T Stat Phys (2015) 161:577-597 @ CroseMark
DOI 10.1007/510955-015-1347-1

Limiting Results for the Free Energy of Directed
Polymers in Random Environment with Unbounded
Jumps

Francis Comets! - Ryoki Fukushima? -
Shuta Nakajima? - Nobuo Yoshida3

Received: 26 May 2015 / Accepted: 29 July 2015 / Published online: 9 August 2015
© Springer Science+Business Media New York 2015

Abstract We study asymptotics of the free energy for the directed polymer in random
environment. The polymer is allowed to make unbounded jumps and the environment is
given by Bernoulli variables. We first establish the existence and continuity of the free energy
including the negative infinity value of the coupling constant §. Our proof of existence at
B = —oo differs from existing ones in that it avoids the direct use of subadditivity. Secondly,
we identify the asymptotics of the free energy at § = —oo in the limit of the success
probability of the Bernoulli variables tending to one. It is described by using the so-called
time constant of a certain directed first passage percolation. Our proof relies on a certain
continuity property of the time constant, which is of independent interest.
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1 Introduction and Main Results

The directed polymer in random environment is a statistical physics model of a polymer in
disordered solvent. In the discrete set-up, the polymer chain is a random walk ((X,),>0, P)
on Z¢ starting at the origin and the random environment is modelled by independent and
identically distributed random variables ((n(j, x))(j vyenxzd, Q). We introduce the Hamil-
tonian H, = Z'}:l n(j, X;) and, for a given inverse temperature 8 € R, define the finite
volume Gibbs measure by

1
dupf = i SPIBHAP, (1)

n

where Z,'{'ﬂ = Plexp{p H)}] is the partition function with P[-] denoting the expectation
with respect to P. When 8 > 0, the polymer is attracted by large values of 1 and repelled by
negative values. It is known that this interaction causes a localization transition depending
on the law of the random walk [10].

A quantity of particular importance in this model is the free energy

1 8
o(B) = lim —logZ)
n—-oon

whose existence is usually established by a subadditivity argument. It is for instance believed
that the difference between ¢(8) and the so-called annealed free energy characterizes the
localized/delocalized phases. See [3,6,8,11] for rigorous results in this direction.

1.1 Zero Temperature Limits and Open Paths Counting

One of the main results in the present article is about the zero temperature limit of the free
energy ¢(B). Let us give a few words on the motivation. There has recently been a revival
of interest in the problem concerning the number of extremal paths in random media that
dates back to [17,20], see for example [7,18,19,25,26,32] for recent works in the directed
setup. Among others, Garet-Gouéré—Marchand [19] have recently established the existence
of the growth rate of the number of open paths in nearest neighbor oriented percolation. To
be more precise, let N, be a number of open paths of length # starting from (0, 0) € N x Z<.
Then assuming that the percolation takes place with a positive probability, it is proved that
lim,, o 7~ ! log N, exists and is non-random on the event of percolation. The main difficulty
is that the standard subadditivity argument does not work as log N,, is not well-defined (or
should be defined as —oo) with positive probability, making this quantity not integrable.
One of the motivations of the present work is to propose an approach to the same problem
by considering the zero temperature limit of the directed polymer model. Indeed, when the
random walk is simple nearest neighbor walk and 7 is a Bernoulli variable, the above partition
function at 8 = —oo coincides with (2d) ™" N,. If we are able to prove that the convergence

1 1
—log Z"P — —log N, —log2d as  — —oo
n n

is uniform in n on the event of percolation, then it follows that lim,,_, o n! log N, exists
and is equal to limg_, _ o @(B) +1og 2d. In this paper, we carry out this program for random
walks with stretched-exponential transition probabilities as a test case. The unboundedness
of jumps simplifies the problem since no percolation transition occurs anymore. However we
note that our approach automatically yields the stronger continuity result of the free energy
at § = —o0. One of the reasons for our rather special choice of the transition probability
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is that with this choice, the model has a relation to a directed version of the first passage
percolation studied in [21,22], which is interesting in its own right. See Theorem 1.3 below.

We shall comment more on related works in Sect. 1.3 after describing our setting and
results.

1.2 Setting and Results
Let ({Xp}nen, Py) be the random walk on Z¢ starting from x and with the transition proba-
bility
Py(Xpy1 =2z Xn = y) = f(ly — zl1),
where f : NU {0} — (0, 1) is a function of the form
f (k) = ciexp{—c2k®}, wherea > 0. 2)

We write P instead of Py for simplicity.

Remark 1.1 Our choice of the jump law is somewhat arbitrary, and it is tempting to replace
our specific choice with some regular variation assumption on the tail of log f (k). Itis a purely
technical exercise to adapt our method in order to cover such cases. To make arguments as
transparent as possible we stick to this simple law.

In view of the motivation explained above, we assume that ({7(j, X)}(j vyenxze, @) is inde-
pendent and identically distributed Bernoulli random variables with

000,00 =1 =pe@©1D.
We define the partition functions at 8 = —oo by
ZF~*® =P(H]=0)

in addition to the notation introduced before. Note that Z,'~° is positive for Q-almost every
n, since the random walk has unbounded jumps. It is routine to show that, Q-almost surely
and for all B € R, the free energy exists and is equal to the second line:

1 p
¢(p, ) = lim —logZ)
n—oon
1
= lim —Qflog Z"*].
n—oon

Then, it is plain to see that ¢ is non-decreasing in p for § > 0, non-increasing in p for
B < 0, non-decreasing and convex in 8, and that ¢(p, 8) = ¢(1 — p, —B) + B for B real.
Furthermore, one can show by a simple application of the so-called block argument that

1
lim ¢(p, ) > liminf — log Z,'l"_"O > —00 . 3)
ﬁ—)—oo n—-oo n

See Appendix for a proof. Our first result shows that the free energy exists and is jointly
continuous in (p, B), including 8 = —oo.

