@, x) o(y)
Proof In our case the map ® : £ x A — X} x A is distance-expanding in the first
coordinate, and distance contracting in the second coordinate. Let B, (z, €) denote the (m, €)-
Bowen ball around z in the canonical product metric on the compact metric space E;L X A
with respect to the endomorphism ®; hence in particular it is expansive. Since /iy is the
equilibrium measure of a Holder continuous potential on Ef x A, we can apply the properties
of equilibrium measures with respect to expansive maps on compact metric spaces (see
[7]). We will use first the ideas of Theorem 1 from [9], giving the comparison between
the (equilibrium) measure of various parts of the preimage set. So, from [9] there exists a

constant C > O such that, for any positive integer m and for any sets A, Ay satisfying
A1 C Bu(z1,€), A2 C Byu(22, €) and " (A1) = ®"(A2), we have:

1A _ (A _ L y(A2)
C gSnﬂ/f(ZZ) - esmw(zl) - gSm‘/f(ZZ)

®)
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Now the Jacobian of the measure 1 with respect to ®" gives the change in the measure
of a set by applying the map ®” (see [14]); hence for any integer n > 1, fiy (P"(A)) =
fA Jon (fly)d Ly, for any measurable set A C Zf x A, on which ®” is injective. But in

fly (®"(B((@,),1)
iy (B((@,x),r)

the ®-invariance of the measure fiy it follows that [ty (®"(A)) = fiy (7" (D" (A))), for
any Borel set .A. Hence we can apply the above comparison between the various parts of the
preimage set ® " (" (A)) for n arbitrary (i.e. in fact the comparison between various sets
taken by different compositions ¢;, o --- o ¢;, to the same image), in order to obtain that
there exists a constant C > 0 independent of n such that:

fact, Jon (fly) (@, x) = lirn0 , for fiy-a.e (w,x) € E;r x A. However from
r—

21,3, 0" (.) =" (w,x) EXP(Sn ¥ (1, ¥))
C- CXP(SM//(CO, )C))

< Jor (Ly) (@, x)

C. 2 (0.9).97 (1.) =" (.x) XP(Sn ¥ (1, ¥))

<
B exp(Sp ¥ (@, x))

(€))

for fiy-a.e pair (w, x) € E;L x A. Now, as the probability [iy is ®-invariant on the product
space E;r x A, it follows from (9) and from the properties of the folding entropy that

. 1 . R
Fo(iiy) = ;/E+ Alog Jon (fly ) (@, x)d iy (@, X)
7 X

2 exp(S, ¥ (1, y))

. 1 D" (n,y)=P" (w,x) ~
= lim f/ Io dity (w, x) (10)
sFxa T exp(Sy ¥ (@, 1)) v

From Birkhoff Ergodic Theorem we know that, fiy ((a), x) € E;r x A, |W -
f SFxA Ydjy| >t/ 2) ) joo 0. Then, for any positive small number &, there exists an integer

n = n(€) > 1 so that for all integers n > n(£), we have

Sn(w, x) / ~
—_— = vdp
n 25 xA v

Recall that, if (171, ...,7,) € Ap((w,x), T, fty), then the n-chain (1, ..., n1) uniquely
determines an n-root y of ¢, ..., (x). Hence with n,1; = w,+;,i > 1, we can consider also
the finite set

Iy ((w,x) €T/ x A,

>r/2)<$ (11)

AL (@,%), T, fLy) = {(n,y) €T x A, "(1,y)
Snlﬁ:?,y) _/de‘ <T]’

and there exists a bijection between A,((w,x), 7, ly) and A} ((w, x), T, fLy), taking

M1, ..om) to (1, oy Npy @ut 1, @py2,-.2),y). Thus  by((w, x), T, fLy) =
CardA) ((w, x), T, fLy). We now define the following set of n-roots,

=" (w, x),

Tp((@, %), T, by) == {(n,y) € T x A, ®"(n, y)
= q>l’l(w’ .X), (771! MR Un) ¢ Al’l((wv )C), T7 /210)}
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Denote the sum corresponding to the roots from I', ((w, x), 7, fiy) by

O (@, %), T, fly) = > exp(Sp ¥ (1, )

(1, 9)€ln ((@,%),T,fiy)

