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Abstract We study the noncolliding random walk (RW), which is a particle system of one-
dimensional, simple and symmetric RWs starting from distinct even sites and conditioned
never to collide with each other. When the number of particles is finite, N < oo, this dis-
crete process is constructed as an h-transform of absorbing RW in the N-dimensional Weyl
chamber. We consider Fujita’s polynomial martingales of RW with time-dependent coeffi-
cients and express them by introducing a complex Markov process. It is a complexification
of RW, in which independent increments of its imaginary part are in the hyperbolic secant
distribution, and it gives a discrete-time conformal martingale. The A-transform is repre-
sented by a determinant of the matrix, whose entries are all polynomial martingales. From
this determinantal-martingale representation (DMR) of the process, we prove that the non-
colliding RW is determinantal for any initial configuration with N < oo, and determine
the correlation kernel as a function of initial configuration. We show that noncolliding RWs
started at infinite-particle configurations having equidistant spacing are well-defined as deter-
minantal processes and give DMRs for them. Tracing the relaxation phenomena shown by
these infinite-particle systems, we obtain a family of equilibrium processes parameterized
by particle density, which are determinantal with the discrete analogues of the extended
sine-kernel of Dyson’s Brownian motion model with 8 = 2. Following Donsker’s invariance
principle, convergence of noncolliding RWs to the Dyson model is also discussed.
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22 M. Katori

1 Introduction

Let ¢ be a random variable binomially distributed as

1 1
Plcr=1]1= - Plc = —1] = — 1.1
¢ =1] 7 (¢ 1 X (1.1
so that the Laplace transform of the probability distribution is given by
E[e*’] = cosha, « €R. (1.2)

For N e N={1,2,...},let {¢;(r) : 1 < j < N,t € N} be a family of i.i.d.random
variables which follow the same probability law with {. We consider a random walk (RW)
onZN, S(1) = (S1(1), ..., Sn(1)),t € Ng = {0} UN, in which the components S;(7), j =

1,2, ..., N are independent simple and symmetric RWs;
Si0)=u; €Z,
Si@®) =u; +;(H)+¢2)+---+¢;(), teN, 1<j=<N.
LetZe =27 ={...,-2,0,2,4,..}and Z, = 14+2Z ={...,—1,1,3,5,...}. For each

component, S;(-), 1 < j < N, the transition probability is given by

pt —s,ylx) =P[S;() =y|S;(s) = x]

1 ( t—s )
205 \[(t —9) + (y —0)1/2)° (1.3)
ift=s, —(t—s)sy—x=<t—s, (=)+(—x)€Ze,
0, otherwise.
We always take the initial point u = (uy,...,uy) = S(0) from ZY, then S(1) € ZV, if

t is even, and S(¢) € Zf,v, if ¢ is odd. The probability space is denoted as (<2, F, P,) and
expectation is written as E,,.
Let

WN={x=(x1,...,xN)eRN:x1<~-~<xN}

be the Weyl chamber of type Ay _1. Define t, to be the first exit time from the Weyl chamber
of the RW started at u € ZY NWy,

T, =inf{t >1:8() ¢ Wy}.

In the present paper, we study the RW conditioned to stay in Wy forever. That is, 7, = 00
is conditioned. We call such a conditional RW the (simple and symmetric) noncolliding
RW, since when we regard the j-th component S;(-) as the position of j-th particle on
Z,1 < j < N,ift, < oo, then at t = 7, there is at least one pair of particles (j, j + 1),
which collide with each other; S;(7y) = Sj+1(tw),1 < j < N — 1. Such a conditional
RW is also called a system of vicious walkers in statistical physics [6, 14], non-intersecting
paths, non-intersecting walks, and ordered random walks in enumerative combinatorics and
probability theory (see [8,36] and Chap. 10 in [15]).

Let 9t be the space of nonnegative integer-valued Radon measure on Z and My = {£ €
M : E({x}) < 1,Vx € Z}. We consider the noncolliding RW as a process in 91 and represent
it by

N
B(t,) =2 850y (). 1 €No, (1.4)
J=1
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Determinantal Martingales and Correlations 23

where
%) = (SV@), ..., S8 () e ZN NWy, 1eN. (1.5)

The configuration E(z, ) € Mo, t € Ny is unlabeled, while SOt e ZV NnWy,t € Ny
is labeled. We write the probability measure for E(z, -), ¢ € Ny started at & € My as P
with expectation E¢, and introduce a filtration {F(¢) : t € No} defined by F(¢) = o (E(s) :
0 < s <t,s € Np). Then the above definition of the noncolliding RW gives the follows.
Leté = Zyzl 8u/. with u € Zé\' NWy,andt € N, r < T e N. For any F(¢)-measurable
bounded function F,

N
Ee [F(n(-))] = nlinéoE" F Z;SSJ.(.) T, >n|. (1.6)
]:
The important fact is that, if we write the Vandermonde determinant as
_ k=17 _ oy
he = det D= [ Gy, (1.7)
1<j<k<N

the expectation (1.6) is obtained by an A-transform in the sense of Doob of the form [35]

h(S(T))

) (1.8)

N
Eg[F(EQ))]:Eu F (> 850 | 1 >1)
=1

(See also [8,34].) It determines the noncolliding RW, (E(?), t € Ny, P¢).

The formula (1.8) is a discrete analogue of the construction of noncolliding Brownian
motion (BM) by Grabiner [18] as an h-transform of absorbing BM in W . The noncolliding
BM is equivalent to Dyson’s BM model with parameter § = 2 and the latter is known as an
eigenvalue process of Hermitian matrix-valued BM and as solutions of the following system
of stochastic differential equations (SDEs)

1

dX(t)y=dW;@t) + Z mdt

1<k<N,
k#j
where W;(-),1 < j < N are independent one-dimensional standard BMs [7,18,19,21,
27,32,38,41-43,51,52]. (From now on BM stands for one-dimensional standard Brownian
motion and Dyson’s BM model with 8 = 2 is simply called the Dyson model in this paper.)
Then the noncolliding RW has been attracted much attention as a discretization of models
associated with the Gaussian random-matrix ensembles [2,3,12,15,22,23,26,40].
Eigenvalue distributions of random-matrix ensembles provide important examples of
determinantal point processes, in which any correlation function is given by a determinant
specified by a single continuous function called the correlation kernel [4,49,50]. The non-
colliding BM is regarded as a dynamical extension of determinantal point process such that
any spatio-temporal correlation function is expressed by a determinant. Such processes are
said to be determinantal [28]. The dynamical correlation kernel is asymmetric with respect
to the exchange of two points on the spatio-temporal plane and shows causality in the system.
This type of correlation kernel was first obtained by Eynard and Mehta for a multi-matrix
model [11] and by Nagao and Forrester for the noncolliding BM started at a special initial
distribution (the GUE eigenvalue distribution) [39]. It is proved that the noncolliding BM is
determinantal for any fixed initial configuration with finite numbers of particles as well as
two families of infinite-particle initial configurations [30,33].

, 1<j<N, te[0,00), (19
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24 M. Katori

Nagao and Forrester [40] studied a ‘bridge’ of noncolliding RW started from ug =
2 j) ! at 1 = 0 and returned to the same configuration uq at time t = 2M, M € Np.
They showed that at time + = M the spatial configuration provides a determinantal point
process and the correlation kernel is expressed by using the symmetric Hahn polynomials.
Johansson [23] generalized the process to a bridge from ug at t = 0 to M> — M| + ug
att = My + My, My, My € No, My > M, and proved that the process is determinan-
tal. The dynamical correlation kernel is of the Eynard-Mehta type and called the extended
Hahn-kernel. For the noncolliding RW defined for infinite time-period t € Ny by (1.6) or
(1.8) [8,34,35], however, determinantal structure of spatio-temporal correlations has not been
clarified so far.

In the present paper we show that the construction by the h-transform (1.8) directly
leads to the fact that the discrete-time noncolliding RW is determinantal for any fixed initial
configuration £ = 27:1 8Mj € Moy with N = &(Ze) € N. (See [10] for the noncolliding
system of continuous-time random walks.) There are two key points in the present study of
discrete-time systems; proper complexification of RWs and introduction of determinantal
martingale. Let £ € R be a continuous random variable in the hyperbolic secant distribution

[13],

1

3 coshrx2) ™ (1.10)

P[; edx] = fsech ( ;) dx =

which is selfdecompo~sable (see [47, pp.98-99 ]). The Fourier transform of (1.10) (the char-
acteristic function of ¢) is also expressed by the hyperbolic secant [13] (i = +/—1)

E[ei“z] = secha =

, o€eR, (1.11)
cosh o

which is exactly the inverse of (1.2). Let {;(t) t € N} be a series of i.i.d.random variables
obeying the same probability law with . We define a discrete-time Markov process S(1),
t € Np on R starting from O at time ¢ = 0 by

St)=¢(1)+---+2¢@), teN, (1.12)
At each time ¢ € Ny, it is in the generalized hyperbolic secant distribution with density

p(t, x10) = P[S(t) € dx]
212 F(t+,x>
PR

(1)
where I" denotes the gamma function [20]. It can be shown that. S 1)/t —> N(, )ast — oo
[20]. Let S (), 1 = j = N beaset of independent copies of S(-) and express the expectation
with respect to these processes also by E. For the original RW, S(z) = (S1(?), ..., Sn(1)),
t € Ny started at a fixed configuration u € Zév N Wy, its complexification is given by the
discrete-time complex processes, Z(t) = (Z((t), ..., Zny(t)),t € Ng with

2

, teNy, xeR, (1.13)

Zi(t)=S;(t)+iS;j(t), 1<j<N, teN,. (1.14)

We put & = ZJ 1 6u; € Mo and consider a set of functions of z € C,

o) = [[ —, 1<k<N. (1.15)
1<jSN’uk_uj
Jk
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Determinantal Martingales and Correlations 25

The function d)?" (z) is a polynomial of z with degree N — 1 having zeros at uj, 1 < j <
N, j # k and CIDg" (ux) = 1. We can prove that (Lemma 2.3), foreach 1 <k < N,

M@, 8 0) = E[0f Z;ap]. 1=j=N (1.16)

provide independent martingales with discrete time t € Ny. We consider a determinant of
matrix, whose entries are these martingales,

De(t, S(1)) = l<?it<N[M§k (t,S;(t)], t €Ny, (1.17)

which we call the determinantal martingale [24]. Our martingales (1.16) are prepared so that
the equality

h(S@))
h(u)

holds and a kind of reducibility (Lemma 2.4) is established.

This equality (1.18) gives a determinantal-martingale representation (DMR) for the non-
colliding RW (Proposition 3.1), and from it we can prove that the noncolliding RW is deter-
minantal with the correlation kernel,

=De(t, S(t)), te Ny, (1.18)

N
D pls, xlup M (1, y) = (s > Dpls — 1, x]y),
Ke(s, x5 t,y) =1 j=I (1.19)
if (s,x),(t,y) eNoxZ, s+x,t+y€Ze,
0, otherwise,

where p is the transition probability (1.3), and 1(-) is an indicator; 1(w) = 1 if w is satisfied,
and 1(w) = 0 otherwise (Theorem 3.2). Note again that

MY (@, y) = B[ @} (v +i50))]
= / dv p(t, v|0)D,’ (y +iv), 1<j<N (1.20)
R

with (1.13), are functions of initial configuration & = Z;V:] du; through (1.15).
Fora € {2, 3, ...}, we consider a configuration on Z having equidistant spacing 2a with
an infinite number of particles,

82a2.() = D 824k (). (1.21)

keZ

(The noncolliding RW starting from 8,7 (), that is, the case a = 1 of (1.21), is trivial. The
process is stationary in the sense that E(2n) = > ;.7 00%, 8Qn + 1) = >y S2k+1s
n € Np.) We prove that the noncolliding RW started at (1.21), denoted as (E(z),t €
No, Ps,,;), a € {2,3,...}, is well-defined as a determinantal process with an infinite
number of particles (Proposition 4.1). There the N linearly independent polynomials of
y given by (1.20) are extended to an infinite sequence of linearly independent entire func-
tions of y, M%fakz (t,y),k € Z, corresponding to the infinite-particle initial configuration
(1.21). Then by using the infinite sequence of independent martingales with discrete time,
(M3 (1, S;(t))ieng, k € Z, for each j € Z, we can give DMRs for (&(t), t € No, Ps,_,),

8247,
ae fZ, 3, ...} (Proposition 4.2). For each a € {2, 3, ...}, this discrete-time infinite-particle
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26 M. Katori

system on Z shows a relaxation phenomenon to the equilibrium determinantal process,
(E(t),t € Z,P,), whose correlation kernel is given by

P _
/ dy 258G =) e
0 [cos(mu)]'—*
2si —
K,(t —s,y—x) = %, if s =1, (1.22)
1 _
_/ ay 28T =) e
0 [cos(ru)]t—*

for (s, x), (t,y) € 73, s+ x,t + Y € Ze, and K, (t — 5,y — x) = 0 otherwise, where
p = 1/2a gives the particle density on Z (Theorem 4.4). This is a discrete analogue of the
extended sine-kernel (see Sect. 11.7.1 in [15]) of the Dyson model (1.9).

We note that independent increments ¢ (t) of S;(¢) and Ej (t) of §j (t),1<j<N,teNy
are both having mean zero and variance 1. Then Donsker’s invariance principle [5,46] proves
both of S;(n%t)/n and S;(nt)/n converge to BMs as n — oo. It implies that the DMRs
for appropriately scaled noncolliding RWs converge to the complex BM representation for
the Dyson model (1.9) given by [33]. The central limit theorem of noncolliding RWs to the
Dyson model will be established.

The paper is organized as follows. In Sect. 2 the polynomial martingales and determinantal
martingales are introduced for noncolliding RW and their properties are discussed. Determi-
nantal properties of noncolliding RW is clarified in Sect.3. An extension to infinite particle
systems is discussed in Sect.4. Convergence of noncolliding RWs to the Dyson model is
discussed in Sect. 5.

2 Preliminaries
2.1 Discrete It6’s Formula and Polynomial Martingales of Fujita
Let S(2),t € No be a one-dimensional, simple and symmetric RW starting from O at time
t =0,
S =tM+¢@)+---+¢@), teN,

where {¢(?) : t € N} arei.i.d.obeying the same probability law with ¢. The following discrete
1t0’s formula was given by Fujita for the one-dimensional, simple and symmetric RW [16,17].

Lemma 2.1 Forany f : Nog x Z — R and any t € Ny,
fa@+1,8¢+1)— ft,S@1)
- %[f(t—i—l,S(tH— D= ft+1,80) — 1)];(r+ 1)

1
+ E[f(t-i—l, SH+D)-2f@+1,SO)+ f(+1, S(t)—l)]
+ f+1,8@) — f(t, S)). 2.1)
We perform the Esscher transform with parameter o € R, S(-) — §Q(~) as

eotS(t)

Su(t) = - t € Np. 2.2)

[eaS(t)] ’
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Determinantal Martingales and Correlations 27

By (1.2), we have Sy (1) = Gq(t, S(t)) with

X

Gyu(t,x) = —, t eNp, e 7. 2.3
alt, x) (cosh )’ 0, X (2.3)
If we set f = G4 in (2.1), the second and third terms in the RHS vanish. Then

1
Gu(t+1,S(t+1)) — Gu(t, S(t)) = E[Ga(t—l—l, SH)+1) — Gy (t+1, S(z)—l)];(z + 1),
which implies that G (¢, S(¢)) is {¢(1), ..., ¢(¢t)}-martingale for any « € R [16,17]. From
now on, we simply say ‘(G (¢, S(t)))sen, is a martingale’ in such a situation.
Expansion of (2.3) with respect to « around o = 0,

o0 n
o
Golt,x) =D my(t,)—, (2.4)
n!
n=0
determines a series of monic polynomials of degrees n studied by Fujita in [16]
n—-1 .
ma(t,x) =x"+ > e (x!, neN, 2.5)
j=1
such that
aO)=0, 1<j<n—1, 2.6)
mp(t, S(t)) is martingale, ¢ € No. 2.7

For example,

mo(t,x) =1,
mi(t, x) = x,

mo(t, x) = x2

—t,
m3(t,x) = X3 = 3tx,
ma(t, x) = x* —6tx% +1(3t +2),

ms(t, x) = x> — 10tx> + 5t 3t + 2)x, . . .. (2.8)

They satisfy the recurrence relations

1
my(t, x) = E[m”(t + 1L, x4+ +m,(t+1,x—1)], neNp.

As mentioned below in Remark 2, m,, (¢, x), n € Ny are related with the Euler polynomials
studied in [48]. Since the importance of m, (f, x), n € Ny in the context of random walks was
first clearly shown by Fujita [16], however, we would like to call m, (¢, x),n € N, Fujita’s
polynomials and (m, (t, S(t)))ieng. n € No, Fujita’s polynomial martingales for the simple
and symmetric RW.

Remark 1 Let B(t),t > 0 be BM started at 0. Then its Esscher transform with parameter «
is given by By (1) = GEM(t, B(t)) with

ax ax
€ € _ e(XX7O{2[/2

E[e*B®] / " dxe ™G, 2l0) |

—0o0

G (1, x) =

where
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28 M. Katori

O 450 xyeR (2.9)

BM
@, ylx) =
) 21t

is the transition probability density of BM. We see that

GBM (s x)_i(t)n/zl_] (L)g
o _n=0 2 "\v2r) n!

[n/2]
with the Hermite polynomials H,, (z) = E (-1 )J 2 )‘(2z)” 2/ n € Np. Therefore,
2
BM t\" B(t)
t,B(t)) = = H,{—]). eNg, >0, 2.10
m, " (t, B(1)) (2) "\ n 0 (2.10)

are the polynomial martingales for BM as known well (see, for instance, [48]).

Remark 2 The polynomials (2.10) for BM have the multiple stochastic-integral representa-
tions,

ot th
mBM(z, B(1)) :n!/ /'/ ldB(tn)---dB(tz)dB(tl), neN.
JO JO JO

Their discrete analogues determine the polynomial martingales for RW,

In—1

iy (1, S(1)) —"'ZZ D) (1) - L (t).

f1=1n=1 t,=1
For N € Ny, 0 < p < 1, the monic Krawtchouk polynomials Ign (x; N, p),n € Ny are
defined by the generating function as
N o

2 KN p)— = (14 (1= Py (1 = pa)™ ™.

n=0 ’
Then [45,48]

Mt x) = 2" K, ((t +x)/2;1,1/2), n € N.

It should be noted that 71, (r, x), n € Ny are generally different from Fujita’s polynomials
my(t, x), n € Nog. We see thatinig(r, x) = 1,711 (t, x) = x,ia(f, x) = x2—t, and M3 (¢, x) =
x(x242) —3tx, mat, x) = x2(x* +8) — 61x2 +3¢(t —2), . ... In general, the Krawtchouk

polynomials do not satisfy the condition (2.6). The monic polynomials of order n, E,(l’\) (x)
with parameter A € Ny defined by the generating function

o) n A
M2 _ 2 ax
2 BP0 _(l+e°‘) e (2.11)

n=0

are called the Euler polynomials (see [9, p.253 ]). Schoutens showed that, if ¢ i»J €N
have a binomial distribution Bin(, 1/2) and S(¢) = th=1 ¢j,t € N with §(0) = 0, then

(E,(f)‘) (S (t)))reny, n € No are martingales [48]. Fujita’s polynomials are related with Euler’s
by

t
my(t, x) = 2"E" (%) n € No. (2.12)
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Determinantal Martingales and Correlations 29

2.2 Complex-Process Representation for Polynomial Martingales

For RW, (5())sen,, we consider its complexification,
Z(1) = S(t) +iS(t), teNo, (2.13)

where S(-) is defined by (1.12) with S(0) = 0. Note that WZ(r) =
S(t) € Zand IZ(t) = S(t) € R, t € Ng. We can prove the following.

Lemma 2.2 With the complex process (2.13), Fujita’s polynomial martingales with discrete
time t € Ny, (m,(t, S(t)))teny, n € No, for the simple and symmetric RW have the following
representations,

mu(t, S(t)) = E[Z()"], neNy, teNp. (2.14)

Proof By definition (1.12) of §(t), (1.11) gives

O — T . ~\! 1

E [elasm] - (E [e"“]) —— . acR, reN. (2.15)
(cosh @)!

Then for (2.3), the equality G (7, S(1)) = E[e*??], « € R is established, which proves

(2.14). 8]

Remark 3 For a pair of independent BMs, B(%), B (t),t = 0, we can see
EleP0] = "2 = (B [ef“§<f)])_l , aeR (2.16)

Then mBM(z, B(1)) = E[B(1)"],n € No,t > 0, is concluded, where B(r) is a complex
BM, B(t) = B(t) + ig(t), t > 0. The reciprocity relations between (1.2) and (1.11), and
E[e®S®] = (cosh )’ and (2.15) are discrete-time analogues of (2.16).

A direct consequence of Lemma 2.2 is the following.

Lemma 2.3 Assume that f is polynomial. Then E[ f(Z(t))] is a martingale with discrete
time t € Ny.

2.3 Determinantal Martingales

We consider an N-component complex process Z(t) = (Z1(t), ..., Zn(1)),t € Ng with
(1.14). The probability space for (1.14) is a product of the probability space (€2, 7, Py) for
the RW on Z", §(t),t € No, and (2, F,P) for 8(t),1 € Ny defined on RY, which we
write as (Q .7-" P,). Let E, be the expectation for the process Z(t),t € No with the initial
condition Z(0) = u € Zév NWy.

By multilinearity of determinant, the Vandermonde determinant (1.7) does not change in
replacing xjf_l by any monic polynomial of x; of degree k — 1,1 < j,k < N. Note that
my—1(t, xj) is a monic polynomial of x; of degree k — 1. Then

h(S(1)) 1

h(u) = m lgj'j,?cth[mkil([’ S] (t))]

[Etz; 1]

—— det
h(u) 1<j,k<N

= _1 k=1
E I:m 152?51\/[2] ®) ]],
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30 M. Katori

where we have used Lemma 2.2, the multilinearity of determinant, and independence of
Z(t)’s. Therefore, we have obtained the equality,

h(S@) =[h(Z{))
h(w) E[ h(u) } » 1 €No. 2.17)
Now we consider the determinant identity [33],
h(z) _ e,
h(u) 1<k [q>5 (Zf)]’ (2.18)

where & = zj\;} 8uj, u=(u,...,uy) € Wy, and @g" (z) is given by (1.15) (see Sect.4.1
in [24] for derivation). Since d>g" (z) is a polynomial of z of degree N — 1, Lemma 2.3 proves
that (Mgk (t,Sj(t))ieng. 1 < j < N, defined by (1.16) are independent martingales with
discrete time t € Ng and
Eu[/\/lgk (, Sj()] = Eu[/\/lg" (0, S;(0))]
= M0, u;)
=& ) =8k, 1<jk<N. (2.19)

Using the identity (2.18) for h(Z(¢))/h(u) in (2.17), we have

hS@) = we
h(w) _E[lg?.?fsw[q)f (Z-’m)]}
- 155‘1,?51\/ [E[quk (Z; (t))]]’

where independence of Z;(¢)’s was again used. By definition (1.17) of D¢ with (1.16), we
obtain the equality (1.18).

Remark 4 The real parts of the complex processes (1.14) are RWs with E, [(S; (¢) — uj)z] =
t € Ng,1 < j < N. It is obvious from definition (1.12) that the imaginary parts,
Si(1),t € No, are {¢;(1), ..., Z;(r)})-martingales with E[S;(1)2] = ¢ € No,1 < j < N.
Then Z;(-),1 < j =< N shall be regarded as discrete-time conformal martingales (see
Definition (2.2) in Sect. V.2 of [46]). Their conformal maps by polynomial functions,
@g" (Zj()), 1 < j, k < N are discrete-time complex martingales such that

Eu[®(Zj(0)] = Eu[ @ (Zj(0D] =8k, 1< j k<N (2.20)

for any t € Ny,

Forn e N, letl, = {1, 2, ..., n}. Denote the cardinality of a finite set A by |A|. Letx =
(x1,...,xy) €ZN and 1 < N' < N.Wewrite J C Iy, |J| = N,ifJ = {j1,..., jxn}, 1 <
J1<---<jy <N,andputxy = (xj,.. .,xjN,). In particular, we write x v = Xl 1<
N’ < N. (By definition xy = x.) Suppose u € ZY N Wy and &(-) = Z?’Zl 8u; (). For
JCly,|J]=N',1 <N’ <N, introduce determinantal martingales

De(t, 850 = det [M‘gk t.S; (r))], t € Ny, 2.21)

where the sizes of matrices for determinants are |J| = N’, 1 < N’ < N. We can prove the
following, which is a discrete-time version of Lemma 2.1 in [24].
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Determinantal Martingales and Correlations 31

Lemma 2.4 Assume that £(-) = Z;VZI Su; (1) with u € ZY N"Wy. Let 1 < N’ < N. For
t € N,t < T e Nand a symmetric bounded function Fy' on ZN/,

> Eu[Fn(S30)D:(T, S(1))]

JCIy,|J|=N’

= /w 2N (dv)Ey [Fy (S (1) De (T, Sy (T))] (2.22)

This shows the reducibility of the determinantal martingale in the sense that, if we observe a
symmetric function Fs depending ononly N’ variables, N’ < N, then the size of determinant
for determinantal martingale can be reduced from N to N'.

3 Determinantal Properties
3.1 Determinantal Martingale Representation

Since we consider the noncolliding RW as a process represented by an unlabeled configuration
(1.4), measurable functions of E(-) are only symmetric functions of N variables, S?(-), 1<
j < N. Then by the equality (1.18), we obtain the following representation. We call it the
DMR for the present noncolliding RW.

Proposition 3.1 Suppose that N € N and § = Z;V:l Su; withu = (uy, ..., uy) € Zév n
Wy. Lett € N, t < T € N. For any F(t)-measurable bounded function F we have

N
E¢ [F(EO)] =Eu | F D 85,0 | De(T. S(T)

j=1

=E, | F Z&nz,(» ligitEN[d”‘(Z (TN (3.1

Note that the second representation of (3.1) is a discrete-time analogue of the complex BM
representation reported in [33] for the Dyson model (i.e. the noncolliding BM). See Remark 4
above again.

Proof of Proposition 3.1. It is sufficient to consider the case that F' is given as F(E(:)) =
1Y en(S°(tm)) for M € Nyt e Nyl <m < M, 1) < --- <ty < T € N, with
symmetric bounded functions g, on ZN .1 <m < M. Here we prove the equalities

M M
EE |:H gm(SO(tm))i| =Ey |:H gm(S(tm))Dé(Ta S(T))i|

m=1 m=1
M
u
=E, |:1—[1 8m(S(tm)) lS?,?(th[CD%-k (Zj(T))]i| - (3.2)
m=
By (1.8), the LHS of (3.2) is given by

[H e (St 1t > ta1) (h((“;))] (3.3)

m=1
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where we used the fact that 2(S(-))/h(u) is martingale. At time ¢ = 7, there are at least
one pair (j, j + 1) such that §;(ty) = S;j4+1(74),1 < j < N — 1. We choose the minimal
j.Letoj j1 be the permutation of the indices j and j + 1 and for v = (vy,...,vy) € ZN
we put 0j j1+1(v) = (vgj.w(k)),](\;1 = (vy,..., vj+1, vj,...,vy). Let u’ be the labeled
configuration of the process at time ¢t = ,,. Since 1/, G = =u, i+1 by the above setting, under
the probability law P, the processes S(¢),t > 1, and o, ]H(S(t)) t > 1, are identical
in distribution. Since g,,, | < m < M are symmetric, but 4 is antisymmetric, the Markov
property of the process S(-) gives

[H g (ST < 1) =08

m=1

<S(tM>>} _

Therefore, (3.3) is equal to
h(S(tu)) (IM))
m (S (t .

By the equality (1.18) and the martingale property of (Dg (¢, S(¢)))sen,, We obtain the first
line of (3.2). By definitions of E,, and D¢, the second line is valid. Then the proof'is completed.

O
3.2 Determinantal Process
For any integer M € N, a sequence of times ¢ = (1, ...,1y) € NM witht; < -+ <ty <
T e N, and a sequence of bounded functions f = (f;,, ..., fi,), the moment generating

Sfunction of multitime distribution of the process E(-) is defined by

WL = [exp[ | fuwz (rm,dx)” (3.4)
m=1

It is expanded with respect to

Xy () =efmO 1 1 <m<M (3.5)
as
M Ny
M
wiifl= >, > 11 thm( )ps(tl,xﬁvf tM,xﬁvM)), (3.6)
g X €2 m W, =1 =1
1<m<M
where x%’n) denotes (xfm), . (m)) and (3.6) defines the spatio-temporal correlation func-

tions pg (-) for the process (& (t) re Np, P¢). Given an integral kernel
K(s,x;1,y); (s,x), (1, y) € No x Z,
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the Fredholm determinant is defined as

Det [S.Yzéx({y}) +K(s, x; 2, y)xt(y)]

(s,t)e{ty,....tp}

(x,)ez?
M Ny
= z Z H H hon (x;m)) ~ det [K (tm, xj(.m); tn, x,ﬁ"))] .
Np=0, 200 Ny m=1 j=1 1T RS
1<m<M " Nm N> ==

1<m<M

(3.7)

By the reducibility of determinantal martingales (Lemma 2.4) and a combinatorial argument,
we can prove the following identity.

Lemma3.1 Letu € ZY "Wy and € = 3V

jzlauj.ForM e Nt, e N1 <m < M,
nh<---<ty <TEeN,

M N
Eu | [T TTH + Xo (S ta)))De (T, S(T))
m=1 j=1

= Dot [8adi() +Kels. v 6 0]
(s.0)€eltr.....tu},
(x,y)ez?

where Kg is given by (1.19) with (1.20).

The same identity was proved for continuous-time DMR in Sect.2 of [24]. So we omit the
proof of Lemma 3.1 for discrete-time DMR.
Now we arrive at one of the main theorems of the present paper.

Theorem 3.2 For any initial configuration & € Mo with £(Ze) = N € N, the noncolliding
RW, (E(t),t € Ny, P¢) is determinantal with the correlation kernel (1.19) with (1.20) in the
sense that the moment generating function (3.4) is given by a Fredholm determinant

WA= Det [audeo) + KeGoxi () ], (3:8)
(5,0)€lt1,12,eeestm )2,
(x.y)ez?

and then all spatio-temporal correlation functions are given by determinants as

det Ke (b, x5 1, 1"
15jst,elskan,[ £ (my X575 0 ) |

M o) TsmnM
Pé(tlvaﬁ "';tM’xNM) = if x3) € ZY" N\ Wy, t = even, 3.9

or xg\’,':”) €Zo" "Wy, ,ty=o0dd, 1<m=<M,
0, otherwise,

theN,1<m<Mt;<---<ty,and0 <N, <N,1 <m <M.

Proof By (1.4) with (1.5), the moment generating function (3.4) is written using (3.5) as

N N
WA =Fe | [T [T+ 50, SV}

m=1 j=1

@ Springer



34 M. Katori

Proposition 3.1 gives its DMR,

N N
W1 =B | [T [T+ 0, (S @)D (T, S(T))
m=1 j=1

Then Lemma 3.1 gives (3.8). By definitions of correlation functions (3.6) and Fredholm
determinant (3.7), (3.9) is concluded from (3.8). The proof is completed. ]

4 Dynamics with an Infinite Number of Particles
4.1 Determinantal Process with an Infinite Number of Particles

In this subsection, we will show that the noncolliding RW with an infinite number of
particles can be well-defined as a determinantal process for the initial configurations
8247,a € {2,3, ...} given by (1.21). In order to that, we prepare infinite sequences of entire
functions and discrete-time martingales labeled by k € Z below.

For a configuration § = Zj Su; € Mo we write its restriction in [-L, L] C Z,L € N
aséEN[-L,L] = zj:qu[_LYLJ 5u,~~ For each infinite-particle configuration (1.21) with
a €{2,3,...},and k € Z, alimit of the polynomial (1.15)

cbzak (Z) = Lli)moo qj%;akzﬂ[—L,LJ (Z), zeC (41)

8247

exists and explicitly calculated as

2(1/( Z—Zaj z/2a—k
= - = 1 —
@5, Z(Z) H 2ak — 2aj H ( + n

jez, j#k neZ,n#0
_ sinrG2a k) 1 / dreMe2a=R ey (4.2)
w(z/2a — k) 2

by using the product formula of the sine function [30,37], As the analytic continuation of
(2.15) with respect to «,

-~ < 1 T
E[e 0] = ., re(=2.2), reN, 4.3
Le ! (cos L)! ( 2 2) 0 4.3)

implies that e MOHS)/2a—k} g g3 x dﬁ—integrable for a > 2. Then

M3 (1) = B[O (v +iS0)), keZ (4.4)

are well-defined and given by

2 . 1 bd ei)n(y/Zafk)
ak (;, hS_ kez 45
M) = 37 /_7, [cos(2a) ) " € (4.5)

Since |M§fakz(t,y)| <22 4€{2,3,...}, |2 ez PGS, x|2a])./\/l52j (t, y)| < oo for any
(s,0) eN2,5,t <T €N, (x, y) € 7. Then the kernel

> pls. x2a)) M3 (2. y) = (s > D)p(s — 1. x]y),
K ity ={ /<t 4.6
b2z, (8> %3 1, 7) if (s,x),(t,y)eNyxZ, s+x,t+y€Ze, (4.6)
0, otherwise,
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defines the moment generating function of the process by the Fredholm determinant

W= et 8080 + Ky (s xi £, ()]
(S,I)E{tl,tz,...,tM}zy
(x,y)ez?
for any integer M € N, a sequence of times ¢ = (t1,...,1y) € NM withf] < -+ <ty <
T e N, and a sequence of bounded functions f = (fy,, ..., f;,,) with (3.5). It implies that

PPs,,, is determined in the sense of finite dimensional distributions.

Proposition 4.1 For each a € {2, 3, ...}, the noncolliding RW started at §247, denoted by

(E(),t € No, Ps,, ), is well-defined as a determinantal process with the correlation kernel
(4.6).

It is readily shown by Lemma 2.1 (discrete It6’s formula) that if (S(7))sen, is a RW,
(/\/l(%;‘u]‘Z (t, S(t)))1eNg» k € Z are discrete-time martingales, ifa € {2, 3, ...}. Let (S (¢))seng,
Jj € Z be an infinite sequence of independent RWs. Then we have an infinite sequence of
independent martingales with discrete time,

(MG (&, Sj))rengs K €2, 4.7)

8247,

foreacha € {2,3,...} and j € Z. We write the labeled configuration (2aj) jez with an
infinite number of particles as 2aZ, and under P,7, S;(0) = 2aj, j € Z. Then, for any
t € N,

Eaaz| M3 (1, 81 = Bauz| M3 0, 5,00 |
= M3 (0. 2aj)

:Sjk, j,kEZ. (48)
Fix N € N. For J C Iy, define the determinantal martingale of (4.7)
_ k .
Do 0. S3(0) = det [ M5, 1. ;()]. 1€ Mo, 49)

Letr e N, <T eN,N €N, N < N, and Fy be a symmetric bounded function on V'
Then the reducibility

> Eauz [Fni(S5()Ds,,, (T, SN(T))]
JCIy,|J|=N"

= D Eauz[Fn(S1() D, (T, Sy(T))]
Jcly,|J|=N’

= /w 5SN (dv)By [Fy: (Sy (1)) Ds i (T. Sy (T))] (4.10)
N/

holds as well as Lemma 2.4. Note that the last expression of (4.10) does not change even
if we replace N in the first line of (4.10) by any other integer N with N > N. Based on
such consistency in reduction of DMRs and the fact (4.1), the DMR is valid also for the
noncolliding RW with an infinite number of particles.

Proposition 4.2 Assume that F is represented as

F(E() = G(th(x)am,x), . quM(x)E(rM,x)),

XEZL X€EZL
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where G is a polynomial function on RM M € N and ¢y, 1 < m < M are real-valued
bounded functions with finite supports on Z. Then the expressions (3.1) are valid also in the
cases with & = 8247 and u = 2aZ,a € {2, 3, ...}, even though N = §2,7(Z) = 00

Proof is given in the similar way to that given for Corollary 1.3 in [33].

4.2 Relaxation to Equilibrium Dynamics

Now we prove that the infinite-particle systems (E(¢), ¢ € No, Ps, ,),a € {2,3,...}, con-
structed in the previous subsection show relaxation phenomena to the equilibrium determi-
nantal processes with discrete analogues of the extended sine-kernel (1.22).

Since the transition probability of RW (1.3) is a unique solution of the difference equation

1
pa+Lﬂn=5mmy—um+pmy+um,tem,xyez

with the initial condition p(0, y|x) = 8y, it has the following expressions,

1 [~ .
mwm:E/dwmmmm’
—TT

1 2am ) 0 t
_ do 00=/2a | oo [ —
~ 47a _oan 2a

1
:/ du cos(um(y — x))[cos(um)]’, (4.11)
0

where a € N. Note that the integral representations (4.11) of (1.3) are valid for any ¢ €
No, x, ¥y € Z. Then combining with (4.5) we have

2a71
> pGs. x2a)) My (2. y) = 87t2a Z /

jez 2am
/ Ao, ¢100/2a—)Hir(y/2a ) [cos(8/2a)]
-7

[cos(A/2a)]""
We rewrite the first line of (4.6) as follows: for (s, x), (t,y) € Ng X Z,s +x,t + y € Ze,
Kooz (s, x58, ) +1(s > ) p(s — 1, x]y) = G(s, x; t,y) + R(s, x;t,y)  (4.12)

with
Ox+1ry)/2 K
G(S . l y) / / l( X y)/2a Ze—i(e-i-)\)j COS(G/ZCZ) s ’
4nla Jg<n A< [cos(A/Za)f s = cos(r/2a)
and

1
R(s,x;t,y) = / do
87%a j% 7<|0]<a—1)7

/ " el Ox+2y)/2a 40 cos(0/2a) s
A< [cos(\/2a)]*— cos(r/2a)

Since Z[EZ e 1 ON = 275_; ({6)) for 6, A € (—m, ], we obtain
b4 eik(y—x)/Za

1
G(S,X,l,y)=ﬁ 7ﬂd}\.m:g(1‘—s,y—)€). (413)
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On the other hand, when 7 < || < (2a — 1) and [A| < 7, | cos(0/2a)/ cos(r/2a)| < 1.
Then for any fixed s, € N, |R(s +n,x;t +n,y)| - 0 asn — oo uniformly on any
(x,y) € Z? and it implies

Ksyz (s +n,x5t+n,y) - Kyt —s,y —x) asn — oo, (4.14)
where
Kyt =5,y —x)=G(t =5,y —x)—1(s > t)p(s — 1, x|y)

= 2/pdu S =X _ o= pypls —toxly), (@.15)
o " TlcosGru)

ifs+x,t+y€Ze,and K,(t — 5,y — x) = 0, otherwise, with the density on Z,

/o:i aec{2,3,.. .} (4.16)

2a’
By (4.11) and others, we can see that (4.15) is written as (1.22).

The convergence of the correlation kernel (4.14) implies the convergence of generating
function for correlation functions \szaz [f1, and thus the convergence of the determinantal
process to an equilibrium determinantal process. This is an example of relaxation phenomena
[10,25,29-31].

In order to state the result, we define determinantal point processes on Z.

Definition 4.3 Let ff = e or o. For a given density 0 < p < 1/2, the probability measures

;Lsp‘“ on Z are defined as determinantal point processes with the sine kernels
2sin(zp(y — x))

Sl[‘l (y ) N(y _ x)
0, otherwize.

Jif x, y € Zy, @.17)

Theorem 4.4 Foreacha € {2,3, ...}, the process (E(t), t € Ny, Ps, ) shows a relaxation
phenomenon to equilibrium state such that

22n) = i,

._4(2n+1):>u;0, asn — oo

with p = 1/2a. The equilibrium process, denoted by (E(t),t € Z,P)), is time-reversible
and determinantal with the correlation kernel given by (1.22).

Here we note that the local densities of particles (the one-point correlation functions) in ,u ﬁ
and in (E(?),t € Z,P,) are obtained from the expressions (4.17) and (1.22) for correlatlon
kernels, respectively, by taking the limits as

20, if x € Zg,

. =eoro
0, otherwize, i ’

1S ({x}) = lim KS(y —x) = [

20, if s +x € Ze,

PolEGs, xh) = 11= zlLHsl Koy —x,t =)= [0 otherwize.

y—>x

On the spatio-temporal plane (¢, x) € Z?, the equilibrium state makes a homogeneous bipar-
tite lattice.
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5 Convergence to the Dyson Model

In this final section, we will discuss the convergence of noncolliding RWs to the continuous
version (i.e. the Dyson model) in the sense of Donsker’s invariant principle from the viewpoint
of DMR.

For n € N, define scaled discrete-processes as

1 _ 1~
) 2 ) 2
$;70) = —S;(n7n, S0 = —S; (07,

2" =) +i5" @), teNy, 1<j<N. (5.1)
We set §;(0) =nu;,1 < j < N.Since

El¢; ()] = E[; ()] =0,
El¢;()?] =E[j()*]1=1, teN, 1<j<N,

Donsker’s invariance principle [5,46] proves the convergence in distribution
SUO S B, 50 S B0, 2P0 S B0, asn—soo,  (5.2)

where B (-) and Ej (-) are independent BMs with B;(0) = u;, Ej 0)=0,1<j<N,and
B; denotes the complex BMs, B;(-) = B;j(-) +iB;(-),1 < j < N.For dDg"(-), 1<k<N
are polynomials and thus continuous functions, (5.2) implies

o (2 () S @M (B;() asn—> o0, 1<) k<N. (5.3)

For each n € N, let Y™ () = (8 (), ..., SH" () be the N-particle scaled RW
conditioned never to collide with each other started at u = (uy,...,uyN) € Zév N Wy and
put EM™, ) = Z;V:l SSQ ® 4y (-),t € Np. Then we have a series of scaled noncolliding RWs,

J

(E™ (1), t € Ng, P¢), n € N, each of which has DMR

j=1

N
—E,|F 5 det [cp”k (z(."’ T )] 54
nu JZ=1: 9125)(') 151',?(51\1 & J ( ) ( )

for any F(t)-measurable bounded function F forany r € N,t < T € N. Let (E(?),t €
[0, 00), P¢) be the Dyson model started at § = ley:l 8,,_,. € Mo withu = (uy,...,un) €
ZY NWy. Thatis, (¢, -) = Z?’:l 3x;(0 (), 1 €10, 00), where X () = (X1(), ..., XN (")
is a unique solution of the SDEs (1.9) under the initial configuration X (0) = u € Zév NWy.
By the invariance principle (5.2), (5.3), if F is continuous, the DMRs given by the RHS
of (5.4) converge to the complex BM representation for (E(t),t € [0, 00), Pg) given by
Theorem 1.1 in [33]. Since the complex BM representation is a special case of DMR (see
Remark 4 and a comment mentioned just after Proposition 3.1), we will say that

(2™ (1), 1 € No, P¢) converges to (E (1), € [0, 00), Ps) in DMR. (5.5)
As shown in Sect. 3, the DMR gives a Fredholm determinantal expression for any generating

function of multitime correlation functions. Then (5.5) implies the convergence in the sense

@ Springer



Determinantal Martingales and Correlations 39

of finite dimensional distributions. It also implies the convergence as determinantal processes.
By the convergence of processes (5.2), the following convergence of functions are concluded,

if p(n2t, ny|nx) # 0,
P [S™ (1) € dy) = p(n’t, nylnx)ndy — pM(, y|x),

and

[CD"" (x + zS(")(t))] = MU (%1, x)
- / dv p®M(z, v[0)L* (x + iv) = M (1, x)
R

as n — oo with (2.9). Therefore, the correlation kernel of the Dyson model, (E(7),t €
[0, 00), Ps¢), is determined as the limit of the kernels of (& =M (1), t € N, P¢) of the form
(1.19),

N
Ke(s,xs1,3) = D pP™ s, xlupM (1, ) = 1s > 0p™(s —1,xly),  (5.6)
j=1

(s, x), (t,y) € [0,00) x R. The limit (5.6) is exactly the same as the correlation kernel of
the Dyson model given as Eq.(2.2) in [30] for general £ € My, §(R) = N € N, which was
obtained by using the multiple Hermite polynomials.

As claimed by Proposition 4.2, DMR is valid for (E(¢),t € No, Ps, ,), a € {2,3,...}.
Then we will conclude that

(E(”)(t), t € Ny, IPs, ) converges to (E(t),t € [0, 0), Ps,,;) in DMR, 5.7

ifa € {2,3,...}. From (4.4) with (4.2),

B [03 (v + 15000 | = M3 (n?1, x)

- / dv pPM(z, v|0) D2 (x + iv) = M2 (1, x) (5.8)
R

8247 824z

asn — 0o. We find

17 .
M 1) = 2n/ dp. ORI (1)) € 0,00) xR, k€ Z,
—7T

Then the Dyson model with an infinite number of particles, (E(t),t € [0, 00), Ps,,;), is
determinantal and its correlation kernel is determined as

Koy (5.3 1,3) = > pPM(s x2a))M™ (1, 3) = 1(s > Hp®M(s — 1. x]y),  (5.9)
JEZ

(s, x), (t, y) € [0, 00) x R. Let

P )
193(1)’ ‘E) — § evajerrj , N7 > 0,
JEL

which is a version of the Jacobi theta function. If we use the reciprocity relation

1 . i
193(1), 'L’) = 193 (B’ _7) efrnvz/f\/z
T T T
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(see, for example, Sect. 10.12 in [1]), we can obtain the expression

8247

. T .
S PG xR, 1) = o [ dn e RO i o g, 2migs),
T

§ =/ -
where p is the density of particles given by (4.16). Then (5.9) is written as
Kspz (s, %51, y) =K3"(t —s,y — x)

b
+ LS di e’xzpz(’_s)/z"")“’(y_x){193 (px — irp?s, 2mipZs) — 1},

27 J_»

(5.10)

(s, x), (t,x) € [0, 00) x R, where

e

/ du &7 1 E=9)/2 cos(mu(y — x)), if s <t,
0
i sin(7r -

KMt — s,y —x) = M, ifs=t, (5.11)

T(y —x)

*® 2u2(¢ 2 .
—/ du ™ =92 cos(rum(y — x)), if s > 1.
o

The correlation kernel (5.10) coincide with Eq.(1.5) in [30] if we set p = 1. The kernel
(5.11) is called the extended sine kernel with density p (see Sect.11.7.1 in [15]), which is a
continuum limit of (1.22). The relaxation phenomenon associated with lim;_, o Ks,,, (s +
T, x;t+71,y)= K?i“(t — s,y — x) was studied in [30].

The above shows that the convergence in DMR implies the convergence in the sense
of finite dimensional distributions and that as determinantal processes. As demonstrated by
Proposition 1.4 and Theorem 1.5 in [33], DMR is useful to test the Kolmogorov criterion
for tightness. Relations between the present convergence in DMR and the previous results
concerning convergence to the Dyson model [3,26,44] will be discussed elsewhere.
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