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Abstract This paper is the fifth in a series devoted to the development of a rigorous renor-
malisation group method applicable to lattice field theories containing boson and/or fermion
fields, and comprises the core of the method. In the renormalisation group method, increas-
ingly large scales are studied in a progressive manner, with an interaction parametrised by a
field polynomial which evolves with the scale under the renormalisation group map. In our
context, the progressive analysis is performed via a finite-range covariance decomposition.
Perturbative calculations are used to track the flow of the coupling constants of the evolv-
ing polynomial, but on their own perturbative calculations are insufficient to control error
terms and to obtain mathematically rigorous results. In this paper, we define an additional
non-perturbative coordinate, which together with the flow of coupling constants defines the
complete evolution of the renormalisation group map. We specify conditions under which
the non-perturbative coordinate is contractive under a single renormalisation group step.
Our framework is essentially combinatorial, but its implementation relies on analytic results
developed earlier in the series of papers. The results of this paper are applied elsewhere to
analyse the critical behaviour of the 4-dimensional continuous-time weakly self-avoiding
walk and of the 4-dimensional n-component |¢|* model. In particular, the existence of a
logarithmic correction to mean-field scaling for the susceptibility can be proved for both
models, together with other facts about critical exponents and critical behaviour.
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590 D. C. Brydges, G. Slade

1 Introduction and Main Results
1.1 Background

This paper is the fifth in a series devoted to the development of a rigorous renormalisation
group method applicable to lattice field theories containing boson and/or fermion fields, and
it comprises the core of the method. Its immediate goal is to prepare for the application in
[7,8] to a specific supersymmetric field theory that is used to analyse the critical behaviour
of the continuous-time weakly self-avoiding walk, and in particular to prove the existence of
a logarithmic correction to the susceptibility in dimension 4. However, our approach is more
general and applies more broadly including to the critical behaviour of the 4-dimensional
n-component |¢*| model [5].

In the renormalisation group method, a multi-scale analysis is performed in which increas-
ingly large scales are studied in a progressive manner, with an interaction parametrised by
a field polynomial which evolves with the scale under renormalisation group transforma-
tions [40]. In our context, progressive integration is performed via a finite-range covariance
decomposition [4,20]. Perturbative calculations are used to track the flow of the coefficients,
or coupling constants, of the evolving polynomial, but on their own perturbative calculations
are insufficient to control error terms and to obtain mathematically rigorous results. In this
paper, we employ another coordinate called K, in addition to the interaction polynomial V,
for tracking the evolution under renormalisation group transformation. With this additional
coordinate, we provide a framework that allows the error terms to be rigorously controlled.
Our framework is essentially combinatorial, but its implementation relies on analytic results
developed in earlier papers. An important feature of our method is that it respects supersym-
metry, when this is present in the underlying model. Euclidean invariance is not manifest
since our method relies on subdivisions of space into hypercubes. The use of such subdivi-
sions has been universal in nonperturbative work on the renormalisation group, but recently
[37] a manifestly Euclidean invariant method has been invented.

Some aspects of our approach, whose roots go back to [18], were presented in [13]. We
draw on the approach of [14,19] for hierarchical models, but in a much extended and gener-
alised form that applies to Z¢. The idea of using a covariance decomposition to implement
renormalisation goes back to [11,12]. Recent uses of the renormalisation group that bear
some relation to our approach can be found in [1,2,25,26,34].

Different approaches to the renormalisation group include the block spin method used in
[29-32], the phase space expansion method used in [28], and the approach of Bataban (see
e.g., [3], and [23] for a recent overview). These various methods are distinguished from each
other according to how they combine perturbation theory with estimates on large deviations
connected with large fields. Balaban’s method is particularly powerful because it also applies
to strong coupling problems where the action has degenerate minima. The books and major
reviews [10,13,27,33,36,38] give varied perspectives on renormalisation.

This paper is the culmination of the developments presented in parts I-IV [9,15-17] of
the series and it relies on results from all four parts. A full assembly of parts I-V (and using
also the result of [6]), is given for the 4-dimensional weakly self-avoiding walk in [7,8], and
for the 4-dimensional |p|* model in [5]. To put the present paper in perspective, we briefly
summarise the other papers in the series as they pertain to this one.

1. Inpart I [15], we present elements of the theory of Gaussian integration involving both

boson and fermion fields, and develop norms and norm estimates for performing analy-
sis with such Gaussian integrals. A renormalisation group step involves performing a

@ Springer



A Single Renormalisation Group Step 591

Gaussian integral whose covariance is given by a generic term in the finite-range decom-
position of an original covariance. In the present paper, we show how to obtain effective
control on such an integration, so that error terms do not accumulate upon repeated
integration.

2. Inpart II [16], we define and analyse the localisation operator Loc, which extracts from
a functional of the fields a polynomial that captures the components of the functional
which are relevant and marginal for the dynamical system defined by the renormalisation
group. These are the components which must be accurately tracked, and this tracking
leads to the flow of the coupling constants. In the present paper, we prove that the operator
Loc achieves its purpose in the sense that the non-perturbative coordinate is contractive
under the renormalisation group map. It is this contraction that prevents error terms from
building up under successive renormalisation group steps.

3. Inpart III [9], we present a general description of perturbation theory, in which the poly-
nomial V; atscale j is replaced after a single Gaussian integral by a new polynomial Vjy.
The polynomial V} is accurate to second order in the coupling constants but does not take
into account error terms that have the potential to accumulate in repeated renormalisation
group steps. In the present paper we show how to employ V)¢ while preventing errors
from accumulating.

4. Inpart IV [17], we prove nonperturbative estimates for the specific supersymmetric field
theory studied in [7,8]. The results include stability estimates for the interaction, proof of
accuracy of the perturbative calculations of part III, estimates on Gaussian expectations,
and a crucial contraction estimate which implements the achievements of the operator
Loc. The estimates of part [V provide an essential input for the present paper.

5. As an application and dénoument, in [7,8] we obtain a statement of infrared asymptotic
freedom for the 4-dimensional weakly self-avoiding walk, and use it to prove the existence
of a logarithmic correction to mean-field scaling for the sucsceptibility and |x|~2 decay
for the critical two-point function. The analysis of [7,8] combines the results of parts -V
with the main result of [6] to analyse the infinite-dimensional dynamical system arising
from repeated application of the renormalisation group. A further application to the 4-
dimensional n-component ¢* model is given in [5].

Throughout the paper, we concentrate on the case of dimension d = 4. Before stating
our main results in Sect. 1.8, we first introduce the language and concepts needed for their
formulation, as well as the norms used in their statement.

1.2 Polymers and Local Algebras of Forms

Let L > 3and N > 1 be integers, and let A = Zd/(LNZd) for fixed dimension d > 0. We
write | - |oo for the £+ distance on both Z¢ and the torus A. Since N and A are determined
by each other we make A the primary object and write N = N (A). Our results concern the
renormalisation group in both finite volume A and the infinite volume Z¢. To cover both
cases we use the symbol V whose values are A or 74, and we set N(V) = oo for V = A.
To allow for the study of the two-point function, two particular points a, b are fixed in Z¢.
We assume a, b have distinct images in A, under the projection x + x mod (LN Zd), and
their images are also called a, b so we can refer to the two distinguished points in V. They
are called observable points. The following definition is basic to our setup.

Definition 1.1 (a) Blocks. Foreach j € Ny the lattice 7 is paved in a natural way by disjoint
d-dimensional cubes of side L’. The cube that contains the origin at the corner has the
form
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592 D. C. Brydges, G. Slade

(x € A:lxloo < L7}, (1.1

and all other cubes are translates of this one by vectors in L/Z¢. Similarly, for j =
0,1,..., N(A), the torus A is paved in a natural way by LN~/ disjoint d-dimensional
cubes of side L/. We call these cubes j-blocks, or blocks for short and let B = B;(V)
denote the set of j-blocks. The integer j is called a scale.

(b) Polymers. A union of blocks in B; is called a polymer (at scale j), and the set of polymers
at scale j is denoted P; = P; (V). The empty union is included: @ € P;. For X € P;,
B;(X) denotes the set of blocks B € B; with B C X. The size |X|; of X € P; is the
number of j-blocksin X, i.e., | X|; is the cardinality of B; (X). We define P, = LI;P; (Z%.
In particular, an element X of P, has a scale j(X).

(c) Connectivity. A nonempty subset X C A is said to be connected if for any two points
x,x" € X thereexistpointsx; € X (i =0, 1, ..., n) with |x;41] —Xi|co = 1, x9 = x and
X, = x’. The set of connected polymers in P i isdenoted C; = C; (V). The null set & is not
in C;. We say that two polymers X, Y do not touchif min{|]x —y|c : x € X,y € Y} > L.
A polymer can be decomposed into connected components that do not touch; we write
Comp(X) for the set of connected components of X.

The basic setting for our analysis is detailed in [17, Section 1.1], and we maintain the same
setting and notation here, but now allow infinite volume as well as finite volume. In brief, we
have a complex boson field ¢ : A — C with its complex conjugate ¢, a pair of conjugate
fermion fields ¥, gﬁ and a constant complex observable boson field o € C with its complex
conjugate ¢ . The fermion field is given in terms of the 1-forms d¢, by ¥, = ﬁd(bx and

Uy = L 44 , where we fix some square root of 2ri. We work with an algebra A which
V2mi ! g
is defined in terms of a direct sum decomposition

N=N°ON N’ ® N, (1.2)

Elements of A"? are given by finite linear combinations of products of an even number
of fermion fields with coefficients that are complex-valued functions of the boson fields.
This restriction to forms of even degree results in a commutative algebra. Elements of
N NP, N arerespectively given by elements of A"? multiplied by o, by &, and by o5 . For
example, ¢, ¢_>y YWy € N2, and o ¢, € N*. There are canonical projections g : N' — N
fora € {@, a, b, ab}. We use the abbreviation 7, = 1 —my = 7, + 7 +74p. The algebra N/
is discussed further around [16, (1.60)]. There N is written \'/Z, but to simplify the notation
we write A/ here instead. The quotient space notation reflects our policy of writing arbitrary
functions of o, & and identifying any such function with the sum of the constant, o, 6 and
oo terms in its formal power series expansion in o, 6. The parameter ps which appears in
its definition is a measure of the smoothness of elements of A (see [15, Section 2.1]); its
precise value is unimportant as long as it is fixed with pr > 10 (the value “10” is required
for Lemma 2.4 below). Constants in estimates are permitted to depend on par, and this is
unimportant.

In [15, (3.15), (3.38)], V' (X) is defined to be the algebra of differential forms that depend
only on fields with spatial labels in X, where X is a subset of A. In this paper the argument
X of M(X) is a subset of V, which is A or Z4, and N'(X) consists of differential forms
of even degree generated by monomials in 1, ¥ with spatial labels in X, so that A'(X) is
commutative. We also define the commutative algebra

NIW) = U N(X). (1.3)

Xfinite, XCV
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A Single Renormalisation Group Step 593

ForV = A or V = Z% we write N' = N (V). Note that A’(X) is a subalgebra of A/(Y) when
X is asubsetof Y.
In the notation of [15, Section 3.2], for X C A, an element of N (X) has the form

1

_ - y
F= Z y!wa ) (1.4)
yEA*
The sum is over sequences y = (x, X), Witl_l eachof x = (x1,...,xp)and X = (X1, ..., Xy)

a sequence in X, with ¥ = vy, ... ¥ Y5, .. @xq, and with y! = plq!. The coefficient
Fy is a complex valued function of (¢, o) in CV x C such that Fy (¢',0) = Fy(¢,0) when
¢'|x = ¢|x. The coefficients F), are zero when the sequence y has odd length. As a function
of o, Fy has the form o + Bo —I— yo + 80a,but B =36 = 0 when X does not contain a and
y = 6 = 0 when X does not contain b. To understand this, one should regard o as associated
to the point @, and & to the point b, and then the conditions say that an element F of N (X)
depends only on fields in X.

Let U denote the set of 2d nearest neighbours of the origin in Z¢. For e € U, we define the
finite difference operator V¢, = ¢4 — ¢y, and the Laplacian Ays = —% Decu VEVE
Important examples of forms are:

- - 1 - -
Ty = QxPx + V¥, TVV.x = E Z ((Ve¢)x(ve¢)x + (Vew)x (Vew)x) > (1.5)

eelU
1 - - - -
Tax =73 ((=AP)xy + Px(—AD)y + (—AY) Wy + Y (—AY),) . (1.6)

Let Q denote the vector space of polynomials of the form

V:Vg+Va+Vh+Vah, (17)
where

Vo = gt? +vT + 214 + vy, Vi =100, Vo =250, Vap = qupGo, (1.8)

1
A= 2Ny, A= ATy, qu = —5@"la+ q"1,), (1.9)

g, v, y,2z, A%, AP, q°, qb € C, and the indicator functions are defined by the Kronecker delta
1, = 64.x. For X C A, we write

V(X) =D Vi (1.10)

xeX

Elements V of Q are polynomials with eight independent coefficients, so Q is isomorphic to
C? and this identification is sometimes useful. The polynomial V has symmetries which are
inherited by the field theory to be defined below in terms of V. To discuss these symmetries,
an automorphism E : A — A is an injective map from A to A under which nearest-
neighbour points are mapped to nearest-neighbour points under both the map and its inverse.
Translations and reflections that preserve A are examples of automorphisms. The action of
an automorphism E : A — A as a map from N (A) to itself is defined in [16, (1.28)]. The
polynomial Vy is Euclidean covariant, in the sense that for any automorphism E, E (Vg ) =
V&, Ex. Also, V, is gauge invariant and Vg , is supersymmetric, where these two terms are
defined for elements of A in [9, Section 5.2].
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594 D. C. Brydges, G. Slade

1.3 Covariance Decomposition

Given m? > 0, let C = (—Ax + m3)~1 As explained in more detail in [17, Section 1.1.1],
the covariance C has a finite-range decomposition C = Cy + --- Cy—1 + Cn y [4,20]. The
expectation E¢ denotes the combined bosonic-fermionic Gaussian integration on A, with
covariance C, defined in [15, Section 2.4]. The expectation can be performed successively,
using

EcO =EnyOoEny_180---0E;0, (1.11)

where [E; is the expectation corresponding to the j™ covariance, and 6 denotes a type of
convolution. More precisely, we define the map 6 : N (V) — N(V u V') by making the
replacement in an element of A" of ¢ by ¢ + &, ¢ by ¢ + &, ¥ by  + 1, and ¥ by ¥ + 7.
In applying E; 16, the fields &, &, n, 7 are integrated out by E;, with ¢, &, v, ¥ kept fixed.
The expectation Ec can be obtained as the special case of (1.11) resulting from setting
dp=¢ =19y =19 =0inEy0.

We assume that the covariance decomposition obeys the estimates listed and discussed in
[17, Section 1.3.1]. In particular, for [17, (1.71)], we restrict m? to lie in a small interval [0, §]
when considering C; with j < N, but make the further restriction m? e [(SL_Z(N -b, 8] for
Cn,~- The covariances obey the finite-range property that C;(x, y) = 0 for |x — y| > %L/,
for each scale j. These properties are established for the covariance decomposition of [4] in
[9].

In analogy with ordinary Gaussian random variables, there is an independence conse-
quence of the finite-range property, called the factorisation property of the expectation. The
latter states thatif X1, ..., X, € Pj+1(A) donot touch each other, and if F},, (X,,) € N (X,n)
for each m, then

Ejn1f [ FnXm) = [] Bj16 Fu(Xon). (1.12)

m=1 m=1
This factorisation property is a consequence of [15, Proposition 2.7]. It plays an important

role.

1.4 Perturbative and Non-perturbative Coordinates
Asin [17, (1.22)], the interaction is defined, for V € Q, B € B; and X € P;, by

LV, B)y=e " (1+W;(V.B), LV.X)= [] Liv,B)., (1.13)
BeB;(X)

where W; is a certain non-local polynomial in the fields, which is an explicit quadratic
function of V discussed in detail in [17, Section 1.1.3]. In the present paper, we rely on
properties of  proved in [17] and the specifics of its definition play a minor role.

Recall the function Vi : @ — Q defined in [9, (3.23)] and explained in [9, Section 2]. In
[9, Proposition 2.1], we show that

Ej101;(V, A) ~ 11 (Vor, A), (1.14)

where the approximation is accurate up to and including second order, as formal power series
in the coupling constants. Under this approximate perturbative calculation, the effect of a
single expectation is captured by the map V + V), and we refer to V' as the perturbative
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A Single Renormalisation Group Step 595

coordinate. We introduce a non-perturbative coordinate K which accurately tracks all the
errors in the approximation (1.14). For this, the following definition is needed.

Definition 1.2 Circle product. Given F, G : P; — N, we define F o G : P; — N by

(FoG)(X)= D> FMGX\Y) (XeP). (1.15)
YeP;(X)

This circle product is commutative and associative.

The circle product depends on j but this is left implicit in the notation. All functions
F : P; — N that we consider are required to obey F (@) = 1. The sum in (1.15) includes
the degenerate terms ¥ = @, X (in particular, (F o G)(@) = F(@)G (@) = 1). The identity
element for the circle productis 1 &, defined by setting 1 »(X) = 1if X = gand 1 5(X) =0
otherwise. From (1.11), we obtain

EcOIo(V, A) = EcO(lpo 15)(A) =EnO o Ey_10 0--- 0 E10(Ip o 15)(A). (1.16)

Let O be the subspace of Q with y = ¢% = ¢ = 0. Let j < N(V), let ¢; € C,
let V; € 0O and let K; : Pj — N. The renormalisation group map RG = RG;j is a
description of the action of E; 160 asamapRG : (¢}, V}, K;) = (gj+1, Vj+1, Kj11), with
qj+1 €C,Viy1 € Q9 and K41 : Pj41 — N, such that

el B 10(1;(V)) 0 K;)(A) = €477 (1;41(Vj1) 0 K j41)(A). (1.17)

This allows (1.16) to be evaluated iteratively. In particular, the flow of ¢ under repeated
applications of the renormalisation group map turns out to be central to the proof obtaining
the decay of the critical two-point function of the continuous-time weakly self-avoiding walk
in [7]. By dividing (1.17) by €%/ and setting 8qj+1 = qj+1 — qj, we obtain the equivalent
equation

Ejr10(1;(Vy) o Kj)(A) = U177 (1141 (Vjtp) 0 K1) (A). (1.18)
Thus we can regard RG as the map
RG; : (Vj, Kj) = (8qj+1, Vi1, Kjv1) 1.19)

The existence of a map obeying (1.17) is easy: there are g j 11, K j 11 that solve this equation
for any choice of V1, and they are not unique. An example is given in Sect. 1.5 below.
It is much harder to choose the map RG and a Banach space in which K ;| does not grow
in norm under iteration of the renormalisation group map, and the main achievement of the
present paper is to exhibit such a choice.

1.5 Simplified Construction of K

For illustrative purposes, we now provide an example of a simplified construction of K from
Vo, Ko) = (Vo, 1z). The idea in this section is used in Sect. 5.1 below, but the complete
construction of RG requires a better (but less simple) choice of K, than the one in the
example.

The following elementary lemma, which relates the circle product and binomial expansion,
is useful here and also later. It uses notation discussed in more detail around (1.29). Namely,
given F : B; - N and X € P;, we write FX = F(X) = HBij(X) F(B).
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596 D. C. Brydges, G. Slade

Fig. 1 The four small dark L
squares represent a polymer in

Po, and the three larger shaded
squares represent its closure in
P1

Lemma 1.3 For Fi, F> : B; - N and X € Pj,
(Fi + F2)* = (F1 0o F)(X). (1.20)

Proof By (1.29), followed by expansion of the product and application of (1.15), we find
that

P+ = [] Fi+rB) = > FFY =FoFR)X), (121)
BeB;(X) YeP;(X)

and the proof is complete. O
We also need the following definition, which is depicted in Fig. 1.

Definition 1.4 The closure X of X € P; is the smallest Y € P; such that X C Y. Given
U € Pjy1, we write

PiU)y={XeP; | X=U} (1.22)

The following proposition provides an example of a construction of K| from the pair /g
and Ko = 1, for arbitrary choice of Vy, V| each with g, = 0.

Proposition 1.5 For any Vy, Vi € Q, each with q,, = 0,

E1(Io(Vo) o Lz)(A) = (I1(V1) 0 K1)(A), (1.23)
where
Kiwoy= > 1/ Ecs1f (1.24)
XePy(U)

with 81} = [1,ex @ 1o(x) — 11 (x)).
Proof For X € Py, let 81 = [[,cx(01(x) — I1(x)); this depends on ¢y, ¢1, Y1, ¥ via

I, as well as on the fields ¢o = ¢1 + &1, ¢o = ¢1 + &1, Yo = Y1 + 01, Yo = Y1 + 11 via
0 1. The integration implied by E|6 integrates out only the fluctuation fields &1, &1, n1, 11,
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A Single Renormalisation Group Step 597

leaving dependence on the scale-1 fields only. Thus we obtain, using Lemma 1.3 for the third
equality,

Ei10(Ip o 1p)(A) = E101o(A) = E( (11 + 81"
=Ei(l1 0811)(A) = (I1 o E{811)(A). (1.25)

The above circle products are at scale 0. Using (1.24) for the last equality, we obtain

(hoE0l)(A) = > EwI = > > 1™ EsIY

XePy UePi xePy(U)
AU 7 o
= > i"KiW) = (1o Ki)(a), (126)
UeP

where the circle product on the right-hand side is at scale 1. This completes the proof. O

An important fact is that K| has a certain component factorisation property. For exam-
ple, if U € P; has connected components Uy, Ua, then with the help of Fig. 1 it is
straightforward to check that the factorisation property (1.12) of the expectation implies
that K ) = K u 1)[% (Uz). We make a formal definition of the component factorisation
property in the next section.

1.6 Setting for Non-perturbative Coordinate

We now define the basic setting for the non-perturbative coordinate K : P; — N, including
the spaces C/C; and ;.

We say that a function K : P; — N is Euclidean covariant if E(K (X)) = K(EX)
for all polymers X € P; and all automorphisms E of V. We say that K is gauge invariant
(supersymmetric) if K(X) is gauge invariant (supersymmetric) for all X in P;; these two
terms are defined for elements of A/ in [9, Section 5.2]. We say that K has zero constant part
if the result of setting ¢ = 0 and ¥ = 0 in K (X) is zero for all non-empty polymers X. We
need the following two definitions.

Definition 1.6 Small sets. A polymer X € P is said to be a small set if | X|;(x) < 24 and
X € Cj(x). Let S be the set of all small sets in P;. The small set neighbourhood of X € Py
is defined by

x5 = U Y. 1.27)
YeSjx): XNY#2

For the next definition, we define the coalescence scale j,;, by
Jab = | log; 2la — b)) |. (1.28)

Definition 1.7 For j < N(V) with j < oo, let CK; = CK;(V) denote the complex vector
space of functions K : C;(V) — N (V) with the properties:

— Field Locality: For all X € C;(V), K(X) € N(XD). Also, (i) 7K (X) = 0 unless
a € X, (i) mp K(X) = O unless b € X, and (iii) 7,5 K(X) = O unless ¢ € X and
b € XY or vice versa, and 7., K (X) = 0if X € Sjand j < jap.

— Symmetry: (i) K is gauge invariant; (ii) 7z K is supersymmetric and has no constant
part; (iii) mx K is Euclidean covariant.
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598 D. C. Brydges, G. Slade

Let K; = IC;(V) be the complex vector space of functions K : P;(V) — N (V) which have
the properties listed above and in addition

— Component Factorisation: for all polymers X, K (X) = HYECOmp(X) K(Y).

Every element of K; determines an element of CKC; by restriction to connected sets, and
every element of CKC; determines an element of K; by the factorisation condition. The same
symbol is used for both elements related by this correspondence. Under this correspondence,
15 € K becomes 0 € CK, because the empty set is not a connected set.

Let BK; = BK (V) denote the set of functions F : B; — N which obey the field locality
and symmetry conditions of Definition 1.7. Given F : B; — N we extend F to P; by

F(X)=FX = H F(B) (X eP). (1.29)
BeB;(X)

The appearance of the set X as an exponent introduces our convention that such exponents
signal functions that factorise over blocks. Using (1.29), an element F' € BK; extends to an
element F' € K;. An important use of BK; is the map I : Q — BK;(A) defined in (1.13).

The individual properties of Definition 1.7 play different roles in our analysis. The property
of field locality is of fundamental importance and its preservation under iteration of the
renormalisation group map relies on the finite-range property of the covariance decomposition
via (1.12), as illustrated in Sect. 1.5 above. The symmetry properties are enjoyed by any V; €
QO and the symmetry assumption on K ensures that the effect of K j on the construction of
V1 1s such that these symmetries are inherited from V; by V; 1, and in particular that V;
does not contain additional terms not present in Q. It is possible to relax the assumption
of supersymmetry by a suitable enlargement of Q. For example, in the analysis of the |¢|*
model in [5] we forego supersymmetry in Definition 1.7 at the cost of including an additional
constant term in Q; this is discussed in Remark 6.3 below.

1.7 Definition of Norms

We use specific norms as detailed in this section. This particular specification is made so that
we can apply estimates on / (e.g., in Sect. 3.3) and an important contraction property (namely
Proposition 5.5); these results are proved in [17]. It also paves the way for applications of our
results in [5,7,8]. However, accepting the results of [17], the majority of this paper can be
read without knowing what the norms are, beyond the facts that the norm of a product is less
than the product of the norms, and the norm of an expectation is less than the expectation of
the norm.