Let us now see what a typical Bowen ball for the map & : 21+ XA — E;r x A looks like. If
d(-, -) denotes the product metric, and if d(®' (w, x), ' (, y)) < &,0 <i < n—1,thenthere
exists an integer N(¢) sothatw; = n;,i = 1,...,n+ N(e),andd(x, y) < &, since the maps
¢; are all contractions. For an arbitrary n > 2, we now consider a measurable partition of
Z?’ x A modulo Ly, into sets L;‘, 1 <i < py,suchthatforany 1 <i < p, thereexists a point
¢i € L} so that for any point §;; € ®7"(g;), 1 < j < pin, we have L} C ®"(B,(ij, €)).
The integer p; , > 1 dependsoni for 1 <i < p,,anditis given by the number of n-roots of
¢i in A, with respect to S. This is possible to do if we take the sets L} small enough. Then,
let us denote by L;‘J. = ®7"(LY) N By(gij,e),for1 <i < p,,1 < j < pi,. Notice that
if ®(n,y) = ®(',y) = (w,x) € £ x A, thenon = on' = w,ie. m» = wy,..., and
Gy (V) = ¢y (v) = x. I 1 # 0, then d((n, y), (", ¥")) = d (1, n}) > & > &, for some
g0 > 0.1If n; = nj, then ¢y, (y) = by, (»); but ¢, n € I are injective and thus y = y'.
This implies that the sets L;’j are mutually disjoint in 7, j. We now decompose the integral
of the logarithm of the Jacobian of [ty with respect to ", along this partition with the sets
LT, 1 <i < p,,1<j< pin Therefore, for an arbitrary n > 2, we have:

ij
2 exp(Sp ¥ (1. y))

o1 (n,y)=>" (w,x) N
log : diiy (@, x) (12)
/zfo exp(Sy ¥ (@, X)) v

> exp(S, v (n, y))
= z / log PO =20, 1) diiy (@, x)
L exp($, ¥ (w, x))

1<i<pn 1
1<j<pin

Now, in regards to formula (9), we can write in general
T S o 3 eSO 49, (@, %), T, fiy)
(1,y)€P" " (w,x) (15 Mn) €AR ((@,X),T, flyr)

Denote also p, (i, T, fly) = ZLQ#A;({”J’M/) oy (L;’j). Thus by using (8), the definition
of A}, ((w, x), T, fiy) and the fact that b,((w, x), T, fty) = Card(A, ((w, x), T, [Ly)), we
obtain that the above sum in (12) is comparable to the sum:

bp(Gij» T, )by (L) + pn iy T, fLy)
> iy (L) log =
i Ml//(Ll‘j)

where we recall that the comparability constant C > 0 does not depend on 7, nor on Ll’.'/..
Now in general, if (,y) € A} ((w, x), T, fy), and if 0 < & < v and (n, y) € Bu(gij, &),
then since the potential ¢ is Holder continuous, it follows that

Sa¥(m,y)  Su¥r(&ij)
n

n

< (1),

for some small v(t) > 0 where lin%) v(t) = 0. Also, if K := SUPs+ A ||, then 5V (1Y) <
T

e"K  Notice in addition, that the set ® " ®" (w, x) has at most |1 | elements in Zf x A.Denote
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the set of indices j corresponding to nongeneric roots by Q(n, i, 7, fiy) == {j,1 < j <
Pin, Cij € Tn(Git, T, fly)}. Thenif j € Q(n, i, T, ﬁ¢),then%|Snw(§ij)_fE;rXA Vdfiy| >
7. Hence we can use the measure estimate in (11) to obtain that:

2 exp(Sp ¥ (1, y))
1 (1,5)€@ " (w,x) R
2 o ) 108 xp(Sy ¥ (@, 1)) dity (@, x)
I<i<p, jeQmi i) i Plon i@,

l n
= —&log(2K|I1")
n

Therefore, from the comparison in (8) and from the above discussion, it follows that there
exists a positive constant C, independent of n, of the partition {L!}<;<p, and of the points
¢i € L7, such that:

1 o A~

n > L) logba(Gir. T, fuy)
1<i<py

J#0n,i,T,fly)

! 0 on (i, T, fLy)
o “‘”(L?")log(” ) () - Gk
" i,jE0n.i T, fy) bu (i1, T, fy) ity (L7;)

> exp(Sn ¥ (1, y))

