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Abstract We consider n particles 0 < x; < xp < -+ < x, < 400, distributed according
to a probability measure of the form

1 n
7 || (x; —xp) || (x?—x?)”x;ye_xfdxj, a>—1, 0>0,
n
1

I<i<j<n I<i<j<n j=

where Z,, is the normalization constant. This distribution arises in the context of modeling
disordered conductors in the metallic regime, and can also be realized as the distribution
for squared singular values of certain triangular random matrices. We give a double contour
integral formula for the correlation kernel, which allows us to establish universality for the
local statistics of the particles, namely, the bulk universality and the soft edge universality
via the sine kernel and the Airy kernel, respectively. In particular, our analysis also leads to
new double contour integral representations of scaling limits at the origin (hard edge), which
are equivalent to those found in the classical work of Borodin. We conclude this paper by
relating the correlation kernels to those appearing in recent studies of products of M Ginibre
matrices for the special cases § = M € N.
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1 Introduction and Statement of the Main Results
1.1 Biorthogonal Laguerre Ensembles

The biorthogonal Laguerre ensembles refer to n particles x| < - -- < x, distributed over the
positive real axis, following a probability density function of the form

1 ‘ ,
Z—A(xl,...,x,,)A(xf,...,xfj) [[xe . a>-1. 6>0, (1.1)
n B
j=1

where

n
Zy =Zy(a,0) = / Axy, ..., xn)A(xlg, e xg) Hx;’.‘e_"f dx;
[0,00)" il
j=1

is the normalization constant, and

A oa) =[] Gj—m)

I<i<j<n

is the standard Vandermonde determinant.

Densities of the form (1.1) were first introduced by Muttalib [38], where he pointed out
that, due to the appearance of two body interaction term A(xy, ..., xn)A(x]e, R x,f ), these
ensembles provide more effective description of disordered conductors in the metallic regime
than the classical random matrix theory. A more concrete physical example that leads to (1.1)
(with & = 2) can be found in [36], where the authors proposed a random matrix model for
disordered bosons. These ensembles are further studied by Borodin [10] under a more general
framework, namely, biorthogonal ensembles. It is also worthwhile to mention the work of
Cheliotis [12], where the author constructed certain triangular random matrices in terms of a
Wishart matrix whose squared singular values are distributed according to (1.1); see also [22].
Note that when 6 = 1, (1.1) reduces to the well-known Wishart-Laguerre unitary ensemble
and plays a fundamental role in random matrix theory; cf. [6,19].

A nice property of (1.1) is that, as proved in [38], they form the so-called determinantal
point processes [27,45]. This means there exits a correlation kernel K,(laﬁ) (x, y) such that
the joint probability density functions (1.1) can be rewritten as the following determinantal
forms

1
—det (K,ﬁ“»@(x,-, x ,-))

n
i,j=1

The kernel K n(“’e)(x, v) has a representation in terms of the so-called biorthogonal polyno-
mials (cf. [29] for a definition). Let

Pﬁaﬁ)(x) = x4+, qéa’e)(x) =xf4 k>0, (1.2)

be two sequences of polynomials depending on the parameters « and 6, of degree j and k
respectively, and they satisfy the orthogonality conditions

o0
/ PP g (xe dx = 8jk. jk=0,1,2,.... (1.3)
0
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690 L. Zhang

Note that the polynomial q,ﬁa‘e) is normalized to be monic. We then have

n—1

K0y =20 pf " g0 o e . (14)
j=0

The families {p;, j = 0,1,...} and {gx,k = 0,1, ...}, which are called Laguerre
biorthogonal polynomials, exist uniquely, since the associated bimoment matrix is nonsin-
gular; see (2.3) and (2.6) below. The studies of these polynomials (with & = 2) might be
traced back to [46] during the investigations of penetration and diffusion of X-rays through
matter. Later, intensive studies have been conducted on the case # € N = {1,2,...} in
[11,23,24,30,43,44,47], where the general properties including explicit formulas, recur-
rence relations, generating functions, Rodrigues’s formulas etc. are derived.

As determinantal point processes, a fundamental issue of the study is to establish the
large n limit of the correlation kernel (1.4) in both macroscopic and microscopic regimes. By
expressing K,Sa’e) (x, y) as a finite series expansion in terms okaey’, k,r=0,1,....,n—1,
it was shown by Borodin [10, Theorem 4.2] that

.0
i Kr(la ) (nfc/g s nl%) 00 (_l)kxot+k (_])lyQI 0
m =
n—00 nl/o kT (M)l!r(a+1+91)a+1+k+el
k,1=0 0
1
= 6x“ / Jast 1 (ux) Jos1,0((y)u du, (1.5)
0 .

where J, , is Wright’s generalization of the Bessel function [17] given by

o0

_ (=)
Jap(x) ‘Zéj!r(a+bj)’ (1.6)

see also [36] for the special case = 2, « € NU{0}. These non-symmetric hard edge scaling
limits generalize the classical Bessel kernels [18,50] (corresponding to & = 1), and possess
some nice symmetry properties. Moreover, they also appear in the studies of large » limits of
correlation kernels for biorthogonal Jacobi and biorthogonal Hermite ensembles [10]. When
0 =M e Nor 1/6 = M, the limiting kernels coincide with the hard edge scaling limits of
specified parameters arising from products of M Ginibre matrices [33], as shown in [32].
The macroscopic behavior of the particles as n — oo has recently been investigated
in [13], where the expressions for the associated equilibrium measures are given for quite
general potentials and 6 > 1. According to [13], as n — oo, the (rescaled) particles in (1.1)
are distributed over a finite interval [0, (1 + 6)'T1/¢], with the density function given by

0
fa() = 3—(4(x) = 1-(x)), x € (0.0 +0)! 179, (1.7)

Here, 1+ (x) (withIm (/4 (x)) > 0) stand for two complex conjugate solutions of the equation

z+1

1/6
J@) =0@z+1) ( ) =x, xe 0 1+,
Moreover, by [13, Remark 1.9], the density blows up with a rate x ~1/(+) near the origin
(hard edge), while vanishes as a square root near (1 + 0)1H1/0 (soft edge). This phenomenon
in particular suggests non-trivial hard edge scaling limits (as shown in 1.5), as well as the
expectation that the classical bulk and soft edge universality [31] (via the sine kernel and
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Local Universality in Biorthogonal Laguerre Ensembles 691