1.7.1 Parameters

We use the norms and regulators for A defined in [17, Section 1.1.6], including the ® norm
on test functions, the ® norm on boson fields, the T semi-norm on AV The parameters ) = ¢ j
and b = h; for these norms are specified in [17, Section 1.3.2] and we repeat the definition
of these parameters here. They depend, in particular, on two numbers g; and g1, which
we assume can be taken to be as small as desired (uniformly in j, and depending on L), and
which obey

1

ng“ <8 <28j41. (1.30)
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This permits us to apply results from [17] which rely on (1.30). The parameters f are given
in terms of a (large) L-dependent constant £y and a (small) universal constant kg by

b — LoL—719] h=2¢ .

J = k0§;1/4L—jd/4 b =h, )
gjL(jAj(zb)[¢]2(j—jub)+ h=¢

bo.j = g;/4L(jAjab)[zz:]z(j—jum h=h, (1.32)

where [¢] = %, x4+ = max{x, 0}, and where the coalescence scale j,p, is defined in (1.28).

1.7.2 Norm for Perturbative Coordinate

As a vector space, Q is isomorphic to C?® since a polynomial in Q is determined by
eight coupling constants. Although all norms on C?® are equivalent, the coupling constants
v, A%, AP g%, ¢" have natural scaling factors and we use a norm that takes this into account.
We define a norm on Q by

IVlg, = max {|g|, Izl Iyl LYl €k 121, £586,j1071, €5 5197, ei,j|qb|] (1.33)

The scaling in (1.33) reflects the fact that the coupling constants g, z, y are associated to
marginal field monomials (for d = 4), whereas the L2 reflects the fact that v is associated to
the relevant monomial t. The scaling of the observable coupling constants includes factors
of £; or £, j for each boson or observable field, respectively, in the corresponding monomials
inV.

Two useful subspaces of Q are the subspace Q) ~ C consisting of elements of Q with
y = ¢% = ¢® = 0, and the subspace Q' ~ C” consisting of elements with y = 0.

With [17, Lemma 3.1] and its proof, it follows that there is a j-independent constant ¢ > 0
such that

-1
max ||V (B ) <|IVlg, <cmax ||[V(B 1.34
c Bel;(,' IV(Bllz ) <IVIg; < CBeéﬁ/ V(B ) (1.34)

1.7.3 Norms for Non-perturbative Coordinate

Recall from [17, Section 1.1.6] the definition of the Ty ;(h;) seminorm. Recall also from
[17, Definition 1.1, (1.38), (1.41)] the definition of the two norm pairs on J\/'(XD) given, for
F € N(XY), by

Fll, e
”F”J = SupA W‘wq;)a ||F||I+1 = ||F||T04j+|(ﬁj+])7 (1'35)
¢peC J ’
F (h: F (B
1l = sup Vs -y g e, (1.36)
pecr Gi(X, ) $eCA Gj+](X,¢)

in terms of an arbitrary parameter y € (0, 1]. To handle these norms simultaneously we will
write them all as || F|lg, with k = j, j + 1. For the first pair we write G; = G;(£;) and
Gj+1=To,j+1(£j41),and for the second pair we write G; = G,' (hj)andGjy = G’; (hjy1).
Sometimes we omit parameters such as j and h; when we think their values are clear from
context. Note that the notation is potentially misleading because the dependence on the
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parameter b refers to the Tj, part of this norm, not the regulators which are defined in [17,
(1.38), (1.41)] always in terms of £.

In (1.35) we actually only have a Ty semi-norm, not a norm. Let Z(V) = {F € N(V) |
|Fll7, = 0}. The set Z(V) is an ideal in the algebra N, since the Ty semi-norm has the
product property. Thus the 7 semi-norm on A defines a norm on the quotient space N /Z.
We work in the quotient space, and thus regard Ty as a norm rather than a semi-norm.

The above norms are defined on N (X), but to measure the size of elements of K, which
are maps X — F(X) from polymers X into N (X ), we include a weight for the size of X
as well. Thus welet W : C; x CY — (0, 00) be a fixed strictly positive weight function. We
say that F' € KC; vanishes at weighted infinity if for each X € C;,

lim ||F(X)||T¢(h)W71(X, ¢) =0. (1.37)

9l ;=00

Let F; (W) be the vector subspace of CKC; consisting of elements F which vanish at weighted
infinity. We define a norm on F; (W) by

IFll7jw)y = sup ||F(X)||T¢(b)W71(X, ?). (1.38)
XeC, peCV

Now we make choices of W = W; that connect these norms to the two norm pairs
(1.35)—(1.36). Fora > 0 and X € P;, let

fita. X) = a(X]; =24, (139)
Note that fj(a, X) = 0 for any small set X. For G; a regulator, and given p; € (0, 1), let

WX, ¢) = o] VG;(X. 9). (140)

The factor ,ojf'/ @X) replaces the constant A~! used in many other papers in a version of
(1.41), e.g., in [13, (6.10)]. Then for each of the four norms in the two norm pairs we have a
choice of W and scale k = j, j + 1 such that

— WX
IF Iz = sup pp O IF O, (1.41)
XeCy,

with norms on the right-hand side as in (1.35) and (1.§6). We de{lote the four normed spaces
determined by (1.41) by F;(G), F;11(Tp) and F;(G), F;+1(G"). The space F;(Tp) is
special, in that it has no dependence on ¢, and we have simply

—fi+1@a,X)
IFll 7 ) = sup PH{HH I1ECON Ty 54105 (1.42)

€Cj+1

The space F41(Tp) is the set of elements of K ;| for which the above norm is finite. We
do have a norm here, rather than a semi-norm, because we have taken the quotient space that
factors out elements of semi-norm zero, as discussed in Sect. 1.7.

Fix Q > 1 (a good choice is & = 2) and recall from [17, (1.69)—(1.70)] the Q-scale jq
and the sequence x; = Q~U—J2)+ We make two choices of p, namely

12~

_ Xi'"8 hj=1¢;
P.izej(hj)Z[ "1_/2~{/4 r

(1.43)
Xj 8 hj=hj,
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consistent with the definition of €; in [17, (1.92)]. The h = £ choice of p is used for F(G)
and F(Ty), whereas the h = h choice is used for f(f}) and f(f;”). We set

-
;=99 _ g, (1.44)
&i(hy — °J
and define another norm on CKC; by
1K, =max {IK 7,61, @3 1K Iy | (1.45)

By definition,
1K Xz, e < IKOllG,enG (X, ) < 1K lIw,G (X, ¢) foranyX € Sj. (1.46)

On the right-hand side of (1.45), we choose a € (0, %2_‘1) as the value of a in the exponent f;
in the weight € ; appearing in the definitions of F; (G) (we make the same choice for F; (1p)),
whereas we choose @ = 4a € (0,279) in the definition of F i (G)‘ This particular choice
produces the same power of g for each of €(£)/i (@) and &(h)/i@X) and this plays a role in
the proof of Lemma 2.4 below. Let W; = W, (V) denote the vector space F;(G) N F; (G)
on V with norm || - ||W/.(V).

Each the four norms (1.35)—(1.36) obeys the product property [17, (1.44)], and our analysis
relies heavily on this. The product property is spoiled in an unequally weighted maximum
of two of these norms, due to the weight. For this reason, we do not have a version of the W
norm obeying the product property, and consequently we often work directly with F norms
instead. The following proposition is proved in Proposition A.3.

Proposition 1.8 For either of the two choices V = Z4 or V = A, each of the spaces F(G),
F(G), F(Ty) and W is a Banach space.

The W norm depends on the parameter g; appearing in (1.43), and also through the
parameter h; = koL=i4/4g j appearing in the norm of F; (G). In addition, it depends on
m? since x of (1.43) depends on m?. The following lemma measures the effect on the norm
under variation of these two parameters. The lemma is not used in the present paper but it is

recorded here for use in [8].

Lemma 1.9 The norms W, (m2, gj)and W;(0, g;) are identical when j < jq. In addition,
tfgr// <gj < landm™ > m? > 0, then in the limit of small g ; —g//.,foralll( eW;m?,g),

1K v, m2.z,) = 1+ 08 — g}))||K||wj(m/2,g’,.)~ (1.47)

Proof The first statement holds because yx; (m?) = xj(0) = 1 when j < jq, by definition.
For the second statement, we first consider the dependence on m?. 1t follows from the def-
inition of y; in[17, (1.69)—(1.70)] that x ; is monotone non-increasing in m?, and hence 1/x j
is monotone non-decreasing in m?. Consequently, increasing m? causes 1/p j to increase,
consistent with (1.47).
Next, we consider the g dependence. The norm || K || £, (G) is monotone decreasing in g,

by definition. By definition, h; = koL~ /¢/4g '/

norm || K || ) is also monotone decreasing in g; by definition. The factor a)j in the W; (g)

is also monotone decreasing in g, so the

norm is however monotone increasing, but since it is continuous, the claim follows. O
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1.7.4 Norm for Scale N

Special attention is required for the norm at scale N, but there is also increased flexibility.
Our need to have both the G and G norms is explained in [17, Section 1.2.1], and it is
connected with the need to propagate estimates from one scale to another. Once scale N has
been reached, there is no further propagation. In particular, it is not a problem if there is
degradation of the G regulator at the final scale N. We employ the 7y and G norms precisely
to prevent such degradation from accumulating over an unbounded number of scales, but for
a single scale it is permissible.

At scale N, the torus A is the only polymer, and it is a single block. With the above in
mind, for scale N we define the Wy norm of F : Py — A by

IF (A7
IFllwy, = sup N

—_— 1.48
¢€CA GN*l(Asd))lO ( )

The power “10” in the denominator reflects the regulator degradation mentioned above, and
any fixed larger value could be used instead. (Cf. [17, Remark 1.4]).

1.8 Main Results

In this section, we present our main results. Throughout we typically omit the subscript j
and abreviate the subscript j + 1 to +. Thus we write (V, K) rather than (V;, K ;), and write
(V4, K1) ratherthan (Vjy1, K;11). We first state results for the finite volume renormalisation
group map on a torus, and then describe the explicit construction of the map (V, K) — V.
Following this, we extend the definition of the renormalisation group map to infinite volume,
and state results for the infinite volume map. The infinite volume map is important in [8], to
define a dynamical system that is not limited to flow through only a finite number of scales.

1.8.1 Main Result in Finite Volume

To simplify the notation, we write V. = V;, I = I;(V), K = K, and we wish to construct
8q+ =98qj+1, V4 = Vjy1, Iy = Ij11(Vy), Ky = K1 such that the action of E; 6 =
E ;110 is as stated in (1.18), i.e.,

E4+0(1(V) o K)(A) = 477 (1.(V1) 0 K1) (A). (1.49)

At (1.18), we defined the renormalisation group map (V, K) +— (8q4, V4, K4), with
V, Ve e QO ~ 3 and 8¢g4 € C.

We define a mapping V — V@ from Q ~ C¥ to 9@ ~ €9, by replacing z74 + ytvv +
GapoG inV € Qby (z4+y)14in VO € QO Similarly, we define V — VO from Q ~ C83
to Q) ~ C7 by replacing zto+ytryy in V € Qby (z+y)tain VD € QI Recall the map
V > Vp(V) from Q to Q defined in [9, (3.23)]. Given V, V4 € Q© and 84%, 8¢ € C,
we define R, € Q) and 8¢, € C by

1 1
(V. 8q.0¢%) = Vi (V) + Re. 8q1 = 5 (5q +841). (1.50)
Conversely, given V, R, (1.50) determines (V, 6qi, (Sqﬁ), and we state our results about
themap (V, K) — (R4, K4 ). This then uniquely specifiesamap (V, K) — (8q+, V4, K4).

The construction of R is explicit and relatively simple, and its formula is written in Sect. 1.8.2
below.
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To state our estimates on R, we recall the definition of S from Definition 1.6, write
Boo(r) ={V € Q© :|V|g < r}, and define

Br,(r) ={K € K : sup [K(Y)ll1y) <7} (1.51)
YeS§S
Also, for j < N, the covariances C; are identified with those in the decomposition of the
infinite volume covariance (—Azqs + m?)~!, and these are defined and obey the required
estimates when m? € [0, 8] for small 8. For Cn N, We restrict to m? e [SL72N=D 57 as
discussed in Sect. 1.3. Thus we define the intervals

Hj:[ [0, 6] j <N.

[SL_Z(N_I), 8] ] =N (152)

We can now state our estimates on R . The analyticity statement concerns an analytic map
from one complex Banach space to another. By definition, such a map is analytic on an open
domain if it is continuously Fréchet differentiable on that domain (see, e.g., [35, Appendix
A] or [22] for the elements of Banach space analyticity). In the derivative estimates, the L?4
norm is the norm of a multi-linear operator from Q7 x IC‘; to Q1. The continuity in m? is
in the interval [0, 8] for all scales j; the restriction for j = N occurs later.

The proof of Theorem 1.10 is given in Sect. 2.1.

Theorem 1.10 LetV = A and j < N(A). There exists ro > 0 (small) such that the map
Ryt Bgo(ro) x K x 1y — Q4 isanalyticin V, quadratic in K, continuous in m? € [0, 8],
and independent of N. There exists M (large, dependent on p, q € Ny, independent of g, rp)
such that for ro € (0,rp) and (V, K, m2) € Boo (rg) x Bry(ro) x [0, é],

g’ p=0,g=0
ID) DY Ryllra <M {rg"™" p=0.q=1.2 (1.53)
0 p=0,q=3.

Each Fréchet derivative D";D?{ R, when applied as a multilinear map to directions Vin
(Qo)p and K in K4, is jointly continuous in all arguments, m2, V, K, V, K.In particular, it
is jointly continuous on the boundary m* = 0.

Next, we specify domains for the K | part of the RG map. Let j < N(A). Wefix g;, gj+1
obeying (1.30). As in [17, (1.84)], we fix a universal constant Cp and for x = v, z, A%, 2P
define ry ; by

szr,,,j = rzyj = Cpgj, rx,j = CD. (1.54)
We then define

Dj ={(g.v.2,4) € C*:C5'§; <Reg < Cpgj, Img| < §;Reg,
x| < ry forx = v, z, A%, A}, (1.55)

which is the important stability domain defined in [17, (1.83)] restricted to y = g5 = 0. The
mass m? determines the sequence x j defined above (1.43) (in particular, x; = 1 for all j
whenm? = 0).For j < Nand R > 0 (large), we define domains D; =D; (V) C @ x K;(V)
by

3/2 ~
]D)j(V) = 'Dj X BW./-(V)(RXJ‘/ g;) (1.56)
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The radius R X; 325 3 of the ball in (1.56) depends on m? via x ; j»and increases as m 2 decreases.
By definition,

2~ 2~
B, (Rx}”’2)) € Br o) (Rx;”*&) € Bry(Rx}”° &), (1.57)
so with the choices rg = Cpg; and ry = iji/
than D;:

gj, the domain of Theorem 1.10 is larger

D; C Boo (Cpgj) x Br,(Rx)*&)). (1.58)

The following theorem, which constructs the K part of the renormalisation group map,
is our main result. The construction of K is explicit, but it is not simple. The theorem is a
local existence theorem for the dynamical system that RG generates: it says in particular that
the map (V, K) — K is defined and contractive when (V, K) is in the domain D; (which
in particular requires that K be in a small ball). The contractivity appears in (1.60), due to
k < 1.Itis also evidenced by the fact that we can choose R to be large without affecting the
value of M, so in particular if we choose R = 2M then we see from the p = g = 0 case of
(1.60) that the radius of the ball for K is half that of the ball for K in the domain ID;. In the
derivative estimates, the L?*4 norm is the norm of a multi-linear operator from Q7 x IC? to
Kjy1.
Theorem 1.11 Let V= A and j < N(A). Fixany a € (0, 24 R > 0, Cp (both as large
as desired), and let L be sufficiently large (depending on R). Let p,q € Ny. There exist §

(depending on R, L), M > 0 (depending on p, q, L but not R) and k = O(L~") such that
forall g € (0,8) andm?* I 11, there exists a map

Ki:Dj(A) —> Wi (V) (1.59)

such that (1.49) holds. The map K is analytic in (V, K), and, pointwise in (V, K), satisfies
the estimates

K p=0,¢g=1
3/2 ~3—
IDY DY Ky llra < My " p=0,9g=0 (1.60)

- 12 -10/4\ 14
Mg+”(x+/ g+/) p=0,q=1.
By Theorem 1.10 and (1.58), under the hypotheses of Theorem 1.11, we also have

MY*Pg=P p=0,qg=0
IDYDL R N pa < {Mg'=P~1  p>0,g=1,2 (1.61)
0 p=0,49=3.
Furthermore, by (1.30), we canreplace x and g in (1.61) by x4 and g4 atthe cost of increasing
M by a bounded multiple depending only on €.

Our construction of K gives it a local dependence on K, as formulated in the next
proposition.

Proposition 1.12 For U € P 1(A), the value of K (U) depends on K only via the restric-
tion K|,;0 of K to polymers in Pj(UD).

To gain some insight into the meaning of the norm estimates, suppose thatthe p = g = 0
estimate of (1.60) holds at the final scale j + 1 = N, i.e, [[Knlwy =< MX3/2 /2 In
[8], we use the 6 which appears in (1.49) at all scales, but in [7] the simpler case in Wthh
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0 is omitted at the final scale is sufficient. We consider here the simpler case, in which in
(1.49) the final integration leaves no dependence on the fields. There is only one non-empty
polymer at the final scale, namely A itself. We denote the effect of setting the boson and
fermion fields to zero by a superscript 0. Then K (A) isa complex scalar, and we write its
direct sum decomposition, as in (1.2), as KO (A) = &t oK s tO KO 5t o6 KY
By (1.46) and the definition of the norm in [16 (1. 61)]

N;oc*

IKNIwy = 1EN (M izypien) = 1Kol + LoNKN.o| + Lo KRl + oy KN o5,
(1.62)

where
6(77[\] — 2N_jathah[¢]§N, (163)

by (1.32). We always assume that N is larger than the coalescence scale j,p, so that a, b can
be identified with points on the torus. Also, it follows from (1 .28) that L/4> is bounded above
and below by multiples of | — b| (in particular, |a — b| > %Lfab). Thus we conclude that

/
IKS. ol < Mxy?8% and |K.,5| < L¥X3/2g1v (1.64)
001 = AN—jab la — b|2le1 7N ’
for some M’. This is used in [7].

We also consider the continuity of K in the mass parameter m> € I j+1. This issue is
complicated by the fact that the radius of the ball in K; in the domain D; of (1.56) depends on
X j» which itself depends on m?. Similarly, the space W '; depends on p, which also depends
on x; and hence on m?. To disentangle the domain from the mass parameter we wish to vary,
we fix m2 € I j+1 and define x; = x; (12), and use this to define the domain and space.
Thus we define the spaces W ; by replacing x; by x; in (1.43), and we define the domains

~ ~3/2:3

D;(V) =D; x BW_/(V)(er gj)- (1.65)
By definition, x; increases as i decreases. Consequently the domain ID j increases as >
decreases, and hence if (V, K) € ]f)},' (m?) for a fixed value of /2, then (V, K) € ]f))_,((iﬁ/)z)
for all m’ < m. We also define the intervals

(32, 22 N1; (W # 0)

[0, L—2U— 1>]mI (2 = 0). (1.66)

I; =1;0m%) = [

Theorem 1.13 LetV = Aand j < N(A). Leta, R,Cp, L,§, M, k be as in Theorem 1.11.
Let ® € Ij11. The map K of Theorem 1.11 extends to a map

Ky :Dj(A) x 141 (%) — Wjg1(A), (1.67)

which is analytic in (V, K), and obeys the estimates (1.60). For j + 1 < N, every Fréchet
derivative D‘I; D',’< R, when applied as a multilinear map to directions V in (Qo)p and K in
WA, is jointly continuous in all arguments m*,V, K, V., K. The domain of joint continuity
includes the boundary m? =0, provided (V, K) is in the domain ]]~)j (A) defined with m? =0.

Our main results all include the presence of observables, corresponding to the observ-
able fields o, . However, our construction is triangular, in the sense that the bulk part of
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(V4+, K4), obtained by setting 0 = ¢ = 0, is the same as if no observables were present in
the original (V, K), i.e.,

T Vi(V,K) =Vi(ngV,nzK), 7oK (V,K)=Ki(mgV,7m5K). (1.68)

The map 7y : N — Ny is linear and bounded in T norm, and therefore it is continuous
in the topology of this norm. Furthermore 74 : N/ — Ny is a homomorphism of algebras,
because it is evaluation at 0 = ¢ = 0. Therefore, for any polynomial F'(V, K) in V and K,
wehavengy F(V, K) = F(nrgV, nz K) and the same is true for T limits of polynomials. The
first equation in (1.68) then follows from the analyticity statement in Theorem 1.10, which
implies that R is the limit in 7y norm of truncations of its power series in V, K. To obtain
the second equation in (1.68), we similarly use Theorem 1.11 to approximate K4 (V, K) in
Tp norm by a polynomial in V and K.

In the presence of observables, (1.68) is supplemented by the statement that, for x = a or
x=b,

if 7,V =0 and 7, K(X) = Ofor all X € P then
xRy =mypRy =0and 7, Ky (U) = myp K4 (U) = 0forallU € Py (1.69)

In addition, Ai is independent of each of 28, 7, K, and 4, K, and the same is true with a, b
interchanged. The statement in (1.69) concerning K is proved in Theorem 2.2(v), and the
statements about R and XA are proved in Proposition 1.14.

1.8.2 Flow of Coupling Constants in Finite Volume

In this section, we explicitly define the map Ry of Theorem 1.10. The proof that this map
obeys the estimates of Theorem 1.10 is deferred to Sect. 2.1.

We define R in such a way that the relevant and marginal parts of K become incorporated
into V4. The operator Loc defined in [16] is designed expressly for this purpose. More
precisely, given Y C X C A, the operator Locxy : Nx — Q(Y) is defined in [16,
Definition 1.17], and we employ here the field dimensions specified in [9, Section 3.2]. The
specific details of the definition of Loc do not play a role in the present paper, but properties
of Loc are important.

The following three steps define g4 € C and V; € Q© as explicit functions of V, K.

1. For V= A, given (V, K) and B € B(A), we define

QB)= > Locysl YK(Y), (1.70)
YeS(A):YDB
where I = I(V) and the negative exponent denotes the reciprocal, namely =Y =

W = [1pen) ﬁ. The fact that (1.70) defines an element Q € Q is proved in

Lemma F.2. This defines a map
(V,K)»V=V—-0Q0ecQ. (1.71)

2. We compose the map (1.71) with the quadratic function V > V¢ (V) (defined in [9,
(3.23)]) to obtain the map

(V, K) = Voe(V) = Vg (V — Q). (1.72)

The map Vi = V)i, j+1 is independent of N; see [9, Proposition 4.1, Definition 4.2].
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3. Finally, we set
) 1
Ve=V V) ar =g+ ——maVu(), (1.73)

with the superscript (0) denoting the operation described under (1.49) (replacement of
2TA + yTyv +qoo by (z + y)Ta).
We then define I, € BK;11(A) by
Iy = I (V). (1.74)
The above definition of (V,, g ) determines R : Q© x Ki(A) — oW by
R (V. K) =V (V) = vV (). (1.75)

By definition, R is a quadratic function of K; its dependence on V is nontrivial due to the
dependence in Q of / on V.

‘We now interpret more explicitly the meaning of the estimate (1.53) for the flow of coupling
constants determined by Theorem 1.10. By (1.50) and (1.75), V4, g4 are determined by
(V,K) e D; by

VeV K) = VW) + (v ) = viIP (), (1.76)

1,1 1 I .
(E&Ii, 556]3) = f_ﬁaprt(V) + f_ﬂab(th(V) = (V). (1.77)
3¢ (V. K) = ((Sq ¢ 4+ 1sq +) (1.78)

The first terms on the right-hand sides of (1.76)—(1.77) are independent of K and con-
stitute the pertubative flow discussed at length in [6]. The last terms on the right-hand
sides of (1.76)—(1.77) do depend on K and constitute the non-perturbative correction to
the perturbative flow. We write these non-perturbative corrections to the coupling constants
(8++ 24, V4, MY A+, q4., q+) as vy, j, withx = g, z, v, A4 AP, q%, g The following propo-
sition gives estlmates for these correction terms.

Proposition 1.14 Let j < N, (V,K) € If))j, and m?* € Ij11. The bounds

3/2 ~ 3/2 ~ 3/2, 2i~
Ve = 008D, vy =078, v =00 L7HE)),
3/2 - 1 3/2 —(i—jup) ~
v =00 8D vg = 7|a—b|2[¢10(xj/ AU (179)

hold with L-dependent constants, where A represents either of A*, A’ and similarly for q.
Forx =aorx =b,ifn,V =0andn,K(X) =0forall X € Pthenm Ry = msp Ry = 0.
In addition, A4 is independent of each of AP, mpK, and 7, K, and the same is true with a, b
interchanged. Finally, each v; is continuous in m? € [0, 8].

Proof Recall the definition of the @ norm in (1.33) and the definition of ¢, £, from (1.31)—
(1.32). With these, (1.53) gives the estimates (1.79), where the indicator functions for
Vj.,j» Vg, arise as follows.