1 (1,y)€®@™ D" (w,x) R
< —log dity(w, x)
/zfo n exp(S, ¥ (@, x)) v

ST gD loghu(Gin. T fy)
1<i<pn

JE0(n.i,7.fly)

! A i, 7T, [
+- Z Mw(L;’,-)log(l—l—b ( -/’n( : ;L:/’)(Ln))+v(r)+cg, (13)
" i,j¢0 i, T, fiy) n (81, Ty Moy ) Ly 7

IA
S| =

where we recall that £ is the bound on the measure of non-generic pointsin (11). Butin general,
Pn(l‘ﬁf,ﬂzj/) ) < pn(isfsﬁw)

LT )y (L) 7 = ba(Gina Ty ) by (L)
Therefore from (11), the second sum in the right-hand term of (13) is less than &, which
implies that:

log(1 + x) < x for any x > 0, hence log(l + 3 @

> exp(Suy (1, ¥))
1 1 (1,y)€P"P" (w,x)

7/ —log dily (o, x)

n ):I+><A n exp(Sp ¥ (w, x)

1 ~ N
- */ log by ((w, x), T, Ay )d iy (w, x)| < v(T) + C§
nJsfxA

Therefore, using the expression for the folding entropy Fo (f1y) from (10), and the fact that
& converges to 0 when t converge to 0 (and also that v(7) converges to O at the same time),
we obtain the conclusion of the Theorem. O

We now want to define a notion of overlap number of S associated to an equilibrium
state [ty. This notion will take into consideration the [iy-generic n-roots in A and all the
corresponding n-chains starting from them, for n large. In particular, we obtain a (topological)
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overlap number of the system S, which gives the average rate of growth of the number of
n-chains from n-roots to points in A.

Corollary 1 IfS = {¢;, i € 1} is an arbitrary finite conformal iterated function system with
overlaps and A is its limit set, and if  is a Holder continuous potential on Z?’ X A with
equilibrium measure Ly, we call the overlap number of S with respect to (i,

t—>0n—>oon

1
o(S, fiy) = exp(lim lim 7/+ log by ((w, x), T, fLy) d,&w(a),x)) (14)
XA

If (1o is the measure of maximal entropy for ® on Zf X A, then the (topological) overlap
number of S is given by:

n—oon

(e, ... 0] X by (B (x,50)) .
= l l d k]
exp(/Z;rXA 8, 2% o ([a)l, ...,wn] X B (x, 2%)) Hole, x)

1
o(S) :==0(S, 19) = exp( lim — /):+ N log b, (w, x) d1p(w, x)) = exp (Fq,(,&o))
I X

The ®-invariant measure [ig on 27 x A is the projection of the measure of maxi-
mal entropy fio of @ on E;" X E;", ie. T4(lo) = f[io. But in general, for n > 2,
é”(a), n) = (6"(w), wy ...w1n). This means that for the product metric on E}" X Ef
the Bowen ball B,((w,n),¢) is equal to [w]...w,] X Z;“ (where [w; ...w,] is the
cylinder of sequences in E;“ with starting coordinates wj, ..., w,), i.e. the second coor-
dinate does not matter in Bowen balls for ®. Moreover, we have for any 1 < i < n,
&' (B, ((w, n), &) = [@it1...04] X [w;i...w1], and we know that the measure fig is -
invariant, hence

fo([wr ... wp] x ) = fo([@i41 - . 0p] X [ ... w1])

On the other hand, we know that | o &D(w, n) = ow = o om(w,n), so T(fLg) =
Lo, where 1o is the measure of maximal entropy for the shift on Z;r. Therefore we have
o(wr ... w,] % E;r) = flo([w1 . .. w,]). This implies, from above, that we can say exactly
what is [ on a neighbourhood basis in the product space E;r X 27; namely forany i, j > 1,
the measure iy on the product of any two cylinders [w; ... w;], [ ...70;]in Zf X Z;r is
given by:

1
fo(lwr ...l x [n1...n;D) = po(lwr ... D) - io(n1 ... 0j]) = ——

T

In the case of projections of Bernoulli measures, we can use now Theorem 1 to
compute more easily the overlap numbers. Let us take an arbitrary probability vector
p = (p1,..., pj1), which gives a Bernoulli measure v, on E;L. According to the dis-
cussion before Theorem 1, there exists an equilibrium measure denoted /i of the potential
Yv((w1,...),x) = log py,, (w,x) € E;r x A, with respect to ® on Z;“ x A, so that
T4Vp = M24flp. The measure [ is called the equilibrium measure (with respect to ®) asso-
ciated to p. Denote also by h(p) := >_,_; ;| pjlog p;, and notice that (p) = ¥ dip.
Let us denote now by