Airy kernel, respectively) should hold in the bulk and the right edge as in the case of 6 = 1.
More explicit description is revealed later in [21]. After changing variables x; — Oxil/ 0,
the (rescaled) particles are then distributed over [O, (1+6)t?) 09] and the limiting mean
distribution is recognized as the Fuss—Catalan distribution [5,7,40]. Its kth moment is given

by the Fuss—Catalan number

1 ((1+0)k+k

S , k=0,1,2,.... 1.8
(1+60)k+1 k ) (18

The density function of Fuss—Catalan distribution can be written down explicitly in several
ways; cf. [42] in terms of Meijer G-functions (see e.g. [8,37,41] and the “Appendix” below
for a brief introduction) or [34] in terms of multivariate integrals. The simplest form of the
representation for general & might follow from the following parametrization of the argument
[9,21,25,39]:

L Gsin((L+6)p))'

sin ¢ (sin(0¢))? (1.9)

T
, 0 —_—

<¢<q o
It is readily seen that this parametrization is a strictly decreasing function of ¢, thus gives
a one-to-one mapping from (0, 7 /(1 4+ 6)) to (0, (1 + 0)!%% /6%). The density function in
terms of ¢ is then given by

L sin((1+60)g) (sing)*(sin(@p))"~"'

- me = l -
7x  sin(f¢) 7 (sin((1 + 6)g))?

4
p(p) = , 0<(p<1+0.(1.10)
From (1.9) and (1.10), one can check directly that p blows up with a rate x~0/0+0) pear
the origin, and vanishes as a square root near (1 + 0)'*? /6?, which is compatible with the
changes of variables. We finally note that the other description of macroscopic behavior with
the notion of a DT-element [16] can be found in [12].

The main aim of this paper to establish local universality for biorthogonal Laguerre ensem-
bles (1.1). Due to lack of a simple Christoffel-Darboux formula for Laguerre biorthogonal
polynomials, we have to adapt an approach that is different from the conventional one. The
main issue here is an explicit integral representation of K, ,(,a‘g). Our main results are stated in
the next section.

1.2 Statement of the Main Results

Our first result is stated as follows:

Theorem 1.1 (Double contour integral representation of K.**") With K\*?) defined in (1.4),
we have

K9 (e, y) =

/C+f<>°d% I+ DO(@+1460s) Tt —n+1) x~ 05101
)

Qri)? Jo—iso r¢+Da+1+60)(s—n+1) s—t °
(1.11)
forx,y > 0, where
max{0, 1 — &ty
o= o) <0, (1.12)
2
and ¥ is a closed contour going around 0, 1, . .., n— 1 in the positive direction and Re t > ¢

fort € X.
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We highlight that this contour integral representation bears a resemblance to those appear-
ing recently in the studies of products of random matrices [20,28,32,33], where the integrands
of double contour integral representations for the correlation kernels again consist of ratios
of gamma functions. When 6 € N, K ,(,a’e) is indeed related to certain correlation kernels
arising from products of Ginibre matrices; see Sect. 3 below. We also note that, in the context
of products of random matrices, the correlation kernels can be written as integrals involving
Meijer G-functions, for biorthogonal Laguerre ensembles, however, it does not seem to be
the case for general parameters « and 6.

An immediate consequence of the above theorem is the following new representations of
hard edge scaling limits.

Corollary 1.2 (Hard edge scaling limits of K.*?) With o« > —1, & > 1 being fived, we
have

(@)
li Ko’ ("f/*”n'yfﬁ)
1m

_ (@0)
o0 L1/ = K7 (x, ), (1.13)

uniformly for x, y in compact subsets of the positive real axis, where

K@9 (x, y) = L /c+ioo d_g]{ d[l"(s + DI (e + 1 4 6s) Si.n]'[s x—Os=1y01
Qi) Jeoio Js  T@+DT(@+1+60) singt s —1
(1.14)

and where c is given in (1.12), X is a contour starting from +00 in the upper half plane and
returning to +00 in the lower half plane which encircles the positive real axis and Ret > ¢
fort € X. Alternatively, by setting

1 K+ioo r
PO (x) = 7/ ﬁx—s ds, k> —a, (1.15)
270 Jy—ico T((1 —5)/0)
and
1 (/6
4@ () = 7/ T g (1.16)
2xi J, T(a@+1-1)

where y is a loop starting from —oo in the lower half plane and returning to —oo in the
upper half plane which encircles the negative real axis, we have

1
K@ (x,y) = / P (ux)g ? (uy) du. (1.17)
0

In Corollary 1.2, we require & > 1 to make sure the integral is convergent. Note that when
6 = 1, we have (see [41, formula 10.9.23])

PV ux) = @x)*?Je2Vux), gV (uy) = (wy) = I, (2/uy),

where J, denotes the Bessel function of the first kind of order «. It then follows from (1.17)
that

a/2  ,l
K(a,l)(x, y) = (%) / Ja(Z\/E)JaQ«/W) du
0

X a/2
:4(;) KB (4x, 4y),
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Local Universality in Biorthogonal Laguerre Ensembles 693

where

Jo (VDS IL P = VI Ja (V)

2(x = y) ’
is the Bessel kernel of order « that appears as the scaling limit of the Laguerre unitary
ensembles at the hard edge [18,50], as expected. Furthermore, a comparison of (1.5) and
(1.13)—(1.14) gives us the following identity

KB (x,y) = > —1,

1
0x“ / Joit 1 (x) Joi1,6((uy)?u® du
0

0

|

0 ctioo [(s+ DI(a+ 1+ 0s) sinms x 05101
ds dr
)}

= — , 6>1.
(2mi)? M+ DI (@ +146r) sinwr s —1t

c—ioo

(1.18)

For a direct proof of the above formula; see Remark 3.2 below.

We believe that the new integral representations (1.14) and (1.17) for K (@0 will also
facilitate further investigations of relevant quantities, say, the differential equations for the
associated Fredholm determinants, as done in [48,49,51]. The studies of these aspects will
be the topics of future research.

By performing an asymptotic analysis for the double contour integral representation (1.11),
we are able to confirm the bulk and soft edge universality for biorthogonal Laguerre ensem-
bles, which are left open in [13]. The relevant results are stated as follows.