Theorem 1.2 In the above setting with o € (0, d), the limit
1
o(p, —00) = lim —logZ = 4)
n—>oo n

exists Q-almost surely. Moreover, the function ¢(p, B) is jointly continuous on (0, 1]
x [-00,00) \ {(1, —00)}.
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580 F. Comets et al.

It is possible to show the first part for general o € (0, co) by using the subadditive ergodic
theorem, as in the proof of Theorem 2.1 of [15], with the help of the fact that

Olllog Z] ™[] < oo.

However, we prove it as a part of the proof of continuity result, avoiding direct use of the
subadditive ergodic theorem at 8 = —oo. As explained above, we think this is of tech-
nical importance. Note that the above integrability condition may break down even for a
model where there is no percolation transition. The Brownian directed polymer in Pois-
sonian medium with 8 = —oo is such an example, as one can easily check by considering
the event that there is a Poissonian trap very close to the origin.

Note that at the exceptional point in Theorem 1.2, ¢ should be defined as ¢(1, —00) =
—oo. It is then natural to ask how ¢(p, B) grows as (p, 8) — (1, —00). Our next result
addresses a directional asymptotics. Note that ¢ (8, p) exists Q-a.s. forall @ > 0, as we have
just mentioned.

Theorem 1.3 In the above setting with a € (0, 00), there exists a constant 1 > 0 such that
asp 11,
¢(p, —00) ~ —copur (1 — p)~*/4. ®)

The constant ¢y comes from (2), and (w1 is defined by (7) with p = 1.

Remark 1.4 1f we replace n by 1 — n and denote the corresponding free energy by ¢(p, B),
we can deduce its asymptotics as B — —+oo and p | 0 from Theorem 1.2 and 1.3 as follows:

lim (¢(p, B) — B) exists and asymptotic to — cz,ulp*"/d as p | 0.
B—+o0

This kind of symptotics are extensively studied in the continuous time setting, see Sect. 1.3
below. In the discrete time setting, however, this is the first result in the same direction to the
best of our knowledge — possibly because for the common nearest neighbor walk model,
the high density asymptotics at § = —o0 is trivial. Moreover, we encounter a new directed
first passage percolation model in identifying the constant 1| which is interesting in its own
right. Let us explain how it comes into play.

The asymptotics (5) has a simple heuristic interpretation. When p is close to 1, the sites
at which n = 0 have low density 1 — p and hence the random walk has to make a jump of
order (1 — p)~!/4 at each step to achieve H,| = 0. The probability of such a path decays like
exp{—(1 — p) —@/dp} and this explains the p-dependent factor. In fact, it turns out that the
main contribution to the free energy comes from the path which carries the highest proba-
bility and hence the constant c> 41 corresponds to the growth rate of the minimal cost for the
random walk.

Note that this minimal cost could in principle depend on p, but actually it does not, as we
will see in the next theorem. There, we prove the continuity as p 1 1 of the time constant
of a certain directed first passage percolation, a result of independent interest. Denote the
(scaled) points where the random walk is allowed to go by

wp= > (1= )50,

(k,x)eNx7Zd

with the natural scaling factor 5, = (log %)Ud ~ (1-— p)l/d (p 1 1). With some abuse
of notation we will frequently identify w,, and more generally any point measure, with its
support. Given a realization of w,, we define the passage time from 0 to n by
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n
Ty (wp) = min [Z [xe—1 — xx|“ 2 x0 = O and {(k, xp)};_; C wp]- (6)
=1

Then, a direct application of the subadditive ergodic theorem shows that the limit
.1
Kp = nlgrc}o ;Tn (a)p) @

exists Q-almost surely. The limit 11 ,, so-called time constant, is deterministic. In these terms,
the maximal probability of paths satisfying H,| = 0 is expressed as

chexp | —c2s, “T(p) | =exp [carup (1 = p)~/n(1 + 0(1) ],

Now note that w;, converges as p 1 1 to the Poisson point process w; on N x R¢ whose
intensity is the product of the counting measure and Lebesgue measure. Observe also that
definition (6) makes perfect sense when p = 1, yielding a limit 41 in (7). In the next result
we claim that the time constant of the Bernoulli model converges to that of the Poisson model

asp 1 1.

Theorem 1.5 (Continuity of the time constant) We have
Iimu, = uy.
pt1 P

Remark 1.6 A similar continuity of the time constant is known for lattice first passage per-
colation in greater generality, see [12,13] and (6.9) in [24].

1.3 Related Works

The main part of Theorem 1.2 is the continuity of ¢(p, 8) around 8 = —oo, which is the zero
temperature asymptotic result for the free energy. This type of problems does not seem to
attract much interest in the discrete time setting since in some cases the answers are simple.
For instance, consider the (nearest-neighbor) simple random walk model with ani.i.d. random
environment with Q(n(0,0) > 0) > 0. Then it is easy to see that as B — 400, the free
energy is asymptotic to 8 times the time constant of the directed last passage percolation.
However, if 1 is Bernoulli distributed and we send 8 — —o0, the situation is not so simple.
As we mentioned at the beginning, the existence of ¢(—oo) proved in [19] is already highly
nontrivial and the continuity as 8 — —oo remains an open question at the moment.