Bn(x) := Card{(ny, ..., nn) €I", x €y, 00y, (A)}, Vx € A
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More generally, we define for 7 > 0,

ﬂn(xa T, p)

log(py, --- Pyy)
n

==Card{ (N1, ..., m0) €I", x €y 00 ¢y, (A), —h(p)' < ‘L']

(15)

As before if x € ¢y, o --- 0 ¢y, (A), then there exists a unique point y € A with x =
¢y, 0oy, (v). When the system S satisfies Open Set Condition, then the overlap number
o(S, fip) is equal to 1.

We prove now the following simpler expression for the overlap number in the case of
Bernoulli projections for conformal IFS’s with overlaps S, by employing the function 8, (-),
that counts the number of n-chains from n-roots in the limit set A:

Corollary 2 Let a conformal iterated function system with overlaps S = {¢;, i € 1} with
limit set A, and consider p an arbitrary probabilistic vector, with [Ly being the equilibrium
measure on E}" x A associated to p. Then, the overlap number o(S, fip) can be computed
as:

o R |
o(S, fip) = exp (111_1)110 lim . /E+ log By (rw, T, p) d”p(w))
1

In particular, we obtain the (topological) overlap number of S, by integrating with respect

to the uniform Bernoulli measure VLo,
Z{ R

o(S) =exp (lim l/ log Bn (T w) dv(i 1)(a>))
mon et 7 1]

Proof We prove here the second part of the statement, about the topological overlap number;
the first part follows similarly. Let us denote by p = (|Tl\’ R ﬁ), and consider jtp = w4 vp.

As in Theorem 1 there exists a corresponding ®-invariant measure (i, on E}" x A. We have
from Theorem 1 that 7, vp = 72, /fop, hence

/ log B, (x) dup(x) = / log B o ma(w, x) dfip(w, Xx)
A SHxA

I

= / log B, 0 13 0 " (w, x) djip(w, X)
T xA

But notice that 8, o m2 0 ®"(w,x) = Bu(de, © -+ © Pe, (x)) = Card{(n1,...,7,) €
I", ¢, 0 0Py (X) € ¢y 00y, (A)} = by(w, x), for any (o, x). Therefore, from
the last displayed equality, it follows that:

/ log fp(mw) dv 1 1,(w) =/ log 8, (x) dpup(x) =/ log by (w, x) djip(w, x)
sf T A = xA

O

We now show that overlap numbers of conformal IFS and of equilibrium measures on

E?’ x A, can be used to estimate the dimensions of the associated projection measures on

A. Denote the Hausdorff dimension (for sets or measures) by H D. Recall that, in general
for a measure & on a metric space X, its Hausdorff dimension is defined by:

HD(w) = inf{HD(Z), Z C X with u(X\Z) = 0}
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In the following Theorem, we give an upper estimate for HD(uy), by estimating
HD(A\Z(yr)) for some set Z(y¥y) C A of py-measure zero with the help of the over-
lap number o(S, fiy). Moreover, we will construct explicitly this set of iy -measure zero
Z () below.

Theorem 3 Consider a finite conformal iterated function system S = {¢;}ic; with limit
set A, E; — A be the canonical projection, and let a Holder continuous potential
v E;r X A — R, with its (unique) equilibrium measure [Ly; let [y = Toyfly be the
projection as in (3). Then,

HD(py) < t(S,¥),
where t (S, V) is the unique zero of the pressure function with respect to the shift o : Zf —
)
t — Py (tlog|g,, (m(cw))| —logo(S, iy))

Proof Let denote by R, (fiy , &) the set of points (w, x) € Zj’ x A for which the number of
generic roots satisfies b, ((w, x), T, fly) < % . "Fo(iy)=3) We want to show that the Py -
measure of these sets converges to 0, when n — oo. If this does not happen, then there exist
an infinite sequence {k, }, and a number 8 > 0, such that {iy (R, (fLy, 8)) > B > 0,Vn > 1.

Then, for all pairs (w, x) € Rk, ({y, §),

log by, (w, x), T, fty)  —log2
<
kn kn

Therefore, after integrating with respect to fiy,,

/ log by, (w, x), T, fLy)
Ri, (fiy ,8)

+ Fo(lly) — 6

N N N . log2
djiy (@, x) < Ly (Ri, (g, 8)) - | Fo(ity) — 6 —

ky kn

We now use the last displayed inequality, and the properties of Jen (fiy ) from the proof of

Theorem 2 (namely relation (9)); thus by adding the integral of w

kil

over Ry,
and the integral of

/ log by, (w, x), T, fly)
T xA kn

over the complement of Ry, we obtain that:

Ay (@, %) < fiy (Re, (g 8)) - (Fcpmw . l‘fz)
n
+ / 10g JCD"n (Ml/f) dl:lq// (w’ x)

SF % A\Ry, (g ,8) ky
(16)
On the other hand, from the Chain rule we know that log Jon ({iy ) (w, x) = log Jo (@, x) +
---+log Jo (ﬁ]/,)(dﬂl’l (w, x)), foralln > 1. Therefore from the Birkhoff Ergodic Theorem,

log Jon (y) (@, %) .
v = Fo(ily),

n n—o00

for fiy-almost all (w, x) € E; x A. Moreover, from (9) we have that

Sn £l
2 on (ry)=an (@) €V Y

esn ¥ (w,x)

Jon (g ) (@, x) < C - <C||"- "), (17)

foralln > 1, where C» < ¢ < Cj on 27 x A (as the potential v is continuous). This
implies that the sequence {% log Jon (fy)(w, x)}, is bounded by log C +1log|I| + C; — Cy,
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independently of (w, x). Since log Jo (fiy) is integrable, we obtain then from the Birkhoff

log Jq)n (ﬁ¢)(w,x) A~

Ergodic Theorem, that f):r <A y (@, x) . —_>>oo Fg(fiy), and similarly,

log Jon ([
Vn(ﬂw,5)i=/ M

2 X A\Ry (fiy ,8) ( n

log Jor (i1y) .
= /21*><A ( " - FfD(Niﬂ) : Xz;*XA\R”(,}w,a)dﬂx/f(w, x)njooo

- Fcb(ﬂw)) dity(w, x) =

Hence for any integer n > 1,

log Jon (i
0g¢(u¢)d

/ oy = Ya(fiy, 8) + Fo(ly) - iy (BF x ARy (fLy, 8))
X A\Ry (fiy ,8) n

Therefore, we obtain from (16) that:

log by, (w, x), T, Qy) .
/ g Ld dity (o, x)
= xA kn
. . N log?2 .
< fly (Ry, (fy, ) | Fo(fty) — 8 — X + Vi, (iy, 8)
n

+ Fo(fty) - iy (Z] x A\Ry, (fLy, 8)

N ~ n R log2
= Vi, (s 8) + Fop (fy) — flyy (Rp, (L, 8) (8+ kg )
n

However if iy (R, ({ty, 8)) > B for n > n(8) (for some integer n(8) > 1), then it follows
from the above and from the fact that: y, ({ty, §) — 0, that

/ log by, (w, x), T, fy)
ETXA kn

¥k, (L, 8) < Fo(fLy)

N o log2
dily(w,x) < Fo(fly) —p |6+ X
n

But then, this would give contradiction with Theorem 2. Hence, for § > 0 fixed there exists
a sequence of positive numbers «, — 0, such that the set R, ({Ly , ) of points (w, x) €
n—o0

Z?’ x A for which b, ((w, x), T, fly) < %e"(F“’(W)_s), has [i,-measure that satisfies:
oy (Ry(fLy, 8)) < ay, forn > n(é)

Let denote now the complement of the set R, (fLy, 8) in Ef X A by:
On(ity,8) == T x A\Ry(fiy, )

From the ®-invariance of /i, on E;r x A, and from the definition of Q, (fiy, §), we obtain
that

Py (D" (Qn (g, 8)) > 1 — an, n = n ()

And from the definition of the set ®"(Q, (fLy , 8)), it follows that for any for point (r’, ") €
D" (Qy(fLy, 8)), there exist at least %e”(F‘P(ﬁ‘P)"S) indices i = (i, ..., i,) € I", such that
Y € ¢i(A) = i, o+ 0@, (A). From above, the sequence Ly (R, (fLy, §)) converges to 0,
so there exists an increasing sequence of integers m, — oo such that: fiy (R, (fy,8)) <
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%, Qg (Rins (L)) < 21—2, ooy oy (R, (L, 8)) < 2%, .... Employing the sequence {m,},,
define now the following measurable subsets of A,

Anily, 8) i=m2 (sDn " (O, (i, 6))) :

where 77 : Z;L x A — A is the canonical projection to the second coordinate. Moreover,
denote the union of the Borel subsets in A introduced above by,

o —— o — Mg ~
Ay, 8) = HLZJI Ap(fly, 6) = 2 (nUl Sgn D" (O, (i, 5)))

=

Firstly, notice that from the definition of the sequence of integers {m,},>1, we have

Ay (sgn " (O, (L. s))) > 1= iy (5] % A" (Qu, iy 9)))

s>n
1 1
=1 —
2s on—1

s>n

>1-

Therefore by taking the union of these sets over all n > 1, recalling that py = 724 (fly ), and
observing that jty (A(fly, 8) = fiy (75 (A, 8)) = fy( U 0 D" (Q, (fiy, 8))),

n>1szn
we obtain that

ity (ng] 0 O™ (O, (R, 5))) =1, hence iy (A(y.8) = 1 (18)
We now investigate the influence of the number of roots on the Hausdorff dimension of
the set A(fLy, 8). Recall from above that, for any (1, y') € ®"(Qn(fLy, d)), there exist at
least " (Fe()=% indices i = (i1, ..., iy) € I",suchthaty’ € ¢;(A) = ¢y, 0+ - 0 ;, (A).
Hence the points in the projection m2(®" (Q,(fLy, 8))) are covered at least %e”(F ®(ly)—0)
times by images of A, through compositions of n maps of type ¢;. Now, S satisfies the
condition that there exists ¥ € (0, 1) such that |¢>lf| < k on A. It follows that, for any indices
it,...,1, € I, diam(¢;, o---o0¢;, (A)) < «". Thus, every point in 72 (P" (Q, (fiy, §))) can
be covered at least %e”(F ®(Ay)=3) times with sets of diameter less than «”. For a > 0, let
us denote now by 7 («) the unique zero of the following pressure function with respect to the

shift map o : E;r — E;r,
t = P (11, (00)| — ) (19)

Take an arbitrary number t' > ¢(Fo(fly) — §); we assume without loss of generality that
Fo(fty) > 0 and that § is small enough, so that § < Fg(fly). Let define the pressure
function

ps(s) == P(sl¢,, (0w)| — Fo(ity) +8), s €R

From assumption above, ps(t') < 0. So from the conformality of the contractions ¢;, and by
denoting in general ¢, := ¢, o---o ¢y, forn = (1, ..., nu) € I, m > 1, it follows that
for n large:

, N n-p, (t/)
z |¢;)|t o1 (Fo(fly)—0) < el+ (20)

|w|=n

Now for any s > n, from the above definition of Q,,, (ﬁ”/,, 3), it follows that any point in
Ay (fLy, 8) can be covered with at least M = %em~*'(F¢(W)_8) sets ¢, (V) for || = my, and
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every one of these sets ¢, (V) has diameter less than «™s. Denote the collection of the above
sets ¢, (V) by Us, so Uy is a cover of A, (fiy, §). We want now to perform extractions from
this cover U of A, (fLy, 8) (by using its large multiplicity), in such a way that in the end we
obtain a subcover which is minimal, from the point of view of the sum of diameters raised to
power ¢. This will be the subcover which we shall use to estimate the Hausdorff dimension
of the set A,(jiy,8). We have that the maps ¢, are conformal, so we can apply the 5r-
Covering Theorem (see [8]), where we consider SU to denote the ball with the same center
as U and 5 times the radius of U. One can then extract a subfamily U (1) C U, such that
the sets 5U, U € Uy (1), cover A, (fLy, 8), and so that the sets in U (1) are mutually disjoint.
From conformality we have that there exists x, r and a fixed constant C independent of U,
such that B(x,r) C U C B(x, Cr). We then eliminate this subfamily ¢/ (1). Since it was
disjointed, the multiplicity of the cover Uy of A, (fiy, 8) is still at least My — 1. Therefore
we can repeat this procedure and will extract a second subfamily U (2) in U \U; (1), which
is disjointed and such that 5U, U € U (2) cover the set A, (fLy, 8). After eliminating both
U, (1) and U (2) from Uy, the multiplicity of the cover is at least My — 2. By induction, we
obtain thus My subfamilies U (j), which are disjointed and such that SU, U € U (j), cover
Ay (fiy, 8). We then take, out of these subfamilies constructed above, the subfamily s (jo)

for which the expression > (diamU)’ " is minimal. Then from (20), we obtain:
Uels(jo)