Theorem 1.3 (Bulk and soft edge universality) For xo € (0, (1 + 110169, which is
parameterized through (1.9) by ¢ = ¢(xo) € (0, w/(1+6)), we have, with a, 6 being fixed,

1 1
. eTTncoty 1 0 £ 7 n 7
n]LH;Q —mE coty 1 K}Sa, '\ no (xo + 7) , no (xo + 7)
¢ g np(¢) np(¢)

p(p)x
= Kin(§,n), (1.19)

uniformly for & and n in any compact subset of R, where p(¢) is defined in (1.10) and

sinz(x — y)
Ksin(x,y) = ———— (1.20)
T(x —y)
is the normalized sine kernel.
For the soft edge, we have

1 2 1 1 1
-273(1+46)3m3 (1 +1 1 1
. e +0)37e 1 c c
lim ( ) n% K@D no( x, + —*g ,no | x, + &
_1 2 1 n 2 2
N0 273 (146)3 n3 2 n3 ns3

= Kni6, ) (1.21)

uniformly for & and n in any compact subset of R, where

wl—

14 9)+0 140)i+0
PR e L) Sy e ol Lhi (122)
69 23001
and
3
Ai(x) Ai'(y) — Ai'(x) Ai(y) 1 el
Kai(x, y) := Y Y ,2/ du/ dr— -
x-y Qi) Jye Sy vk A

(1.23)
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YL TR

Y

Fig. 1 The contours y; and yg in the definition of Airy kernel

is the Airy kernel. In (1.23), yg and yy, are symmetric with respect to the imaginary axis, and
vr is a contour in the right-half plane going from e~™/3 . 00 to e™/3 . 0o; see Fig. 1 for an
illustration.

In the special case 6 = 2, o € N U {0}, the bulk universality is first proved in [36].

Remark 1.1 The result of soft edge universality (1.21) also implies that the limiting dis-
tribution of the largest particle in biorthogonal Laguerre ensembles, after proper scaling,
converges to the well-known Tracy—Widom distribution [6, Theorem 3.1.5].

1.3 Organization of the Rest of the Paper

The rest of this paper is organized as follows. Our main results are proved in Sect.2. The
proofs of Theorem 1.1 and Corollary 1.2 are given in Sects.2.2 and 2.3, respectively, which
rely on two propositions concerning the contour integral representations of p,(:x’e) and q,ﬁ“’e)
in Sect. 2.1. These formulas might be viewed as extensions of the intensively studied 6 € N
case, and we give direct proofs here. The nice structures of these formulas then allow us to
simplify (1.4) into a closed integral form as well as to obtain the hard edge scaling limits,
following the idea in recent work of the author with Kuijlaars [33]. The bulk and soft edge
universality stated in Theorem 1.3 is proved in Sect. 2.4. We will perform a steepest descent
analysis of the double contour integral (1.11), whose integrand constitutes products and ratios
of gamma functions with large arguments. It comes out that the strategy developed by Liu
et al. [35] (see also [1]) works well in the present case. Roughly speaking, the strategy is to
approximate the logarithmics of the gamma functions by elementary functions for n large,
which play the role of phase functions. There will be two complex conjugate saddle points in
the bulk regime, corresponding to the sine kernel, while in the edge regime these two saddle
points coalesce into a single one, which leads to the Airy kernel. A crucial feature of the
analysis is to construct suitable contours of integration with the aid of the parametrization
(1.9). Since the asymptotic analysis is carried out in a manner similar to that performed in
[35], emphasis will be placed on key steps and demonstration of basic ideas in the proof of
Theorem 1.3, but refer to [35] for some technical issues.
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Local Universality in Biorthogonal Laguerre Ensembles 695

We finally focus on the cases when 8 = M € N, and relate K ,(L“’M) to correlation kernels

of specified parameters arising from products of M Ginibre matrices. Some remarks are made
in accordance with this relation to conclude this paper. For convenience of the reader, we
include a short introduction to the Meijer G-function in the “Appendix”.

2 Proofs of the Main Results

2.1 Contour Integral Representations of p,(c“’o) (x) and q,ﬁ“’o) (x)

Proposition 2.1 We have for x > 0,

k .
@O0 = (-1F S ()
q, " (x)=(=1) jzo(j)l“(a+1+j6)r(a+l+k9)

_ t
_ Fa+1 +k6)k!?§ I'(t—k)x ar, 2.1
D)

2mi L't + Do + 1+ 01)

where X is a closed contour that encircles 0, 1, . .., k once in the positive direction.

Proof The first identity in (2.1) follows from the determinantal expressions for the polyno-
(@) : :
mials g, . By setting the bimoments

+o00 .
mjk =/ x0TItk gy =T(a+ j+ kO + 1), j, k € NU{0}, (2.2)
0
we define

D, =det(m; ) k=0,...n

Ma+1) MNa+1+6) --- T(e+1+n6)

M'o+2) Fa+2+6) --- T(x¢+2+n6)
= det ) . . . (2.3)
F(a—i-.l—i-n) F(ot+1’—}-n+9) F(a+l—i-.n(0+1))

From the general theory of biorthogonal polynomials (cf. [15, Proposition 2]), it follows
that

mo,0 Mo, - Mok
G0 = ——det| 11
Dy Mig—1,0 Mk—1,1 * -+ Mi—1,k
1 x .- xk
Fae+1)Ta@+14+0) -+ T'(a+1+k6)
= det : : : : s k=1 (24
Di—y Fa+k) Ta@+k+06) - T(a+k(1+6))
1 X xk
with q(()aﬁ) (x) = 1. With the aid of functional relation
Fiz+1) =zl (2), (2.5)
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an easy Gauss elimination process gives us

n
D, =[] k0" T (@ + 1 + k). (2.6)
k=0
Similarly, by expanding the matrix in (2.4) along the last row and evaluating the associated
minors, it follows

k .
(a 0) X k (—x)/
) = (=1 jzz(:)(j)r(a+l+j0)F(a+l+k9), Q2.7)

see also [30] for a proof of (2.7) by checking the orthogonality directly if 6 = M

To show the second identity in (2.1), we note that integrand in the right-hand side of (2.1)
is meromorphic on C with simple poles at 0, 1, ..., k (the poles of the numerator at the
negative integers are canceled by the poles of the factor I' (¢ 4 1) in the denominator). Hence,
by the residue theorem and a straightforward calculation, we obtain