For the continuous time polymer models, the asymptotics of the free energy is far from
being simple. Continuous time random walk models, known under the name of parabolic
Anderson model, have attracted enormous attention. Carmona—Molchanov in the seminal
work [5] initiated this line of research. They mainly studied the case when the environment is
a space—time Gaussian white noise and their results include non-matching upper and lower
bounds for the free energy when the jump rate of the random walk tends to zero. Note that
this limit is similar to that in Theorem 1.3 in spirit since in both cases, the random walk
is forced to make more jumps than it typically does. Shiga [31] proved similar results for
the space—time Poissonian environment at § = —oo. In fact, both [5] and [31] only proved
the existence of the free energy in the sense of a L' limit. These results were later refined
and extended in [14-16,28] and almost sure existence of the free energy was established
in [15,16]. Finally, the sharp equivalent for the free energy as the jump rate vanishes was
obtained in [4,15] in terms of the time constant of a last passage percolation problem. Note
that for the Gaussian white noise environment, the above asymptotics is readily translated
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to the § — oo limit by using a scaling identity (see Chapter IV of [5]). On the other
hand, in the Poissonian environment case, these zero temperature limits are of independent
interest but have not been considered yet. In particular, we expect that the continuity similar
to Theorem 1.2 holds when 8 — —oo.

Another continuous time polymer model is Brownian directed polymer in Poissonian
environment introduced by Comets—Yoshida [9]. The § — 400 limit was studied in the
same paper, as well as § — —oo for d > 3 with a specific choice of the other parameters. It
is possible to show by a block argument that the finite volume free energy stays bounded as
B — —oo in general but, to the best of our knowledge, the existence of the limit at 8 = —oo
is not known. Later in [11], the asymptotics as the density of the Poisson point process tends
to oo was also studied but only for bounded g, in contrast to Theorem 1.3 here.

Finally, we mention that some solvable models have been found recently, see, e.g.,
Moriarty—O’Connell [27], Amir—Corwin—Quastel [1] and Seppildinen [30]. In these models
the free energy can be explicitly computed, thus allowing to study various asymptotics. Butwe
refrain from explaining the details of these results since such examples have been found only
in (1 4+ 1)-dimension so far and also the techniques employed are quite different from ours.

1.4 Organization of the Paper

The rest of the paper is organized as follows. Section 2 is devoted to the proof of Theo-
rem 1.2. For B € R, the continuity is relatively easy and the essential part is the proof of
continuity around f = —oo. The basic strategy is to introduce a deformation of the path
with a quantitative control of the resulting error. In Section 3, we prove Theorem 1.5, as
well as a concentration result which is used in the proof of Theorem 1.3. Finally, we prove
Theorem 1.3 in Section 4, by showing that the heuristic computation given below Remark
1.4 is indeed correct. There, we closely follow arguments of Mountford [28].

2 Proof of Theorem 1.2

Proof (Theorem 1.2) Note first that continuity in 8 € (—o0, co) follows from convexity of
@(p, -). Next, we verify the continuity in p, locally uniformly in B, cf. (8) below. For this
purpose, we take arbitrary 0 < p < g < 1, and introduce another family of independent and
identically distributed Bernoulli variables ({¢ (7, x)}(jyx)eNde, Q) with Q’(¢(0,0) = 1) =

(g — p)/(1 — p) and define 77 = 1 v ¢. Then, ({N(j, ¥)}(j xyenxzd> @ ® Q') is a collection
of Bernoulli random variables with success probability g and we are going to estimate

0® 0 [logZ}# —log 7} | = 0 © 0’ [10g k) [expipH ]

where duZ’ﬁ = (Z,'Z”g)_1 exp{B H,}dP is the polymer measure. For positive 8, we have by
Jensen’s inequality that

0<0®0 [IOg pr? [exp{ﬂHj_"}]]
<logQ® Q' [uZ’ﬁ [CXP{ﬁHj_n}]]
<logQ® Q' [u)” [explBHS}]]

=log O [u}? [ Q' [exp(BHS}]]]
=nlogl(e? — 1)(¢ — p) + 1].
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For negative 8, we again use Jensen’s inequality for fixed n and ¢ to get
0= 0® 0 [log )’ [exp(pH ]
> 000 [u)! [pH]]
> 0wy [0'[BHS]]]
=nf(q — p).

From these estimates, it follows that for any M > 0,

hm‘ﬂslup le(q. B) — o(p, B)I

=1lim sup lim — |0 ® Q' [logZ”’s logZ,'Z’ﬂ]'
LILP|,3\<M"—’°°71

=0 ®)

and the same holds for lim ,1,. Combining with the continuity in 8, we get the joint continuity
on (p,B) € (0,1] x R.

Now we proceed to the main part of the proof, that is, the continuity at § = —oo. The
following is the key estimate.

Proposition 2.1 Let o € (0,d), p € (0, 1) and € > 0. Then there exist r > 0 and By < 0
such that forall g € [p, p+rland B € [—o0, Bol, Q-almost surely for all sufficiently large
n,

ZNP < een gzl =, 9)

Let us first see how to derive Theorem 1.2 from this proposition. Since the other direction
Z1P > 717% is obvious, we see that

1 .
¢(p. ) — € < liminf —log ZJ:~
n—o0

< hmsup logZ" ~® < o(p, B). (10)

n—oo

This in particular implies (by setting ¢ = p) that the limit (4) exists and equals to
limg_, oo @(p, B). Thus, (10) reads:

o(p, B) —€ <@g, —00) < ¢(p, B). (11

Therefore, it also follows from the monotonicity and (11) that

sup{le(p1, B1) — @(p2, B2)| : p1, p2 € [p, p + 7], B1, B2 € [Bo, —o0]}
< @(p,Bo) —¢(p+r,—o0)
< 2e.

This, together with (8), completes the proof of the joint continuity. O

Proof (Proposition 2.1) Hereafter, we denote Q ® Q' by Q for simplicity. The basic strategy
of the proof is to deform the path appearing in the sum

h= > Hf(|x, 1 — xjlefniD (12)
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584 F. Comets et al.

to a path x* which does not hit a site with 77(j, x) = 1 and compare the above with

Z Hf(|x, LX) =z,

where the sum runs over all paths which appear as a result of deformation. To establish (9),
we need

n fUxj—1—xjl1)
J=1 70x7_ =51
(ii) not too many paths are deformed to a single path x*.

(i) the deformation costs [ are negligible;

Let us start the proper proof. We define x* as follows:

2 if 7(k, xx) =0,
k argmin{dist; (x, {x : 7(k, x) = 0})}, ifnk,xx) =1,

where if there are several candidates in the second case, we choose one by a deterministic
algorithm. To control the costs of deformation, we define

dj(X;, ) =disti (X}, {x : 7(j, x) = 0}),
where dist; denotes the /!-distance, and introduce an auxiliary Hamiltonian
n
Dy(X, ) = > d;j(X;, "
foro < 1 and
n
Dy(X, ) = > dj(X;. D" + X1 — X1 (djo1 (X0, ) + dj (X, )
j=1
for 1 < « < d with the convention dy(Xg, 7) = 0. When @ < 1, we use the fact (x + y)*
< x% + y“ for positive x, y to bound the deformation cost at each step as
flxj—1 —xjl) N X
e =explea(lx_; — X7} = [xj—1 — x;51])}
FAxf_y = x5h) o e (13)
< explea(ljo1 — x5 [§ + lx; — 23D
In the other case 1 < « < d, we instead use convexity to get
Iy =217 = lxj—1r = x1§
<|[lxjoi = xjli +djm1 Gjmr, ) 4+ dj G, D] = lxjm — x50
. wya—1 . .
<aflxjor —xjl +djioi(xjo1,0) 4+ dj(x;, n)]a (dj—1(xj—1,m) +dj(x;,m)
< a2°‘|xj_1 — Xj|7_1(dj_](x/'—], ) +dj(xj, )
+ 2% (dj_y (xj1, D +dj(xj, DY), (14)
Hence in both cases, the total cost is bounded as

Hf(|x] 11— xj|1) <e 3Dy,
e, =

for some ¢3 > 0.
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Lemma 2.2 Leta € (0,d). Forany p € (0, 1) and § > 0, there existsr € (0, 1) and By < 0
such that for all g € [p, p +r] and B < By,

1
nlggo WP[exp{,BHJ’} :D, <énl=1, OQ-as.
Zy

Proof We give a proof only in the case 1 < a < d since the other case is easier. We show
that for any ¥ > 0, one can find By and r such that

Q[Plexp{BH, +yDy}ll <1
forallg € [p, p+r]and B < Bp. Then it readily follows that Q-almost surely,
Plexp{BH,] +y Dy}l < n*

except for finitely many n € N. If we take y > limg_. _ [@(p, B)|/$, the right-hand side
of
Plexp{BH,} : Dy > Sn] < e”7*" Plexp{BH,] + y Dy)]

is o(Z,'{’ﬁ) and we are done.
Let us fix an arbitrary y > 0 and we write

O[Plexp{BH, + y Dy}

=P | [] e[exp{Bn(i. X)) + vd;(X;. )"
j=1 (15)

+y (IXon = XG0+ 1 = Xy ) 4y )]

with the convention | X,, — X,,+1]1 = 0. We estimate the last Q-expectation by distinguishing
the cases according to the value of 7(j, X ;). First, if 77(j, X;) = 0 then all terms in the
exponential are zero and, by definition,

0, Xj)=0=1-gq.

Second since 1(j, X ;) and d; (X, i) are conditionally independent on {(j, X;) = 1}, we
get for general £ > 0,

Q [eﬁﬂﬁxwﬁdj(xjm)1{ﬁ<j,X/>=1}]

=0 [eﬂ"(’j'xj)l{ﬁ(j,XJ>:1}] 0 [egdj(xj’m'v’(j’ Xj) = 1]
< 8(,3, V)Q I:eédj(xj*fl)‘f)(j7 Xj) = l:I s

where 8(B,r) = ef +r > e + Q(n(j, X;) =0,¢(j,X;) = 1). The upper tail of the
distribution of d; (X j, 17) under Q(:|7(j, X;) = 1) is bounded as

0Wd;(Xj,m) > rinG, X;) =1
ZQ(ﬁ(j,x)=1f0rl < |X—XJ|1 fr)

d
chr‘
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As a consequence, we obtain
0 I:eﬂﬂ(./:xj)+§dj(xj,ﬁ)] <1—q+35(@, r)e/\(é) (16)

for some regularly varying function A of index d/(d — 1) by a standard Tauberian argument.
(See, for example, [23]. In fact, it is easy to check this fact directly by a Laplace principle
type argument.) Similarly it also follows from the assumption o < d that

Q [ XD GG <1 — g +5(8,1OE)

for some ® (£) < oo.
Now we rewrite the exponential in (15) as

B . .
exp (577(], Xj)+ydi(X;, n)a]
,8 . v a—1
exp gﬁ(j, X)) +vdi(X;,mIX;—1— X;l]

exp [gﬂ(j, X)) +ydj(X;,mIX; — X4 |T_ll
and apply Holder’s inequality and (16) to obtain
o[ exp {B(j. X))+ vd; (X, i)
i) (1Xo = X157 4+ 16 = Xl ) }]
<(—-qg+8B.1neEBy)"?
(1-g+o. r)eA@VlXH—Xm'”))l”
1/3

(1= g+ 68, eAIX=XmliTh)

We may drop the first factor on the right-hand side since it can be made smaller than one
by letting 8 be close to —oo and r close to zero. We then take the productover 1 < j <n
and P-expectation. Due to the independence of {X;_; — Xj}?=1 under P, the expectation
factorizes and the term containing X ;| — X is

a1\ 2/3
P[(1—q+5(ﬁ, r)eACrIXj—1=Xjli ‘>) }

e (1-g+o.nP [eAGVIX.ffl—Xﬂ?*)])w

for2 < j <n—1andfor j € {1, n}, the exponent 2/3 is replaced by 1/3. In this way, our
problem is reduced to checking that

P [eA<3y|Xj_1—X,|§’“>] - 0o,

But the function x — A(3yx®~!) is regularly varying of index (o — 1)% <afora <d,
hence the above expectation is finite. O

Due to the above lemma, we can restrict the summation (12) to paths with D, (x, 1) < én
and get
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n
LD S | BT s
X1 sy XDy (x,) <6n j=1

- ok SUxj—t = X010 pniixg
> Ilraxgsy xf“{f(lxjf_l—x;’fh)e

X1 XD (x,7) <80 j=1

n

< e3n > #xixt =y, D) <sn} [ £y = il

V1o Yn:Hy (3,7)=0 j=1
We are left with estimating the number of paths which are deformed to a fixed path.

Lemma 2.3 There exists a function x(8) — 0 as § | O such that for any fixed path
V15 osyn) € 2",

#x i x" =y, Dy(x, ) < dn} < exp{x(8)n}.
Proof We write z; = x; — y;. Then it suffices to bound
#{(z))]y t a1l + -+ |zalf < dn}
< oMo Z e Mztl{+Flzal]) (A > 0)

z|zy |+ +zn | <én

n

< Z A

z€74
By taking A = 5§~ !/2, we find that the right-hand side is (1 + o(1))" as § | 0. O

Combining the above arguments, we can find r € (0, 1) and Sy < 0 such that for any
g €lp,p+rland g < po,

n
ZpP < e > [T r0y-1=vil

V1seees Yu:Dp (y,m)=0k=1
— eénzg,—oo

for all sufficiently large n € N. O

3 A Directed First Passage Percolation

In this section, we prove Theorem 1.5. We also prove a concentration bound for the passage
times, which is an important ingredient in the proof of Theorem 1.3.

For further use, we start by introducing a special realization of »: recalling that n = 7,
depends in fact on p, we define a coupling of n, for all values of p € (0, 1) as follows.
Let (Q, w;) be the Poisson point process on N x R¢ whose intensity is the product of the
counting measure and Lebesgue measure, and define, for p € (0, 1),

n(k, x) = np(k, X) = 11y, (k) xs, (x-+10.1)9)=0} an

with s, = (log %)l/d the scaling factor. Note that s, € (0, 00) and s, — Oas p 1 1. Letus
also introduce

wp = Z (1 = np(k, X))8k.s,x)
(k,x)eNx74
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which vaguely converges to wy, Q-almost surely as p 1 1. Hereafter, we sometimes identify
w, with its support by abuse of notation. For 0 < p < 1, recall the definition of the passage
time from O to n,

n
T(wp) = min [Z k-1 — xx|* < xo = 0 and {(k, xR}, C w,,] :
k=1

and recall that, by the subadditive ergodic theorem, the following limits exist and are equal:
= li ! T = inf ! T =1l ! T,
Hp = a.S.- nggo n n(@p) = rllrelN " O[T, (wp)] = nggo ;Q[ n(@p)].
Proof (Theorem 1.5) We have the following comparison for the passage times from which

the result readily follows:

Th(@1) = (1 +8)Th(wp) + don, (18)
T(wp) = (1 4+ 81)Th(w1) + é2n,

where 81,82 — 0 as p 1 1. We only prove the first one since the argument for the other
is the same. Let (77, (m))},_, be a minimizing path for 7, (w,). Then, by definition, each
7, (m) + [0, sp)d contains a point of w;. Thus we can find another path {7, (m)}Z1=0 such
that

7,(0) = 0, 7, (m) € w and |7, (m) — 7, (m)|; <ds,

for 1 < m < n. Then, we have
|70, (m = 1) = 70, (m) |1 < |70 (m — 1) — 7, (m)|1 + 2ds)
and together with an elementary inequality

1% 4 59, a <1,

A [(1+s)“—‘<r“+s>, @> 1,

where the second one is obtained by applying convexity to (%)"‘, we get

Tu(@) < D |mym — 1) — 7, (m)|§

m=1

- D=t | (m = 1) =, (m)|{ + 2ds,)*n, a <1,
1A+ 2ds,,)"‘_1 (an:l |7 (m — 1) — 7, (m)|§ + 2dspn) , a> 1.

Since s, tends to zero as p 1 1, we are done. m}

Our second main result in this subsection is the lower tail estimate of the passage time
distribution.

Proposition 3.1 There exist positive constants C1, C and . € (0, 1) such that foranyn € N,
O (Ty(w1) —npy < —n'™*) < Crexp{—Con*}. (19)
Proof We fix a small & > 0 and define

d=0+ D uxri0at)—=0)3E.n;
(k,x)eNxn?zd
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that is, when we find a large vacant box, we add an w-point artificially at a corner. This
modification provides a uniform bound for the passage time

sup Ty (@) < d%n'te?
w

since there is a path whose all jumps are bounded by dn?. We also have the following upper
tail estimate.

Lemma 3.2 There exists Co > 0 such that for alln € N and m > Cyn,
QT (1) > m) < exp{—m'"& /Co). (20)

Proof Note that T,, (w;) is bounded by the passage time of the greedy path {(k, x) }reny Which
is inductively constructed by minimizing the distance to points in the next section, that is,
xo = 0 and

xp = argmin{|xz_1 — x| : (k, x) € w1}.

The passage time of such a path is nothing but the sum of independent random variables with
the same distribution as dist((0, 0), w| {O}XRd)"‘. One can bound its tail as

Q(dist((0, 0), w1 |10 g)® = 1) = Q(o1l10)ra (By (0, 7'/*)) = 0))
= exp {—crd/“}

for some ¢ > 0. Our assertion follows from this and a well known result for the large deviation
of sums of independent random variables, for which we refer to [29]. ]

Next, we show that 7, (w;) and T, (@) are essentially the same.

Lemma 3.3 There exists C3 > 0 such that for sufficiently large n € N,

max{Q (T, (w1) # Tn(@1)), QlTx(w1) — Tp(@1)]1}

< exp{—C3nd0}.

Proof Thanks to Lemma 3.2, we know that 7,,(w1) < Con with probability greater than
1 — exp{ —nl/\g /Co}. Under this condition, all the minimizing paths for 7, (@) stay inside

%, = 10,n] x [—Cé/anl“/"‘, Cé/anl“/“]d. Indeed, if any minimizing path exits %, then

it must make a jump larger than Cé/ *n'/® and hence its passage time is larger than Con.

Since T,,(w1) < T, (w1), the same applies to minimizing paths for 7, (@ ). This space-time
region contains only polynomially many boxes of the form {k} x (x + [0, n?)?) and each of
them is vacant with probability exp{—cn??}. Thus it follows that

QO(w; = @1 in€,) > 1 — exp{—cn? )2}
for large n. Since T, (w1) = T, (1) on the event
{T,(w1) < Con and w| = @ in 6},

we get the desired bound on Q(7,(w1) # T, (@1)).
As for the L'(Q) distance, we use the Schwarz inequality to obtain

OlIT,(@1) — Ty(@n)l]
< Q[(Tn(@) — Tu@ )] Q(T(e1) # Tn(@)"/2.

The first factor on the right-hand side is of O (n) as n — oo due to Lemma 3.2. O
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We proceed to a lower tail estimate for 7, (w;). Let (Z)gm) be the point process obtained
by replacing its {m} x R?-section by @' which is the modification of another configuration
«’. We are going to use the so-called entropy method (Theorem 6.7 in [2]) and it requires a
bound on

n 2
> (sup T, @) - T, (5)1)) : 1)

m=1 ~%

Let us first assume « > 1 and let {7, (m)}}, _, be a minimizing path for 7, (@1). As we can
find a point in o'| (m)x R4 within the distance dn? to 7, (m),

sup T,(@\"™) — T (@1)
Ll)/
< a(jmy(m — 1) — 7y (m)|1 +dn®)*~ dn? 121
+ (|70 (m) — 7u(m + DIy +dn®)* dn® 1 <non).
Furthermore, the a priori bound
n
Tu(@1) = D 1ma(m — 1) = mu(m)|f < dn'+*
m=1
yields the following bound on the numbers of large jumps
#lm < n: |y = 1) = my(m)l = n*y < d*n'=ED0L, 0

Thus by dividing the sum in (21) according to the indices with jump size falling in
[nk(’, n(k‘H)(’), we can bound it, up to a multiplicative constant, by
Z pl=(k=Dab  2(+D0@—1)+20 _ 14306 Z p@=2)0k

1 1
k=gg+2 k< +2

Itis simple to check that the right-hand side is bounded by n” with p < 2 when 0 is sufficiently
small. Then, Theorem 6.7 in [2] yields

O (Tu(@1) — Q[T (@1D)] < —n'™*) < exp{—Can* P~}

Lemma 3.3 shows that this remains valid with @; replaced by w; and exp{—C3n?’} added
to the right-hand side. Finally, since p©; = inf, n_lQ[T,, (w1)], we can further replace
O[T, (w1)] by nuy and arrive at

O(Ty (@) — npy < —n' ™) < exp{=Con® P72} + exp{—C3n?’}.

Choosing A > 0 small, we get the desired bound.
The case o < 1 is simpler since we readily get sup,, T, (d)gm)) — T (&) < 2d*n*®
uniformly in m just as in (13). O

4 Proof of Theorem 1.3

In this section, we continue to assume that 7 is realized as in (17) in the previous section.
Recall also that we defined 5, = (log %)l/d, which is asymptotic to (1 — p)!/? as p 4 1.
The positivity of 1 can proved by essentially the same argument as in the upper bound: see
Remark 4.4 below. Let us first complete the proof of (5) assuming it.
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Proof (Lower bound) Let 7, be a minimizing path for 7, (). Then obviously,
ZP~® = P(H] =0)
> P(Xy =my(k) foralll <k <n)
= c exp {—czs;“ T, (w,,)}
and hence
¢(p, —00) = —ca5,“pp +loger.

By letting p 1 1 and using Theorem 1.5, we get the desired lower bound. O

The upper bound is more laborious since we have to show that the number of paths makes
negligible contribution. We closely follow the argument of Mountford in [28].

Proof (Upper bound) Let M = (@ 4 2)/a and define a face-to-face passage time
R
®g(wp) = inf [Z Ixic1 — xi|% : [x0loo <RM and (i, x;) € w), for 1 <i < R]
i=1

for R € N. We fix ¢ > 0 and say that (k,x) € N x 2Z% is e-good if the following two
conditions hold:

(i) Pr(wp — (k, RMx)) > (1 — €)R;
(i) maxgq1<i<krr @p({1} x (RMx + [-2RM, 2RM]4)) < 44+1 RIM,

where w, — (k, R M ) is the translation of @ p regarded as a set. Our basic strategy is to show
that: (1) if the polymer, scaled by a factor of s pR_M , comes close to an e-good point, then
it costs at least exp{— (w1 — €)R} to survive the next R-duration; (2) most of the times in
{j R}S’ZF, the polymer is close to an e-good point with high probability.
Lemma 4.1 There exists po(e) € (0, 1) such that

lim Q((k, x) is e-good) = 1

R—o0
uniformly in p € [po(€), 1] and (k, x) € N x 274,

Proof By translation invariance, we may assume (k, x) = (0, 0) without loss of generality.
Note also that the probability of

Er = ’0)15 max Tr(w1 —(0,y)) < CoR]
ye[fRM,RM]dﬁZd

tends to one as R — oo by Lemma 3.2. On this event, we know from (18) that
Tr(wp —(0,y)) < Tr(w1 —(0,¥)) + €R < (Co + €)R (22)

for all p close to one. As a consequence, all the minimizing paths for T (w, — (0, y)), that
is, the passage time from (0, y) to {R} x R?, make jumps of size at most a constant multiple
of RY®_Then by using the mean value theorem, one can check that

_ : _ o (a—1)/c
Or@p) = min - Te(op = (0,9) = d*V (RO (23)

for some ¢ > 0, since the difference comes only from the starting points.
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Thus we can bound
O({Pr(wp) < (1 —26)R} N ER)

< Q( min Tr(w1 — (0, ) +d* V (cR@™V/*) < () — 2e>R)
ye[—RM RM1dnzd

IA

> O(Tr(w1 — (0, y)) < (u1 — €)R)

ye[—RM RM)dnzd
< @RY + 1)!Crexp{-C2R"}

for sufficiently large R, where we have used (23) in the first inequality.
On the other hand, a simple large deviation estimate shows that there is ¢ > 0 such that
forany/ € N,

0 (wp (11} x [-2RM, 2RM)?) > 4741 RIM) < exp {—cRdM}
and summing over/ € {1,2, ..., R}, we get
0 (]rglafo wp ({1} x [-2RM 2RM]9) > 4d+1RdM) -0
as R — oo. O
Let us write C(x) = s, ' (RMx 4 [-RM, RM]?) for shorthand.

Lemma 4.2 For sufficiently large R € N, there exists pi(R,€) > 0 such that if p €
[p1(R,€), 1) and (k, x) is €e-good, then

sup P(n(,X;)=0foralll e{k+1,...,k+ R} Xr=y)

yeCp(x)
< exp {—czs;“(ul — Ze)R] .

Proof We again assume that (k, x) = (0, 0) without loss of generality. We first prove

P, Xl = 2s-1RM) < {—c _"‘Rz} 24
0, 7 (e 225 18) 20 -, o

so that we may assume the contrary. When o < 1, one can readily check that

sup Py (max 1X |00 > 2s;1RM) <P ( max |X/loo > slleM)
yEC,,(O) 1<I<R 1<I<R

<P ZR:|XJ-_1 — X;If = 5,%R*?
j=1
Since our assumption on the transition probability implies
Co:= P [exp {%Xlﬁ” e (1,00), (25)
Chebyshev’s inequality yields

LHS of (24) < exp [—%s;“R“” + Rlog c6} .
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For @ > 1, we use Jensen’s inequality to get
R

-1 pM oa—1 a —a pa+2
sup Py(max | Xiloo = 25" R )§P R X1 —X;|T =5,"R
yeCp = \I=I=R ! JZ=1: !

With the help of (25), the rest of the proof is similar to the above.
Thanks to the condition (i), every path satisfying H ;’(X ) = 0 has probability at most

cRexp {—czs;"‘ (1 — e)R}

under P(-|Xo = y). On the other hand, condition (ii) ensures that there are at most
49+ RIM) R such paths which, in addition, stay inside [0, R]xs,, '[-2R™, 2RM]. Therefore
we have

R
- —1pM d+1 pdM —a
Py (HR_O’ lr;llanR|X[| <25p R ) < (C]4 R ) exp{—czsp (11 —G)R}
and since s, tends to zero as p 1 1, the assertion follows. )
Let e (k, x) = ca(i1 — 2€) (kR x) is e-good) and
r= {V =0, v)jez, =0,y € ZZd} )

For y € I' and an integer v > 1, we define

v—1

To(y) =D max {Ye(j. yj), CsR(ly; — vjt1loo — DS}
j=0

Lemma 4.3 Let R and p be as in Lemma 4.1 and 4.2. Then foranyv > landy € I,
P(H)y=0and Xjg € Cp(y;) for j=1,...,v)

< exp [—s;“JU(y)R} .

Proof We use Markov property at times R, 2R, ..., (v — 1)R to bound the left-hand side by

v—1
sup Py (™" =0and Xz € Cply41)).
j=0 yeCp(yj)

where 6; (k € N) is the time-shift operator acting on the space of environments. By
Lemma 4.2, it immediately follows that

sup Py (szm = 0) < exp{=s,“Ve(J, ¥R}
veCp(yj)

for sufficiently large R. On the other hand, one can show

sup Py (Xg € Cp(yjs1)) <exp {—Css;“Rz(IJ/j — Vj+1loo — 1)1}
yeCplyj)

for large R in the same way as that for (24). O
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This lemma gives a control only for a fixed y but we can indeed reduce the problem to a
single y as follows: We have for any € € (0, 1) that

v—1

Jo() = (1= ) Jy(¥) +€CsR D (1 = Viiloo — DY
j=0

When p is so close to 1 that s;"‘eCs R? > 1, for some ¢ > 0 depending only on d and a,

v—1 v—1
D exp—s,%€CsR? D (Iyj — visiloo DI < D expl— D (17j—Vis1loo— DL
j=0

ver j=0 yel
< exp{cv}.
Thus it follows that
Z exp [—s;“Jv(y)R} < exp [—(1 — e)s;“ inf J,(y)R + cv] .
yel
yell
To conclude the proof of the upper bound, it remains to show
1
liminf — inf J,(y) > co(u1 —2€)(1 —¢€)
v—>00 v yel

almost surely. Without the infimum over y, the above is a consequence of the law of large
numbers together with Lemma 4.1. We indeed have the tail bound

0(Ju(y) < ca(pr —26)(1 — €)v)
v—1

=0 Z Li(j,y) ise-goody < (I — €)v
j=0

(Q((0,0)isnote-good))“( 1 )(l—e)v—l

€ 1—¢

(26)

<

by Bernstein’s inequality. The right-hand side is o(exp{—cv}) for any ¢ > 0 when R is
sufficiently large, due to Lemma 4.1. We show that the infimum has no effect by counting
the number of relevant y’s. Obviously we can restrict our consideration to those y with

v—1

D yj = vitiloo — DY =21 — 26)(1 — €)v/(CsR).
j=0

Since we can find ¢ > 1 such that x* < c¢(x — 1)5"r + ¢ for x > 0, the above implies
v—1
> d ™y —yjlf <200
j=0

for all sufficiently large R > 0. We bound the number of such sequences by

v—1
#1000 =0,v1,..., 7)1 > d ™l — vl <2cv
j=0

(27)
v—1 d

<#10=0y.....m): D2 D Iy =y ¥ < v,
j=0 i=1
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(@)

where Y; stands for i-th coordinate of y;. Indeed, when < 1 this holds with ¢’ = 2¢d

as a consequence of the concavity of x — x® and, when « > 1 with ¢’ = 2cd® by
Dt<i<a 1Xil® = (X <i<q 1xi1)*. The right-hand side of (27) is nothing but the volume of

U x+00%

X€ZAV:|x|2 <c'v

where |x|, = (Zﬁl |x;|%)1/%. As any point y in x + [0, 11?7 satisfies
dv
YIE < D 2% (X1 + 1) < 29,
j=1

the right-hand side of (27) is bounded by the volume of [%-ball in R’ with radius
(242 vyl which is known to be
(2(2a+26/v)1/ar(1 + 1/0{))‘1"
I'(l+dv/a) '

One can check by using Stirling’s formula that this is only exponentially large in v. Therefore,
with the help of (26), we find that

0 (inf Ju(y) < ca(pr —26)(1 — G)v)
yell
decays exponentially in v when R is sufficiently large. O

Remark 4.4 We explain how to modify the above block argument to prove p, > 0 for
p € (0, 1]. We first replace the condition (i) of the e-good box (e € (0, 1)) by

Pr(w, — (k, RMx)) > ¢

and drop (ii). With this modified definition of e-good box, it is simple to check that the
following variant of Lemma 4.1 holds for general p € (0, 1]:

hm lim sup Q((k, x) is e-good) = 1.

R—o0
Next we replace J,,(y) for y € I" by

v—1

Jo(y) = Zmax {e1((,x) ise-goody: C5R(Yj — ¥jt1loo — DL}
j=0

IfC g is sufficiently small, we can easily verify that any minimizing path 7, for T, (w)) with
1, (jR) € Cp(yj) (0 < j < n/R) has passage time larger than J; (y). Therefore we get

Th(wp) = )}Ielfr JinsR1=1(7)
and, when R € N is chosen sufficiently large and € small, we have

hmmff mf J(y) >0

V=00 Uy

in exactly the same way as above.
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Appendix

We provide a proof of (3) for completeness. We consider d = 1 case first since the other case
will reduce to it. Set
L ={(m,x) e NXZ:m+x €27}

For R > 0 and (m, x) € £, we say (m, x) is open if there exists a y,, € Rx + (—R, R)NZ
such that n(m, y,,) = 0. It is easy to see that

Q((m, x) is open) — 1

as R — oo. Thus when R is large, the directed site percolation on .& is supercritical and
we can find a percolation point (1, x) € .. This implies that there exists a path {(k, yk)}x>1
satisfying

n(k, y) = 0and |yry1 — yey2| < 3R

for all k > 1. Then it follows that

1
n
> —3%RY.

1
liminf — log ZZ’_OO > liminf — log P (X = yi forall k < n)
n—oo n n— 00

For the case d > 2, we have
Z"7% > P(H" =0and X; € Z x {0} forall 1 <k <n)

and the right-hand side can be bounded from below in the same way as ford = 1.
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