’ 1 ! !
Z (diamU)" < A Z (diamU)" < Ce™MsPs/* - 1, Q1)
U eldy (jo) Fuel

for some constant C > 0, independent of s, n large. Since for any s > n, we can obtain such
minimal covers U (jo) for the set A, (fLy, §) , and since ' was chosen arbitrarily larger than
t(Fo(fly) — 8), it follows from (21) that:

HD(An(fiy, 8)) < t(Fo(iLy) —96)

Now recall the definition of A(fiy,8) = U1 Ap(fLy, 8). From the last estimate, we infer
n>
that

HD(A(fty,8)) < t(Fo(iy) —9)
Also from (18), py (A(fty,8)) = 1. Define now the set A(y) = sDOA(ﬁ‘/”S) =

ﬂl Ay, %). We have then that py (A(¥)) = 1. Let us now remark that from defin-
n>

ition (19) of the zero #(«), and from the continuity of the pressure function, we obtain
that 1 (Fo(lly) — 8) — t(Fe(iy)) when § — 0. But from Theorem 2, we know that
logo(S, ¥) = Fo(fiy). Hence, by taking the set Z(y) := A\A (), we have uy (Z(y)) =
0; thus from the definition of HD(juy ), HD(uy) < HD(A\Z(Y)) < t(S, V). O

3 Applications to Bernoulli Convolutions

Consider the random series >, £A" for A € (0, 1) where the +, — signs are taken inde-
n>0

pendently and with equal probability, and let us denote its distribution by v, . This is called

a Bernoulli convolution, since it is in fact the infinite convolution of the atomic measures

%(S,An + 8,n), for n > 0 (for e.g. [3,21]). The probability measure v, can be written also

as the self-similar measure associated to the probability vector (%, %) and to the iterated
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function system
Sy = {81, 82},

where S;(x) = Ax — 1, S2(x) = Ax + 1, x € R. Hence, v, satisfies the self-similarity
relation:

1 —1 1 —1
V}LZEUAOSI +EUA.OSZ

The case A € (0, %) corresponds to S, having no overlaps, while the case when A € [%, 1)
corresponds to the more difficult situation of the iterated function system S, having overlaps.
We assume in the sequel that A € (%, 1), thus we are in the case when S, has overlaps. The
limit set A, is in this case the whole interval [ = [—ﬁ, ﬁ]. The measure v, can be
viewed as the projection TasV(] 1y where VL is the Bernoulli measure on 2; generated

by the vector (%, %), and ), : E; — I, is the canonical coding map. It is well-known that
v, can be either singular or absolutely continuous. Several results on Bernoulli convolutions
are in the paper by Peres, Schlag and Solomyak [15]. The case A > % attracted a lot of
interest, starting with Erdos who proved in [3] that, when % is a Pisot number, then v, is
singular. Later Solomyak showed in [21] that the measure v, is absolutely continuous for
Lebesgue-a.e 1 € [%, 1). If v,,_is absolutely continuous, then H D(v;) = 1. From the point
of view of actual values of A, Garsia proved in [5] that v, is absolutely continuous when
A~ ! is an algebraic integer in (1, 2), whose monic polynomial has other roots outside the
unit circle and constant coefficient +2; for example if e 2$, m > 2, v, is absolutely
continuous. Przytycki and Urbanski proved in [17] that, if A is the inverse of a Pisot number

in (1, 2), then HD(v;) < 1. In the special case when A = @ (the reciprocal of the Pisot

number @), Alexander and Zagier [1] found precise estimates for H D (v, ), showing that
0.99557 < HD(v;) < 0.99574. Hochman showed recently in [6] that H D(v,) = 1 for A
outside a set of dimension zero.

For arbitrary A € (%, 1), Theorem 4 below gives an upper estimate for H D(vy), by using
an expression involving o(Sy); this allows to obtain bounds also for the overlap numbers
0(S,). In particular, if H D(v,) = 1 for some value A € (%, 1), then 0(S;) < 2A. In general,
1 <0(S)) <2,forany A € (%, 1); we show that in fact, the overlap number o(S,,) is never
equal to 2 (even if, for A — 1 the overlaps become larger). For specific values of A (for e.g.
A= 2_5, m > 2,0or A = @), we obtain then more precise bounds for o(Sy). First,
for arbitrary A € (%, 1), the measure v, is supported on the limit set of Sy, which is the
interval I, = [—ﬁ, ﬁ]; the coding map is ), : E;‘ — I,. Recall that for x € I, and
n > 2, B,(x) denotes the number of n-chains (¢1, ..., ¢,) € {1,2}" from points in I, to
X,ie x € ¢ ..q, ([—ﬁ, 1]T/\]) From Corollary 2, in the formula for o(S;) we integrate
log 8, with respect to the uniform Bernoulli measure v 1 1.

Nl—

B

[§]

Theorem 4 Forall € (%, 1), the following relation is satisfied for the Bernoulli convolution
V).
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where 0(Sy) denotes the overlap number of S), which can be computed as:

1
0(S;) = exp( lim 7/ log B () dv(l 1)(w))
n—oon Z;r 2

And from the above, 0(S,) < 2).HDM:)

[N}

Proof From Theorem 1, in our case the measure v, can be written as TwV(L Ly and itis equal
2°2

to the mm>-projection of an equilibrium state /iy on Z;‘ x I. Therefore, from Corollary 2,

!
o(S;) = exp (nll)n;o o /):* log B () dv(%‘é)(w))
2

&), is a system of similarities, thus from Theorem 3, H D(v;) is bounded above by the unique
zero of the pressure function with respect to o : E; — Z; :

t > Py(tlogh —o(S))) = tlogA + log?2 — logo(Sy)

2
log ey
[logil >

Hence it follows that H D(v;) < and the corresponding bound for o(S)). O

For any A € (%, 1), the number of overlaps between images S;, . ;, (1;) is less than 2", so
1 < 0(S3) < 2. Infact, it turns out that the overlap number of S;, is always strictly less than
2:

Corollary 3 In the above setting, it follows that for all parameters A € ( %, 1),
o(S)) <2
Proof 1If 0(S,) = 2, then from Theorem 4, it would follow that > = 1. Hence contradiction.

For a large set of values of X, by using Theorem 4 and the above mentioned results of
[1,5,21], we can obtain more precise estimates for the overlap number:

Corollary 4 (a) For Lebesgue-almost all parameters A in (%, 1), we have
o(S,) <2x

This happens for example when 1.~ is an algebraic number whose monic polynomial has

1
other roots outside the unit circle and constant coefficient 2. In particular, if A =27 m
form > 2, then

0(S) =27
(b) Incase h = Y31 then o(S;) < 22099557 < 1.25,

Let now p arbitrary in (0, 1) and denote by v(, 1—,) the Bernoulli measure on E;
determined by the vector (p,1 — p). For A € (%, 1), one defines the biased Bernoulli
convolution vy, (see for e.g. [16]), where vy, is the 7y -projection of v, 1 ) onto the limit
set [, = [—ﬁ, ﬁ]. We have as above the associated lift map ®; : £ x I, - X x I.
From the discussion before Theorem 1, there exists a ®; -invariant equilibrium measure Dy,
on 2; x I, such that w2,y , = v, . Forintegers 0 < k < n, denote by W (x, n, k) the set
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of n-chains (i1, ..., i,) € {1, 2}" from points in /;, to x, having exactly k indices i; equal to
1. From (15), for any x € I, T > O and n > 2, we have

Bn (x, T

Thus, for any parameter A € (%, 1), it follows from Theorem 3 and Corollary 2 that:

log —2—
I—p

,(p,l—p))= > Card W(x.n k)

k, |5 —pl<t

Corollary 5 For all ) € (%, 1) and p € (0,1), the biased Bernoulli convolution v;_,
satisfies:

2
log S5

HD <
Wrp) = 0en

where 0(Sy,, Dy, p) denotes the overlap number of Sy with respect to b, ,, which can be
computed by:

1
0(S, D5.p) = exp | lim lim 7/ log > Card W(mw.n, k) dvip1—p) (@)
=

t—>0n—>oon ‘
I —pl<t
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