C(oe+ 1+ k6O)k! 7{ L —k)x!
s Tt + DI'(a + 1 + 61)

2mi
k

- . L(t —k) j
=T(a+1+ k9)k!jzz(:)ReSf=J (r(, + Dl (@+1 +9t)) !

k

(=Dk—Jxi
=I'(a+ 1+ kO)k!
ot O 2 G i@ T 17 7)

k .
k (—x)/
= (-DF )=——"——-T@+1+ko). 2.8
( >,§(,)r<a+1+,e> ( ) 238)
This completes the proof of Proposition 2.1. O

0)

Proposition 2.2 For p(a we have the following Mellin—Barnes integral representation

1 c+ioo +1_,
Lo (a9>( )= — / G 7) C(a+s)xds,
2mil(@ + 1 +kOk! Jemjoo T (5+1—§—k)

(2.9)

where ¢ > max{—a, 1 — 60} and x > 0.

Proof Note that all the poles of the integrand lie on the left of the line Re z = ¢, it is readily
seen that the integral formula in the right-hand side of (2.9) is well-defined. On account of
the uniqueness of biorthogonal functions, our strategy is to check the integral representation
satisfies

e the orthogonality conditions

1 c+ioo +1_7)
- / F(a+s)x dsdx =8k,
2ril (o + 1 + kO)K! Jo c—ico F +1_,_k)

(2.10)
for j=0,1,...,k;
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=
|
\:

o theintegral f””oo r(‘gir'(oz+s)x"ds belongs to the linear span of x¥e™*
g zm c—ico r(g+1—g— ) g P )
xa+]e—x L xa+ke—x

To show (2.10), we make use of the inversion formula for the Mellin transform and obtain
1 00 c+ioco + 1 —
- / ) C(o+s)x*dsdx
2mil (o + 1 + kO)k! c—ioo r +1———k)
_ F(z+1-35)
S D@+ 1+kOKT (5 +1 -1 —k)

G+ =kl 4o+ jO)
- M(a + 1+ kO)k!

IM'a +5)

s=j0+1

=81 @.11)

To check the second statement, recall the Pochhammer symbol (a); = F(ra(:)k) =ala +
1)---(a +k — 1), itis readily seen that

F(s+1-7%) ( 1 ) (s 1 ) (s 1 )
+l———k) =(z+1-——k) (5 +1-—-—1
rs+1-1—k \0 o ) \o 0 0 0

is a polynomials of degree k in s, the integral is then a linear combination of weights w}“) (x),
j=0,...,k, where

1 c+ioco |
w' (x) = —/ $IT (o + 5)x ™ ds. (2.12)
! 270 Je—ico
Thus, it suffices to check wﬁ.a) (x) belongs to the linear span of x*e ™, x0tle=x . xotie—x
We now expand the monomial s/ in terms of the basis (o + ),/ =0, ..., j,i.e.,
; ZJ: i) Z’: C(o +1 +5)
s/ = ai(a+ ) = a—
1=0 l : 1=0 " T+t

for some constants a; with a; = 1. Inserting the above formula into (2.12), it follows that

@ 1 etieo d +
_ —5 _ o —X
w; (x)—%Zaz/c_ioo M +1+s)x ds—Zalx e, (2.13)
=0 =0
as desired, where we have made use of the fact that
1 c+ioo
— F+s)xSds =x"e", v>-—1I;
270 Je—ioo
see (4.4) below.
This completes the proof of Proposition 2.2. O

2.2 Proof of Theorem 1.1

With a change of variable s — 0s + 1 — 6 in (2.9) and contour deformation, we rewrite
x%e™* p,(ca’a)(x) as

0 6—1 c+ioo r (S) s
- — I @s+1—-0+a)x "ds, (2.14)
2ril (@ + 14+ kO)k! Jo_ice T (s —k)
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698 L. Zhang

where ¢ > max{0, 1 — "‘T“}. This, together with (1.4) and (2.1), implies that

K@y y)ZQfH/C“‘X’ ds% th(S)F(@S—I—l—@—i—o{)
T @ai? Jecio Jr o T+ D@+ 1+060)

n—1

L=k o5 o0
I'(s —k)

k

Il
o

(2.15)

We now follow the idea in [33]. From the functional equation (2.5), one can easily check

that
I —k) ' —k) re—k+1
(s—t—1) = - ,
's—k) T(G—-k—-1 (s —k)

which means that there is a telescoping sum

. I)Z Fe—k T@—n+1) T@+1) .16

F(s—k) I'(s —n) I'(s)

To make sure that s — ¢t — 1 7 0 whens € ¢ + iR and ¢ € X, we make the following
settings. Note that max{0, 1 — “TH} < 1fora > —1and @ > 0, we take

1 4 max{0, 1 — <}
c= 2 <1

and let ¥ goaround 0, 1,...,n — 1 but withRet > ¢ — 1 fort € X. Then we insert (2.16)
into (2.15) and get

9x9—1/6+f°° q % q FC@s+1—04+a) Tt —n+1) x 05y
Qri)? Jelino s T¢+Dl(a+14+601) T'(s—n) s—t—1
o oxfTt petieo ds}{ q F@s+1—0+a) x 05y

Q2mi)? Je_ioo b Ma+14+60t) s—t—1"
The t-integral in the second double integral vanishes due to Cauchy’s theorem, since there
are no singularities for the integrand inside ¥. With a change of variable s — s + 1 in the

first double integral, we obtain (1.11)
This completes the proof of Theorem 1.1.

Ky (e, y) =

2.3 Proof of Corollary 1.2

The proof now is straightforward by taking limit in (1.11), as in [33]. Recall the reflection
formula of the gamma function

rord—r = — , 2.17)
sinmt
it is readily seen that
rec—n+1 _ '(n—-ys) si.nns. 2.18)
F's—n+1) I'(n—1t) sinmt
As n — oo, we have (cf. [41, formula 5.11.13])
['(n—s) t—s -1
—=n"" (140 , 2.19
e (1+0m™) 2.19)
which can be easily verified by using Stirling’s formula for the gamma functions. By mod-
ifying the contour ¥ in (1.11) from a closed contour around 0, 1, ...,n — 1 to a two sided
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unbounded contour starting from +oo in the upper half plane and returning to +oo in the
lower half plane which encircles the positive real axis and Ret > ¢ for t € X, the scaling
limits (1.14) follow. The interchange of limit and integrals can be justified by combining ele-
mentary estimates of the sin and gamma functions with the dominated convergence theorem,
as explained in [33].