The last term on the right-hand side of (1.77) determines vy, ;. To justify the indicator
function in (1.79) we have to show that v, ; is zero for j < jp. By the definition of j,;, the
distance between a and b is at least %Ljab. A small set of scale j has diameter at most cL/
for some ¢ depending only on d = 4. For j < jup, since L is large no small set at scale j can
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contain both points a and b, so 7, Q = 0 and hence 7,5 V= ap V. Since th(\7) — Ve (V)
is quadratic in V we must also consider oG cross terms. Cross terms between oy and G Py,
are zero because IEqu[_)aqbb = Cjt1;ap = 0 when j < jup (see [9, Lemma 5.8]). Thus v, ;
is zero for j < jup.

Let j > jap. We have to prove that v, ; = 0. This holds if 7, V= 7,V for the V and V
in the second term of (1.76). By (1.70) this holds if o¢ and 6¢ are not in the range of Loc
at scale j. This is discussed in [9, Section 3.2], where it is explained that the parameters in
Loc are indeed selected so that for j > jup,, 0 and ¢ are not in the range of Loc.

Suppose now that 77,V = 0 and 7, K (X) = O for all X € P. Then 7,V (V) = 0 by the
formula for Ay in [9, (3.34)], and naV = 0 by (1.70)—(1.71). From this it follows that as
required, my Ry = m,p R4+ = 0. A similar argument applies when a is replaced by b.

To see that 7, V is independent of each of 7, V, 7, K, w45 K, we argue as follows. Since
the flow of A% stops at the coalescence scale, we may assume that j < jg. Let X € S; be a
small set that contains a. Then X cannot also contain b, so by the field locality assumption in
Definition 1.7, m, K (X) = 7w, K (X) = 0, and hence V does not depend on 7, K or w5 K.
We appeal again to the formula for Ap in [9, (3.34)] to conclude that m, th(V) does not
depend on A? either. A similar argument applies when a is replaced by b.

The continuity in m? of vyx,;j holds because the coefficients of Vp; (given explicitly in [9,
(3.30)=(3.35)]) are continuous in m? € [0, ] by [9, Proposition 4.4]. ]

Finally, for use in [7], we make the following additional observation. Let v = v+2gC o.
We claim that

3/2

i —vF = 00 LT E)). (1.80)

To see this, we apply (1.76) and (1.79) to obtain [vy — vp| = O(X;/ZL’zj §j3.), so it suffices

to show that |y —vt| = O (X;/ZL_Zj g}). For the latter, we see from [9, (3.31)] that vy — v
is a sum of terms that are each quadratic in the bulk coupling constants, and the claim then

follows using g bounds on the coupling constants and [9, Lemma 6.2].

1.8.3 Main Result in Infinite Volume

Theorem 1.13 concerns the renormalisation group map on a torus A. We now develop a
framework which permits an extension of the map to the infinite volume Z¢, and state results
concerning this extension. The main result is Theorem 1.19.

To begin, we fix a scale j < oo, and now regard Theorem 1.13 as simultaneously a state-
ment about every torus A with N(A) > j. We write the A-dependent input to Theorem 1.13
as K4, so we have a family (K 4) for all A with N(A) > j, with each K4 € K;(A). The
output of Theorem 1.13 includes a family (K 1), witheach K 4 € ICj1(A). We associate
to an embedding of a torus into a larger torus a compatibility condition on the family (K 4)
that is preserved by the renormalisation group map, and use this compatibility to construct
the renormalisation group map in infinite volume.

For a nonempty polymer X € Py (V) (with V either A or Z¢) and a torus A’, we say that
tis a coordinate map from X to A’ if (i)t : X — A’ is an injective map that maps nearest-
neighbour points in X to nearest-neighbour points in the image set ¢ X, (ii) nearest-neighbour
points in ¢ X are mapped by ¢ ~! to nearest-neighbour points in X, (iii) if X contains a point x
where there is an observable then ¢x is the location of the observable in A’. When we write

11, we always understand it to be the inverse defined on the image (X.
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Next, we define the maps on N induced by ¢. Let X be a polymer in Py (V) for some scale
k and let ¢ be a coordinate map from X to A’. For ¢ in €A’ we define ¢, inCX by (¢)x = Puxs
and similarly for the Grassmann generators, (1/,)» = ¥,,. To define the action of ¢ on N/, it
suffices to define the action of ¢ separately on the summands A?, N, N?, @ in (1.2). We
define an algebra isomorphism ¢ : A" (X) — N (1X) (the same name ! is used also for this
map), as follows. An element

1
F = Z ;F},w (1.81)

yeA”

of N2 (X) is defined in terms of coefficients Fy which are functions of fields in X, i.e.,
Fy : CX — C. We define (Fy) : C** — C by ((Fy)(¢) = Fy(¢,) and then set

1
F= F(F),)W. (1.82)

yeA”

According to the definition of , the product v’ is a product of generators attached to points
in ¢ X, as it should be. The correspondence between ¢ as a coordinate map and ¢ as an algebra
isomorphism is functorial: if j = ¢ o (" as coordinate maps then j = ¢ o ¢’ as maps on N To
define the action of ¢ on N*(X), recall that the elements of N*(X) have the form o F with
F € N?(X). Then we set .o F = ot F. Thus ¢ does nothing to the observable fields o and
&, which makes it clear how the action of ¢ on N, A0 is defined.

Any polymer X on a torus A whose diameter is less than that of A will have a coordinate
map to any larger torus A’ (meaning N(A’) > N(A)), and we say that X is a coordinate
patch on A if diamX < %diamA. In particular, coordinate patches cannot wrap around the
torus. We always assume that L > 29, so that for scales j < N (A) small sets are coordinate
patches. The next definition introduces the compatibility condition mentioned above. It is
called Property (Z%) and it relates K 4 to K 4. Notice that the definition allows A’ = A. In
this case Property (Z¢) is equivalent to the Euclidean invariance statement in Definition 1.7.

Definition 1.15 We say that a family (K 4) with each K4 € K (A) has Property (z4y if
tKA(X) = K (1X) for all coordinate patches X € P;(A), all A’ larger than A,

and all coordinate maps ¢ : ) ey (1.83)
Given a family (K 4) that has Property (Z%) we define K 74 € K;j (zZ%) by
Kza(X) = (KA(X)) (X € Pj(2), (1.84)

for some choice of A with diamA > 2diam X, and some choice of a coordinate map ¢ : X —
A.

We claim that if K has Property (Z%) then K,4(X) does not depend on ¢ or A. To see
this, suppose we have two coordinate maps ¢1, t, from X to tori A and A’, with A’ the larger
torus. Then there exists a coordinate map ¢3 from (L1X)D to A’ such thati, =130t on xB.
Property (Z%) implies that

B3KA(X) = Kp(zouX) = Kp(X), (1.85)

and the claim then follows by applying 12_1 = Ll_l o L3_] to both sides.

For a function F defined on polymers in P; (V) and a polymer Y in P;(V), let F|y denote
the restriction of F to P;(Y), i.e. to scale- j polymers X C Y. According to Proposition 1.12,
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K+ 4(U) depends on K 4 only via K 4|0, and for fixed V' we can therefore regard the map
Ka — K a defined by Theorem 1.13 as a family of maps g4 : Kalyo — Ky a(U)
indexed by A.

We will prove the following proposition [see Theorem 2.2(iii)].

Proposition 1.16 Let U € P 1(A) be a coordinate patch and let ¢ : U - A with A/
larger than A. Then igA(K alyn) = ga (WK alyo)-

The following proposition shows that Property (Z%) is preserved by the renormalisation
group map.

Proposition 1.17 If the collection (K ) has Property (Z¢) then (K+,a) produced by
Theorem 1.13 also has Property (Z4).

Proof Let U € P;j11(A) be a coordinate patch and let ¢ : U U A’ with A’ larger than A.
Then

(K 4 (U) = 1g4(Kalyn) = ¢, ((Kalyo) = g (K y/lnyn) = Ky (U), (1.86)
by Proposition 1.16 for the second equality, and by Property (Z%) of (K 4) for the third. O

Now we define the infinite volume map (V, Kza) > K 7. We fix V and drop it from
the notation. Let K4 € KZ%and U € Pjt1 (Z%). We choose a torus A with N(A) > j+1
and a coordinate map ¢ : U — A. We first aim to apply Lemma E.6 to define K 4 € Kj(A)
appropriately associated to K4 . For this, let X = (Cj 1 (UD), which is a class of subsets of
A.Define F: X > Nby F =t0oKyao «~!. For a Euclidean automorphism E of A, and
for X € X such that EX € X, there is an automorphism E’ of 74 such that E'("1X) =
1 (EX). It follows from the Euclidean covariance of K4 that K« o E' = E’ 0 K4, and it
is then straightforward to check that F(EX) = E(F (X)), which is the main hypothesis for
Lemma E.6. The hypothesis involving W can be vacuously satisfied by choosing W = oo,
and the other hypotheses hold because Kz« € K; (z4). Therefore, by Lemma E.6, there
exists an extension £ € K j(A) of F such that K 4 defined by K4 = F satisfies

Kalyo =toKgot ! 0. (1.87)
We then define K, 54(U) € N'(U") by

Ky 7aU)=1"0ga(Kalyo). (1.88)

and we must prove that this definition assigns the same value regardless of how we choose
A and t.

Let ¢/ be another coordinate map from UY into another torus A’ with N(A") > j + 1,
and let

K lyo =10 Kgaol ™, 0. (1.89)

Let j = ¢ o' Then j is a coordinate map from (U~ C A into A’. By (1.88) and
Proposition 1.16,

Ky z0U) =" ogaKalyo)=1""0joga(Kalyn)

!

Coga(jKalyo) =07 o ga (K al o) (1.90)
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Therefore the definition of K, 74 (U) does not depend on the choices in the definition. Fur-
thermore, this defines a map Kz« +— K 4. Because the finite volume map preserves the
symmetries of Definition 1.7 by Theorem 1.11, the infinite volume map also preserves these
symmetries. The infinite volume map K+ +— K 74 is the unlabelled arrow in the commu-

tative diagram:
1

Kl Kya|yo

8A

-1

K. A(1U) K, 7(U)

The map Ry of Sect. 1.8.2 depends on A because it is a function of K € K(A). We
now make this dependence explicit and write R 4 and V4 4 in place of Ry and V.. To
complete the definition of the renormalisation group map in infinite volume, we define the
infinite volume map (V, Kza) + R, za. This is similar to the construction of the map
K| 74, except Ry 4 has values in Q as opposed to values in K.

To distinguish between scale-(j + 1) blocks in 74 and blocks in a torus, we write B for
the former and C for the latter. In particular, R4+ 4(C) [as in (1.10)] is an element of N'(C).
By (1.75), Ry 4 is defined in terms of V) and in terms of Q of (1.70). By definition, Vi
evaluated on a block C depends only on fields and their derivatives on C, and hence depends
on the values of fields in a cube obtained by extending C by a few vertices in each direction.
The same is true for Q on a scale-j block. Together, these facts much more than imply that
R+ A(C) depends only on the restriction of K 4 to polymers in P(C D).

Let Kya € K(Z% and B € B+(Zd). We choose a torus A with N(A) > j + 1 and a
coordinate map ¢ : BY — A. As in the definition of K4, choose K 4 € KC(A) such that

Kalgo =to Kot 4o (1.91)

We define R, ;¢(B) € N'(B) by
R, 5(B) =" (R+,A(v, KA)(LB)). (1.92)

The values of (R, 74 (B), B € By (Z4)) determine auniqueelement R 7« € Q and therefore
we have a map (V, Kzq«) — Q. The following proposition shows that this map does not
depend on the choices of A and ¢ made in its definition.

Proposition 1.18 (i) Let (K ) be a family that has property (Z¢). Then for any tori A and
A with N(A), N(A) > j + 1,

Rea(V,Kp) = Ry _a(V, K ). (1.93)

(ii) The definition of R za(B) in (1.92) does not depend on the choice of torus A or coor-
dinate map 1.

Proof The proofs of (i) and (ii) require the following preparation. We fix V and drop it
from the notation, and let A, A’ be as in part (i) of the proposition. Let C € B(A) and let
j : CY — A’ be a coordinate map. We use subscripts A and A’ to indicate membership in
N(A)or N(A'). Let K4 € K(A) and K o € K(A”) be any elements that satisfy
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JKA(X) = Ku(jX) forX e P(CP). (1.94)

Recall the definition (1.70) of Q, which here we write as Q 4 since it depends on K 4. We
claim that

J(Qa(C)) = 0 (jO). (1.95)
By definition,
j(@a©@) = > j(Loercli Kam)), (1.96)
YeS(A):YDC

and by a small variation of [16, Proposition 1.9] followed by (1.94),
j(Loer.c 13" Ka)) = Loejy jcj (1) i (Ka() = Locjy e/ Ka(GY). (197)
Therefore

(0a©) = > Loey el N Ka(¥) = Qu(jC). (1.98)
YeS(A):Y'DjC

(i) Since (K 4) has the (Z%) property, (1.98) holds for all blocks C € B(A). Therefore,
Q4 = Q4 as elements of Q. By the A-independence of the map V >V}, constructed
in [9, Section 4.1] and the definition of Ry in (1.75), it follows that Ry 4(V, K4) =
Ry 4 (V, K 4). This concludes the proof of (i).

(i) Given Kz € K(Z%), choose A, 1, K, and A', !, K 4 so that (1.91) holds for both
choices. In this case, recall that N(A) and N(A’) are greater than j + 1, and ¢, (/ are
defined on B in B (Z%). Then (1.94) holds with j =10t "and C = (B. Therefore, by
part (i),

N (ReaKDEB)) =7 (R aKDEB)) =7 (Ri A (K ) (j1eB))
= t/*l(RJr,A/(KA/)(jLB)) = z/*l(R+,A/(KA/)(UB))~ (1.99)

This shows that the definition of R, ;4 (B) in (1.92) does not depend on the choice of A
or ¢, and completes the proof.

By combining (1.88) and Proposition 1.18, we obtain the infinite volume map
(V, sz) = (R+,Zd’ K+,Zd) (1100)

forall scales j < oo.In contrast to the finite volume case, it is not a defining feature of this map
that it preserves a circle product under expectation. Indeed we do not have an interpretation
of the expectation nor of the circle product in infinite volume. What the infinite volume
map does achieve is a simultaneous encoding of the restriction of the finite volume map to
coordinate patches for all volumes (this effectively ignores the part of the finite volume map
that concerns polymers that wrap around the torus). As such, we regard the infinite volume
map as an inductive limit of the finite volume maps, which given a polymer U captures the
behaviour of K4 4 (U) for all volumes A whose diameter is at least twice that of U. The
following theorem is an analogue of Theorems 1.10 and 1.13 (the former specialised as in
(1.61)) that summarises the properties of the infinite volume map. It follows directly from
Theorems 1.10 and 1.13 and the definition of the infinite volume map.
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Theorem 1.19 Let V = 74 and j < oo. In (1.36), sety = 1. Leta, R,Cp, L,§, M, «k be
as in Theorem 1.11. Let n? € Ij11. Then (1.100) defines maps

Ry a1 DY) x T 07%) — Q%)) Ky za i Dj(2%) x Tja(®) — Wi (29,
(1.101)

which are analytic in (V, K), and obey the estimates (1.60)—(1.61) with all the norms on 74
(ratherthan on A). Every Fréchet derivative D"; D;é R, 74, when applied as amultilinear map
to directions V in (Qo)p and K in W4, is jointly continuous in all arguments m2, V,K,V, K.
The domain of joint continuity includes the boundary m* = 0, provided (V, K) is in the
domain Jﬁ)j (A) defined with m? = 0.

1.8.4 Generalisations of Main Results

We have formulated our results in the specific setting of the supersymmetric representation
of the 4-dimensional weakly self-avoiding walk model, defined by the polynomial V given
in terms of bulk and observable terms in (1.8). However, the results are flexible, and can be
extended with little effort in (at least) the following two directions.

Other observables The first extension is to consider a different choice of observables.
The observable terms in (1.8) are suitable for the analysis of the two-point function in [7].
The choice of h, made in (1.32) for the observable field o is designed to be as large as
possible so that the observable terms in V remain benign for the stability estimates of [17],
and in particular for [17, Proposition 1.5]. Different choices of observables could be made
with corresponding different choices of h,; what needs to be checked is that: (i) the stability
estimates continue to hold with the new observables, which requires that h, be not too large,
and (ii) the analogue of the second estimate of (1.64) applies in the new setting, which requires
that h, be not too small. A specific example where both of these objectives can be met for
other observables is given in [39], where, e.g., watermelon networks for the 4-dimensional
weakly self-avoiding walk are analysed at the critical point. These are networks of p weakly
mutually- and self-avoiding walks from the origin to a distant point x, and we study the
asymptotic behaviour as x| — oo, for p > 1.

The |@|* model The second extension concerns the 4-dimensional n-component |¢|* spin
model, at weak coupling. In [5], we apply the results of the present paper to analyse the
critical behaviour, in particular of the susceptibility. A simplification is that the |¢|* model is
purely bosonic—there is no fermion field. A small complication is that the model is O (n)-
symmetric rather than supersymmetric. Consequently, V acquires a constant term §u from
Vpt» in a similar manner to the occurrence of égo o in (1.49). The constant term is a bulk
rather than an observable term, and consequently it occurs in V(X) as du|X|p, where |X|o
is the cardinality of X. In [5], we extract the constant term from the circle product, just as
we do for §goo. This requires a small adaptation to the proof of Lemma 6.2, discussed in
Remark 6.3. The inclusion of observables for the |<p|4 model is studied in [39].

2 Reduction to a Key Theorem
In this section, we reduce the proofs of Theorems 1.11 and 1.13, as well as Propositions 1.12

and 1.16, to the key result Theorem 2.2. We also prove Theorem 1.10 concerning the map R..
Finally, we prove Theorem 1.19, by transferring the finite volume statements of Theorem 1.11
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to infinite volume. The proof of Theorem 2.2 is substantial and is carried out in the remainder
of the paper.

2.1 Flow of Coupling Constants

We now prove Theorem 1.10, which concerns the map R . The proof uses the fact, proved
in [16, Proposition 1.18], thatif ¥ C X € S; and F € ./\/'(X‘:') then

[Locx.y Fli, < CIFll1- (2.1)

It also uses the fact that for a block B € B and small 7o > 0, the reciprocal 1(V, B)_1 of
I(V, B) is an analytic function of V € Bg (rg) taking values in NV, || - ||z, . This and related
facts are further discussed in Sect. 3.3, for the study of K.

A basic tool we use is the Cauchy estimate for analytic functions on Banach spaces, to
infer estimates on the derivatives of an analytic function from estimates on the function
itself. Cauchy’s formula can be found in [35, p. 134]. For complex Banach spaces X, Y, f an
analytic map from a domain in X to Y, a positive integer p and directions x = (X1, ..., X))
in X7, it follows from Cauchy’s formula that the Fréchet derivative of order p of f is given
by

. . dt dt
Dl’f()c)xZ?{...%‘f(x-i-z:l‘]')cj')zﬁl.tlz..,zj_ri[;}z]7 2.2)

where the contours of integration are circles in the complex plane, whose radius r is such
that the polydisc

e+ D gyl <rj=1.....p) (2.3)
j

is contained in the domain of f. The Cauchy estimate follows from Cauchy’s formula in the
same way that it does for analytic functions of a single variable, and can be found explicitly
in [22, Theorem 9.16].

The following proposition is used in our proofs of continuity statements in our main
results, e.g., in Theorems 1.10-1.11.

Proposition 2.1 Let X and Y be Banach spaces and let U be an open subset of X. Let E
be a compact topological space. Let f : (s, x) > fs(x) be a uniformly bounded map from
E x X toY such that x — fy(x) is analytic and s — f;(x) is continuous. Then for p € Ny,
the map (s, x, x) — DP? fo(x)x from E x U x XP? to Y is jointly continuous.

Proof Letx € U and p € Ny. By the uniform bound on f, and by (2.2), for directions x of unit
norm, the multilinear map D? f;(y) is bounded in norm uniformly both in s and in y in some
neighbourhood U, of x. Also, by the Cauchy integral formula and dominated convergence,
the map s — D? f;(x)x is continuous in s. Since D? f;(y) is itself differentiable, and the
Fréchet derivative is also bounded uniformly, the map y — D? f(y) is norm continuous on
U, uniformly in s.

We demonstrate the case p = 1, and omit the proof for p = 0 as well as the inductive
proof for p > 1.Let p = 1,5,f € E,x,y € U and X, y € X. We must show that Df;(y)y
converges to Dfy(x)x as (¢, y, y) tends to (s, x, x), and we start with

Df,(»)y — Dfs(x)i = Dfy(»)(y = &) + (Dfi (i = Dfi(0)x) + (Dfe ()% — Df(x)¥).
(2.4)
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The first term tends to zero because Df;(y) is bounded in norm uniformly in y near x. The
second term tends to zero because y > Df;(y) is norm continuous at y = x uniformly in 7.
The third term tends to zero because ¢ — D f;(x)x is continuous at = s. This concludes
the proof for p = 1. O

Proof of Theorem 1.10 By (1.75),

R.(V.K) =V —0) - v W), 2.5)
with
Q(B)= > Loyl VK(). (2.6)
YeS:YDOB

The map V), is quadratic in V' by definition, and hence entire analytic in V. The map Locy, g
is a bounded linear map (with respect to the || - ||z, norm), by (2.1), and, as noted above,
I~V is analytic in V' € By (rg). Therefore Q is analytic in V € By (rg) and linear in
K, and hence R is analyticin V € Boo (rp) and quadratic in K. It is also continuous in
m? € [0, 8], since the coefficients of Vpt (given explicitly in [9, (3.30)—(3.35)]) are continuous
in m? € [0, 8] by [9, Proposition 4.4].

Next we prove the estimates of (1.53), which we repeat here as

rorép p>0,¢g=0
1D DY Ryllra <M 3rp ™" p=0.g=1.2 Q.7
0 p=>0,qg>3.

The g > 3 case of (2.7) holds since R, is quadratic in K. For the remaining cases of
(2.7), we use the Cauchy estimate for analytic functions. Recall from (1.34) that the Q norm
is equivalent to the Ty norm on a block. We choose rp small enough that Q is analytic
inV e Byo(2rg) and [ 1(V)7Y|lf, < 2forY € S. Then ||Q(B)|1y@) < Of(ro) for
K € Br,(2rg). It follows from a small extension of [17, Proposition 1.5] that || Vp(tl)(V -
0, B)lltyey < O(rg). Let K have unit Ty norm, and let Q; = Q(K + tk) and f(t) =
vpﬂ“(v.— Q:(B)). Then [ f(1)|lz, < O(rg), and f(r) is analytic in # € C, as long as
K +tK € Br,(2rg). We seek estimates for K in the smaller ball of radius rg, so f(¢) is
analytic in ¢ for |t| < 2rp —rg = ro. By the Cauchy estimate, for K in the smaller ball we
have

O(ro)

1Dk Vo (V = Q. B)K Iz, = 1/ )y, < 5 =0(1). 2.8)

0~ T
By taking the supremum over K we obtain the (p,q) = (0, 1) case of (2.7).
For the (p.q) = (0,0) case of (2.7), we define g(s) = V5 (V — Q(sK)., B) with

K € Bry(rp), so that R (B) = fol g'(s)ds. Application of the previous Cauchy argument
to bound g/(s) leads to ||R+(B)||T0 < O(rg) on BQ(O) (2)‘Q) X BTO(I‘()) (with rg < rQ). For
(p,q) = (0,2), as in (2.8) where we lost a factor ¢ for the K-derivative in the Cauchy
estimate, in a second application of the Cauchy estimate we lose another rp and obtain
||D%( Vp(tl)(V —0,B)|p < O(rél). This completes the proof of the p = 0 case of (2.7).

We bound the V derivatives similarly, using the fact that a distance ro separates the ball
Boo (7o) from the boundary of the larger ball B 1510 (2rp). Foreach V derivative, the Cauchy
estimate causes one power of o to be lost. This is the origin of the rép in (2.7), and this
completes the proof of (2.7).
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Finally, in view of the analyticity and continuity established in the first paragraph of
the proof, the joint continuity of D€ D?{ R, follows from the uniform bound on R and
Proposition 2.1. O

2.2 Flow of Non-perturbative Coordinate

In this section, we state Theorem 2.2 and show that it implies the statements concerning K1 in
Theorem 1.13 and hence also Theorem 1.11. We include the statements of Propositions 1.12
and 1.16 as part of Theorem 2.2, so as to combine what must be proved about the finite
volume K in one place. Theorem 2.2 is stated in terms of F norms, and subsequently we
show that estimates in terms of F can be combined to produce estimates in terms of WV as in
Theorems 1.11 and 1.13. The structure of the proof of Theorem 2.2 is discussed in Sect. 3.1
below; the proof is carried out in the remainder of the paper.

The following theorem holds for either of the norm pairs 7 = F;(G), 4 = F;+1(Tp),
or F=F; (G), Fi= fj+1(GV). These spaces depend on parameters g, m?. The map K
asserted to exist in the theorem is an explicit function of (V, K') which is the same for each
of the norm pairs (on the intersection of the domains). An important element of Theorem 2.2
is the fact that x < 1, in fact ¥ can be made as small as desired by taking L large. This
contractive property of the map K is an essential feature in our applications in [5,8]. Recall
that € is given in (1.43).

Theorem 2.2 Let V= Aand j < N(A).

(i) Fixanya € (0,279, Cp (as large as desired), and let L be sufficiently large. There exist
r (small, independent of L), § (small, dependent onr, L), My > O (large, dependent on
L), y* > 0 (large, independent of L), such that for all § € (0, 8) and m* € Ij4y, and
with k = y*L™, there exists a map

Ky :Dx Br(ré) —» Br (krey), 2.9

such that the expectation preserves the circle produce in the sense that (1.49) holds.
The map K is analytic in (V, K), and

IK+(V,0)|l 7, < Moé. (2.10)

Moreover, there existay > a and by > by suchthat (2.9)—(2.10) hold with a replaced
by ay and Y4 replaced by b4y in the k = j + 1 definitions (1.41) and (1.35)—(1.36).
(ii) For U € P4+ (A), the value of K (U) depends on K only via K(X) for X € P(UD).
(iii) Let U € P4 (A) be a coordinate patch and let 1 : UY — A’ with A’ larger than A. Let
84 be the map defined above Proposition 1.16 (given by (2.9)). Then (ga(K al,0) =
ga (WK alyo)).
(iv) Letm?* € Ijy1. The map K extends to a map

Ky :Dx Bp(ré) x 14.07%) - Bz (kréy), (2.11)

which is analytic in (V, K), continuous in m? e ﬁj+1(n~12), and obeys (2.10). Here F
is defined in terms of ¥ = x (m2), whereas m? is the mass in the original covariance
(—A+m*)~L

(v) Forx =aorx =b,ifn,V =0and n, K(X) = 0 forall X € P then n, K, (U) for
allU € P+.
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Definition 2.3 For later convenience, we refer to the analyticity statement of part (i), and to
the statements of parts (ii, iii, iv), simply as (V, K)-analyticity, the restriction property, the
isometry property, and mass continuity, respectively. There is also a vanishing at weighted
infinity property of K inherent in the definition of Fy [see (1.37)], and the field locality,
symmetry and component factorisation properties of K inherent in the definition of Kt
in Definition 1.7. We use these terms when verifying these eight properties of K in later
sections.

Our next goal is to conclude our main results for the finite volume K, from Theorem 2.2.
The statement of Theorem 2.2 includes the statements of Propositions 1.12 and 1.16, and
we show now that Theorems 1.11 and 1.13 follow from Theorem 2.2. This requires the
conversion of F estimates to }V estimates.

Let w = g3/4, as in (1.44). We begin with the following lemma, which uses the J- norm
defined by

1Ky, = max{IK |7, @} 1Kz, ) (2.12)
Lemma 2.4 There is a constant cg > 0 such that for any K € K,
IKllw, <colKly,- (2.13)

Proof 1t follows from [15, Proposition 3.17], for X € P4, K(X) € N(X), and for any
positive integer A < par, that there is a constant c4 such that

¢ A+1
||K<X)||G+,e+ScAmax[||K<X)||To,+<e+>,(};) IKXOlg, . b @14

We apply (2.14) with A = 9; it is for this reason that we require pns > 10. To account for
observables, the ratio £ / hy here is understood as the maximum of the tworatios £1/h
and £; j1+1/hgo, j+1. By (1.31)=(1.32), both ratios are bounded above by an L-dependent

multiple of §Jlr/ * . This gives

IKOllg,.e. < comax {IKCOUg,, e cCDEIKONG, 4.} @19)

As discussed below (1.46), we make the choice a = 4a, and this choice gives

= 1/2 ~ _od
£ (0)+@X) = (125 )eIXI=2D+

1/2 ~1/4 _od - G
> (g HM Xm0 =& /@0, (2.16)
With (1.41), this implies that
~10/4
1K 7.0 < comax (IK 5. c(LZ 1K N5, ) 2.17)
. ~10/4 _ ~9/4 _ 3 ~ . . L
and since c(L)g,"' " < g, = w7 for g, sufficiently small depending on L, this implies
that
IKlIw, < collKlly, . (2.18)
This completes the proof. O

We now show that Theorems 1.11 and 1.13 follow from Theorem 2.2. We begin with
Theorem 1.11, and afterwards consider the mass continuity statement of Theorem 1.13.
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Proof of Theorem 1.11 Fix R > 0 (large). The proof uses W balls of radii a < A, defined
in terms of small r and large R by

a=Ry"g,  A=rx'?g"%% (2.19)

We use analyticity in the ball of larger radius to prove estimates in the ball of smaller radius,
using Cauchy estimates. The radius a appears in the definition (1.56) of D;(A) and A is
chosen so that w3 A = ré(h) where  is defined by (1.44).

For K in the larger ball Byy (A) of radius A, the definition (1.45) of the VW norm translates
into the F estimates

IKllF@) <A <ré@. [Klgg <o A=réh) (2.20)
and the inclusions
Bw(A) C Br)(A),  Bw(A) C By (0 A). (2.21)

Recall that Theorem 2.2 asserts that (K, V) — K is analytic (continuously differentiable)
as a map from D x F to Fy for two choices of the pair (F, F4), namely (F(G), F+(Tp))
and (F (G), ]-'+(G)). Since the inclusions (2.21) are bounded linear maps they are analytic.
Therefore, the composition of these inclusions with (K, V) +— K is analytic. It follows
that (K, V) — K is an analytic map from D x Byy(A) into the intersection of the two
choices of F., which is the space ) defined by (2.12). According to Lemma 2.4, ) is
continuously embedded into W, so with a further composition with this embedding we find
that (K, V) — K is an analytic map from D x Byy(A) to W,.. Since D x Byy (A) contains
D we have proved that (K, V) +— K is analytic on D as claimed in Theorem 1.11.

Next, we prove case (p, g) = (0, 1) of the estimates claimed in Theorem 1.11 for (V, K) €
D, namely

"

K p=0,g=1
" 3/2 ~3—
IDEDLK(V, K)llLra < {M X S p=0,4=0 (2.22)
Wi () pz0.gzt

We will prove that case (p, ¢) = (0, 1) holds on the larger domain D x Byy(A/2) and this
stronger statement is used in the proof of the other cases.
Let(V,K) e Dx By(A/2).Let K € FandsetT = Dx K. (V, K). We first prove that

ITK 7, <«'IK|F, (2.23)

where ¥/ = O(L™!). The argument is the same for both norm pairs. We start with the
pair F = F(G) and Fy = F,(G). Let f(r) = K4(V, K + tK). By Theorem 2.2 f is
analytic at ¢t € C such that K + ¢K is in the ball Br(re(h)), and f(t) has values in the ball
B, (kré; (h)). Since K is in the smaller ball Byy(A/2) C Bx(ré(h)/2), f(¢) is analytic
in t for [t| < ré(h)/2. By the Cauchy estimate,

sup, I f Oz, _ wréy(h)
ré(h) —ré(h)/2 — ré(h)/2

ITKl 7 = £ Ol < = O(«x), (2.24)
where the last equality follows from (1.30). By Theorem 2.2, k = O(L™'). Since T is a
linear operator, the above bound on unit norm K implies (2.23) for this norm pair.

Now we consider the same argument for the other norm pair, ¥ = F(G) and Fy =
F+(Tp). This time f(¢) is analytic in ¢ for |f| < reé(f) — A/2 and the right-hand side of
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the Cauchy estimate is kré, (£)/(ré(£) — A/2). Since A = O(x'/>§'%/%), it is negligible
relative to r€(£), which is given by (1.43), and we have proved (2.23) for both norm pairs.
By (2.23)

ITK 7, r) < €' IK 7y < € IK Iw, (2.25)
0L ITK g, ) < @1 1K | gy < 8¢ IK I, (2.26)

where we used w; < 2w. We combine this with Lemma 2.4 and the definition (2.12) of ),
to obtain

ITK lw, <collTKlly, <«"IIKlIw, (2.27)

where k” = 8cgk’. We have proved (2.27) for (V, K) € D x By (A/2), which is a larger
domain than D. Since T = Dg K (V, K), this proves case (p, ¢) = (0, 1) of (2.22).

Next we prove case (p, ¢) = (0, 0) of (2.22). By integrating the ¢ derivative of K (V, tK)
with respect to ¢ and estimating the integrand with (2.27), we have, for K in By (A/2),

IK+(V, K) = K+(V, 0w, <«"[IKlw- (2.28)

Furthermore, it follows from (2.10) and Lemma 2.4 that

3/2 ~ ~9/4 3/2 ~3/4
1K+ (V, 0w, < collKe(V,0)lly, < comax{Moxy'’g>, &) Moxy )"
3/2 ~
= coMoxy* 3. (2.29)

Now let K be in the small ball B,(WV) required for case (p, g) = (0, 0). By combining
(2.28)—(2.29), we obtain

3/2 ~ 3/2 ~ 3/2 ~
1K+ (V, K)llw, < coMoxy* 83 + k" IKllw < co(Mo + xR x) 8 = Mixi* &,
(2.30)

where R’ is a multiple of R, we take L large enough that k R’ < 1, and M| = co(Mo + 1).
This proves case (p, g) = (0, 0) of (2.22). For later use, note that (2.28)—(2.29) imply that
K maps D x Byy(A/2) into By, (A).

To obtain (2.22) for the case ¢ = 0, p > 0, we fix K € Byy(a), for which we have just
established that K € Byy, (M| X3/2§3). This bound is understood to hold for V.€ DQ2Cp);
this is the domain D with Cp doubled, and since Cop is arbitrary in Theorem 2.2 we can use
its conclusions with the doubled value. Let || Vi lo =1,andlet f(s) = K+ (V+Zi siVi, K)
We choose ¢ > Osothat V + > . s; Vi € DQ2Cp) for |s;| < 3. Then we apply the Cauchy
estimate to f as an analytic function of sy, ..., s, in the domain |s;| < £g. The denominator
in the analogue of (2.24) is the distance from V € D to the boundary of the domain D(2Cp),
which is at least €g. For p derivatives there is one such denominator for each derivative.
This gives a factor proportional to g~7 so the Cauchy estimate bounds the derivative by
O(x3/?§357P) as stated in the second estimate of (2.22).

To obtain (2.22) for the case p > 1, g > 1, we use the Cauchy estimate on f(s,t) =
K4 (V + X siVi, K + > 1K;) as an analytic function of s, ...,s, and #1, ..., 1, in the
domain |s;| < eg and |;| < %A. The denominator in the analogue of (2.24) is the distance
from (V, K) to the boundary of the domain, and for p + ¢ derivatives there is one such
denominator for each derivative, which gives a factor proportional to g~” A~%. As we have
proved above the image of this domain lies in Byy, (A), so the Cauchy estimate bounds the
derivative by O(§ ™7 A'~7) as desired. O

@ Springer



620 D. C. Brydges, G. Slade

Proof of Theorem 1.13 By Theorem 2.2(iv), K is a continuous function of m? e I(m?) as
a map into F,. This is the case for each of the norm pairs, so F can be either F (Tp) or
]-'+(G) Therefore K, is continuous as a map into the space ), defined as in (2.12), and so
by Lemma 2.4 it is continuous also as a map into W+ The joint continuity of D’7 Dq K
follows from the uniform bound on K and Proposition 2.1. O

2.3 Proof of Main Result for Infinite Volume

We now deduce our main result Theorem 1.19 for the infinite volume map, from the finite
volume result Theorem 2.2. The proof for R ;a is similar to but simpler than the proof for
K 74, and we only present the details for K| 7. In Sect. 2.2, it is shown that the statements
of Theorem 1.11 for K + in finite volume are a consequence of Theorem 2.2(i, iv). The
sufficiency of Theorem 2.2(i, iv) was established via Cauchy estimates based on analyticity,
together with an argument to conclude estimates in YW norm from those in F norm. Joint
continuity of the Fréchet derivatives was a consequence of Proposition 2.1. These items apply
in the same way to an infinite volume version of Theorem 2.2(i, iv), so it suffices to prove
such an infinite volume version. This is the content of Theorem 2.5 below.

The infinite volume version of Theorem 2.2(iii) is omitted because it is meaningless in
the infinite volume context. We do not need the infinite volume version of Theorem 2.2(ii),
but we note that it does hold by the definition of K| ;. Namely, for U € Py (24), the value
of K, 74(U) depends on K only via K (X) for X € P(U D). In addition, the field locality
and symmetry properties for K, 74, required for membership in F (Z4), follow from the
corresponding finite volume properties by definition (1.88) of K, 4.

Theorem 2.5 Let j =0, 1, ... be any scale. In (1.36) set y = 1.

(i) Fixanya € (0, 2-4) Cp (as large as desired), and let L be sufficiently large. There exist
r (small, independent of L), § (small, dependent on r, L), My > O (large, dependent on
L), y* > 0 (large, independent of L), such that for all g; € (0, §) and m? e Ijt1, and
withk = y*L~,

K| 74 : DX Brzay(ré) = By (gay(kréy). (2.31)
The map K za is analytic in (V, K), and
IK 4 7a(V,0)ll £, < Moéy. (2.32)
(iv) Let m* € Ij+1. The map K| ya extends to a map
Ky 701D x Bp(ré) x Ly (n*) — Bz, (créy), (2.33)

which is analytic in (V, K), continuous in m? e ﬁj+1(ﬁ12), and obeys (2.32). Here F
is defined in terms of ¥ = x (2), whereas m? is the mass in the original covariance
(=A+m?)~L

The proof relies on the facts about coordinate maps ¢ and extensions by symmetry given
in Lemmas E.4-E.6.

Proof (i) Let v = ré, vy = krép, W(X) = &/@X W, (X) = &+ Let (v, K) €
D x Bga)(v), so that (recall the definitions (1.41) and (1.35)—(1.36))

IKX)llg <tW(X) (X € C@z)), (2.34)
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with G equal to G ; or G ;. We will prove that K, 74 € Br, (z4)(kré;). Since weset y = 1,
it is equivalent to prove that

1Ky 20z, <ty WaU), 1Ky 5a@)lg, <t Wi (U) (2.35)

hold for all connected polymers U in Z¢. We must also show that K .74 vanishes at weighted
infinity (see (1.37)), since this is part of the definition of F . In our present context, we must
show that
lim ||K+,Zd(U)”T¢V+G;1(U, ¢) =0. (2.36)
llpllo@w)—00
Let U be a connected polymer in Z¢. We will construct K +.74(U) as the image of K under
a composition LZI o Cy o B o A of four maps.

Let U = U, and let 14 : U’ — A be a coordinate map to a torus. By (2.34) and
Lemma E 4,

liaK (' X)llg < eW(X) (X € Cal’)). (2.37)

Let X = C(txU’). By Lemma E.6, with Euclidean symmetry hypothesm verified as above
(1.87), the map X +— 1A K (1, !X) extends from X to an element K € Br(4)(r). LemmaE.6
implies that the map Ay : K +— K preserves the vanishing at weighted infinity property
and is a linear contraction from F(Z%) to F(A). In particular, the evaluation map is analytic.
We next apply Theorem 2.5, with a and b replaced by the values a and h 4 provided by
Theorem 2.5. To remind us that we have these stronger values, we write . in place of F4
and NV, ¢ in place of Ay. By Theorem 2.2, the map B : (V, K) — K a(V, K) is analytic
as a map from the ¢ ball in F(A) to the 4 ball in 74 (A). Now consider evaluation on the
polymer t AU asamap Cy : Ky 4 — K4 A(taU). By definition of the F  (A) norm, this
is a bounded linear map into the space Ny (t4U’), and we have the ++ analogue of (2.36).
In particular it is analytic. Furthermore, by (1.88), the composition Cyy o B o Ay is the map
(V,K) = taK, 74(U) because K1 4(tAU) does not depend on the choice K of extension
of [AK(LZIX) off X. In summary, we have proved that (V, K) > (4K 74(U) is analytic
as a map from the ¢ ball in F(Z?) to N (14 U’), and putting the estimates together we have

leaK s z0@)llg,, < v+ Wit (U). (2.38)

We now pass to an estimate on K 74 (U), exploiting the fact that (2.38) holds for all A.
According to Lemma E.5 with h replaced by h, when A is sufficiently large, the inverse
t;‘l is a bounded linear operator from N (U D) to Ni(U ). This is the step where we use
the parameter y < 1 for the regulator G”, and where we use b4 > . We obtain

1Ky za @)1y, = e Wiy (U), (2.39)
1Ky za(Dllg, <e+Wit(U). (2.40)

Therefore (2.35) holds and, since the bounded linear operator LZI is an analytic map from
Nyy (U Uy to NL(U D), we can compose with the previous maps and conclude that (V, K) +—
14K 74(U) is analytic as a map from the ¢ ball in F(Z%) to Np(U"). Furthermore, (2.36)
holds. Therefore K| 74 € By, (zay(v4), as desired.

If we set K = 0 so that K = 0 and use (2.10), namely | K+ (V,0)|| 7, < M3, then an
argument analogous to the one above gives (2.32).

We now strengthen the above analyticity, which is pointwise in U, to the desired analyticity
statement. It is here that we take advantage of the fact that a; > a. For a positive integer
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M,letUy ={U € Py : [Uljy1 < M, U 5 0} LetU) = {U' € Py : U € Up}. Let

gm0 : D X By (t) — /\/'_11:O be the map that takes (V, K) into (7oK, 74(U), U € Up).
The latter is a Banach space with the norm

IFIl = sup [[FW)llnwnWiiU). (2.41)

Uely

Since U is finite, it follows from Lemma 3.4 and the analyticity pointwise in U that gy o is
analytic. Let gy (V, K) = g K 741y, where 1y (U) = 1if |U];j4+1 < M and otherwise
is zero. For every polymer U such that |U| ;11 < M, there exists a translation Ey of 74 such
that £y U contains the origin. By the Euclidean invariance of mg K| 74,

ns K, 70(U) = Ej'ng K, 5a(EyU). (2.42)

These relations imply that g s equals the composition of g s o with a bounded linear extension
map into the space K (Z%) with the norm

|Fllz (w,) = sup IIF(U)||N+(U')WL1r(U)- (2.43)
UeC, (Z4)

Therefore, for each M the map gy is analytic as a map with values in the space K (Z¢)
with this norm. When a is replaced by a, the weight W becomes W, and this norm
becomes the F4 (Z%) norm. Furthermore, since a > a, the space F, (Z¢) is a larger space,
and uniformly in V, K we have

Jim g K g0 (1= La)l g, oy = 0. (2.44)

Therefore the sequence g of analytic functions converges to g K| 74 in Fiy (24) uniformly
in K as M — oo. According to [35, Theorem 2, p. 137], as a uniform limit, To Ky 7 is
analytic as a map into F (Z%). The observable component 7, K 474 18 also analytic as a
map into F; (Z¢) using the same argument with g replaced by Uy, = (U € P, : |U| j+1 =
M, U N{a,b} # @} and omitting (2.42) and the line below about composition with an
extension. Having proved that the @ and * components of K| ;4 are analytic it follows from
Lemma 3.4 that K| ;4 is analytic as a map into 7. (24). This concludes the proof of part (i).

(iv) Let m? € I;41. We return to the map B defined in part (i). By Theorem 2.2(iv),
B extends to a map that depends on m?, and by fixing (V, K ) this extension becomes a
continuous map m? > K 4 into F, (A). The other maps Ay, Cy, LZI do not depend on
m?2. It follows that the composition m? — K +.74(U) is continuous as a map into NU)
with norms || - ||z , and || - || Gy Finally, if we replace F. z% by the m? independent space
f+ (Z%), then the convergence in (2.44) is also uniform in m? and since the uniform limit
of continuous functions is continuous, we also achieve mass continuity as claimed. This
completes the proof. O

3 Preliminaries to Proof of Theorem 2.2

In Sect. 3.1, we describe the basic structure of the proof of Theorem 2.2, and in Sect. 3.2
we specify several parameters that occur in the proof. In Sect. 3.3, we recall several useful
results from [17].

We assume throughout the paper that g is sufficiently small to carry out each steps that is
encountered. According to the definition of € in (1.43), taking g small is equivalent to taking
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€ small, and we often phrase smallness conditions in terms of € instead of g. The assumption
that g is small is used so frequently that we often apply it without explicit mention.

Throughout the paper, we use the following notation for non-negative real sequences
A=A j» B=B jZ

A < B ifA; < cBjforall j, with cindependent of L, 3.1)
A<y B ifAj <cBjforall j, withc = c(L), (3.2)
AxB ifA<BandB < A. 3.3)

3.1 Structure of Proof of Theorem 2.2

We fix V and regard the map (V, K) — K asserted to exist in Theorem 2.2 as a map
K +— K. We construct K as a composition of six maps:

Mapi): KV k@ j=1,...6 withk® =k, K©®=k,. (3.4)

The six maps are described in detail in Sects. 4-6, and are described briefly here.
Maps 1 and 2 are defined in such a way that

(IoK)(A) =T oKM)A)= (o K@)(A), (3.5)

where [ € BK; is defined by 1 (V) = I(V), with V = V — Q defined by (1.71) in terms
of O = Q(V, K) given by (1.70). The combined effect of these two maps is to transfer the
relevant and marginal parts of K(X) for X € S into V, with the result that V' is replaced
by V. The decay in | X| that is encoded in our norms for large sets X by (1.41) allows us to
forego any transfer of K (X) for large sets X. Map 1 takes advantage of the non-uniqueness
of the circle product to replace K by K, which results from the transfer of the relevant
and marginal parts of K on small sets other than blocks, so that they become concentrated
in K on blocks instead. This transfer is achieved using the important change of variables
formula given by Proposition 4.1. Then Map 2 transfers the relevant and marginal parts of
KO that are concentrated on single blocks into V so as to form V. Thus [ appears on the
right-hand side of (3.5). All three circle products in (3.5) are on scale j.

Map 3 is our implementation of the formal power series statement of (1.14) that
E;j1101;(V, A) = Ij11(Vy, A), but now no longer merely as a statement about formal power
series. The renormalised polynomial Vi, therefore appears, but since Map 2 has replaced V

by V, we write Vo = Vpu(V) = Vpe(V — Q), We define Ij41 € BK; (asin [17, (1.23)]) by
LV, b)) =e "D A+ Wi (Vb)) (b€ By, (3.6)
and define I, € BK; by

Ipo = 1j41(Vp). (3.7)
The expectation is performed in Map 3, and K@ is constructed such that
E16(I 0 KP)(A) = (Ipy 0 KD)(A). (3.8)

The circle product on the left-hand side of (3.8) is at scale j, whereas on the right it is at
scale j + 1. This entails a slight abuse of notation, in which we regard fpt in (3.8) as the
element of BIC; | defined for B € B by fpt(B) = HbeBi(B) fpl (b). Itis in Map 3 that we
change scale in our estimates, with K @ measured with scale- J norm but K 3 with scale-
(7 + 1) norm. This change of scale is important in revealing the contraction encapsulated in
the small parameter « in Theorem 2.2.
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The K® produced by Map 3 is larger than what is claimed for K in Theorem 2.2, due
to the fact that it includes perturbative contributions that arise because of the local manner
in which we implement the spirit of the proof of (1.14) from [9, Proposition 2.1]. Map 4
reapportions these overly large parts of K ® by a second application of the change of variables
of Proposition 4.1, and thereby constructs a better K® such that

(It 0 K)(A) = (I 0 KW (), (3.9)

Maps 5 and 6 perform three final adjustments, all relatively minor. One adjustment is to
put ipt into the correct scale-(j + 1) form of (1.13) rather than as a product over scale-j
blocks. The other two deal with the fact that Vj; contains terms ytyy and §go o which are
not present in V.. The term ytyyv is converted to a term 274 via summation by parts, at the
cost of an adjustment to K. The term §go o is pulled outside the circle product, at the cost
of another small adjustment to K. This finally leads to

(I 0 K®)(A) = (If 0 KD)(A) = ¥17% (I 0 K y)(A), (3.10)

where the precise definition of I;{ is given in Map 5. The circle products in (3.9)—(3.10) are
all at scale j + 1.
The combination of (3.5) and (3.8)—(3.10) gives

E 601 o K)(A) = €% (I 0 K1 )(A), (3.11)

which is (1.49). This shows that (V, K1) preserves the form of the circle product under
expectation, as required. To complete the proof of Theorem 2.2(i), it is necessary also to
show that there exist , M > 0 and x = O(L~") such that K, :Dx Br(ré) — Br, (kré)
with K an analytic map, and such that | K (V, 0|z, <M &3. These facts are required for
each of the norm pairs ¥ = F;(G), Fy = Fj4+1(Tp) and F = F; (G), Fi = fj+1(é). We
carry out Maps 1-6 simultaneously for each of the two norm pairs, and prove the estimates
and analyticity map by map, culminating in Map 6 with the desired statements for K.
Similarly, relevant observations concerning the statements of Theorem 2.2(ii-iv) are made
for each Map, and at Map 6 their proof for K is complete. See Sect. 7, where the proof of
Theorem 2.2 is summed up.

3.2 Parameters for Proof of Theorem 2.2

For convenience, we gather here the specification of several parameters that occur in the
proof of Theorem 2.2.

For each Map i with i = 1,2,4,5,6 (i = 3 is excluded) there is an associated L-
independent constant p; > 1; the values (typically large) of these constants are determined
in Sects. 4—6. For Map 3, there is an important constant k3 which is an L-independent multiple
of L™!; k3 can be made as small as desired by taking L sufficiently large.

For the constant r that determines the size of balls appearing in Theorem 2.2, we fix any

value

1] . (3.12)

O<r<min[ s
J1507%)

We set r© = r, and define r) = ;70D fori = 1,2, 4, 3, 6, whereas r® = k3r®. We
define the small parameter x by

K = [ip2k3papspe < 1. (3.13)
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Then k = y*L~! for an L-independent constant y*, r©® = xr® and r@ < 1 for each i.
We fix a € (0,279) as in the statement of Theorem 2.2. Let n = n(d) > 1 be the
geometrical constant of Lemma C.3. Fori € {0, 1, 2, 3, 4, 5, 6}, we fix a'D such that

0<a® <a® <ag® =4 <g® <g® < g® < 4® < na(z) < 24, (3.14)

The parameters a¥) determine Banach spaces 7, ,51) = F(aD) which are defined by replacing
a by a® in (1.39) and (1.41).

For i = 1,2, Map i maps the ball of radius =& in Fi (=) into the ball of radius
r@Wéin Fj (a(’)) In Map 3, the scale increases from j to j + 1, and the ball of radius r?¢ in
Fj (a®) is mapped into the ball of radius r®¢ in F; J+1 (@®). Map 3 is the beneficial map,
as a(3) improves by becoming larger, and also improves by becoming smaller thanks to
the factor k3. These improvements undergo degradations in Maps 4-6, in which the ball of
radius 7~ Dé in Fit1 (@ Dyis mapped into the ball of radius rein Fiv1 (a). However
the overall effect remains beneficial, with ¢© > ¢©@, and with r© = «xr©@ for small
k = y*L~!. The composition of the six maps is well defined and maps the ball B 7 re)

into a small ball By, (,kr@g).

3.3 Interaction Estimates

The analysis of the six maps uses estimates on /, I, I~pt, which we refer to generically as inter-
action estimates. These estimates, which include stability estimates, rely on the hypothesis
that

(V,K) € D x Bp(re), (3.15)

with F either F(G) or F(G), with corresponding choice of € in (1.43). It is the purpose of
[17] to provide the interaction estimates, and we appeal frequently to results from [17], some
of which we now recall. Further results from [17] are recalled within the analysis of Maps 3,
5,6.

The analysis of [17] is missing an mgredlent needed here, which i is that K now plays
a role in interaction estimates. For example, ie BK;, is defined by I(V) = I(V) with

V=V- Q defined by (1.71) in terms of Q = Q(V, K) given by (1.70) as

Q(B)= > Locysl 'K(Y). BeB(A). (3.16)
YeS(A):YDB

Similarly, fpt =17 (th(f/)) depends on K as well as on V. The following proposition com-
bines results from [17] with new statements concerning K -dependence. For its proof, we
recall from (2.1) that Locx y is a bounded operator, in the sense that for ¥ € P; with
Y C X €S§j,andfor F' € N(XD),

ILocx,y F'llzy < IIF'll7,- (3.17)

We also recall that the enlarged domain D D D is defined in [17, (1.85)—(1.86)]; its precise
definition does not play a direct role below. Finally, recall that we write I =% = 1/1(X).

Proposition 3.1 Let I, denote any one of 1, I, fpt, with j. respectively equal to j, j, and

to either of j or j + 1. Let B € Bj. Let (V,K) € D; x Br(rD&). Then I.(B) is an
analytic function of (V, K) taking values in N'(BB), || - I .. In addition, for F € N(BY)
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a gauge-invariant polynomial of bounded degree in the fields such that w,, F = 0 when
j = jah;

I1:(B)Flj..5 < [I1F 75 ;0)5 (3.18)
I11:(B)lj..p = 2, (3.19)
125117, < 2- (3.20)
In addition, I =8 is an analytic function of V € Z_).,‘ taking values in /\/(BD), Il -

Proof For the case K = 0, all the above statements are proved already in [17, Proposi-
tions 2.2-2.3]. In particular, this gives the above statements concerning /, since there is no
K -dependence in /. Our task here is to extend the statements of [17, Propositions 2.2-2.3]
to include the dependence of ‘7, Vot on K € Br(r©¢&), as well as on V. In fact, the state-
ments of [17, Propositions 2.2-2.3] are all proved in the enlarged domain D D D, and this
is important below.

We begin with a bound on Q, which repeats a step in the proof of Theorem 1.10. Let
(V,K) € D x Br(rVeé). We claim that

QB I7, < rVe. (3.21)

To prove (3.21), we apply (3.17), together with the I, = I case of (3.18), (3.20), and the
product property of the norm, to conclude that if F € A/(BY) then

I11¥Locx,y I X Fll; < |Locx,yI"*Fliz,; < | Flz,;- (3.22)
With (3.16), this gives
IOB)I7, < sup IK(X)n, < IKllF < r V¢, (3.23)
XeS

which proves (3.21).

Now that (3.21) has been established, it follows immediately from [17, Proposition 2.4]
that 7 obeys the estimates (3.18)—(3.20), that Iis analyticin V for fixed Q, and that V — Q lies
in the enlarged domain D’ (the prime denotes an unimportant change in constants defining
D) on which stability and analyticity of I is proved in [17, Proposition 2.3]. Moreover,
it follows from the definition of Q in (3.16) and the results already established for / that
(V,K) — V — Q is analytic as a map from D x Br(r©¢) into D. Thus [ has the claimed
analyticity. Similarly, since V — Q € D, it follows from [17, Proposition 1.5] that Vi, (V — Q)
also lies in the analyticity domain of / both for scale j and scale j + 1, and hence ipt is
analytic both as a map Vj — I~pt defined on D, and as a function of (V, K) as desired. This
completes the proof. O

The proof of analyticity of / -B easily extends to a small ||V (B)| ,-ball, since there is
no need for a positivity of the coupling constant g when employing the 7 norm; this small
extension is used in Theorem 1.10 above. For future reference, we proved in (3.21) that, for
(V,K) e D x Br(re),

10(B)llg, < rVe. (3.24)

Also, with the bounds (3.18) and (3.20), the proof of (3.22) extends to show that for any of
the three choices of I, above,if Y € P;,Y C X € S; and F € N (X) then

11X Locx,y I;XFll; < IILocx.y I, * Fliz, , < I Flizy,;- (3.25)
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We use (3.25) repeatedly. Note that all norms in (3.25) are at scale j, even when [, = fpt.

The following lemma is also useful. Its first two estimates can be understood as a conse-
quence of the fact that [ and I differ by the contribution of Q to the interaction polynomial,
with Q obeying (3.24). The third estimate in the lemma is a reflection of the fact that €
provides a measure of the difference between V and Vjy.

Lemma 3.2 Let (V, K) € Dj x Bz, (rV)é). Let Q be given by (1.70). For B € B}, X € S;
and F € N(XD),

I1(B) — I(B)|l; <&, (3.26)
11(B) = I(B)(1 + Q(B)I7, <1 €7, (3.27)
[Locx (17X = 1) Fll 7, ) <2 ENF I Tco)- (3.28)

Proof The bounds (3.26)—(3.27) are a consequence of [17, Proposition 2.4], with its hypoth-
esis on Q of provided by (3.24). For (3.28), we write

XX = (I—X - i—X) 4 (i—X - ip—tx) , (3.29)

and apply the triangle inequality. The second term is estimated in [17, Lemma B.2] (its
hypothesis is satisfied since we have established in the proof of Proposition 3.1 that V — Q €
D). The first term can be estimated similarly, using (3.26), and we omit the details. O

The following proposition is used in the proof that K vanishes at weighted infinity.

Proposition 3.3 Let (V, K) € D; x Br; r0¢) ler B € Bj, and let I, j, denote any of the
options in Proposition 3.1. For F € N(BY) a polynomial of degree at most p s,

fim L.(B)Fliz, ,,G;.' (X.$) =0, 3.30
u¢n¢iwgyhﬁw|l «(B)F|1, 6. (X, ¢) (3.30)

where G represents G or G according to whether ) = € or h = h.

Proof Itisprovedin[17,(2.8)] that (3.30) holds for I, = I when V € D. We have seen above
that V. =V — Q € D/, and that Vot = th(V) € D; The primes represent an unimportant
change in constants defining the domain, so the result follows for the other options for /... O

3.4 Analyticity Lemmas

In establishing the analyticity of K, we apply the useful and elementary facts about analytic
functions on complex Banach spaces presented in the next lemmas. For a general introduction
to analyticity in Banach spaces, see [22,35].

Let X, Y be complex Banach spaces and let D C X be an open subset of X. Let L(X, Y)
denote the space of bounded linear maps from X to Y. Amap f : D — Y is analytic if it is
continuously Fréchet differentiable, i.e., if there exists a continuous map f' : D — L(X,Y)
such that

|f&x+35) = f(x) = f(0x], = o(xlly) asi — 0. (3.31)

Let A be an index set. For each o € A, let Y, be a Banach space and let wy, > 1 be a positive
weight. Let ¥ = [, Y be the weighted product Banach space: an element of ¥ has the form
vy = (g € Yy | @ € A) with norm

ylly = sup ||y lly, we- (3.32)

acA
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A collection of maps f, : D — Y, for @ € A, naturally determines amap f : D — Y.
In our applications, the weights play a role in estimates but not in proving analyticity, as the
following lemma shows.

Lemma 3.4 Let A be a finite set and let f = (fy) as above. Then f : D — Y is analytic if
and only if fo : D — Yy is analytic for each « € A.

Proof Suppose first that each f, is analytic, and let f,, denote its derivative. In particular,
fi D — L(X,Y) is continuous. For x € D, let f(x) = (f,(x) | « € A). Since A is a
finite set, f(x) e L(X,Y)and x > f(x) is a continuous map from D to L(X, Y). Also,

| fc+5) = f) — fx|, = sup | fale + %) = fu®) = fa0)i]y,

< sup o(|lx]ly, ) (3.33)
A

oE

Since A is finite, sup,c 4 o(llx]ly,) < o(lX|ly), so f : D — Y is analytic and f is its
derivative.

Conversely, suppose that f is analytic. Define 7, : ¥ — Y, by mqy = yq. Since wy > 1
the map 7, is a bounded linear map from Y to Y,,, and is therefore analytic. Thus fy, = w0 f

is the composition of two analytic maps and hence is also analytic. O
Let n be a positive integer. For i = 1,2, ..., n, let X; be a Banach space. Let Y be a
Banach space and let M : X x --- x X,, — Y be a multilinear map which is bounded. That
is, there is a constant Cy, such that for any n-tuple x = (xq,...,x,) in X1 X --- x X,
n
IM@)lly < Car [ ] Ixilx;- (3.34)
i=1
For positive weights wq, ..., w, let X = X1 x --- x X, be the Banach space whose norm
is
lxllx = sup willxillx,- (3.35)
i=1,...n

Lemma 3.5 The map from X to Y defined by x — M (x) is analytic with derivative
M/(x)x = Zl M(xla e ’xl'717x.l'axl'+la e 7xn)'

Proof Tt is straightforward to verify that | M (x + x) — M (x) — M'(x)x||y is bounded by

(CM H wi_l) Z (Z) ||x||r;'(_p||5€||§ = o(|lx]Ix) (3.36)
i=1 p=2

as required.

4 Maps 1-2: Transfer of Relevant Parts of K to V

We now begin the discussion of the six maps leading from K to K4, with Maps 1-2. In
Maps 1-2, there is no change of scale, and all objects are scale-j objects. To simplify the
notation, we do not indicate the scale explicitly. The norms appearing in this section are either
all the G norm, or all the G norm, each together with its corresponding F space F = F(G)
or F = F(G).
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Map 1 (and also Map 4) relies on an essential change of variables formula, which provides
a mechanism for rewriting a circle product (I o K)(A) as (I o K')(A), with K’ “better” than
K. The change of variables is given by Proposition 4.1 below. Map 1 uses the change of
variables to remove the relevant and marginal parts of K (X) when X € S is not a block, by
transfering them into K (B) where B is a block. This creates K (1) and leaves / unchanged.
Map 2 then removes the relevant and marginal parts of K (B) and transfers them to V, thereby
creating [fand K@.

4.1 Change of Variables

We work at a fixed scale and do not indicate the scale explicitly in the notation. This section
applies for any norm || - || on A which obeys the product property [17, (1.44)].
Let

DWJ)={U,B)eSxB:U D B}. 4.1
Suppose we have a mapping J : C x B — N which obeys, for U € C and B € B, the
condition J(U, B) = 0if (U, B) € D(J), as well as

> JW.B)=0 forfixed B € B, (4.2)
U:(U,B)eD(J)
J(U, B) obeys the field locality (in its B argument)
and symmetry conditions of Definition 1.7. 4.3)

For example, field locality means that J (U, B) € N (BY) and Buclidean symmetry means
that EJ (U, B) = J(EU, EB) for all automorphisms E of A.
Let oy > 1, and suppose that [;, € BK is stable in the sense that

L (Bl < . 4.4)
For Ki, e Kand U € C, let

MU) = Kin(U) — 1Y J(U, B). (4.5)
BeB(U)

Given positive dout, din, p We define spaces Fin = F(ain, p) and Four = F(dout, £), as in
(1.41). The open balls of radius r in these spaces are denoted by B, (r) and Br,, (r).

Proposition 4.1 Let ai, be small as specified in Lemma C.5. Let agy < aip and 7/ > %z. Let
p be sufficiently small depending on the difference agy — ain. Let € € (0, 1). Let J, Iin be as
specified by (4.1)—(4.4). Suppose that Ki, € K and J satisfy

sup |1V J(U, B)|| < &p”, (4.6)
D)
M € Br, (gp%). 4.7)

Then there exists Koy € K such that

(Iin o Kout)(A) = (Iino Kin)(A)7 (4-8)
Kout is polynomial in Iy, J, Kin (with J(U, B) = IV J (U, B)), 4.9)
Kow = M + Ewith E € Bg,, (gp~ T @in=dow)/2), (4.10)

If Kin =0and J = 0, then Koy = 0.
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The essential conclusion of the Proposition 4.1 is that Koy is both a suitable replacement
for Kj, by (4.8), and is a small perturbation of M by (4.10). The latter property will be useful
in our applications in Maps 1 and 4, where M will have desirable properties. Note also that
it follows immediately from (4.7) and (4.10) that

Kout € Bz, (26p%). (4.11)

We defer the proof of Proposition 4.1 to Appendix D.

4.2 Map 1: Transfer from Small Sets to Block

Weset IV = 1O = [ and K© = K.Map 1 determines K (1. The structure of the following
lemma sets a pattern that we follow throughout our analysis of the six maps. Part (i) is the
statement that the output pair (I, K1) is an equivalent representation of the input pair.
Part (ii) says that the range of the map is contained in the domain of the next map. Part (iii)
finds the image when K = 0, needed in the proof of (2.10). Part (iv) identifies a property
that the map achieves, which did not hold for the input.

As mentioned previously, Map 1 transfers the relevant and marginal parts of K (X) for
X € S\ Binto K(B) where B € B. Naively, to achieve this we would attempt to replace
K(X) by K(X) — Locx K(X). However, to maintain stability of the subtracted term, we
replace it instead by /X Locx /X K (X), which enjoys the decay properties of the factor 7%
and will still provide the cancellation we seek. (Recall that we write /=X = 1/7%.) Thus,
for X € S\ B we wish to replace K (X) by K (X) — IXLocyI~* K (X) via a corresponding
adjustment to K (B). This is what Proposition 4.1 permits us to do. To apply Proposition 4.1,
we define J(X, B) =0if (X, B) ¢ D(J) and

J(X,B) =Locx,5I XK(X) forX € S with X 2 B, (4.12)
and to achieve the cancellation condition imposed by (4.2), we are forced to define
J(B.B)=— > Locypl YK(¥). (4.13)
YeS:Y2B

With these definitions, and with I, = I, it then follows from (4.5) and > pcx Locx g =
Locy (the latter due to [16, (1.57)]) that

K(X) XeC\S
MX)={K(X)—IXLocxI XK (X) XeS\B (4.14)
K(B)+ I8 ZY&S’Y;B Locy gl YK(Y) X=BeB.
The important achievement of (4.14) is the cancellation of the local part of K (X) when
X € S\ B. The cost for this cancellation is that these local parts have been transferred

to K(B). Recall that Locx = Locx, x by [16, (1.66)]. It then follows from (4.14) and the
definition of Q(B) in (1.70), that

Locgl M (B) = D" Locy 31 " K(Y) = Q(B), (4.15)
YOB

and this will be cancelled in Map 2 by the Q term in the definition of V in (1.71). We now
expand on the above by presenting the details for Map 1.

Lemma 4.2 For u > 0 sufficiently small and € sufficiently small, there exist uy > 1 and
KD such that, for (V, K) obeying (3.15),
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(i) (1o K)(A) = (oKD,
(i) KO € Bray(rVe),
(iii) KD =0 when K =0,
(iv) [[Locx I XKD (X)|z, <rVe** X eS\B.

Proof (i) By the hypothesis of Theorem 2.2 that K € Bz« (r)€), and by (3.25), we have
11XJ(X, B)|| < rPe. (4.16)

We choose /11, depending on the constant in the above inequality, so that with () =
% 1r(0) we can conclude that

1 ,
II*J(X, B)|| < Z’“)Ez’ (4.17)

and also, using (4.14), that
M € Bro (5rVé). (4.18)

We apply Proposition 4.1 with J given by (4.12)—(4.13) and with

1
In=1 K=K, p=g¢, ain:a(o)a aout:a(l)’ z=7 =1, Ezir(l),

(4.19)

and we define the map K > K by setting K} = Ky Then (i) is an immediate
consequence of Proposition 4.1 as soon as we verify that the hypotheses hold. The
hypothesis (4.2) holds by construction. The fact that (4.3) holds can be seen from
the fact that Loc preserves the relevant symmetries and cannot generate a non-zero
constant part (see Lemma F.1 and the proof of Lemma F.2). Hypothesis (4.4) follows
from Proposition 3.1, (4.6) follows from (4.17), and (4.7) follows from (4.18).

(i) The estimate follows from (4.18). For the vanishing at weighted infinity property inher-
ent in the definition of F (see (1.37)), the vanishing as ||¢|l¢ — 00 is a consequence
of Proposition 3.3, the definition of J in (4.12)—(4.13), and the fact that K M s a
polynomial in , J, K by Proposition 4.1. The field locality, symmetry and component
factorisation properties follow from the fact that K (V) = Koy € K by Proposition 4.1.

(iii) This is an immediate consequence of Proposition 4.1.

(iv) Let X € S\ B. By (4.14) and the fact that Locy o Locx = Locy by [16, (1.67)],

LocxI *M(X)=0, XeS\B. (4.20)
Therefore (iv) is equivalent to
ILocx I~ X (KD(X) = M(X)) ||, <rPe™™, X eS\B. 4.21)
By Proposition 4.1,
K® —M e Bray(5rVe) with u=3@® —a®) >0, (4.22)

and then (4.21) follows from (3.25), where we remove the constant in < by decreasing
u and taking € small.
O
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We also verify that K (1) obeys the remaining properties of Definition 2.3, namely: (V, K)-
analyticity, the restriction property, the isometry property, and mass continuity. The isometry
property holds because ¢ is an algebra homomorphism and, for each polymer X, KV (X) is
polynomial in K. The mass continuity is vacuous here, since K1 does not depend on the
mass.

The restriction property holds in the sense that K M (X)is afunctionof K (Y) forY € X o,
This follows from the explicit formula for Ky given in (D.13). For example, for the case
where X is a single block B, (D.14) gives

KY(B)=K(B)— J(B,B) + Z 1Y J (U, B). (4.23)
U:(U,B)eD(J)

It is due to the dependence of J on K (U) for U € BY that K M(B) develops its dependence
on K in the small set neighbourhood of B.

Finally, for the (V, K)-analyticity, by Lemma 3.4 it suffices to show that for each polymer
X € P,themap (V, K) — K(l)(X) is an analytic function from D x B]:(r(o)é) to ./\/(XD),
| - |I; (here D is the domain for V' defined in (1.55), not to be confused with the domain
‘D(J) for J in Proposition 4.1). We know from Proposition 4.1 that KD (X)isa polynomial
inl,J, K. By Lemma 3.5, it suffices to show that each of the maps (V, K) — I(B) and
(V,K)— J(U, B)isan analytic map from D to N(BD), | -1l ;. For I (B), this follows from
Proposition 3.1. It therefore suffices to show that the map (V, K) +— J is analytic, with J
defined by (4.9) and (4.12)—(4.13). This map is linear in K, Loc is a bounded map on Ty by
(3.17),and I "X isan analytic map into ./\/(BD), || -1l 7, by Proposition 3.1. Therefore J (U, B)
is an analytic function of (V, K) taking values in V(B), || - || 7, - The bilinear map (1, J) > J
is bounded with domain norms || - ||, || - |7, and range norm || - || ;, by Proposition 3.1, and
the desired analyticity of J then follows from Lemma 3.5.

4.3 Map 2: Transfer from Block to V

Map 2 transfers relevant parts from K (V' (B) into V. It provides the rationale for the formula
(1.71) for V. We define

P=0=1;V), 81P=1-1, KP=kWos1?. (4.24)

Lemma 4.3 There exists iy > 1 such that foru > 0 and € both sufficiently small, for (V, K)
obeying (3.15),

(i) (I o KD)(A) = (T o KP)(4),
(ii) K® € Bro(r?eé),
(iii) K@ =0 when K =0,
(iv) [[Locx I XKD (X)||g, <r@Pe**  XesS.

Proof (i) By Lemma 1.3,

ToKD =T +81P) 0 KD =T 081P)o kKD =70 1P 0 kV)=1P o K®.
(4.25)

(ii) By (3.26) and the K hypothesis of Theorem 2.2 we have [|§1® (B)||; < €. By choosing
r@® = ,uzr(l) with p, sufficiently large, this implies

§1? € Bray 272 r@8). (4.26)
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By Lemma 4.2, KV ¢ B]_-<1>(2’2dr(2)é). The desired estimate then follows from
Lemma C.1. The fact that K® vanishes at weighted infinity is a consequence of the
fact that KD has this property, and that both I and [ vanish at weighted infinity by
Proposition 3.3. The field locality, symmetry and component factorisation properties
can be verified by inspection.

(iii) For K = 0, it follows from (1.70)—(1.71) that V = V. Then (4.24) gives I® = I and
hence K@ = 0.

(iv) We first prove (iv) for the case X € S \ B. By Lemma 4.2(iv) (and increasing p»), it is
sufficient to prove the result when K ® (X) is replaced by K ® (X) — KM (X). By the
triangle inequality,

IKPx) - kDl > IKO@sr @Y. (4.27)
YeP:YgX

There are at most 22 terms in this sum. By (4.26) and Lemma 4.2(ii), together with the
exclusion of the term ¥ = X on the right-hand side, we obtain

I1KPX)— KD X)) < r®)2e2. (4.28)

Then we obtain the desired bound by using (3.25), r@ < 1,u <1, and choosing €
small.

Finally, we prove (iv) for the case X = B € B. By definition, K®(B) = K(V(B) +
81D (B). Therefore, by (4.15),

Locgl BK®(B) = Locgl BKMV(B) + Locgl " B51®(B)
= Locpl B (K(l)(B) - M(B)) +Locy [1—351<2>(B) ¥ Q(B)],
(4.29)

where we used the fact that Locg Q(B) = Q(B), which is a consequence of the fact
that Locx o Locy = Locy by [16, (1.67)]. By (3.20), (3.17), (3.25), (3.27), and (4.22),
it follows that

ILocgl  BKP(B)||7, < rPe'tu, (4.30)

as required. O

We also verify that K ® obeys the (V, K)-analyticity property, the restriction property, the
isometry property, and mass continuity. The restriction property is evident from the definition
of K@, and the mass continuity is again vacuous.

From the above construction and the explicit formula (D.13) for the change of variables in
Appendix D it follows that, for each polymer X, K ¥ (X) is a polynomial in Iand KO Since
¢ is a homomorphism the isometry property holds provided for each block B the function
f(K(]), B) of KM | g satisfies Lf(K(l), B) = f(LK(l), tB). We omit this mechanical step.

For the analyticity, we observe that K@ is multilinear in 1, I, K. We have already
verified the analyticity of K1) in the previous section, and the analyticity of / and Iis given
by Proposition 3.1. The desired analyticity of K ® then follows from Lemmas 3.4-3.5.
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5 Maps 3—4: Expectation and Change of Scale

Map 3 expresses the action of the expectation E, in terms of / o K. A reblocking takes
place in the process, yielding K® e K j+1. Thus we measure the size of K 3 inscale j + 1
norms—the change of norm is an important ingredient in establishing contractivity.

In Sect. 5.1, we define I and K® and summarise the principal facts about Map 3. The
proof of estimates on K @ is deferred to Sect. 5.2, which relies heavily on results from [17]
that were designed expressly for this analysis.

There are two types of potentially dangerous contributions to K ®). One type consists of
the leading contributions in K which form a part of the perturbative contributions that
arise in K@ even when K® = 0. These perturbative contributions are larger than what is
permitted in K when K = 0. The second type consists of the contribution to K which
is linear in K®. The latter contribution will be shown to be contractive due to our having
removed the relevant and marginal parts of K ® in Map 2, as expressed by Lemma 4.3(iv);
large L plays an important role in this step. The leading perturbative contributions will be
redistributed by Map 4, via a second application of the change of variables implemented by
Proposition 4.1, leading to K which obeys the better estimate of Lemma 5.8(iii), which is
the principal achievement of this section.

5.1 Map 3: Expansion, Expectation, Change of Scale

The next proposition gives a formula for K. This is the only place where the factorisation
property (1.12) of E is used: it ensures that K ) obeys the component factorisation property
demanded by the space ;1 in Definition 1.7.

Recall that / was defined in (3.6). We set

19 =T (Vo) = Iy, (5.1)

and define 61 € BIC; (the space BK; is augmented here by the fluctuation fields introduced
by 0) by

§1 =019 — 1% =0] — [y, (5.2)
Thus, for U € P;,
s1V= [ (01w - In®)). (5.3)
beB;(U)

Proposition 5.1 Given K® € K >

E10(1 0 KP)(A) = (I o K¥)(2), (5.4)
where, for U € Pjy1,
KO = > EYEL BT o0K@)(X). (5.5)
XeP;(U)

Also, K@) e Fjyy.
Proof We use Qf(B) = ipt(B) + §1(B) and Lemma 1.3 to see that

E 01 o KP)(A) =By (Iy 081 0 0K P)(A). (5.6)
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Fig. 2 The black squares
represent X7, the small shaded
polymer represents X g and the
five large shaded squares
comprise Xy in (5.8)

There is no 6 operating on I~pt, and this factor contains no fluctuation fields upon which E
can act. Therefore, with sums over disjoint X, X;5;, we have

E46(I o KP)(A) = Z E4 (81%10K @ (X)) T4 FAVXKUXs1)

Xk, Xs1€Pj(A)

_ Z E (SIX‘”@K(Z)(X )) XKUXM\(XKUXM) pA\XKUXal

Xk, Xs1€Pj(A)
5.7

We write X; = Xx U X5\ (XgUXsp)and U = Xx U Xs; U X = Xk U Xy, to obtain

E 0T o KP)(A) = > Ey (51500 K P (X)) I TN (5.8)
Xk, Xs51,X1€P;(A)

where the sum is over disjoint Xg, X557, X7 with Xg U X571 = Xx U X571 U X7 = U (see
Fig. 2). With K® defined as in (5.5) this becomes the conclusion (5.4).

To see that K@ is in K j+1, the field locality is straightforward. Component factorisation
is an immediate consequence of the factorisation properties for K® and the finite-range
property (1.12) of E;, and the symmetry properties required by Definition 1.7 follow for
K® from Lemma F.3.

Finally, we show that K3 vanishes at weighted infinity, as required by the definition of
the space F ), For this, we rewrite (5.5) as

KOwy= > EMEOCKPX) - > IUELKPX). (59
XeP;(U) XeP;(U)

By Proposition 3.3, each of Ié{, IU\ , [X vanishes as l¢lle — oo. So does K@ (X), by
Lemma 4.3. By Proposition B.7, the property of vanishing at weighted infinity is preserved

by the operator E, 0, and the proof is complete. O

For connected sets U € Cj 1, we define

hU)y= D IYEj8r%, (5.10)
XeP;(U)

kU)= > IXEin0K® 00, (5.11)
XEE./'(U)
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where f,-(U) is defined in Definition 1.4 and
Ci(U)y={XeC;|X=U} (5.12)

Then we rewrite the formula (5.5) for K@ as
K@ = Iph + Ik + R. (5.13)
Here I~pth is the perturbative contribution resulting from the terms in (5.5) in which no explicit
K@ appears, iptk is the contribution to (5.5) that contains exactly one factor K ® supported
on a connected set, and R consists of the remaining terms in K () which are not included in

fpth + I~ptk. In Sect. 5.2 below (see (5.31) and Lemmas 5.6-5.7), we prove that there exist
k*and u > O such that forall U € P;q,

it (AU |1 < E2F+1@0), (5.14)
I WK) 41 < k*r@ e Him@.0) (5.15)
IR 41 <p, € Fetfin @0, (5.16)

Crucially, k* can be made as small as desired by taking L sufficiently large. In fact, as we
shall see, * is an L-independent multiple of L™!.

The following lemma provides a summary of Map 3. Parts (i—ii) identify what this map
achieves—it performs the expectation with the resulting K@ properly bounded at scale
j + 1. There are two important improvements in the lemma: the radius of the ball for K ®
has decreased by the factor k3 compared to the ball for K®, and the value of a® has
increased as in (3.14).

Lemma 5.2 Let k3 = 2k *. For L sufficiently large and € sufficiently small depending on L,
there exists KO such that, for (V, K) obeying (3.15),

(i) By (I o KP)(A) = (I o KD)(2),
(ii) K® € Bre(r¥eé),
(iii) K@ = Ih (with Vi (V) = Vi (V) if K = 0.

Proof (i) This follows immediately from Proposition 5.1.

(i) A decomposition of K O) into three terms is given in (5.13). According to (5.14)—(5.16),
once we set k3 = 2k ™ and choose € to be sufficiently small depending on L, we find that
K® obeys the estimate implied by the statement that K& e B F36) (k3rPé). The fact
that K® has the properties required of membership in the space ) was established
already in Proposition 5.1.

(iii) This follows from (5.13) and the fact that K® = 0if K = 0 by Lemma 4.3(iii), together
with the fact that V = V when K = 0 by (1.71).

The restriction and isometry properties of Definition 2.3 can be verified from the definition
of K® as in Maps 1,2. For the mass continuity and (V, K )-analyticity, we argue as follows.

Mass continuity of Map 3 The mass continuity is needed in the setting of Theorem 1.13. At
this stage of the proof, we consider continuity of m? — K ® (U) for each polymer U € P 41
as amap into N(UD) with either norm | - || j or || - || j4+1. (Further discussion occurs in Sect. 7.)
The dependence of K G)(U) on the mass m in (5.9) arises from the mass dependence of the
covariance C; in the decomposition of (—A + m?)~!, and occurs in in two ways.

One occurrence is via the dependence of Vjy, and hence of / 3 = fpt, on Cj and thus on
the mass. The continuity of the coefficients of V, in small non-negative m? is established in
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[6, Proposition 4.4]. With the analyticity of / in V}y given by Proposition 3.1, the continuity
of I}fi (as an element ofN(XD), [l - Il j+1) in m follows.

The second occurrence is in the covariance C;; of the expectation in the definition
of K@ in (5.5). According to Proposition B.2, given F(X) € N (X I:'), the linear map
m? E; 110 F(X) from the interval I; | of (1.52) to N(XD), Il - Ilj+1 is a continuous
function. Therefore K (U) is a continuous function of m? € I JHl- O

Analyticity of Map 3 By Proposition 3.1, for b € B, the map (V, K) [(b)isan analytic
map into (b)), |- || j,and the map (V, K) +> Iy (b) is an analytic map into N’ (55, |||l j4+1.
In Sect. 4.3, it is shown that the map (V, K) +— K@ (X) is also analytic into N(XD), I -
;. By Proposition 5.3 below, the map E, 6 is a bounded linear map from N(xD), -1
to J\/’(XD), Il - I j+1. Therefore, the formula (5.9) expresses K®(U) as a finite sum of
bounded multilinear maps evaluated on factors which are themselves analytic in (V, K). By
Lemmas 3.4-3.5, (V, K) — K® is an analytic map into FO, O

5.2 Map 3: Estimates

Throughout this section, we work exclusively with the norm pairs (1.35)—(1.36). Norms with
subscripts are used to denote these pairs of norms: when the scale-j norm is the G ; norm
then the scale-(j + 1) norm is the Ty, j+1 norm, and when the scale-j norm is the GJ- norm
then the scale-(j + 1) norm is the G j+1 norm. All the estimates given in terms of norms
[l - ll; and || - || j+1 apply for each of these two choices of norm pairs. Our goal is to prove
(5.14)—(5.16). We begin with the bound on iplh. For this, we recall the following integration
property, which is [17, Proposition 2.7].

Proposition 5.3 Let € be sufficiently small (depending on L). There is an ag, > 0 (indepen-

dent of L) such that for disjoint X, Y € P; and for F(Y) € N YD) which is gauge invariant
and such that w,, F(Y) = 0 when j < jap,

IX1;
E

IEj 18150 F (V|1 < " VEX I FY)];, (5.17)

where the pair of norms is given by either choice of (1.35) or (1.36), and where | X|; denotes
the number of scale-j blocks in X.

The following proposition is overkill for our needs in Map 3, but we will use its full power
in Map 4 and it is convenient to state it here in this form. The leading part of /, denoted /jeqg,
was defined in [17, (2.19)] by

—3Ex,j+10(V(B); V(A\B)) U=B8B
head (U, B) = %En’Hl@(V(B);V(U\B)) UDB,|U|jt1 =2 (5.18)
0 otherwise.

The subscript 7 above corresponds to a bookkeeping device (see [17, (2.18)]) that does not
play an explicit role in what follows. It is shown in [17, (2.22)] that, given B € B,

> hew(U.B) =0, (5.19)
U:(U,B)eD(hicad)
and this property is essential in Map 4 where it is used in conjunction with (4.2). We define

head(U) = >~ hiead(U, B). (5.20)
BeBU)
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We now extend the definition of f;(a, X) in (1.39) as follows. Given z > 0, fora € (0, 279
and X € P; we define

2+ fi@,X) X#9

i(z,a,X)= 5.21
fi(z,a,X) lo Yo (5.21)

Proposition 5.4 There exists a constant Clead = Clead (L) such that
I Tt (U hicad (U, Bl j11 < Clead€,  Ziead = 2. (5.22)

Also, forU € Cjyy,
~ _f. 3)

[ T (U [A(U) — hiead (U]l j41 < ep&litt@a™ 7y =3, (5.23)

The constants Clead, Cpe may depend on L, and the norms are either of (1.35) or (1.36).

Proof The inequality (5.22) is proved in [17, Proposition 2.5]. For (5.23), given U € Cj 41,
we define

hrea(U) = > LXE 1%, (5.24)
XeP;(U):|X|;=2
hyem(U) = > IXE 1%, (5.25)

XeP;(U):|X];=3
so that
h(U) = hred(U) + hrem (U). (5.26)

The bound (5.23) with & replaced by heq Was proved in [17, Proposition 2.6], and hence it
suffices to prove that, for U € Cj41,

gt hrem(U)j41 < cpéli1Gnat), (5.27)
But by definition, the fact that | X| j+1 < 1X];, and Proposition 5.3,
W hem @l <= D> oy el < (€@ Vv, (528)
XeP;(U):|X|;=>3
If|U]j41 < 24 then the right-hand side is less than C z dé3, and (5.27) holds in this case. On
the other hand, if |U| ;41 > 29 + 1, then, since 3 < 27,
Ulj41 23+ (Uljr1 =29 =3 +a(Ulj+1 —2) + (1 =) (U] j41 — 2, (5.29)

where we take a = a® (though in fact any larger @ < 1 would also work here). Thus we
can choose ¢ > 0 depending on a such that

1Ulj+1 234 (Uljp1 — 2% =3+ a(Ulj41 =29 +1|U]j41. (5.30)

[Ulj+1

11Ulj+1 can be used to control C L4 and the desired result follows. O

The resulting factor €

. . _r. G o _r 3) _
Since U is a small set, €/i+1(@n.a ".U) — &% is much smaller than efﬁ'(“ﬁd’”( U) = Ellead
Therefore, it is an immediate consequence of Proposition 5.4, via the triangle inequality, that

I RU) 1 < @it Grsaa® 0, (5.31)
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This proves (5.14). The constants cp; in (5.31) and (5.23) may be larger than the constant
with the same name in [17, Proposition 2.6], but this is of no importance. The inequality
(5.23) shows that hjeaq (U) is in fact the leading part of A (U).

Next we estimate the term fptk and prove (5.15). For this we will apply the following
crucial estimate, which is [17, Proposition 2.8]. Given X C A, we define

y=yX) =L """+ L xn0p) 40 (5.32)

Proposition 5.5 Let X € Sjand U = X. Let F(X) € N(XE’) be such that w1, F(X) = 0
when X (o) = @, and suchwthat nab~F(X) = 0 unless j > jqp (recall (1.28)). Let kp =
| F(X)|l; and let kpocr = ||1IXLocx I =X F(X)||;. Then

ITYELOF (X)) j+1 < ¥ COKF + KLocF (5.33)
where the pair of norms is given by either choice of (1.35) or (1.36).

The following result is at the heart of our method. It establishes the contractivity of the
linear part of the map K@ > K@ via two different and essential principles: for small sets
X we have arranged in Lemma 4.3(iii) that K ® has a small relevant/marginal local part and
we can apply Proposition 5.5, while for large sets we apply the geometric fact in Lemma C.3
to exploit the decay of K (X) in the size of X.

Lemma 5.6 For L sufficiently large, € sufficiently small depending on L, and U € Cj,

| @KW1 < *r@etHin@0), (5.34)
where k* is an L-independent multiple of L™".

Proof By Lemma 4.3,
IK@ X)), <r®e. (5.35)

In the definition of k(U) in (5.11), we first consider those terms in the sum over X where
X € §; and we prove that the contribution from these terms is bounded by the right-hand
side of (5.34). By Lemma 4.3 and (3.28) (reducing u slightly to absorb the L-dependence in
(3.28)),

ILocx Iy XK@ (X) 17, < rPe e, (5.36)
so it follows from the first inequality of (3.25) that
Iy Locx I ¥ KD ()| ; < rPe' . (5.37)

We have already shown in Proposition 1.14 that 774, Vy = O unless j > jq;. That proof used
the observation that no small set can contain both points a, b when j < j,5. By taking L
larger if necessary, it is similarly the case that the small set neighbourhood X of a small set
X cannot contain a, b when j < j,p. By the assumption in Definition 1.7 that 7, K (X) = 0
unless a,b € X D, and by the definition of K @ we conclude that Tap K @ (X) = 0 when
Jj < Jjab- It then follows from Proposition 5.5 that

I ~U\X

L TELOK P (X)) 41 < y(X)rPe 4 rPette, (5.38)

We drop the second term because it is small compared with the first term. After summation
over the O(L?) small sets whose closure is U, and by taking ¢ small depending on L, the
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resulting right-hand side is bounded above by a multiple of L~!'7®¢&, which is the correct
size for (5.34). This completes the analysis for X € S;.

We now consider those terms in the sum over X in (5.11) due to X ¢ S;, and prove that
the contribution from these terms is bounded by the right-hand side of (5.34). In this sum
over X there are fewer than 2/Uli terms. Therefore, by Proposition 3.1, (5.17), (5.35), and
Lemma C.3, there is a constant C = C(d, L) such that

[ i _14£(@®
> EVYEMOKOX) ) < PV sup @O0
XeCj(U):X¢S; XeCj(U):X¢S;
< ;@ lUlig14+a®n|U)j41-27
< r@ U1 2@ n=a®)|U) 11 g1+ 1@ .0)
(5.39)

where a, (U) is defined by (5.12). By taking € small, this contribution is negligible compared
to the contribution due to X € §;. ]

Finally, we show that the remainder term R of (5.13) is negligible compared with the term
that contains k.

Lemma 5.7 For € small depending on L, and for all U € Cj 1,
IRy < @F1HFa@ 0, (5.40)
Proof By (5.13)
R(WU) =KD W) — I§[h(U) + kU)]. (5.41)

To obtain a convenient expression for (5.41), we introduce X = (X K, Xs1, X ipl)’ and say
that X € XWU)if Xk, X571, Xipl are disjoint sets in P; whose unionis U and also Xx UX5; €
P;(U). We set

nx = number of components of X g, (5.42)
nsr =1 Xs1lj, (5.43)
n=ng,nsr). (5.44)
Then
RO = X TpensBe (315 KD (X)) (13", (5.45)
XeX(X)

where N is the complement of Ny = {(0, Np), (1, 0)}.
With the value 2 arising in (3.19), we write

o = max{ag, 2}. (5.46)
By the product property [17, (1.44)] of the norm, (5.46), (5.17), and Lemma 4.3,

. L . X5 i
IRWDNja1 = > Tuenead KXot elXorliy g (x| o ¥
XeX(X)

, _ . 1 (g .
<ol S g, ol [Jr@e 6 Xe)
Xex(X) i
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e e S e (5.47)
XeX(X)

where the product over i is a product over the connected components Xg ; of Xg. By
Lemma C.4 this gives

IR j+1 < (CO‘C(L))LdIXl”'ES‘X‘1+1+“+1+fj+1(a(3)’X) Z HneN(‘)" (5.48)
XeX(X)

Since the number of terms in the sum over X € X (U) is at most the number of ways of
. . . . . ) A, ..
assigning each j-block in U to either Xk, X5, or Xipl’ whichis 3IUli = 3LULi+1  this gives

IR j1 < blUlrEut 14/ @.0) (5.49)
with b = € BcaC (L))Ld. This completes the proof since b < 1 for € sufficiently small. 0O

5.3 Map 4: Reapportionment of K

Map 4 removes the second-order perturbative contribution /jeaq from K 3 when K = 0.
Part (iii) is the purpose of this map—the leading part of K ® has been reapportioned and is
now absent in K®. All norms in this section are scale J + 1 norms, either the Tp, ;41 or the

G j 41 norms, with their corresponding 7 norms. We drop the label j + 1 on the norms, to
simplify the notation.

Lemma 5.8 There exist g > 1, K®, and a constant C = C(L) such that, for (V, K)
obeying (3.15),
(i) Ino K& = Iy o K@,
(ii) K@ € Bru (r¥e),
(i) 1K@ )| < (€&)fi1Ga® V) forU e Pif K =0.

Proof (i) Let 4 = 2, so that r® = 2r® By Proposition 5.4 and by taking § sufficiently
small, there is a constant C such that

1ot (U)hieaa (U, B)|| < (C&)* < 1rWe. (5.50)

We apply Proposition 4.1 with J(U, B) = hjead (U, B) and

iy = ~pta Kn=K%, p=& apn=d",

aou = a¥, SZ%r(4), =7 =1, (5.51)

and we set K@ = K. Hypothesis (4.2) is provided by (5.19). Hypothesis (4.3) holds by
Lemma F.3, and by the use of E,; in (5.18) to localise observables properly. The stability
hypothesis (4.4) holds by Proposition 3.1. Hypothesis (4.6) holds by (5.50). Hypothesis
(4.7) is obtained from (5.50) and Lemma 5.2(ii) by using the triangle inequality in the
definition (4.5) of M. Thus all hypotheses hold and Proposition 4.1 implies (i).
(ii) The relevant estimate follows from Proposition 4.1 and (4.11). The fact that K® has
the properties required of membership in the space F© can be established similarly to
what was done in Proposition 5.1 for K.
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(iii) We again apply Proposition 4.1 but with different choices for parameters. We continue to
take J(U, B) = hiead (U, B), and use the first inequality of (5.50). With Lemma 5.2(iii),
(4.5) now gives

MU) = Y (h — hiead) (V). (5.52)
By Proposition 5.4,

IM@)I| = [T (U)(h — hieaa) (V)| < (C&)Fi+1G:aP-0), (5.53)

We apply Proposition 4.1 with p = Cé€, ¢ = 1, and with z = 1 replaced by z = 3. We
have the required inequality 7’ = 2 > %z =32 Al hypotheses of Proposition 4.1 then
hold with the new parameter values. The conclusion of Proposition 4.1 then implies
that

1K) < 2(C&)fim1Ga®.0), (5.54)

and by absorbing the factor 2 into C we complete the proof of (iii).
]

The restriction and isometry properties of K ) are verified as in Maps 1 and 2. In particular,
the restriction property is a consequence of the change of variables formula (D.13). For the
mass continuity and the (V, K)-analyticity, the new ingredient compared to what we have
seen in previous Maps is to establish the mass continuity and analyticity of I;L{ J(U, B) =

fé{hlead(U, B), with hieaq (U, B) the degree-6 polynomial in the fields defined by (5.18). The
subscript 7 in (5.18) is not relevant for the continuity or analyticity properties, and it suffices
to verify mass continuity and (V, K)-analyticity for the case where E; is replaced by E_. in
(5.18). As in the proof of analyticity in Map 1, what is needed is to establish mass continuity
and V-analyticity (for there is no K -dependence) of hjeaq (U, B) as a map into N (U D) with
the Tp norm. The analyticity follows from the fact that Ajeaq is a bilinear function of V, by
Lemma 3.5. The mass continuity of K® (U) for each U follows from Proposition B.2 and
the continuity of K G\ (U) for each U.

6 Maps 5-6: Final Adjustments

The interaction output by Map 4 is fpl(b) = e’VP‘(b)(l + W1 (Vpt, b)), which involves
blocks b of scale j. Also, the polynomial Vj; contains monomials Tyy and oo arising in
0, and hence does not lie in Q. The purpose of Maps 5-6 is to perform the bookkeeping
tasks of replacing ipt by a scale j + I interaction of the form (1.13), and replacing V},; by
Vi= Vp(to ) e 0 Asin (1.73), Vp(t0 ) is the polynomial obtained by dropping the oo term,
and by replacing zta + ytyv in Vj by (z + y)Ta as a formal summation by parts would
suggest. Then V and Iy = I;11(V;) have the same form as the initial V and I = I;(V).

To accomplish this we use two steps. First, in Map 5 we eliminate blocks b € 3; in favour
of blocks B € Bj, and we simultaneously adjust W (V};) to W (V). Second, in Map 6 we
replace e~ V0B) by ¢=V+(B) (o obtain I, = Ij1+1(Vy) with corresponding K .

Norms in this section are scale j + 1 norms, either the Tp ;1 or the G j+1 norms, with
their corresponding F norms. We drop the label j 4 1 on the norms, to simplify the notation.
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6.1 Map 5: Adjustment to W

For B € Bj1, we define

i (B) = e "B (14 Wi1(Vy, B)), (6.1)
and then define §7 71 (B) by
In(B) = I} (B) + 871 (B). 6.2)
We write
SI%(B) = e M) (Wiy1 (Viy, B) = W11 (Vy, B)), 6.3)
AIB)=e "B ] A+ Wi (V. b)) = (14 W1 (Vo BY)] (6.4)
beB;j(B)
so that
8TI(B) = AI(B) + 81, (B). (6.5)

It is proved in [17, Lemma B.1] (with j replaced by j + 1) that
IAI(B)| <L €. (6.6)

To estimate (6.3), we first recall from (3.24) that || Q(b) ||z, ; < r©’é for b € B;. Since
the Tyy term in Vi, arises solely from a contribution due to Q, it then follows from [17,
Lemma 3.1] that || ytyv (b)”TO._/' < €. Thus we can apply [17, Lemma B.3] to conclude that

18I, (B)I <L €. (6.7)
Lemma 6.1 There exist us > 1, K, and a constant C = C(L) such that, for (V,K)
obeying (3.15),
(i) (Ipto KW)(A) = (If 0 KO)(A),
(ii) KO € Bres (rVe),
(iii) |IKO )| < (C&)fi+1@a®.U) for U e Pif K = 0.
Proof (i) Let
K® =K®ost]. (6.8)
By (6.2) and Lemma 1.3,
KD oly=K®o@ oly) =Kol (6.9)
(i) By (6.5)—(6.7), for € sufficiently small we have
1817 (B)| < C&* < rWe, (6.10)

ie.,8IT € B @ (r We ). The desired estimate is then a consequence of Lemmas 5.8 and
C.1, once we set r® = pusr® with us = 22’ The vanishing at weighted infinity, field
locality, symmetry, and component factorisation properties inherent in the statement that
K® e FO) can be verified using the fact that K ® has these properties. (In particular,
8F1 vanishes at weighted infinity since each of fpt and Ip+t do by Proposition 3.3).
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(iii) This follows from the first inequality of (6.10) and from Lemma 5.8(iii), by Lemma C.1.
O

The restriction and isometry properties of K can be verified as in Maps 1 and 2 using
its definition, as can the mass continuity m? —» KOW) e /\/’(UD), Il - Ilj+1 and the
(V, K)-analyticity, using the corresponding properties of K ®. For the analyticity, slight
modifications to the proof of [17, Proposition 2.3] show that the map (V, K) +—> I;t' is

analytic from D; x B, (r¥€) into NB), |- lj41 (and sois (V, K) + 1)
6.2 Map 6: Adjustment to V

As in (1.73), we define
19 =1 =" (1 4+ Wip1(Va)). 6.11)

Map 6 performs two tasks. First, it removes the monomial yryy from the exponent of I;{
by converting it to yt4 by summation by parts. Second, it extracts §go o from IPJ[ to bring it
out of the circle product; here §g = %((Sq“ + 684¢%) as in (1.78). The boundary term resulting
from the first task, and an adjustment to achieve the second, convert K Ot K +=K ©_ All

objects in this section are at scale j + 1.
In more detail, for Z € P, we define

Vaz =Y Ypu(tyv.: —Taz). (6.12)

zeZ

With the definition of II;: in (6.1), this gives
Li(Z) = "D 1 (2)e "7, (6.13)

where v(Z) = 06%(8q”]laez + 8qb]lbez) (cf. Vy4p in (1.8)). By performing summation by
parts on the right-hand side of (6.12) (see [17, Appendix B] for more details), we find that
there exists Vj z p, which depends only on fields that are in the intersection of B and the
boundary of Z, such that

Vaz= D Vazs. (6.14)
BeB

Here Vy z p = 01if B is not a block in Z which is on the boundary of Z in the sense that it
has a neighbour not in Z (in particular, V3 4 g = 0).
We therefore have

Li(A\X) = A\ H I+ (B) (1 4+ Rx(B)) with Rx(B) =e Vomxs _ 1,
BeBj11(A\X)
(6.15)

By Lemma 1.3,

IJ(A \ X) = ev(A\X)(SI}((f)) o I1)(A\ X) = LVANX) z (81)((6))Y If\(XUY)’
YePj1(A\X)
(6.16)
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where

GrH = T  Rx(BIL(B). (6.17)
BG'PH,l(Y)

Note that 81}56) = 0 by definition. It follows from [17, Lemma B.3] (together with the
verification of its assumption as above (6.7)) that there is a constant ¢ such that

181 (B)l 41 < cé. (6.18)
Lemma 6.2 There exist i > 1 and K© = K such that, for (V, K) obeying (3.15),
(i) Iy o K® =1, 0Ky,

(ii) K+ € Brw (r®é),
(iii)
1K+ ()| < (C&)/im1 @D for U ¢ Pif K = 0. (6.19)
Proof (i) It follows from (6.16), and from the formula for §¢ in (1.78), that

(I 0 KD)(A) =77 3" e OKOX)GIY 0 1,)(A\ X)
XeP(A)

— 8900 Z Z e—v(X)K(S)(X)((SI)((G))Z\XIJ/:\Z
ZeP(A) XeP(Z)

= ™77 (I 0 K1)(A), (6.20)
where, for Z € P, we define
Ke2)= > e "OKOx)erd)A . (6.21)
XeP(Z)

(ii) It follows from the product property of the T norm that le v X < PN (for a
proof, see [15, (5.26)]). By definition, [[v(X)| < |5q|h[2,. Moreover, §¢q is non-zero
only when j is at least the coalescence scale j;5, and in this case Q no longer contains
a A term since the corresponding monomials are no longer in the range of Loc above
coalescence (see [9, Section 3.2]). Therefore, by [9, Proposition 4.1] and [9, (3.35)],
|8q| < A2L~2/ < L=2/. This implies that |[v(X)|| < L~2/h2, and from the definitions
of b, in (1.32), this shows that ||e "X || < 2. With Lemmas 6.1 and C.2, and by (6.18),
this gives

_ 6
1K@l = D, Nk @xpsre) X
XeP(Z):X#D
< 2r® Z gl+f(a(5),X)(cE)\Z\X\
XeP(Z):X£D

< 2r®2¢)?! sup 1+ /@ . 0+ Z\X|
XeP(Z):X#o

< 2O Qo) e @2 = O+ 2) (6.22)
where in the last step we set r® = puer® with ug = 2(2c)2d, and used a©® to cancel

the exponential growth of (2¢)!#! for large sets Z. Specialising to the case where Z is
connected, we obtain the estimate of (ii).
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To see that K obeys the component factorisation property, let Z be the disjoint union of
Z1 and Z;. The sumover X in (6.21) can then be written as the sum over X| € P(Z;) and
X5 € P(Z,), and the component factorisation property of K ) implies that K (X) =

. 6 6 6
KO(XDK® (Xa). It suffices if (3150 y,) 7\ F19¥2) = 5121\ (510)72\X2 and
this indeed holds because

[T ‘o= ] Ra® [] Rxu®B). 623

BeB(Z\(X1UX2)) BeB(Z1\X1) BeB(Z>\X>2)

The fact that K © obeys the field locality, symmetry and component factorisation prop-
erties can be seen from its definition. The fact that K © vanishes at weighted infinity
follows from the fact that K © does, together with the fact that 8/ )((6) vanishes at weighted
infinity by an extension of Proposition 3.3.

(iii) When K = 0, by Lemma 6.1(iii) we can replace r® in the proof of part (ii) by Ce%,
and this immediately gives the result.

The restriction and isometry properties are straightforward to verify as in Maps 1 and 2. We
omit the tedious details which justify the mass continuity m? > K © (U) € N(UD), |I-]lj+1,
and the (V, K)-analyticity of K ©.

Remark 6.3 Recall the discussion of the 4-dimensional n-component |@|* model in
Sect. 1.8.4. We now sketch how Lemma 6.2 can be adapted so that the results of the present
paper can be applied in [5] to the |¢|* model. The new ingredient is that Vpt(V — Q) contains
a constant term u, even when V' does not, because Q will contain such a term and also V
will produce one. Let | X|; denote the number of scale-j blocks in X € P;. In particular,
| X|o is the number of points in X. The term u in V occurs in /(X, V) only as an overall
factor e®*1X10_ since a constant term in V cannot contribute to W. In the scale-(j + 1) circle
product considered in Lemma 6.2, we wish to replace the factor ¢®*1X10 multiplying I;{ (X)

by %l400_ For this, we use
(1) 0 KO)(A) = A0 (1F o (e K D) (4). (6.24)
The multiplication of K® on the right-hand side is controlled by the estimate
lle=3uIX0 KO (x| < Pl Xloy g O (x) | = BN RO (X)) (6.25)
By definition,
du = vpt(v - Q)|(p=() = Vpl(v)|(p=0 + (th(v - Q)lgo:() - th(v)|(p=0)~ (626)
As in the proof of Theorem 1.10, we find that

[Vor(V = Q)lp=0 — Viu(V)lg=o| < OL™* ). (6.27)
Since Vpi(V)|p=0 = O(L_djxg) by [6, Lemma A.1], this gives
6ul = O(L™ Y x;8,). (6.28)
Therefore,
||e*5M|X|0K(5) X)) < eOUGENIXj+1 ||K(5)(X)||. (6.29)

The small amount of exponential growth on the right-hand side is handled by the increase
from a® to a© which already performs a similar task in the proof of Lemma 6.2. Other
aspects of the proof of our main results are unchanged, and we apply this extension in [5].
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7 Completion of proof of Theorem 2.2

We now assemble the conclusions obtained in the analysis of Maps 1-6, to complete the
proof of Theorem 2.2.

Proof of Theorem 2.2(i) Since K is the composition of the six maps, the domain of K
is the domain of the first map K (| which, as specified in the hypothesis of Lemma 4.2, is
D x By (ré) as desired. The range of K .. is the range of the sixth map K ©©. By Lemma 6.2(ii),
K© ¢ B]:j+l(a<e>)(r(6)é). From Sect. 3.2, we find that 7© = xr,s0 K© ¢ Ble (a(s))(/cré).
By (1.30) and (1.43), € /€1 is bounded by a constant, so we canreplace € by € by absorbing
this constant into the constant y* in k = O(L™"). By (3.14), a® > a© =g, sothe output
space .7-'j+1(a(6)) has a; = a'® > a as claimed. Furthermore, by [17, Remark 1.3], all
estimates involving our norm pairs in [17] remain valid for some choice of 4 > h. For
this reason, h4 can be replaced by b4 as required.

The bound (2.10) is obtained in Lemma 6.2(iii), again with a larger constant to allow the
replacement of € by €, as explained above. The fact that the circle product is preserved in
the sense of (1.49) is a consequence of part (i) of Lemmas 4.3, 5.2, 5.8, 6.1 and 6.2. The
desired (V, K) analyticity is a consequence of the analyticity established for each Map. 0O

and therefore hold for K . 0

Proof of Theorem 2.2(iv) For mass continuity, the mass m> which is being varied appears
in the analysis via the mass dependence of the covariance C, which is a member of the
decomposition of the covariance (—A + m?)~!. The mass continuity established for the
six Maps provides a statement of continuity of K as a map from m? € I, into the space
NUD), | - l| j41, for each polymer U € P,.

We wish to transfer this into a statement of continuity of Ky as a map from m?> € L (m?)
into F,. The value of /i? fixes the space F and fixes ¥ which determines the radius of
balls in this space, so that neither the space nor the ball varies with m?. By [9, (4.22)],
Xj = Q-U—jo)+ =< Q=U—im+ where Jm = llog;» m~2]. The values of m? and 2
are comparable by definition of I, hence so are j,, and j;, and hence so are x (m?) and
% = x (m?). Consequently, € of (1.43) differs by a constant factor when computed using x
or ¥. The estimates of Propositions 5.3-5.4 produce é constructed from m?, since these are
estimates based on the covariance C.. On the other hand, estimates implied by membership
in the space F, are in terms of € constructed from 72, by definition. The fact that the
two versions of € are comparable means that it does not matter if different versions appear at
different steps of the analysis. As there are only finitely many polymers U in A, the continuity
of K as amap into N'(U), || - || j+1 therefore implies continuity into 7, as required. O

Proof of Theorem 2.2(v) We consider the case x = a, asthe casex = bissimilar. If 7,V =0
and 7, K(X) = O for all X € P, then neither / nor K has a component in 7, N, and the
observable field o is not present in either of / or K. It is possible that & or o ¢ are present in
K . However, in our construction of K via Maps 1-6, the operations involving the observable
fields consist of multiplication of polynomials in the quotient space discussed around (1.2).
Therefore no o term, i.e. no term in 7, A/, can be created in K if it is not present initially. O
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Appendix A: Proof of Proposition 1.8

In this section we prove Proposition 1.8, which states that several normed spaces are complete.

We fix the scale j and suppress it in the notation. Thus C(V) is the set of connected
polymers at scale j. For X € C(V), let W(X, ¢) be a continuous positive function of ¢ in the
normed space P (X EI). This means that W (X, ¢) is a function of ¢ in the space of fields in
¢ : V — C but only depends on the restriction of ¢ to X U Let S(V) be the space of maps
F:C(V) — N (V) such that F(X) is in N (X D) for X in C(V). The following proposition
provides the first step in the proof of Proposition 1.8.

Proposition A.1 ForV = A orV = Z¢ the space S(V) is complete in the norm

IFllw = sup  |IFlz, W (X, ¢). (A.1)
XeC(V),ped (V)

Proof We suppress the V argument. For X € C, ¢ € ®, g € , define the linear functional
Ax,pg:S—> C by Fi> (F(X), g)¢W_1(X, ), (A.2)
with the pairing on the right-hand side defined in [15, Definition 3.3]. Then

IFlls = sup |2 x.6.5(F)|. (A.3)
XeC,ped,geB(P)

Therefore a sequence F), in S is Cauchy if and only if 1 x ¢ o (F;) is Cauchy in C, uniformly
in the parameters (X, ¢, g) € C x ® x B(®). Let F, be a Cauchy sequence in S. By
completeness of C the sequence Ay ¢ ¢(Fy) has a limit Fy ¢ , in C. Since F), is uniformly
Cauchy the convergence is uniform in the parameters. Therefore, to prove that S is complete,
it suffices to prove that there exists F' in S such that Ax ¢ ,(F) = Fx, ¢, for all values of the
parameters. Thus we fix X € C, assume that F), is a sequence in A'(X5), and it suffices to
prove that there exists F' € ./\/(XD) such that Ax ¢ ¢ (F) — Ax,g,¢(F).

It suffices to restrict the test function g to a small class of test functions, as follows. Let
z be a sequence in A* and let x and y be the boson and fermion subsequences of z. Let the
length p(x) of the sequence x be at most pa + 2, where the 2 allows for observables. We
define a test function §, € ® by setting §,(z') = 1 when 7’ = z and §,(z") = 0 otherwise, for
7z’ € A*. By the definition of ®(X D) all elements of (X D) are finite linear combinations
of these special test functions. Thus it suffices to prove that Ax ¢ s. (Fy) — Ax,¢.5. (F) since
this gives the corresponding results for all g in & (X Uy and therefore also for all gin ®.

Since 8, can be normalised to be in B(®), Ax ¢ s. (F}) is Cauchy in C, uniformly in¢ € ®.
By the definition of the pairing,

p(x) P

p(x)!<Fn7 83)¢:Fn,x,y: HW
i=1 Xi

Fuy () (A4)

is a partial derivative of F}, , with respect to ¢. By the definition of S this partial derivative is
continuous in ¢ and the pairing is well defined on the equivalence classes ¢ € ®(XY)and g €
d(X I:’). By hypothesis, W (X, ¢) is bounded below uniformly on compact subsets of ® (X I:’).
Therefore the uniform convergence of Ax ¢ 5, (Fy,) implies that the partial derivative F,
converges uniformly in ¢ for ¢ in compact subsets of ®(X™). By the continuity of F, . yasa
function of ¢ the limit of F}, , y is continuous in ¢. By integration we find that the derivatives
of the limit are the limits of the derivatives. Therefore there exists F, € N (X E]) such that
F x.y(¢) converges to Fy (¢) for all ¢. Letting F = > iFy (¢)y”? and noting that this

y y!
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sum over y is a finite sum because X is a finite set, we have A x 4 5. (F,) — Ax,¢,s.(F), and
the proof is complete. O

As in Sect. 1.7, we denote by Z(V) the set of elements of A" whose T semi-norm is
zero. Define S(Tp) to be the space of maps F : C(V) — N(V)/Z(V) such that F(X) €
N(X D) /Z(V). Since we have factored out the ideal Z(V), the Ty semi-norm becomes a norm
on this space.

Proposition A.2 ForV = A orV = Z4, the space S(Tp) is complete.

Proof Given F € N, wereplace ¢ and { by t¢ and r and construct a polynomial 7 € A of
degree par by making a Taylor expansion in powers of 7 to order ps and setting t = 1. Then
derivatives of T at ¢ = 0 match derivatives of F up to and including order ps. Therefore
F—T € Z(V), and the map F +— T identifies N'(V)/Z (V) with polynomials of degree ps.
Then, for all X, V' (X)/Z(V) is a finite dimensional space and therefore S(7j) is complete
in Ty norm.

Proposition A.3 For either of the two choices V = 7% orV = A, the spaces F(G), }'(G),
are closed subspaces of S and are complete. Likewise, F(Ty) is a closed subspace of S(Ty)
and is also complete.

Proof The spaces F(G) and ]-'(G) are obtained when W (X, ¢) is chosen as in (1.40).
According to the definitions of the regulators in [17, (1.38), (1.41)], W(X, ¢) is positive
and continuous in ¢. Therefore, by Proposition A.1, with either choice of W, the space S is
complete. Also, according to Proposition A.2, S(Tj) is complete. Therefore it is sufficient
to prove that F(G), }'(G) and F(Ty) are closed subspaces. As discussed in Sect. 1.7.3,
elements of F(G), F(G) and F(Ty) must satisfy the symmetry and field locality conditions
of Definition 1.7. These conditions define closed subspaces.

Therefore, it only remains to prove for the cases F(G), F (G) that the condition of vanish-
ing at weighted infinity defines a closed subspace of S. For this let F1, F3, ... be a sequence
of elements of S that vanish at weighted infinity and are such that the sequence converges
in S to a limit . We must prove F vanishes at weighted infinity. Let ¢ > 0 and let X
be a polymer. By definition, there exists N such that || F(X) — Fy(X)llz, WX, ¢) < ¢
uniformly in ¢. Therefore

IFQONz, W™ (X, ¢) < &+ I Fnllr, W™ (X, §). (A.5)
Since Fy € S, it follows that
limsup [|F(X)l, WX, ) <e, (A.6)
¢l x)—>00
and since this holds for all ¢, F vanishes at weighted infinity, as was to be proved. O

Proof of Proposition 1.8 In view of Proposition A.3, it suffices to consider W(V). A Cauchy
sequence F; in W(V) is Cauchy in each of the F(G) and F (G) norms. Therefore it has
limits Fg and Fg in the 7(G) norm and the F(G) norm. Both norms imply convergence
pointwise in X, ¢ so Fg = F and therefore F), is convergent in W(V). O

Appendix B: Two Properties of the Expectation

In this section, we prove that the expectation is continuous in the mass, and that the expectation
preserves the property of vanishing at infinity. We begin with the continuity statement.
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B.1 Mass Continuity of the Expectation
B.1.1 Statement of Continuity

We consider the continuity properties of the expectation as a function of the covariance, and
of the mass which defines the covariance. There are two fixed scales, j and j + 1, and the
scale advances in norms when the expectation is taken. We omit the scale when it is j and
write + to indicate scale j + 1. The covariance C is always considered to be a test function
with two arguments and, furthermore, is assumed to be in the unit ball By (® ) of the space
@ of test functions. Let X € C be a connected polymer X € C. Recall from (1.35) to (1.36)
that two norm pairs || - [|j, || - | j+1 are defined on ./\/(XD). We write X for either of the
normed spaces defined by the two choices of || - || ; and for each of these choices let X1 be the
normed spaces defined by the accompanying choice of || - || j41. The main continuity result
is the following proposition, whose proof is given in the remainder of Sect. B.1.

Proposition B.1 For F € X, the map C +— EcOF from B (®L) to X, is continuous.

Now we choose the covariance C to be one of the m>-dependent covariances C = C 1
for j < N(V),orC = Cy,y for j+1 = N(A), which arise in the finite-range decomposition
of the covariance (—A+4m?)~! described in [17, Section 1.1.1]. Proposition B.1 then implies

the continuity of the expectation as a function of the mass m?.

Proposition B.2 For F € X, the map m* — EcOF from X to Xy is continuous.

Proof By Proposition B.1, it suffices to show that m> — C is a continuous function from
I to B1(®4). This is a consequence of [9, Proposition 6.1(b)]. (In fact, [9, Proposition 6.1]
does not directly address mass continuity in the ® ;| norm, but it does when augmented
with the estimate [4, (1.15)]). ]

B.1.2 Reduction to Dense Subset

The following lemma is a standard result in functional analysis. We omit the proof, which is
an /3 argument.

Lemma B.3 Let B and B be Banach spaces. Suppose that the sequence of linear operators
T, : B — By is uniformly bounded in operator norm, and suppose that T : B — By isa
bounded linear operator. If T,F — TF for all F in a dense subset of B, then T,F — TF
forall F € B.

The dense subset we use is the subspace X of X whose elements are compactly supported
in ¢, namely, given X € P,

Xp={F € X : 3R such that || F|z, = 0if ¢ 44, > R}. (B.1)
Lemma B.4 The set X is dense in X.

Proof Let x : C — R be a smooth non-negative function of compact support that is bounded
by 1, equals 1 on a neighbourhood of the unit disk and has support inside the disk of radius
2.ForR>1,x € Y,and ¢ € @, let xg x(¢) = x(¢x/R).Let F € X andlete > 0. We will
show that R can be chosen so that || FF — xg F'||x < ¢, and this suffices since xg F' € A).
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By the definition of the T norm (see [15, Definition 3.3]), for R large depending on b,

PN
1
Ixrllz, <> EX(”)(%/R)(KJ/R)” <1+0@®/R) <2 (B.2)
p=0""

Also, since |1 — xr xll; = 0 for [¢x] < R,
11— xrxllzy = Ligy=r 11— XRx 175 < 3Ljg)102R- (B.3)

Let xr(¢) = [ ey xr.x(#). Let > be any total ordering of the pointsin ¥ = X5 We apply
(B.2) and (B.3) and the product property of the 7 semi-norm to obtain

1= xelz, < D 1= xeylz, [] lIxexlz, < Liglog,=r 327 (B4

yey xeY, x>y

By hypothesis, ||F||T¢Q’1(X, ¢) — 0as ||¢|loy) — oo. By the product property, for R
sufficiently large depending on ¢, b, Y, this gives

IF — xgFllx <31Y2"" sup  |Fl7,67 (X, ¢) <e. (B.5)
o:lldllow)=R

This completes the proof. O

B.1.3 Continuity of Expectation in Covariance

Before proving Proposition B.1, we first prove the following lemma concerning a norm
equivalence. We write Y = X5 below, to simplify the notation. The normed space X is
defined above Proposition B.1.

Lemma B.5 Let S € CY and let F, € X forn € N. Then F, is convergent in Ty semi-norm
uniformly in ¢ € S if and only if F,, y and its derivatives up to order p s converge uniformly
in ¢ € S for the finitely many possible sequences y arising from Y. This is the same as F,,
being convergent in the CPN (S) topology for each such y.

Proof The proof is closely related to that of Proposition A.1. Given ¢ € S and g € ®, we
define the linear functional A4 ¢ : X — Cby F  (F, g)y. Then

sup|[Fllz, = sup  |Agq(F)|. (B.6)
¢pes $eS,geB(P)

Therefore the sequence F), in S is convergent in Ty uniformly in¢ € Sifandonlyif 14 ¢ (F)

is convergent in C, uniformly in the parameters (¢, g) € S x B(®P).

Let z € A*. We define a test function §, € ® by setting §,(z') = 1 when 7/ = z and
3.(z") = 0 otherwise, for z/ € A*. All test functions are finite linear combinations of these
special test functions and they comprise a finite basis for the test functions in ® (Y'). Therefore
A, g (Fy) is convergent uniformly in (¢, g) if and only if A4 ¢ (F},) is convergent uniformly in
¢ € S when g is a basis test function. Exactly as in (A.4), (F},, 8y,y) is a partial derivative of
Fy,y with respect to ¢. Therefore, uniform convergence of Ay o (F},) is equivalent to uniform
convergence of partial derivatives, as claimed. O

Proof of Proposition B.1 By Proposition 5.3, the linear map 7¢ : F +— Ec6 F from X to X'y
is a bounded operator. The proof of Proposition 5.3 shows that || 7¢ || is bounded uniformly
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in C € B (®4). Let C,, be a sequence of covariances in By (®) that converges to C, and let
Tc, : F — Ec,0F. By Lemmas B.3 and B .4, it suffices to show that T¢, FF — T¢ F for
all F e Xy, with X the dense subset of X' defined by (B.1). An element F € A has the
form F = Zy % FyvY, and this is a finite sum because there are finitely many fermion fields
with labels in Y. Therefore it suffices to show that, for each finite sequence y, Ec,0 Fyy”
converges to Ec6 FyyY. By [15, (2.39)], EcOF = (EcO Fy)(EcOv”), so it suffices to prove
that Ec, 0 Fy — Ec6F, and Ec,0¢Y — Ec6y”.

Since Fyy” € N(Y) we can regard C as an element of the finite-dimensional vector
space 4 (Y), on which all norms are equivalent. In particular a sequence C,, of covariances
converges in ¥ (Y) if and only if the sequence converges in the sense of convergence of
matrix elements of ¥ x Y matrices. By definition, Ec6” is a polynomial in ¢, forx € Y,
with coefficients that are polynomials in matrix elements of C. The space of such polynomials
is finite-dimensional, so the map C +— Ec0vY is continuous.

It remains to prove that C — Ec6 F) is continuous as a map from a domain of fixed-size
matrices to Xy, for F, a compactly supported p s times continuously differentiable function
of ¢ € CY. However, the map Ec6 represents convolution by a Gaussian, and from this it can
be seen that Ec6 F)y is jointly continuous in ¢ and C. Derivatives commute with convolution
so the same is true for derivatives. Therefore, Ec6 F) is continuous in C, as a map into
CPN(CY). By Lemma B.5, it is therefore also continuous in the topology of convergence in
Ty norm uniformly in ¢. This is a stronger topology than the norm on &4, so the proof is
complete. O

B.2 Expectation and Vanishing at Weighted Infinity

We now prove that the property of vanishing at weighted infinity is preserved by the expec-
tation. Since we only take expectations in finite volume we consider the vector space (A)
with the 7(G) norm defined in (1.41) in terms of the weight

W(X, ¢) = p/@Xg(X, ) (B.7)

of (1.40), with p given by (1.43). There is also the space F,(G+) defined in terms of the
weight

Wi (X, d) = o[ 06, (X, ¢), (B.8)

where we assume that @ < a4. Our norm pairs (1.35) and (1.36) are such that G = G is

paired with G, =Ty j41,and G; = Gj is paired with G = G;H. As a first step, we prove
the following lemma.

Lemma B.6 Let fx = 1(j¢|ou,<k)- Then for X € P and ¢ € CX°,
EL WX, ¢ +8) < Wi(X, ), (B.9)

_ 1
Jim ;:g mﬂh (A= fRENW(X, ¢ +8)]=0. (B.10)

Proof By definition of the regulators, and by the inequality [|¢ + £[|2 < 2(||#]1% + [I£1%),
G(X.p+&) <G (X.9)G*(X.§) < G*(X,$)G* (X, §). (B.11)
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Using [17, Lemma 1.2], we obtain

G(X, ¢ +8&) <G4 (X,p)GH(X, &). (B.12)
By [17, (1.74)],
E+G*(X, &) < 21XV, (B.13)
and hence
ELG(X, ¢ +&) <2¥ig (X, ¢). (B.14)

By (B.7), (B.14), and the fact that pl@XIX1j < pf(a+,X) by definition (for small g),
ELW (X, ¢ +&) < p/ @2Xig, (X, ¢) < Wi (X, ¢). (B.15)

This completes the proof of (B.9).

To prove (B.10), we repeat the steps in the proof of (B.9) but with the factor 1 — fr
included. This factor then appears under the expectation in (B.13), and (B.10) then follows
by dominated convergence. O

A second ingredient we need is that for a function f = f(§) of the fluctuation field &,

IE+ fFCONT, 94) < Bt [IFEONF X750 0] - (B.16)

This follows from a slight adaptation of [17, (7.2)—(7.3)], with the improved version of [15,
Proposition 3.19] provided by [15, (3.68)] to include the function & = fr. These give the
inequality

B+ fFXOlTy0/2) < Bt [IFENIF X NTy00()] - (B.17)

With the monotonicity in b of the Ty norm provided by [17, Lemma 3.2], (B.16) then follows
from h4 < %b. This application of [17, Lemma 3.2] requires that ' € N is gauge invariant
and such that 7, F = 0 when j < j,p, SO we make this assumption throughout the rest of
the section without further mention.

Proposition B.7 Suppose F € K vanishes at W-weighted infinity. Then E40 F vanishes at
W -weighted infinity.

Proof Let Cp = ||F|lw and let X be a polymer. Given R > 0, let fr = Ly« <R} We
write [g = Ey fROF(X) and Ig = E; (1 — fr)0F(X) so that

E O0F(X) = Ig + Ig. (B.18)
By (B.10), we can choose R large such that
Eq 11— fr@| WX, ¢ +£)] < CpleWi (X, ¢). (B.19)
Therefore, by (B.16),

Mrll7s0m0) < E+IT = fREOIF X756 m)
SELT = fREOICFW(X, ¢+ §) < eW, (X, 9), (B.20)

and hence

1
limsup ——— |1zl <e. (B.21)
Ilasse Wi (X, @) KITe®n)
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Let

M(¢) = Sl;p | fr(E)] (PO ) TN (B.22)

WX, ¢+§)
By (B.16) and (B.9),
1R NI7y00) < B+ I fREINNF XN 750006) = M@ELW (9 +§) < M(9) Wi (X, ¢). (B.23)

When ||€||le < R, if ||¢|l¢ — oo then also ||¢p + &||ep — oo. Since F vanishes at weighted
infinity, it follows that M (¢) — 0 as ||¢|l¢ — o0, and hence

lim |[gll7,0)W;' (X, ) =0 (B.24)
ll¢llo—o00
With (B.21) and (B.18), this concludes the proof. O

Appendix C: Polymer Geometry

We now prove some geometric lemmas used in our analysis. They concern f (z, a, X), which
is defined for z > O anda € (0,27 9] and X € P; by (5.21). We begin with the following
elementary but useful observation. We claim that for X € P,0 < a’ < a, C > 1, and for &
sufficiently small,

CXligl@aX) < c¥ef @ X) (C.1)
This follows from
CIXligf@aX) < o202 () (X120 < 202! (g0 (IX1;=204 — 2o f@d' X)  (C2)
when ¢ is small enough that Ce? < P
The following is a subadditivity property of f;. Fix any a € [0, 279z],and let X = U; Xi

be a nonempty union of disjoint sets X1, ... X, € P;. Then

filz.a, X) <> fi(z.a, Xi). (C.3)

To prove this, we observe that for |X|; < 24 the inequality reduces to z < Zi z, and
otherwise the left-hand side equals

i—a2+ > alxil; <> (z — a2 +a|Xi|j) <> ficaX).  (C4
i i i

For F, G € K; it is straightforward to check that F' o G is in K;. We use the following
estimate for the circle product several times.

Lemma C.1 Fix 0 < doyt < ain € (0,279 and let € be sufficiently small depending on
Aout, ain. Let e € (0,1) and § = 2_2d8. If F, G € Bin(8) then F o G € Byy(¢).

Proof By the triangle inequality, the product property of the norm, the hypotheses and the
subadditivity (C.3) of f;, we have, for Z connected and € < 1,
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IFoG)Dj< D IFOIIGEZ\ X <8 D &itnDelins 0 (Cs)
XeP(2) XeP(Z)
< 52121 2 fi(@in. 2) < 522"Ef)(aoul,z) = g&fit@o.2) (C.6)

The last inequality is obtained from (C.1) and requires € to be small. This completes the
proof. O

Lemma C.2 Forz >0, zjead > a > 0, and X, Y disjoint with X # &,
[ a, X)+ 2eadlY1j = f(z,a, X UY). (C.7)
Proof Case |X|; > 24. The left-hand side equals

z+a(IXl; —29) + zeadlY; = 2+ a(IX U Y]; —29), (C.8)

which equals the desired right-hand side.
Case |X|; < 24 |XUY| = 24 Since X is not empty the left-hand side equals

2+ zeadlYlj > z+al¥lj +a(X]; —2%) =z +a(X U Y[; —29), (C.9)

which equals the desired right-hand side.
Remaining case |[X UY|; < 24 Since X is not empty, the left-hand side equals

2t zeal¥]; = z=z+a(IXUY]; -27),, (C.10)

which equals the desired right-hand side. O

The following lemma is statEd (butnot proved) above [24, Lemma 2]. A consequence of the
lemma is that if X € S; then X € S;. The important geometrical constant n = n(d) > 1
used in Lemma 5.6 is introduced in Lemma C.3.

Lemma C.3 There is an n = n(d) > 1 such that for all L > Lo(d) = 2¢ + 1 and for all
large sets X € Cj,

X1} = nlX|j41. (C.11)

In addition, (C.11) holds with n = 1 for all X € P; (not necessarily connected, and possibly
small).

Proof Fix L > Lo(d) = 2¢ + 1 (this restriction enters only in the third paragraph of the
proof). It is clear that for any m > 1 the closure of any set of m j-blocks contains at most m
(j + 1)-blocks, and hence (C.11) always holds with n = 1.

Assume that X is a large connected set. Let A = A(d) denote the maximum possible
number of blocks that touch a connected set of 2¢ + 1 blocks. We will prove (C.11) by
induction on [X |41, with n = 1 +1/(2¢ + 1 +294).

To begin the induction, we claim that if | X| j+ = 24 4 1 then | X| = 24 4+ 2, and hence

1X|; 24 42
! > =14+ 2>
IX|jp1 — 2941 24 +1

(C.12)

To prove the claim, we proceed as follows. The maximum possible value of |Y|j+1 is [ X];,
so we only need to rule out the case | X|; = [X|j41 = 24 4+ 1, which we now assume. Let
D(X) be the integer part of L™/ max, yex |X — y|co; this is a measure of the diameter of X

@ Springer



656 D. C. Brydges, G. Slade

counted in number of j-blocks. Then D(X) < 2¢ + 1 < L. Also, every j-block in X lies
in a different (j 4 1)-block in X. However, any set of 24 41 ( J + 1)-blocks contains a pair
of blocks B, B that do not touch. Therefore D(b; U by) > L for every pair of j-blocks
b1 € By and by € By, so that by U by C X is not possible. This contradiction proves the
claim.

To advance the induction, suppose that (C.11) holds when 24 41 < |X] j+1 < n, and
suppose now that | X| j+1 =n+ 1. We remove from X a connected subset of 2¢ 4 1 blocks.
The complement of this connected subset consists of no more than A connected components
(since if there were more then one of these components is not adjacent to the removed subset
nor to any of the at most A components adjacent to the removed subset, and hence X would
be disconnected). We list these components as X1{,..., XA, and choose k € {0,1,..., A}
such that |X;|j41 > 2% + 1 fori < k and |X;|j41 < 29 for i > k (some of the latter
components may be empty). Let M = >*_ |X;[;41 and m = > it 1Xilj41. By the
induction hypothesis applied to X; for i <k, and by (C.11) with n = 1 fori > k,

Xl _2+2+nM+m L 1l =DM

X1 294+ 14+M4+m 2414+ M4m
1 - )M 1 - )M
> 14+ +@ ) — L:’?, (C.13)
29+ 14+ M+ A24 7n11+M

where we used our specific choice for the value of 7 in the penultimate step (note that the last
equality is true no matter what the value of M). This advances the induction and completes
the proof. O

Lemma C.4 Suppose that either X has at least two components, or Xk has at least one
component and X5 # @. Let ng; = |Xs/|; and write X, for the connected components of
Xkg.Letz> 79> 0.Let0 <a < 1andleta € (a, na). There exist positive §, v, depending
ond, 29, a, a, such that

ng; + ij(z,a, Xkg;) = v+ 8| Xsr UXkgljr1 + fi+1(z.a, Xs1 U Xk). (C.14)

1

Proof Suppose first that Xs; U Xx € S;41. Then the right-hand side is at most v + 824 4 .
In the two cases listed at the beginning of the statement of the lemma, the left-hand side is at
least 2z, 1 + z. There exist v, § positive so that each of these is greater than v + 627 + z.

So suppose now that Xs; U Xx & Sj41. For non-empty Xg we let > ; denote the sum
over components X g, . We reduce v, 8, if necessary, so thata +6 < na and v — a2d < —a24,
By Lemma C.3, using @ < 1 and (C.3), we have

v+ z—a2? + nalXsr UXkljm

v+z— a2’ +ans; +alXkl;

<z—a2 +ns; +alXkl;

<ns1 + fj(z,a, Xk)

<nsi+ Y fi(z.a. Xg,), (C.15)
i

v+ 8| Xsr U Xkljr1 + fir1(z,a, Xs1 U Xk)

IA

IA

as required.
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Lemma C.5 Let 0 < z < 27'. Recall the definition of Yo(W) below (D.17). There exists
¢ = c(d) such that for ay, € (0, ¢), aout € [0, ain], and for (X, {(Up, B)}, Uy) € Yo(W),

Z/|X|j + ij(za ain, Up,i) = (Gin — aout)|W|j + fj(Z, dout, W). (C.16)

1

Proof Let Uy i, i = 1,...,npy, be the components of Uy. Let S denote the number of
small sets U that can contain a given block B. Then |X D| i =< 248X | j» and hence, since
W= x5 U Uy,

(W1, 52d5|X|j+Z|UM,1|j~ (C.17)
i
Letting u = aj, — aour We rewrite this as
Ul Wj + aou W1 + 2 — aou2? < ain2?SIX|j + D ainlUnilj + 2 — aou2?.  (C.18)
i

The definition of )y excludes the case X = & so we assume X # & and we can also assume
W & S,because W = XJU Uy, and X&' ¢ S. Then £;(z, aout, W) = 2 — aou2? +aou| W1;.
Therefore the left-hand side isu|W|; + fj (2, aou, W).Letv = z—ain29 so that v+ajy | Ul; <
fi(z, ain, U). Then we can rewrite the inequality as

ulWij + £z aoue, W) < ain2?S|X|; + Zaian,,-L,- + v 4 u2f

L

=ain2!SIX1; + D (v+an|Un.ilj) + (1 = na)v + u2

l

< ain2!SIX|; + Z £z ain, Upti) + (1 — nap)v + u29.
i

(C.19)

We choose aj, > 0 sufficiently small that v = z — ain2¢ > 0. Decreasing aj, if necessary
we have ain29S +u2? < 7. If ny > 1 then we use ain2?S|X|; +u2? < z'|X|; to obtain
the desired result.

Now we consider the case ny; = 0, which is the same as Uy; = @. Decreasing aj, if
necessary, and using z < 2z’, we have ain2d S+ %z +u24 < 7. The definition of Vo requires
|X]; >2when Uy = @ so

Ad ) d _ . ~d , d
ain2°S|1X1; + (I —np)v +u2® = a;jn2°S1X|; + v+ u2
< ain2S|X|; 4+ z +u2?
< (@n2’S + Sz +u2?)|X];
<7Z|X|;. (C.20)

This completes the proof. O

Appendix D: Change of Variables
In this section, we prove Proposition 4.1, which for convenience we restate here as Proposi-

tion D.1. For further discussion of this proposition, see [13, Section 5]. This section applies
for any norm || - || on N which obeys the product property [17, (1.44)]. We make use of

@ Springer



658 D. C. Brydges, G. Slade

(4.1)—_(4.5), and in particular recall that M is defined in (4.5), for Kj, € K and U € C and
with J(U, B) = IV J(U, B), by

MU) = Ku(U)~ > JU. B). (D.1)
BeB(U)
Proposition D.1 Let ai, be small as specified in Lemma C.5. Let agy < ain and 7 > %z.
Let p be sufficiently small depending on the difference agy — ain. Let € € (0, 1). Let J, Iin
be as in (4.1)—(4.4). Suppose that K, € K and J satisfy

sup IV J(U, B)|| < &p (D.2)
D)
M e Br_ (ep°). (D.3)

Then there exists Koy € K such that

(Iin © Kou)(A) = (in © Kin)(A), (D4)
Kout is polynomial in I, J, Kin, D.5)
Kow = M + Ewith E € Br,, (ep™(@in=dow)/2) (D.6)

If Kin =0and J =0, then Koy = 0.

Proof For U € C and B € B, with J (U, B) = IV J(U, B), let

J(U) = z J(U, B). (D.7)
BeBU)
ForU; € P, let
JUy = H JU). (D.8)
UeComp(Uy)

By the definition of M and the component factorisation property of Kjy,

A\Uin
Z Iin\ Kin(Uin)
UineP

=> 1% I (Ww+mw)

UineP U eComp(Uin)

SRS U\ UM U, (D.9)

UineP Uy CComp(Uin)

(Zin o Kin)(A)

where Uy, is the union of components in Up.
Given X € P, let By, ..., B, be alist of the blocks in 5(X), and let

UX) =({(Up,, B1), ..., (Us,, Bp)}:
Up, € P, Up, D B;, Up, does not touch Uijori #*j}. (D.10)

(In particular, ¢/ (X) is empty if any two blocks of X touch each other.) Given an element of
U(X), we write Uy = Upep(x)Up, and write P'(A \ U;) for the set of polymers that do not
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I
]

Fig. 3 This figure illustrates an element of ))(W). The white squares are the blocks of X, and are centred in
two larger squares whose union is X U Bach white square B is contained in a small set Upg, which is itself

contained in BU. The components of Uy, are the two shaded components without white squares, and W is
the total area

touch Uj. By interchanging the sums over blocks B in (D.7) and polymers Upg, we obtain

(Ino Ki)(A) = > > [ 7ws. B
XeP(A) {(Up.B)leU(X) \ BeB(X)
x> MU, (D.11)
UpyeP (A\Uy)

Recall the definition of the small set neighbourhood of X in Definition 1.6. For W = X U
Uy, we write

A\(UpVUy) AW W\(UpUUy)
A AL A s (D.12)

With this notation the claim (D.4) holds with K, given by

Kou(W) = > [T 7ws. B} MW 107 (w e P).
X AWUp,B)}L,Um)eY(W) \ BEB(X)

(D.13)

Here Y (W) denotes the set of triples (X, {(Up, B)}, Uy), with X € P(W), {(Up, B)} €
UX), Uy € P(A\Uy), and xBuUuy =w (see Fig. 3). Note that the small set neigh-
bourhood XU contains all possible unions U of small sets in the summation over the Up.

Note that the above formula implies that if / = 0 then Koy = Kj,. In particular, as
claimed, Koyt = 0 when Kj, = 0 and J = 0. Also, it shows that K is polynomial in
Iin, J, Kin as claimed in (D.5). As an explicit example, for the case where W is a single
block B, (D.13) gives

Kou(B)=M(B)+ > J(U,B). (D.14)
U:(U,B)eD(J)

The properties that define Y (W), together with the hypothesis that K, € K and that J
obeys (4.3), can be used to verify the claim that Ko, € K. In particular, Ko, obeys the
factorisation property of Definition 1.7 by construction, and the field locality property holds
because we have constructed Ko, (W) as a polynomial in the local objects J, M, Iy evaluated
on sets contained in W.

For the bound claimed in (D.6), we first show that the contribution to (D.13) due to triples
with | X| = 1 and Uy, = @ vanishes. This feature is a crucial ingredient. In this case, X is a
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single block B, Koy (W) = O unless W = XY = BY and thus B is uniquely determined by
W, and by (4.2), the contribution to (D.13) is

BY
> JW.BIE =o. (D.15)
UeS:UDB

Let W € C. Asin (5.21), we write

i+ fia,X) X#£0

D.16
0 X =0, ¢ )

fiz,a, X) =‘

forz>0,a € (0,279 and X € P;. We apply the triangle inequality, product property [17,
(1.44)], and the hypotheses to (D.13), to obtain

! 2,05 i WA\(U,UU,
IKouW) =MW = D e pf W] (o Gomtimo) a0,
(X.0.Up)eVo(W) i

(D.17)

where )o(W) imposes the constraints on (X, {(Up, B)}, Up) required in (D.13) with the
additional constraint that the terms with X = &, Uy = W, and with |X| = 1, Uy =
@ are omitted (the first omission is because M is subtracted in (D.17) and the second is
due to the cancellation in (D.15)). Since oy > 1, and since W \ (U; U Uy) C X" and

|XP| < 295|X], the power of a; above can be replaced by const!"!. By Lemma C.5, for
(X, {(Ug, B)}, Uy) € Yo(W), and with 2u = aj;, — agy, we have

21X+ Zf(z, ain, Un i) = 2ulW| + f(z, aou, W). (D.18)

1

Therefore,
I Kou(W) — M(W)|| < gp!WIHT @ tou W eongt Wl yo (w)), (D.19)

where [Vo(W)| denotes the cardinality of Jo(W). Let S denote the number of small sets
that can contain a given block B. For fixed X, there are at most S'X| possible choices of
the small sets Up specified in the definition of Vy(W). We use this, and also relax the
summation to disjoint X and Uy in W. Since there are at most 3!W! ways to partition W
into X, Uy, W \ (X U Uyr), we can absorb |Yo(W)] into const! V1. Finally, we choose p
sufficiently small depending on u so that const!"! < 1p=#/WI. Then

1Kou(W) = M(W)|| < g& p"IWIH/ o W) < L it/ ot ), (D.20)

which implies (D.6). ]

Appendix E: Approximate Isometry Between Finite and Infinite Volume

The proof of Theorem 2.5 uses Lemmas E.4-E.6, which are given below. Lemmas E.1-E.3
are used in the proof of Lemmas E.4 and E.5. In this section k is any scale, in particular it can
be jor j+1.Let X € Px(Z%). A coordinate map ¢ from X to a torus A exists for all A with
diam(A) > 2diam(X). Given a coordinate map ¢ : X — A and a test function g € ®(tX),
we define a test function g, € ®(X) by (g,); = gz, where (z is defined by letting ¢ act on
the sequence z componentwise.
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For the first lemma, recall the pairing in the definition of the T semi-norm in [15, Defin-
ition 3.3].

LemmaE.1 Let X € Pk(Zd). For a coordinate map 1 : X — A, F € N(X), g € ®(A),
and ¢ € C4,

(tF,8)p = (F. 8¢ (E.1)

Proof Both sides are linear in F. By (1.81), it suffices to consider F = Fyy”. Then (F =
L(Fy)l/fLy. According to (1.82),

Fgo= X (F00) o= X S FaGsns = Figde. B

xe@X)x 7 xeX*

[m}

For real ¢+ > 0 and a nonempty polymer X € Py(Z%), let X, C Z¢ be the smallest
subset that contains X and all points in Z¢ that are within distance rL* of X. The next
lemma expresses a sense in which coordinate maps are approximately isometries as maps
between spaces of test functions. Our norms on test functions (see [15, Example 3.2] and
[15, (3.37)]) depend on a parameter h. For the next lemma, we exhibit this dependence by
writing ¢ (1 X, h), etc.

LemmaE.2 Let X € Pi(Z), let s > 0, and let 1 be a coordinate map from a polymer
containing X into a torus A. There exists by > 0 and ¢ > 0 (independent of X, k, ¢, A),
withl <h/hs <1+ es~Y, such that for g € ®(1X, h),

legdloyx,p) < llgllaorax,p) < llgllowx,p,)s (E.3)

and likewise for the &y semi-norm.

Proof We give the proof for the case A = A, because the general case is merely an elaboration
of notation. We write ® = &;. By the definition of the norm on test functions, we see that it
is sufficient to fix an integer p > 1 and prove the lemma for the case where the test function
g € ®(1X, b) is zero except on sequences of length p. The domain ¢ X is contained in a torus
A. By thinking of A as a hypercube in a lattice of hypercubes paving Z¢, we identify a test
function on A with a function on (Z4)? which is periodic in each component. The ® (¢ X, )
norm of g is the infimum of || g’ (4) over extensions g’ of g to A”; by the identification and
the definition of g, this is the infimum of ||g] o ze 1) Over extensions g, of g, to functions
of (Z%)P that are periodic in each component. The norm ||g,l|o(x,p) is the same but the
extensions are not constrained to be periodic. Therefore

lgllowx,n) = g llox,p) (E4)

which is the lower bound claimed in (E.3).
Letr = % By the definition of ® (X, ), there exists an extension g, € VAR h) of g,
such that

180l oz < A+ Dlglox.n- (E.5)

By [16, Lemma 3.3], there exists a function x = x,, which is equal to 1 on X” and 0 on
74° \ Xfr, and a constant ¢ > 0 (independent of p, X, and L/), such that

18X lo@ap < (1+cor™) 18 lo @) (E.6)
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In combination with (E.5), this gives the existence of h; obeying the desired bound, such that

13 lozp) < lelon.n,)- (E.7)

By hypothesis, the domain of ¢ strictly contains X»,, so we can invert ¢ on tXo,. Therefore
(8.x),~1 is an extension of g|,x to the subset 1 X, of A. Provided L is large enough so that
rL¥ > pg for all k, the derivatives up to order pg in each argument of this extension are
zero near the inner boundary of (X», so we can further extend by zero to all of A. Call this
extension G. Then, by definition of ® (X, b),

lgllowx.p) < I1Gloa,p) = 18X lozd ) < l&llocx.b,) (E.8)
and this proves the upper bound of (E.3). O

The next three lemmas express senses in which coordinate maps are isometries, provided
a small change is made in the parameter b.

Lemma E.3 Ler X € Pr(Z9), let X — Abeacoordinate mapwith X n 4 C X e z,
and let ¢ € CA. The induced map 1 © N(X) — N (X) is defined in (1.82). This map is
linear, and there exists h~ = h—(N) < b, withh~™ — has N = N(A) — oo, such that
1Nz, ) < 16F zpc0) < IF gy 00 for all F € N(X).

Proof The linearity of the map is clear. We write ® = ®;.Let F € N (X)and g € ®(X, h).
By Lemma E.1, the definition of the T (h) norm, and Lemma E.2,

[(F, 8)gl = I(F. g)g | = IFll7y, oy lgellox.t) = I1F N7y, 1€ l00x.1)- (E.9)

Taking the supremum over g with unit norm, we have ||tF |7, < [IF i1, ) which is
one of the desired inequalities. For the reverse estimate, we consider N(A) — oo, assume
diamX < %diamA, lets = lN(A) and write h~ for iy of Lemma E.2. Note that h~ 1 b as
desired. By the second bound in Lemma E.2, for a test function f € ®(X, b),

KF, o) = WF, fi-1)gl < ILF Iyl fimtloex.py = ItFlzymy 1 flox,p-)-  (E.10)

Taking the supremum over f with || f|le(x,5—) = 1, we have I F 7, 5y < IeFll7s0), which
completes the proof. O

LemmaE4 Let X € P 29, F € N(XB), and let . : X — A be a coordinate map with
Xy C X € Pr(Zh). The map F +— (F is a linear map from N(X':’) to N(LXD), and
obeys

leFllg < IFllg (E.11)

for either choice of the regulators G = G or G = G (recall (1.35) and (1.36)).

Proof Thelinearity of F +— (F isclear. By the definition of the norm, followed by Lemma E.3
and then Lemma E.2 (to bound the norm in the regulator),

IeFllg = sup IeFll7,G " (X, ¢) < sup IFll7, 6~ (X, ¢)
peCA ¢peCh

< sup ||Fllz, ¢ (X, ) < |Flg. (E.12)
¢peCA

and the proof is complete. O
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Lemma E.5 Let h~ be as in Lemma E.3, and let )/+ = y(h/h)% For X € Pr(Z),
F e ./\/(XD) y € (0, 1], and for a coordinate map t : X — A with Xy CXe Pr(Zh),

1 Flly-y < ILF lzp0e) (E.13)
||F||GV+(IJ y = ”LF”G}/([]) (E14)

Proof We only prove (E.14), because (E.13) is a specialisation of the same method to ¢ = 0.
Let¢p € CA. By LemmaE.2,

I¢llewx.p) < l1llocx.p-) = B/b ) D llocx.n), (E.15)

and hence, by definition of the regulator, GV(LX, ¢) < Gt (X, ¢,). Therefore, by
Lemma E.3,

~_ =+
1Nz, -y < NeF Ty < IF 500G (X, )GV (X, o). (E.16)
We divide by G7" and take the the supremum over ¢ to complete the proof. O

Let X C Cr(V), and let F : X — A have the properties listed in Definition 1.7 except
that Euclidean covariance is replaced by the restricted version thatif X,Y € X and E is a
Euclidean automorphism such that ¥ = EX then E(F (X)) = F(EX).Let W : Ct (V) —
R4 be a Euclidean invariant function such that || F(X)|x < W(X) for X € C(U). The
following lemma, whose proof does not depend on the other lemmas in this appendix, shows
that F has an extension to an element of IC(V).

Lemma E.6 Any F : X — N as above has an extension to an element Fe K(V) such that
NEX) |k < W(X) for X € C(V). The map F +— F is linear, and if F (X) satisfies (1.37)
for X in X, then the same is true for F (X) for all polymers X.

Proof For X € C¢(V) such that X = EY for some automorphism E of V and some Y € X,
define F (X) = EF(Y). If there exists another Y’ € X and an automorphism E’ such that
X = E'Y’,then A = E~!E’isaEuclidean automorphism such that AY’ = Y. By hypothesis,
E'F(Y') = EAF(Y') = EF(AY') = EF(Y), so this definition of F is not dependent on
choices. If there is no pair Y, E such that X = EY then define F (X) = 0. By construction
F has the properties listed in Definition 1.7, the extension is bounded by W, linear in F, and
preserves the property (1.37). O

Appendix F: Aspects of Symmetry

‘We now prove properties of the polynomial Q of (1.70), and prove in particular that it lies in Q
as claimed below (1.70). In addition, we prove that Gaussian expectation preserves defining
properties of the space K in Definition 1.7; this is used in the proof of Proposition 5.1.

We draw attention to a notational clash in this appendix: Q denotes the polynomial (1.70)
in Lemma F.2, whereas Q denotes the supersymmetry generator (see [9, Section 5.2.1] or
[21, Section 6]) in Lemma F.3.

For the following lemma, we write F|y for the constant part of F € N, which results
from setting ¢ = 0and ¢y =0in F.

Lemma F.1 For F € N and X C A, the constant monomial of Locx F is F |o.
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Proof 1tis the defining property of Locy F in [16, Definition 1.6] that (F, g)o = (Locx F, g)o
for all test functions g in the space I7 of polynomial test functions. One such test function

is gz = 1 (a test function with no arguments). By setting g = g in the pairing, we
obtain F|p = (Locy F)|o. Since (Locy F)|p is the constant monomial of Locy F', the proof
is complete. O

Lemma F.2 The formula Q(B) = ZYES(A):YDB LOCY,BI_YK(Y) of (1.70) defines an
element Q € Q.

Proof The operator Loc preserves Euclidean covariance, gauge invariance, and supersym-
metry, according to [16, Proposition 1.9] and [16, Proposition 1.14]. Since V and K have
these properties, therefore Q also has them. It is then a consequence of [9, