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Abstract We consider the fluctuations of linear eigenvalue statistics of random band n x
n matrices whose entries have the form M;; = b~Y2u!/2(|i — j|/b)i;; with i.i.d. W,
possessing the (4 + ¢)th moment, where the function u has a finite support [-C*, C*], so
that M has only 2C.b + 1 nonzero diagonals. The parameter b (called the bandwidth) is
assumed to grow with n in a way such that b/n — 0. Without any additional assumptions
on the growth of b we prove CLT for linear eigenvalue statistics for a rather wide class
of test functions. Thus we improve and generalize the results of the previous papers (Jana
et al., arXiv:1412.2445; Li et al. Random Matrices 2:04, 2013), where CLT was proven
under the assumption n >> b >> n'/2. Moreover, we develop a method which allows to
prove automatically the CLT for linear eigenvalue statistics of the smooth test functions for
almost all classical models of random matrix theory: deformed Wigner and sample covariance
matrices, sparse matrices, diluted random matrices, matrices with heavy tales etc.

1 Introduction and Main Results

Consider an ensemble of random symmetric n x n matrices with entries of the form
Mij = uij /D) Py, uij = u(li = jI/b) (1.1

where {W;;}1<i<j<n are ii.d. (up to the symmetry w;; = w;;) random variables, satisfying
the moment conditions

Efij} =0, E{lw;1*} =1, E{j;|"} =3+xs, E{jio;|*"*) <C <00, (1.2)
diagonal entries {w;;}1<;<, are also i.i.d., independent of off diagonal entries,

Elii} =0, E{@}}=wy, E{lw;l*}) <C < oo, (1.3)
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and u(x) is a piece-wise continuous (with a finite number of jumps) continuous at x = 0
function with a compact support, satisfying the conditions

u(x) =u(—x), 0<u(x)<C, /u(x)dx =1, suppu C [-C*, C*]. (1.4)

It is easy to see that the entries of M are nonzero only inside the band |i — j| < C*b. Hence
for fixed b we have a matrix with a finite numbers of diagonals, while if b ~ n, we obtain
some kind of the Wigner matrix, with all of the entries having the variances of the same
order (see [20]). The model is now widely discussed in mathematical literatures, since by
non rigorous conjecture of [6] it is expected that the behavior of local eigenvalue statistics
demonstrates a kind of phase transition: for b << n'/? the statistics is of Poisson type and for
b >> n!'/2 itis of the same type as for the Wigner matrices. Till now this result is not proven
rigorously, but the problem is one of the most challenging in the random matrix theory (see,
e.g. [3,4,18,19] and references therein).
It was proved many years ago (see [10]) that in the limit

b—> o0, b/n—>0, as n— oo, (1.5)

the normalized eigenvalue counting measure converges weakly to the Wigner semicircle low,
which has the density

1
Psc(X) = Ev4 — 22122 (1.6)

This means that if we denote {};}_, the eigenvalues M, choose any bounded integrable test

function ¢, and consider the linear eigenvalue statistics of the form
n
Nalo. M1 =D o)), Nilp, Ml = Nylo, M] — E{(N,[g. Ml}, (1.7)
j=1

then in the limit (1.5) we have
Etn' N lp, M1} — / 00 pse()dR,  VariNylp, M1} — 0.

In particular, for ¢(A) = (A — 27!
n ' Nalp, Ml =n""Tr (M —2)" - g(2).

g(z)z%(—z+Vz2—4). (1.8)

Notice that below we almost always will omit the argument M of N, [¢, M] and use it
only in the proof of Lemma 1, where we compare the linear eigenvalue statistics of M and
of the truncated matrix M.

The next natural question is the behavior of the fluctuations N, [¢] in the same limit, in
particular, the behavior of its variance. This question was solved partially in the paper [9],
where the main term of the covariance of the traces of two resolvents was found in the case
of Gaussian w;; and under the additional restriction b = n?,1/3 < 6 < 1. The next step was
done in the papers [8,11], where the Central Limit Theorem (CLT) for the random variable
Vb /nN?[p] was proved for sufficiently smooth test functions, but again under the technical
condition n >> b >> n'/2.

The main result of the present paper is the proof of CLT for the linear eigenvalue statistics
(1.7) of the band matrices under the limiting transition (1.5) without any additional restriction
on the growth of b.
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We consider the test functions from the space H, possessing the norm
llglls = / A+ 20> @) Pdk, s >2, k) = / ¢ p()dax. (1.9)

Theorem 1 Consider an ensemble of random real symmetric band matrices (1.1-1.4) and
any test function possessing the norm (1.9) with s > 2. Then the sequence of random variables
Vb /nN2 @] with N2[¢] of (1.7) converges in distribution in the limit (1.5) to the normal
random variable with zero mean and the variance

Viel
1 /" 9? 1 — d(k)e! &+
= ;/0 dxdyp(2cos x)p(2cos y)/ oxdy log ‘ 1= i)
2

T 2 — T
n (u, U)Ky (/ g;(2cosx)c082de) i 4O —2) (/ (p(ZCOS)C)COSXdX) ,
22 ) 22 0
(1.10)

where (u,u) = f u?(x)dx and Gi(k) is the Fourier transform of the function u defined as in
(1.9)

Remark Inspecting the proof of Theorem 1 it is easy to see, that it can be easily adopted to the
hermitian case, i.e., the model (1.1) with complex valued independent (up to the symmetry
conditions) entries w;;, satisfying the first, the second and the forth moment relations of (1.2)
and (1.3). If we assume in addition that real and imaginary parts of entries are also i.i.d. and
denote k" = E{(Mwi2)*} — 3E2{(Rw12)?}, then the variance will have similar to (1.10)
form with the first summand divided by 2, the second summand with x4 replaced by 2K§1)
and the third summand with wy — 2 replaced by wy — 1.

To prove CLT for the band matrices, we use the CLT for martingale (see [2, Theorem
35.12]).

Theorem 2 Let X, p = E{Y — ExY} be a martingale differences array, corresponding to

the real valued function Y (Vy, ..., V) depending on the family of some independent random
vectors Vi, ..., Vu, Sp = 22:1 Xk. Here and below Ey means the averaging with respect
toViand E.; = Ey, ..., Ex_1. Set 0, = ZZZI E{X,%} and let 0, = O(1). Assume that
n
) S EXN <en @ Var[ ZX,E} <3, (1.11)
k=1
Then
|E{eit5n} _ e—t2(7n/2| < C/(t)(g'll/z 4 g:l/z) (1.12)

Remark Here we have replaced a more general condition > E {X,%1| X;|>5} — Ousedin [2]
by condition (1) which is more easy to check for the random matrix models.

The idea to use Theorem 2 for the proof of CLT in the random matrix theory is not new.
Since the paper of [1] it was used many times (see, e.g., [7,13,15]), but the method of the
proof of CLT used in the present paper allows to prove CLT by the same way for all classical
models of random matrix theory: deformed Wigner and sample covariance matrices, sparse
and diluted random matrices etc. It becomes even simpler than that for band matrices, since
the proof of condition (2) becomes simpler.
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The paper is organized as follows. In Section 2.1 we give the sketch of the proof of CLT,
introduce truncated band matrix and explain how one can extend CLT from some special class
of the test functions to all functions of H,. In Section 2.2 we check conditions (1.11) and in
Section 2.3 prove Lemma 1 (given in Section 2.1) about the difference of linear eigenvalue
statistics of initial and truncated matrices. In Sect. 3 we compute the variance (1.10). And
in Sect. 4 the proofs of some auxiliary results (partially known before) are given in order to
make the proof of Theorem 1 more self consistent.

2 Proof of CLT
2.1 Strategy of the Proof

We start from the proof of CLT for the truncated and “periodically continued” model:
Mij = (uij/b)Pwij, wij = u(li = jla/b)
lbij1|ﬁ)[j|§bl/2 — E{ﬁ)ijllﬁ)ij\sbl/Z}’ li—jl<C*b
wij = o . 2.1
wij, [li —jl—nl<C*
Here and below

i = jln :=max{li — j[. [li = j| —nl}, 22

and {w;;}|ji—j|—n|<c*p are independent (up to the symmetry conditions) and independent
from M copies of wiy. Thus we not only truncate the entries of M, but also add entries
in upper right and lower left corners of it, in order to obtain the periodic distribution, i.e.,
invariant with respect to the shifti — |i + 1],.

Then the standard argument gives us that for |i — j|, < C*b

E{w;j} =0, Efjwi|’}=1+00"""?),
Ellwil*) =3+ ks + OG™), Effwy ) < Cb*/2, 23)
Moreover, it is easy to see that
nE{Tr (M= M)} = Com 2, 24)

Then, using Theorem 2, we prove CLT for vy, := (b/n) 1/ 2/\/,;’ [¢y, M] with the test functions
of the form

(pﬂ =@ x* 7)175 (2.5)
where * means a convolution, P, is a Poisson kernel

n'_ln

Py() = pEp—r (2.6)
and ¢ € Hy N L1(R). It is easy to see that then
Nalgy, M1 =7"" / PWIYn O+ imdh, yu(z) = Te(M —2)". Q2.7)

Then we shall prove the lemma

Lemma 1 Set G(z) = (M —2)~ L, 7,(2z) := Tr G(2) and compare 7, (z) with v, (2) of (2.7).
Then for any fixed n > 0 uniformly in 7 : Iz > n
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b g _
;Var[yn(z) — yn(z)] < Cpb~*/2. 2.8)
The lemma implies that for any ¢ € H; N L1 (R) if we set v, 1= (b/n)l/zN,f[gon, M], then

b
Var{vy, — vi) = ;Var{/\/n[gon, M] = Niloy, M1}

b
= T//dlldlz(ﬂ(?»l)fﬂ(lz)
T°n
x Cov{Sy, (A1 +in) — Ipp(A1 +in), Syu(h2 +in) — Ipa(ha +in)}

<ch / / dhdralp()p0a)] < C'b~2,
Hence, for any fixed x € R
|E{e™"n}) — E{e™}| < |x|Var'/?{vy, — v2,} < [x]CH/2.

Thus, CLT for vy, and Lemma 1 imply CLT for vy, if the test function has the form (2.5).
To extend CLT to the test functions from H,, we use a proposition (see [14, Proposition
3.2.9).

(n)

Proposition 1 Let (£}, be a triangular array of random variables, N,[¢] =

> (p(él(")) be its linear statistics, corresponding to a test function ¢ : R — R, and
{dn}i>1 be some sequence of positive numbers. Assume that

(a) there exists a vector space L endowed with a norm ||...|| such that uniformly in ¢ € L
dyVar{N[¢]} < Cllgl*, Vo € L (2.9)

(b) there exists a dense linear manifold L1 C L such that CLT is valid for N,,[¢], ¢ € L1,
i.e., there exists a continuous quadratic functional V : L1 — Ry such that we have
uniformly in x, varying on any compact interval

/2
lim Z,[xp] = e_xzvm/z, Yo € L1, where Z,[xg]:= E{e”‘d” Na [‘/’J}.
n—o0
(2.10)
Then V admits a continuous extension to £ and CLT is valid for all Ny, [¢], ¢ € L.

The proposition allows to extend CLT from any dense subset of H for which we are able
to prove CLT on the whole Hj, if we can check (2.9). This can be done by using the another
proposition (proven in [16] and also [17]) and Lemma 2.

Proposition 2 For any s > 0 and any M

Var{/\/,,[cp,/\/l]}scs||<p||§/ dye_yyzs_l/ Var{Tr G(x +iy)}dx. (2.11)
0

—00

Lemma 2 [f the conditions (1.1) and (1.4) are satisfied, then for any 0 < y < %
b
= / dxVar{Tr G(x +iy)} < Cy *logy™! (2.12)
n

The proof of the lemma is given in Sect. 4.
Combining the proposition with (2.12), we prove (2.9).
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78 M. Shcherbina

2.2 Checking of Conditions (1.11)

According to the previous section, it suffices to prove CLT for the functions of the form (2.5)
with a fixed n-independent 5. Hence, everywhere below we assume that |Jz| > n with some
n-independent n and hence almost all bounds depend on 7.

To apply Theorem 2, we denote E, the averaging with respect to the variable {w), ;};>p,
E., = E;...E, 1 and consider

Xplog] = 7~ (b/m)' 2 / 003K [ + inldo.

Xp[z] = E<p{yn(z) - Epyn(z)}- (2.13)

Then, according to Theorem 2, we have to check conditions (1,2) of (1.11) for {X ,[¢;]}. It
is evident, that condition (1) follows from the bounds

E (IXplzlPy < Cb™', X[zl < C, (2.14)

valid uniformly in |Jz| > 1. And since
2 2 2 2412 4
Var{ 37 X2 = 3B (2 = D E(IX2 - Ep (X217} = D E(Xp) < e,
P P

condition (2) of (1.11) follows from the uniform in |3Jz;|, |Sz2| > n bound

Var{X(z1, z2)} < &,

b ~ ~
B 2) = - 3 EpiXplalXplal) (2.15)
P

Let us prove (2.14) and (2.15).
Denote MP) the (n — 1) x (n — 1) matrix which is obtained from M by removing the
pth line and column. Set also

G(p) = (M(p) - Z)ila v(ﬁ) = (Up17 s Up p—1,VUp ptlseens U]m) € Rnil,
Wij. (2.16)

Use the identities

9
Gp=—-4,". G;j=GP -0, TG-TrGV = —5cloedp@. @17

where
Api=z+ bil/zvpp +p! (G(P)U(P)7 v(r)))7

Ql(/?) _ b_lA;l(G(”)v(p)) (G(ﬂ)v(p)) .

: i (2.18)

Since for the resolvent G(z) = (M —z)~ ! of any symmetric or hermitian matrix M and any
vector m

I(G(z)m, m) = Iz(G(z)m, G(z)m), (2.19)
we have for |3z > 7
1Ap@)| = 134, = 3z|(1 + 571 (G PP, Py P)) = g, (2.20)
|A,l > |SA,|l > 1, where A, :=E,{A,},
1P < 14,17 b~ (G PP, GPv P < 57!, .21)
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and

Al -1 (P)Y2(P) 4 (p) N
20 Wb GNP oy, gy,
A, SA,

which implies the second inequality of (2.14).
The last relation of (2.17) yields

2

~ ~ d
Ep{Xp(Zl)Xp(ZZ)} = mDp(Zl, 22)

Dp(z1, 22) = Ep| E<p{(0g Ay (e }E<p{0g 4,205}

Here and below for any random variable £ we denote S; =& - E,{&}
Since D, (z1, z2) is an analytic function on z1, z2 : [Sz1l, [Sz2| > 1/2, in order to prove
the first bound of (2.14), it suffices to prove that uniformly in |Jz| > /2

Ep{|E<p{(og Ap(2)3}1*} < n 2 Ep{lE<p{AS}*} < Cb™ .
Evidently
EplAS @l =b""0, 457" > E (G @bpivg + 571 D E (G @) w3 — up).
i, j>pi#j i>p

Hence, averaging with respect to E, and using (2.3), we obtain the first bound of (2.14).
Similarly one can get the relation which we need below

Ep{|E<p{A5 )Y < Cb !¢, (2.22)
We are left to check (2.15). Writing A, = Ap + A9, expanding log A}, around Ap, and

using (2.22), we obtain

2 ~
(21, 22)

b Gl
Z(Zly ZZ) = ; ZEP{XP(ZI)XP(ZZ)} = 8Z18Z1
P

< b b - -
S@m) = - Dy ) =~ > (AN Ap) Ty, 22)
b
+— 2 (0EIA5 @D + OEpl1 A5 2)I))

= O Ay Ay M Ty, ) + 0B, 223)
where
Ty (1. 22) o= Ep{ E<p{AS@D}E<p{AS(22)})
=202 upittpi Ep{E<plGY @)} E<p (G @)}
LJj>p
+iab2 > ud Ef{Ep{G @OYE< (G @)} + wablupy.  (224)
Lemma 3 Given n > 0 there exists §(n) > 0 such that uniformly in z : |3z| > n
var(GV)) < b7, E(IGY) — E(G )} < C3b.
E{IG{)(2) = @)} < Cob™?, (2.25)
where g(z) is defined by (1.8).
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The proof of the lemma is given in Sect. 4.

Remark 1 Below we will often use a simple observation. If for some random variables
|Ri| < Cx, 24 Cr < C,and fi : E{| fx — il < C1b~%, where fi are some constants,
then we have with the same C and Cy of (2.25)

D Rifi =D Reff+r E{(r} <CCib7°. (2.26)

In particular, since in view of (2.24) |T,(z1, z2)| < Cb~!, we have

~ b _ _
3(z1,22) = o Z(AP(ZI)AP(ZZ))_ITP(Q, 22) + o(1)
2
= > 2zg@)T) (1. 22) + ka(8(21)8(22) + u(0)wrg(21)g(22) + o(1),
2.27)

where TI’, (z1, z2) is the first sum in the r.h.s. of (2.24). The constant term here does not
contribute into the variance of X (z1, z2), so it is not important in the proof of (2.15).

Let us denote M(<P) the matrix M whose entries w;; with min{i, j} < p are replaced
by wlf ; which are independent from all { wkl}z’ ;— and have the same distribution as w;;. Let

also M<P-9 be the matrix M<P) without ¢th line and column. We denote also E p the
averaging with respect to all w;; and w; ; with min{i, j} < p. Set

G=ra) — (M(<P~,q) _ Z)_l, G&=pP — (M(<P) _ Z)_l- (2.28)
Then evidently

T)(z1,22) = z E"{E<P{G;Ep’p)(ZI)Gﬁ)(Zz)}}ujpukp
Jk
= E (B {TeG PP (2) 1P GP (25) 1P},
where we denote by 1(P) the diagonal matrix with the entries
1}(/1:) = 8jkttkplip. (2.29)

Moreover, if we replace G'7) in (2.24) by G and set

T2 = Y upittp EpE<p{Gij(z)}E<p{Gij(z1)})
i,j>p
= Ep{E_p{Tr GP (2) 1P G (20) 1P}, (2.30)

then in view of (2.17) and (2.21)

IT)(z1.22) = Tp (21, 22)| < |Ep{E<p{Tr QP z) IV Gz 1P}
FIEHETr GPPnIP P 1Py <, (231)

where we have used that since Q(”) is a rank one matrix with a bounded norm, we have for
any bounded matrix B

Tr Q7B < B Ql.
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T'hus we need to study the variance of
1 "
X =— E,, T, (z1,22). (2.32)

To prove (2.15), it suffices to show that

Var($1} = > E(|EZ,{(%1);}1*) = 0.

The last relation is a corollary of of the bounds, which we are going to prove

RPE((S) Py <C, r=1,....n. (2.33)
By (2.32),
° 1 " o
n(%), = 5 Z (T) (21, 22)),.- (2.34)
p=r

Notice also that (TI/,’(zl, Zz)): =0 for p > r + 1, hence the sum in (2.35) is over p < r.
Then (2.17) yields

(T;(Zl’ 22)):
= (ESP{Tr G(<p)(zl)l(p)G(zz)I(p)} - E~§p{Tr G(<p’r)(zl)1(p)(;(r)(Zz)l(p)})o

,

= (ESP{(Arb)_I(G(’)(zz)I(p)G(<p’r)(zl)l(p)G(r)(zz)v(’), v(’))})O
p

+ sim + (Efp{(A,b)_z(G(’)(zz)I(”)G(’) (z1)9", v(’))z})

=: (Fl(;)(ZI, ), + (Fl(;)(zz, 21), + (152(;,)(21, ).

o
r

where “+sim” means the adding of the term which can be obtained from the previous one by
replacing z» and z;. Since E{|£? 12} < E{|& |2} for any random variable &, (2.34) yields

n’E{|(Z1); )

. . . 2
< CE{‘bfl Z (Ff;,)(m,zz) + Fl(lr,)(zz, z1) + Fz(r)(m,zz))‘ }

p
p=r
2

< CE{[p2 3 E<p (1760 e, 6V @ne®) (1457 ", v )} + sim

p=r

2

= CE{[p2 3 (F @+ F @)} (2.35)

p=r

To sum in the r.h.s of (2.35) with respect to p we would like to use the property

n
> 1 <cbl, (2.36)
p=1
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82 M. Shcherbina

but since p appears not only in ("), first we need to remove p from other places. Write

0|2
E{n?|(21);[}
<cb™* > E(FPFD)

pP=q=r

roq
<>y E{Efq{(l(”G(’)u(’), GOvy1 + b~ @, v(’)))}Fq(r)}
qg=1 p=1

,
<23 BB, (b7 0 0y 457 00, 0O} E]
g=1

r—Cyb
<Ccb* > E{(I(q)G(’)v(’),G(’)v(’))(l+b_1(v(r),v(’)))3}
q=1

+ CE{(1+ b7, 0" < CE{A + b7 P, 04,

Here in the first line we use (2.35), in the second line we use first that for p < ¢ the averaging
E~, can be replaced by E 4, and then use (2.36) for summation over p < r. The third line
follows from the second one in view of the bound |G| < C. Next we split the sum over ¢
into two parts: one over ¢ < r — C*b and another over r — C*b < g < r, and observed that
for the g in the first part (v, v")) is a constant with respect to the averaging E -, hence

E{E_o{b~' @ o) (147 ", v")}F"}
— E{((G(V))*](61)(;(7)1)(r)7 U(r))bil(v(r), U(V))(l + bfl(v(r)7 v(i’)))z}.

Then we can take the sum over ¢ < r — C*b, using again the bound (2.36), and finish to
estimate the sum using the bound IG™| < C. As for the terms with r — C*b < q < r,they
are estimated just using the boundedness of || G"| and || 1P ||. Thus we have proved (2.33).

O
2.3 Proof of Lemma 1
Set
g = (M(P) _ Z)_l, Api=z+ b—](g(lf))ﬁ(P)7 f)(P)), AA, = A, — A,
The same argument as in the previous section implies that it suffices to check that
b
= > E{IAA, — Ep{AAp}P} — 0. (2.37)
"
Since we know that [see (2.24)]
b b R R Cb
= D E{lAA, - Ep{AA) == D] 2(E{|A,,|2} + E{|A,,|2}) <=,
[pln<C*b |pln=<C*b
we conclude that it suffices to prove that
b
= > E{lAA, — Ep{AAp}P) — 0. (2.38)

n
|pln>C*b
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Let us write
AA, = b_1/2Avpp + b—l(g(P)Av(P)’ AvP) + 2b—1(g(P)AU(P)7 U(P))
+ 571G = GPHYWP v P)y = Jo, + Ty 4 202 + T (2.39)
Averaging with respect to v and 7?) we get similarly to (2.24) for |p|, > cb
E{l71p = Ep{Jiph?} = b2 D E(GL P pi — 0520y — )}
i#]
+572 3 ENG Py wpi — 5p)*)
i
< p4—e Z E{|gl§1p)|2}li(i/7) Ij(jp) + p—2-¢/2 Z E{|gl_(ip)|2}1i(ip)
i#j i
<ch 182, (2.40)
Similarly
E{|J2p — Eplap)I?} < CO7>72 E{lJop — Epl{Jop}P} < CH272 (2.41)
In addition, again similarly to (2.24) we have
E{|J3p — Ep{J3p}I*} < Cb2E{Tr PGP — GV 1P (g% — 6Py (242

Now by the same way as in (2.30,2.31) we can replace here G”) by G and G'”) by G with
an error O (b™2):

E{|J3p — Ep{J3p}1*} < 26 2E(Tr IP(G — G)IP(G* = G} + O(b™7).  (243)
The resolvent identity implies
G—G=GMP — M)G=—-GAMG.
Hence, the last term in the r.h.s. of (2.42) can be estimated as
b2E{Tr IV (G — G)I'P(G* — G*)}) = b 2E{Tr I GAMGIP’G* AMG*)}
< Ch2E{Tr I’V G(AM)*G™)).
Hence, using (2.36) and (2.4), we obtain

b > E{lJ3p— EplUsp)l*) < Cn b E(Tr G(AM)? G

n C*b<p<n—C*b
<Cn ' TE{Tr (AM)?} < b2 (2.44)

Combining (2.44) with (2.39-2.42), we get (2.38).

3 Variance

In view of (2.32), to find X, it suffices to find the main order of b E{TI’,’(zl, z2)} defined
in (2.30). For this aim it suffices to compute for any i the main order of

ti = > upEp{Gij(z1)Gij(z2)}.
i=p

@ Springer



84 M. Shcherbina

Consider

s = Zuij<p{Gjl(zl)Zb 12 Uszk](Z2)}

i=p

= Z up]E<p[Gjl(Zl) Z( V20 — 228 + Zz5ik)ij(Zz)]
i>pr

= Z ;i E{Gii(z1)} + 22ti = upig(z1) + 22t + O(b7/?), (3.1
j>p

where we used Lemma 3 for the last equality.

The idea is to compute the L.h.s. above in a way which gives us an equation with respect
to {t;};> p. It is possible by using the formula (see e.g.[14]) valid for any random variable &
which has zero mean and possesses m + 2 moments, and any function F, possessing m + 1
bounded derivatives

i K541 E{F O (8)}

5 + 1w, Irml < CEQE" P max |[F"*V|, (3.2)

E{§F(8)) =

s=1

where «; is the sth cumulant of &, i.e., the coefficient at x* in the formal expansion of
log E{e*¢} in the series with respect to x. We need to know that k1 = E{£}, ko = E{|€°|%),
and k; < CyE{|€]°} with some absolute Cj.

Applying the formula for § = b~ V2y;, m = 4, and Fijx = Gji(zl)Gik (z2), we get

Zup,Eq,[G,l(zoGl,(zz)Zb uik Gra(22)}
i=p
—lisp Z Uik Zb_luij<p[Gii(zl)éjk(zl)ij(Z2)]
k>p  j>p
+ R1+ Ry + R3 + R4. 3.3)

Here we used the differentiation formula for the resolvent of any symmetric matrix M

d

dM Gs1(2) = =G5 (2)Gi1(2) — Gyi(2)Gr(2) (3.4)

and split the terms corresponding to s = 1 in (3.2) into two parts. The terms, corresponding to
the first summand in the r.h.s of (3.4), are written in the r.h.s. of (3.3), the terms, corresponding
to the second summand in the r.h.s of (3.4), are collected in the remainder R; (see below).
The remainders R, and R3 collect the terms, corresponding to s = 2 and s = 3 respectively.
And the remainder R4 appears because of the remainder in (3.2). Let us analyze the order of
each of these terms. By (3.4)

Ry ==b"" D" ujpuirE<p{Gij(21)Gir(z2)Gyj(22)}
Jj>p.k

—b7" D> ujpuik E<p{Gir(z1)Gij(21)Gij(22)}
Jik>p
= b E_,{(GIPVGI"PG);) — b ' E_ ,{(GIPGIP G} = 0(b7 ).
where ](i’p) = Stk lisp.

To estlmate Rz, observe that by (3.4) after two differentiation we obtain the sum of terms
of the type Glllz G1314 Glsl(, Gl7 Is» Where G canbe G or G and the set of indexes li,lp... 17,13
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contains 3 times 7, 3 times k, and 2 times j, but G jj can not appear. Thus, each term contains
either G ik G jior CA}.,-k G jk»OF G i G ji- Any of this combinations after summation with respect
to j gives us O(1). Hence, after summation with respect to k we obtain O (). But the factor
which appears because of the third cumulant is 5=3/2, hence R, = O(b~'/2). By the same
argument Rz = O b h.

Finally, to estimate R4, observe that we have two summations with respectto p < j <
p+Cibandi — Cyib < k < i 4+ C,b, and the factor which appears because of b_3E{|v,~k|6}
is bounded by b=27¢/2_ At the last step of transformations of (3.3) we write

Gir(z2) = g(22) + (Gri(z2) — g(22)), Gii(z1) = g(z1) + (Gii(z1) — g(z1))

and use the bound (2.25). Then we obtain

si = —g(z)ti — g(z1) Z Ui(,f)zk +r, 1 <Cbhb¥2,
k

where
Uik = b wik, UY = b uiglizplis . (3.5)

Combining (3.1) and (3.3) with above estimates for the reminders and using that by (1.8) we
have (z2 4+ g(z2)) = —g~ ' (22), we obtain the system of equations

(€ =UDyt), =u” +1], 1l <CH**+b7%),
with ¢ = (gzg@) ™" u” = 1ispup. (3.6)
Since |g(z1)g(z2)| < 1 and

U < max > 1Ukil < 1+o(D),
i

the operator (¢ — U)~! can be defined by the Neumann series

(¢ —umt=2 e,

m=0

and it possesses the properties

DNUP -t <C i>p, (WUMEl<ChT 1<i<n 3.7
k

An application of (¢ — U?)~! to both parts of (3.6) and (3.7) implies
= (U =07 uP), + 7 7l < COT b7,
= b7 (21, 22) = b7 (€ = UP)T'uP,u?) +0(D),

= E{x} = % > b = UP)y T ? w4 o(D), (3.8)
P

where X was defined in (2.32).

Proposition 3 Let the matrices U and U'P) be defined by (3.5), {u;;}} j1 satisfy conditions
(1.4), the vectors u'P) be defined by (3.6), and |¢| > 1. Then
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S > b (@ —UuP) P u?) = —é(Trlog(l - 'uy+ {_]TrU) +00b™.
in P n
(3.9)

Proof Denoting by S1(z) the Lh.s. of (3.9) and by S>(z) the main term in the r.h.s. of (3.9),
we have

b g
Sz(z)zﬁzm Y Uiy - Uiy

m=2
b 00
= ZZZm_lf_m Z Ui][z'-'Uimil
p=1m=2 min{iy,...,in}=p
b n oo
== S Uphy Uiy + 0007
n p=1m=2 2,0 lm—1>p

= i DOy uPy o7 = i) + 0.
p=lm=2

The term O (b~') appears in the third line above as a sum of the terms, which have at least
two p among {iy, ..., i,;}. But the contribution of these terms for fixed m in view of (3.7)
can be estimated as

m—1
mlz] "D WU pp U ) pp < mP D
k=1
After summation with respect to m and multiplication by b we obtain O (b~!). O

Now observe that the r.h.s. of (3.9) has a limit, as n, b — oo like in (1.5).
o0
S$2(z) = Z L/u(x Ju(xy — x2) ... u(x — Xp—)DUXp—1)dX + 1,
2 —m_2 mem 1 1 2) .- m—2 m—1 m—1 n,b

= —/log (1= ¢ at))dk — ¢~ u(0) + o(1),

where i is the Fourier transform of the function u defined as in (1.9). Hence, the proposition
and the last line of (3.8) yield

E{z)) = —2(/1og (1—¢ak))dk + C_lu(O)) +o(1).
Thus by (2.23) and (2.27) we obtain

b

;COV{V(Zl), Y (z2)} = E{X(z1, 22)}

82
- 021022

(—2 / log (1 — g(z1)g(z)it(k))dk

+ (w2 — 2)g(z1)g(z2)u(0) + K482(Zl)g2(Z2)) +o(1)

=:C(z1,22) +o(1),
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where we used also that by (3.6) 7l = g(z1)g(z2). According to the definition (2.7) and
the above relation

b
;Var{Nn[w,,]} — /dkld)»zfﬂ(klﬁp(ll)cn()»l,)»2),
where
1
Cy(Ay, A2) = Tnz(c()»l +in, Ay —in) +C(A1 —in, A2 +in)
—C +in, ka+in) —C(hy —in, hy —in)).

Now by Proposition 1 for any ¢ possessing the norm (1.9) we have
b .
;Var{Nn[w]} - JIL‘%/ dr1dra@(h1) (k1) Cyp(rt, A2).

Let us make the change of variables A1 = 2cosxj, A» = 2cosx;. Then, using that [see

(1.8)]

lim g(hq £in) = —eT¥, o =1,2,
n—+0

we obtain (1.10) by a simple calculus.

4 Auxiliary Results

Proof of Lemma 2 The first identity of (2.17) yields that it suffices to estimate E { |A’pA;1 —
E, {A;A‘1}|2}. Note that for any a independent of {wy;} we have

Ep{&51*} < Ep{lE —al?).
Hence it suffices to estimate

Al Ep(A)) =‘ AT A AL

Ay, EiAp)| T |E)(A) Ei{Ap) 4,

Ay
Ey{Ap}

IA

et
yEp{Ap}

Here and below z = x + iy, y > 0. Let us use also the relation (2.19) which yields, in
particular, that |A;,/Ap| <y~ . Using (2.18), we get

»12] . CbTr G 1,GPx
i} < o,
Ep{Ap} |Ep{Ap}]
Similarly
E[ A% 2]<Cb—2Tr(G<P>)21p(G<P>*)2<Cb—2TrG<P>1pG<P>*
"UEN A |~ |Ep{Ap)I? T YEN AP
Thus
Tr G [, GP*
il 4.2)

b 02 -1
" Ell0n @) = Cn ;m
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Notice that the Holder inequality implies for any § > 0

146
/’b_l D u,,jGj.’;)(eriy)’ dx

lj—pl=bC*

<cr > u,,,/|G§.{;)(xu,,,+iy)|1+3dx

[j—pl<bC*

_ |(kae')|2 —1.-$§
<b > u,,j/E / dx < Cs57 1y,
= EEWEY 2((148)27" =

- pI=bC* PG e

Hence, denoting £, = {x : |Zuij5.§)(x +iy)| > 1}, we obtain for 0 < y < §

/ lg,dx < Cmsin{zﬁ’ly"s} <Clogy '

Then, using once more that by (2.19) each summand in the r.h.s. of (4.2) is bounded by y~—*,
we get
b . 02
—E{|(ya(zx +iy)° [P}
<cn! Z (/ D)1 Tr G(x 4 iy)1,GP*(x + iy)dx
> \JR\(-1110L,)
+ Cy74/ dx)
[—1,1UL,
<Cy’+Cy*logy™ < C'y*logy™!.
[m}
Proof of Lemma 3. 1t follows from (2.17) that
E{|Gpp — E{Gpp}I*} < 192 2E{|A), — E{Ap}*)
<2|3z| "N (E(|A, — E{A,}]?} + Var{AS})
< 21327271 upi Var Gy + b7 (4.3)
But since
E(|Gii — G} < 132267 E(I(GP o)) ) < €321 267!,
we have
Var(G P} = Var{G;;} + O(b™") = Var(G ,p} + 0. 4.4)

Here the last equality is due to the invariance of the distribution of M with respect to the
“shift”i — (i +1) mod (n). Hence for any z : |Jz| > 2 we obtain from (4.3)

Var(G )} < 2|3z|72Var(G )} + Cb~'Var(G ,,} +2Cbh™". (4.5)
Let us fix any z = x + in with 0 < n < 2 and consider the function

¢(¢) = log(cob'?|Cov{G ,p(¢), G pp(2)}])
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in the half-circle Q = {J¢ < 2} N{|¢ —x —2i| < |2 —n/2|}. It is a harmonic function, and
in view of (4.5) for J¢ = 2 we can choose ¢q sufficiently small to have

cob'?1CoV{G pp(¢), G pp (DY < cob'Var (G pp ()} Var (G pp ()} < 1
=¢() <0, el =N {J¢c =2}
Moreover, in view of the trivial bound |G, (¢)| < 3¢ |~!, we have
$(¢) <logh'? +logeon™, ¢ €lr:=0QN{|¢ —x —2i| =2~ n/2]}.
Hence, by the theorem on two constants (see [S], p. 296), we have
$(¢) < (logb'/? +log con Hw(¢), (4.6)
where the harmonic function

) e 210 22— 6 —x =20
) = et —x—2i)

satisfy the conditions
w(@)=0,¢el, w@)=1 ¢l
Since w(z) = 1 — 25 with some §(n) > 0, (4.6) implies the first line of (2.25):
cob'?Var{G ,,(2)} < (cob'/*)' ™% = Var{G ,,(2)} < Cb~°.
Using (2.17), (4.3), and (4.6), we get similarly to (4.4),

E(G,p(2)} = —(z+ E{Gppy(@) "' + 0(b7%)
= E{G,p(2)) =g+ 00,

Thus, we have proved the second line of (2.25). ]

References

1. Bai, Z., Silverstein, J.W.: CLT for linear spectral statistics of large-dimensional sample covariance matri-
ces. Ann. Probab. 32, 553-605 (2004)

2. Billingsley, P.: Probability and Measure. Wiley Series in Probability and Mathematical Statistics, 3rd edn.
Wiley, New York (1995)

3. Erdos, L., Knowles, A.: Quantum diffusion and eigenfunction delocalization in a random band matrix
model. Commun. Math. Phys. 303, 509-554 (2011)

4. Erdos, L., Knowles, A., Yau, H.-T., Yin, J.: Delocalization and diffusion profile for random band matrices.
Electron. J. Probab. 18(59), 158 (2013)

5. Evgrafov, M.A.: Analytic Functions. Dover Pubications, Mineola (1978)

6. Fyodorov, Y.V., Mirlin, A.D.: Scaling properties of localization in random band matrices: a-model
approach. Phys. Rev. Lett. 67, 2405-2409 (1991)

7. Benaych-Georges, F., Guionnet, A., Male, C.: Central limit theorems for linear statistics of heavy tailed
random matrices. Commun. Math. Phys. 329(2), 641-686 (2014)

8. LJana, K.Saha, A.Soshnikov. Fluctuations of Linear Eigenvalue Statistics of Random Band Matrices
arXiv:1412.2445

9. Khorunzhy, A., Kirsch, W.: On asymptotic expansions and scales of spectral universality in band random
matrix ensembles. Commun. Math. Phys. 231, 223-255 (2002)

10. Molchanov, S.A., Pastur, L.A., Khorunzhy, A.M.: Eigenvalue distribution for band random matrices in
the limit of their infinite rank. Teor. Matem. Fizika 90, 108-118 (1992)
11. Li, L., Soshnikov, A.: Central limit theorem for linear statistics of eigenvalues of band random matrices.

Random Matrices 2, 04 (2013)

@ Springer


http://arxiv.org/abs/1412.2445

90 M. Shcherbina

12. Lytova, A., Pastur, L.: Central limit theorem for linear eigenvalue statistics of random matrices with
independent entries. Ann. Probab. 37(5), 1778-1840 (2009)

13. Najim, J., Yao, J.: Gaussian fluctuations for linear spectral statistics of large random covariance matrices.
arXiv:1309.3728

14. Pastur, L., Shcherbina, M.: Eigenvalue Distribution of Large Random Matrices. Mathematical Survives
and Monographs, vol. 171. American Mathematical Society: Providence (2011)

15. O’Rourke, S., Renfrew, D., Soshnikov, A., Vu, V.: Products of independent elliptic random matrices.
arXiv:1403.6080

16. Shcherbina, M.: Central Limit Theorem for linear eigenvalue statistics of the Wigner and sample covari-
ance random matrices. J. Math. Phys. Anal. Geom. V7(2), 176-192 (2011)

17. Shcherbina, M., Tirozzi, B.: Central limit theorem for fluctuations of linear eigenvalue statistics of large
random graphs. Diluted regime. J. Math. Phys. 53, 1-18 (2012)

18. Shcherbina, T.: On the second mixed moment of the characteristic polynomials of the 1D band matrices.
Commun. Math. Phys. 328, 45-82 (2012)

19. Spencer, T.: SUSY statistical mechanics and random band matrices. Lecture notes in Mathematics 2051
(CIME Foundation subseries), Quantum many body system

20. Wigner, E.P.: On the distribution of the roots of certain symmetric matrices. Ann. Math. 67, 325-327
(1958)

@ Springer


http://arxiv.org/abs/1309.3728
http://arxiv.org/abs/1403.6080

	On Fluctuations of Eigenvalues of Random Band Matrices
	Abstract
	1 Introduction and Main Results
	2 Proof of CLT
	2.1 Strategy of the Proof
	2.2 Checking of Conditions (1.11)
	2.3 Proof of Lemma 1

	3 Variance
	4 Auxiliary Results
	References