To show (1.17), we note that

79v 1 19
=-0 / (ux)" Y uy)? du, (2.20)

s —1
and, by (2.17),
sints T(1+6)(—1)

sint L1+ s)T(=s)’

Inserting the above two formulas into (1.14), it is readily seen that

1 c+ioo
0 r 146
K(“’e)(x,y)=—/ (7/ Ma+1+65) s)(ux)—"s—l ds)
0 \27i Je—ico [(—s)

X (i/ L(uy)mdt) du.
2ri Jy T(ax + 14 61)

The change of variables s +— 6s + 1 and t +—> —01 takes the two integrals into the two
functions p@? and ¢®@? defined in (1.15) and (1.16), respectively. The identity (1.17) then
follows.

This completes the proof of Theorem 1.2.

2.4 Proof of Theorem 1.3

We start with a scaling of the correlation kernel K(a 0)(x, y) — K,Ea'g)(Oxé,Qy%). By
(1.11), it then follows that
K9 (0x7,60y7)
1 /d % dtl"(s—}-l)l"(ot—i—l—i—@s) C(t—n+1) 0% x=5g%y!
= S
(Qi)2x? rce+nDl'(e¢+14+6r) T'(s—n+1) s—t

. (221)

where C and X are two contours to be specified later, depending on the choices of reference
points.
By setting

(2.22)

r nr 146
F(z;a) :=10g( @+ Dl@+1+ Z)Q_eza_z), a>0,

F'z—n+1)
where the branch cut for the logarithmic function is taken along the negative axis and we

assume that the value of log z for z € (—o0, 0) is continued from above, we could rewrite
(2.21) as

(a 6) ( F(s X)
Ox ; 9y / ds% dt (2.23)
(2nz)2x9 eFED s —1

We will then perform an asymptotic analysis of (2.23). The basic idea is the following. It
is clear that the function F” in (2.23) plays the role of a phase function. For large z and proper
scalings, F' can be approximated by a more elementary function F (see 2.29 below) with
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the help of the Stirling’s formula for gamma function. There will be two complex conjugate
saddle points w4 (see 2.32 below) of Fin general. In the proof of bulk universality, the two
contours are deformed so that one of them will meet the pair of saddle points. It comes out that
the main contribution to the integral does not come from the saddle points alone, but from the
vertical line segment connecting the two points. In the proof of soft edge universality, the two
saddle points coalesce into areal one. The phase function then behaves like a cubic polynomial
around the saddle point (see 2.47 below), which justifies the appearance of Airy kernel.

We also note the possibilities to deform the contours in (2.23). Firstly, it is readily seen
that the integral contour for s can be replaced by any infinite contour C oriented from —ioco
to {00, as long as X is on the right side of C. One can further deform C such that X is on its
left, and the resulting double contour integral remains the same. To see this, let C and C’ be
two infinite contours from —ioo to /oo such that X lies between C and C’. An appeal to the
residue theorem to the integral on C U C’ gives

F(Sx) F(éx) Y\!
/ds?{ dtemy)s_[ / dsf eFOws—z_z’”/z(}) dr =0. (2.24)

Hence, the double contour integral does not change if C is replaced by C’. We will use such
kind of contour deformation in the proof of the soft edge universality. Similarly, one can
show that if X is split into two disjoint closed counterclockwise contours ¥ = X1 U X»,
which jointly enclose poles 0, 1,...,n — 1, and C is an infinite contour from —ioo to ico
such that ¥ is on the left side of C and X, is on the right side of C, the formula (2.23) is still
valid. We will use such kind of contours in the proof of the bulk universality.

We now derive the asymptotic behavior of F. Recall that the Stirling’s formula for gamma
function [41, formula 5.11.1] reads

logI'(z) = (z - 5) logz —z+4+ = log(Zn) + 0 (Z) (2.25)

as z — oo in the sector |arg z| < m — € for some € > 0. It then follows that if |z] — oo and
|z —n| — oo, while arg z and arg(z — n) are in (—7 + €, ¥ — €), then uniformly

F(z;a) = F(z;a) + 5 (logz —log(z —n)) + 5 : 10g(27T) + O(min(|z, [z — n) 7)),

(2.26)
where
ﬁ(z; a)=1+0)z(logz —1) — (z —n)(log(z —n) — 1) — zloga. (2.27)
Furthermore, we have
I:"(nz;nea) :nl:"(z;a)—knlogn, (2.28)
where
I:"(z; a)=(1+0)z(logz—1) —(z—D(log(z—1)—1) — zloga. (2.29)
Note that if 6 = M € N, we encounter the same I:“(z; a) and I:"(z; a) as in [35].
Since
F.(z;x) = (1+6)logz — log(z — 1) — log x, (2.30)
the saddle point of F (z; x) satisfies the equation
2 =x@z - 1). (2.31)
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Local Universality in Biorthogonal Laguerre Ensembles 701

In particular, if x = xo € (0, (1 + 6)'/6%), which is parameterized through (1.9) by
¢ = @(x0) € (0,7/(1 + 0)), one can find two complex conjugate solutions of (2.31)
explicitly given by

_ sin((1 + 0)¢) oEi9

2.32
sin(f¢) ( )
For later use, we also define a closed contour
s_|._ Sln(Fl +0)p) A0 | — T <¢< 7 . (2.33)
sin(6¢) 1+6 1+6

which passes through w4, intersects the real line only at O when ¢ = £7/(1 4+ 6) and at
1+67! ~when ¢ = 0. Since the integrand of (2.23) takes 0 as one of the poles, we further
deform X a little bit near the origin simply by setting

2= {z € X ||z] > €} Uthe arc of {|z] = €} connecting =N {|z| = €} and through — €,
(2.34)

with counterclockwise orientation.
With the above preparations, we are ready to prove the bulk and soft edge universality for
(c,0)

K7,

Proof of (1.19) In view of (1.19), we scale the arguments x and y in (2.23) such that

x=n0(xo+ s ) y=n0(xo+ 0 ) (2.35)
np (@) np(¢)

where & and 7 are in a compact subset of R and p(¢) is given in (1.10).

The contours C and X are chosen in the following ways. The contour C is simply taken to be
an upward straight line passing through two scaled saddle points nw. This line then divides
n¥’ into two parts, where r is a small parameter depending on 6. By further separating these
two parts, we define

Y= 2:cur U 2:Verv (236)

where X is the part from n%’, and Yyer are two vertical lines connecting ending points of
Ycur- The distance of these two lines is taken to be 2¢, with C lying in the middle of them;
see Fig.2 for an illustration. The main issue here is that, with these choices of C and %,
Re F (z; x0) defined in (2.29) attains its global maximum at z = w4 for nz € C and its global

ZCHI‘

ECHY

Yverdk | or

Fig. 2 The contours C and X used in the proof of bulk universality
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minimum at z = wx for z € %, which can be proved rigorously with estimates as shown in
[35, Lemma 3.1].
By taking the limit € — O, it follows

K9 (0x7,0y7) = I + D, 2.37)

where (p. v. means the Cauchy principal value)
F(s x) 1
I} := lim d
1 61_>O (27‘[1)2)69 / ’ /cur eF(t s — t

1 eflsx)
= _pw. ds————— ) dr, 2.38
(Mﬂ%épvéi 1;Sﬁmws—t 239

and, by interchange of integrals and the Cauchy’s theorem,

F(SJX) 1 1 nwy eF(s;x)
L= lim ——— / / — — / __ds
f*anw?w T DS =1 ginh S O

- T e () () e

2mix® Jnw 2mix® log(s)

Here we note that by taking € — 0, the vertical line (nw_, nw) is enclosed by Xy, hence
the Cauchy’s theorem is applicable in the first step.

With the values of x, y givenin (2.35) and w4 givenin (2.32), a straightforward calculation
gives us

1—1
p((/))xo g ( % . n—E)w— O )
= Plpixo - (1] — e P (1

2mi(n — &) (1+ 0 (n1)) e @0 (14+0((n™")—er®0 (1+0(n™"))
— (o) 1-1 e sinr (& — 1)
= pY)Xy eﬂcotwé JT(E — 7])

On the other hand, one can show that, in a manner similar to the estimates in [35, Lemma
2.1], F(z; n?xo) attains its global maximum at z = nwx for z € C and its global minimum
at z = nwy for z € 3, which leads to the fact that I () = O(m~Y?). This, together with
(2.37) and (2.40), implies (1.19).

Proof of (1.21) On account of the scalings of x, y in (1.21), we set

cs Cx1)
x =n? (x*—i—n;kﬁ), y=n’ (x*—l—n;ﬁ), (2.41)

where &, n € R, x, and ¢, are given in (1.22).
In this case, the two saddle points w4 coalesce into a single one, i.e.,

+0(n™) (2.40)

1
wi=wo=n=1+. (2.42)

We now select the contours ¥ and C as illustrated in Fig. 3.
The contour X is still a deformation of nX", while near the scaled saddle point nzg, the
local part X is defined by

loc = {nzo+61n%r62”i/3 ‘ re [l,n;*O]} U {nzo tenire i3 ‘ re [l,n%]}
3 3
re[—vﬁ Vﬁ}], (2.43)

2
cin3 | 2
Uinzg — > +icin3r )
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C
by
TL:ZO Cloc
Fig. 3 The contours C and X used in the proof of soft edge universality
where
1 1
C1 = Xy/Cx =23(14+60)3/6. (2.44)

The contour C is obtained by deforming a straight line. Around nz, the local part is defined
by

Cloc = [nzo+01n%re”i/3 ‘ re [l,n%]] U {nzo+c1n%re_”i/3 ‘ re [l,n%]]

re |:—\/§ ﬁi“ (2.45)

Asin[35, Eq. 2.69], one can show that the main contribution to the integral (2.23), asn — oo,
comes from the part Cjoc X Xjoc, and the remaining part of the integral is negligible. When
(s,1) € Cloc X Zjoc, We can approximate F(s; n%x,) and F(t; n%x,) by F given in (2.26),
and further by F that is defined in (2.29).

With zg given in (2.42), it is readily seen that

2
can3i . 2
“+icin3r

U‘nzo-ﬁ-

3

ﬁz(Zoﬂf*) =0, ﬁ‘zz(10§ X)) =0, ﬁzzz(ZO; Xy) = 1+6°

(2.46)
Hence,

F(zo0 + n_%cm; Xs)
1

2

1

3 . 2,2 —% o ) 33 ]
22(20; X )equ nT 3 + — Fpp2(20; Xs)cyu'n

A A 1
= F(z0; x+) + F;(20; xs)crun™ 3 +

+ O (n_g)
3

= Foixa) + —+0 (n‘?) . (2.47)
3n

@)

By changes of variables
2 2
s =nzo+n3ciu, t=nzy+n3cv, (2.48)
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it follows from (2.23), (2.26), (2.41), (2.44) and (2.47) that

F(v X) 1
dsj{
(2nz)2xe /cloC Sloc eF(t Vs —t

F(sn Xx) (1+n 36‘11%_)—5 X
/ ds]{ dt —
(2m)2x9 Cloc e F(tinMyy) (1 + n_%cfln) st

2T on3 o hu—ug 1
= : 2/ du/ dv + 0 (rf?)
1z Qri)* Je, S0 esVvnu—v

n3xy

2b 2 S0 oo’ ,
== (kaEw+0(n %)), (2:49)
ni(l1+6)ts
where X and Cy are the images of Cjoc and Xjoc (see 2.45, 2.43) under the change of variables
(2.48), and the last equality follows from the integral representation of Airy kernel shown in
(1.23).
This completes the proof of Theorem 1.3.

3 The Cases when 0 = M € N

In this section, we will show a remarkable connection between K,(la’e) and those arising
from products of Ginibre random matrices if & € N. In the limiting case, this relation has
been established in [32]. Our result gives new insights for the relations between these two
different determinantal point processes. In particular, it provides the other perspective to
explain the appearance of Fuss—Catalan distribution in biorthogonal Laguerre ensembles;
see Remark 3.1 below. We start with an introduction to the correlation kernels appearing in
recent investigations of products of Ginibre matrices.

3.1 Correlation Kernels Arising from Products of M Ginibre Matrices

Let X;, j = 1,..., M be independent complex matrices of size (n + v;) X (n + v;_1)
with vp = 0 and v; > 0. Each matrix has independent and identically distributed standard
complex Gaussian entries. These matrices are also known as Ginibre random matrices. We
then form the product

Yuy=XuXpy_1---Xi. 3.1

When M = 1, Y1 = X defines the Wishart-Laguerre unitary ensemble and it is well-
known that the squared singular values of Y; form a determinantal point process with the
correlation kernel expressed in terms of Laguerre polynomials. Recent studies show that the
determinantal structures still hold for general M [2,4]. According to [2], the joint probability
density function of the squared singular values is given by (see [2, formula 18])

1
Prs ) = 2 A, ) det [wia1Gp] iy e >0 (32
n
where the function wy is a Meijer G-function
M.0 -
wr(x) = GO,M(VM,VM—I ,,,,, VZaVl+k‘ x) ’ (3.3)
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and the normalization constant (see [2, formula 21]) is

n M
Z, =n!HHF(i+vj).

i=1j=0
Note that the Meijer G-function wy (x) can be written as a Mellin—Barnes integral

1 c+ioo M
wi (x) = —/ T(s+vi+k) [[TG+v)xds, k=0,1,.... (34
270 Je—ico =
with ¢ > 0. As a consequence of (4.4), it is readily seen that if M = 1, (3.2) is equivalent to
(1.1) with 6 = 1.
The determinantal point process (3.2) again is a biorthogonal ensemble. Hence, one can
write the correlation kernel as

n—1
K (x,y) = > P'x)Q{(), (3.5)
k=0
where v stands for the collection of parameters vy, ..., vy and the biorthogonal functions
P! and Q} are defined as follows. Foreachk =0, 1,...,n — 1, P} is a monic polynomial
of degree k and Q) can be a linear combination of wy, ..., wk, uniquely defined by the
orthogonality
o0
/0 Rl‘.’(x)QZ(x) dx =68 «. (3.6)

In particular, we have the following explicit formulas of P’ and Q} in terms of Meijer
G-functions [2]:

1 M+1,0 —k
Qr(x) = Gy x
k l—[iwzo F(k + v; + 1) 1,M+1 (V(),V],...,UM‘ )
1 etico TT™ ' T'(s +v;)
= i / TG +v) g 3.7)
2mi Hq,‘zor(k‘f‘vjﬁ—l) c—ioo F(S—k)
and
M
0,1
P’;)(x) == H F(l’l + vj + 1) Gl,M+l (—UOY—Vlw-r-l,tlva],—vM‘ x)
j=0
M P v+ 1)
=0 = o o : 3.8
=D 11:[1 F(Uj +1) 1M (1+v1 ..... 1+UM’x) (3.8)
where
00 k
(ak---(ap)k z
Fo(hrim]e) = D ot 39
prq\ b by |2 Z(bl)k"'(bq)k I (3.9
k=0
is the generalized hypergeometric function with
I'a+k
(a)k=¥=a(a+1)~~(a+k—l) (3.10)
['(a)
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being the Pochhammer symbol; see (4.2) for the second equality in (3.8). The polynomials
P} can also be interpreted as multiple orthogonal polynomials [26] with respect to the first
M weight functions w;, j = 0,..., M — 1, as shown in [33]. More properties of these
polynomials (or in special cases) can be found in [14,33,39,52,53,55].

With the aid of (3.7) and (3.8), it is shown in [33, Proposition 5.1] that the correlation
kernel admits the following double contour integral representation

—1/2+ic0 B R

K;(x,y):%/ fdtl‘[””"f DO@—nt bty
@mi)* J-1/2-io0 Do+ DTG -t 1) s

3.11)

where ¥ is a closed contour going around O, 1,...,n — 1 in the positive direction and
Ret > —1/2 fort € X. For recent progresses in the studies of products of random matrices;
see [3].

We point out that the kernel (3.11) (as well as the biorthogonal functions Pk” and Q}(’) is
well-defined as along as v; > —1,i = 1,..., M, and has a random matrix interpretation if
v; are non-negative integers, i.e., then the particles correspond to the squared singular values
of the matrix Y.

3.2 Connections Between K " and K "

Our final result of this paper is stated as follows.

(a, M) (a,0)

Theorem 3.1 (Relating K, toK)))Letp, ", qka 6) , P} and Q| be the functions defined
through biorthogonalities (1.3) and (3 6), respectively. If 6 = M € N, we have

(‘1 M)(x) MkMPk (MM)
M1 (3.12)

M
o ,—x (., M) R
s o = 0 (3 ) e
where the parameter v is given by an arithmetic sequence
V= ——i———l j=1....M. (3.13)

As a consequence, we have

) XM=l MM
K (x’y)=WK;(W’W) (3.14)

where K,(,a’e) and K, are two correlation kernels defined in (1.4) and (3.5), respectively.

Proof Suppose now the parameters in P’ are given by ¥ (3.13), we see from (3.8) that
i

B . F(k+v,+1) (—k); X

_ - 1)k1—[ ( a+])

k

(k) (=)' (3.15)
g\ T i+ 54T+ 51

i=
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where the second equality follows from the definition of Pochhammer symbol (3.10). In view
of the Gauss’s multiplication formula [41, formula 5.5.6]

n—1
k
M(nz) = @m)="2pme= WD TTT (z + 7) (3.16)
k=0 n

withz =1 + ‘%l and n = M, we could further simplify (3.15) to get

o+ 14 kM) (—xMM)i
e Z() C(a+1+iM)MM (3.17)

Combining (3.17) with (2.7), it is readily seen that

g™ o) = MHPE ( (3.18)

)

which is the first identity in (3.12). Note that both q,ﬁa’M) and Pk‘j are monic polynomials of
degree k.
To show the second identity in (3.12), we obtain from (3.7) and (3.13) that

o XM
ot (37)

1 c+ioco r M : -M
_ ,/ e Hr(ﬁﬁHL)(i) " ds
2nik!]_[9/’:ll“(k—|—%) e—ico L(s =) M) \M

j=1

M(k-H)M c+ioo F(S)
T 27kl (@ + 1+ kM) Jo_ i T(s —k)

T(Ms +1—M + a)x M5 ds,

where we have made use of (3.16) again in the second step. This, together with (2.14), implies
that

M M1 )
D o =X ,
Ok (MM) e =x ¢ e (),

as desired.

Finally, the relation (3.14) follows immediately from a combination of (1.4), (3.5) and
(3.12). Alternatively, this relation can also be checked directly from the double contour
integral representations (1.11) and (3.11) with the help of multiplication formula (3.16).

This completes the proof of Theorem 3.1. O

Remark 3.1 By setting x = y in (3.14), we simply have that K,E“’M) is related to K ,‘;’ via an
Mth root transformation. Let n — o0, this in turn provides the other perspective to explain
the appearance of Fuss—Catalan distribution in biorthogonal Laguerre ensembles, since it is
well-known that the Fuss—Catalan distribution characterizes the limiting mean distribution
for squared singular values of products of random matrices [5,7,40]. As a concrete example,
we may focus on the case & = M = 2. According to [33,54], the empirical measure for
scaled squared singular values for the products of two Ginibre matrices converges weakly
and in moments to a probability measure over the real axis with density given by

1/3 1/3
V3 1+ /1 )’ P . / c(0.2). 619
- — —1—/1-= , X ,— ). .
i3 27 27 4
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On the other hand, by [36] (see also [13]), the limiting mean distribution for scaled particles
from biorthogonal Laguerre ensembles (1.1) with 6 = 2 takes the density function given by

1/3 1/3
3 2 | x? :
fl I+ 1= —[1=/1-% . xe(0.37). (20
27 x3 27 27

Clearly, the density (3.20) can be reduced to (3.19) via a change of variable x — 2./x, as
expected.

Remark 3.2 From [33, Theorem 5.3], it follows that, with K, definedin (3.5) and vy, ..., vy
being fixed,
1
lim —K (f, X) — K'(x, y), (3.21)
n—-oon n n

uniformly for x, y in compact subsets of the positive real axis, where

K"(x,y)

1 /1/2”"0 q / dr ﬁ I(s+vj+ 1) sinms x'y=s~!
= — s
Qri)? J_ipp-ico s i C+vj+1)sinnt s—¢

1
1,0 - M.,0 -
= Gy ux ) Gy ;
A 0.M+1 —Vo, —Vi, ..., —VM 0.M+1 Vi, ooy VM, VO

and where X is a contour starting from 400 in the upper half plane and returning to +oo
in the lower half plane which encircles the positive real axis and Ret > —1/2 for ¢t € X.
This fact, together with our relation (3.14) and the hard edge scaling limits of Borodin (1.5),
implies that

uy) du,

(3.22)

1 M M—1 5 yM )CM
o o _ v
Mx /0 Ja;;l ,ﬁ(ux)JaJr],M((uy) )M du = 711{ (W, W) . (323)

The identity (3.23) was first proved in [32], where the authors gave a direct proof by noting
that Wright generalized Bessel functions J, ; defined in (1.6) can be expressed in Meijer
G-functions if b is a rational number. Since it is easily seen from (3.22) and the multiplication
formula (3.16) that

M—1 M M
X sy X M)
WM— v (W’ W) = K'%"(x, ¥), (3.24)
where K@M (x, y) is given in (1.14), the proof presented in [32] also gives a direct proof
of identity (1.18) if & = M € N. To show (1.18) for general & > 1, we first observe from
(1.16), the residue theorem and (1.6) that

@) o (—l)k Oka p
&, = =0J, . 3.25
g7 (x) kzzo RS ENT) a+1,0(x7) (3.25)

Similarly, by deforming the vertical line in (1.15) to be a loop starting from —oo in the lower
half plane and returning to —oo in the upper half plane which encircles the negative real axis,
we again obtain from the residue theorem that
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a+k

— (-DF x
PP =>" - i = e 1 (). (3.26)
k=0 ! F( [ )

A combination of the above two formulas, (1.14) and (1.17) gives us (1.18).

Acknowledgments The author thanks Peter Forrester and Dong Wang for helpful communications and
for providing me with an early copy of the preprint [22] on a related study of the Laguerre biorthogonal
ensemble upon completion of the present work. The author also thanks the anonymous referees for their
careful reading and constructive suggestions. This work is partially supported by The Program for Professor
of Special Appointment (Eastern Scholar) at Shanghai Institutions of Higher Learning (No. SHH1411007)
and by Grant EZH1411513 from Fudan University.

Compliance with Ethical Standards

Conflict of interest The author declares that he has no conflict of interest.

Appendix: The Meijer G-Function

For convenience of the readers, we give a brief introduction to the Meijer G-function in this
appendix, which includes its definition and some properties used in this paper.

By definition, the Meijer G-function is given by the following contour integral in the
complex plane:

z "du, (4.1)

Gmn (Zl,...,zp Z) _ L/ l_[’}lzl F(bj + u) H;:1 ra-— aj — u)

P APt P 27i Jy s DA =bj =) [T7_, 4, Taj +uw)
where I" denotes the usual gamma function and the branch cut of z7* is taken along the
negative real axis. It is also assumed that

e 0 <m <gqgand0 <n < p, where m, n, p and ¢ are integer numbers;
o The real or complex parameters ay, ..., a, and by, ..., by satisfy the conditions

ax—bj #1,2,3,..., fork=1,2,...,nand j =1,2,...,m,

i.e., none of the poles of I'(b; +u), j = 1,2, ..., m coincides with any poles of I"(1 —
ar —u),k=1,2,...,n.

The contour y is chosen in such a way that all the poles of I'(b; +u), j = 1,..., m are on
the left of the path, while all the poles of I'(1 —ay —u), k = 1, ..., n are on the right, which
is usually taken to go from —ioo to i 0o. For more details, we refer to the references [37,41].

Most of the known special functions can be viewed as special cases of the Meijer G-
functions. For instance, with the generalized hypergeometric function ,F, given in (3.9),
one has [41, formula 16.18.1]

e

[(br)
ai,....dp _ k=1 1,p l—ay,....,1-ap
rFy (bl,..‘,bq Z) =G0, (O,I—bl,...,l—bq -z). 4.2)
[T T (ar)
k=1
This, together with the fact that
o mon [(41-Gp _ ~mn (ata,.apta
Z prq (bl,n-qbq Z) = Gp,q (b1+a,...,bq+ot Z), (43)

@ Springer



710 L. Zhang

gives us
1
x%e ™" = Géz? (o] x) = 2—/ (o + s)x* ds. “4.4)
7i J,
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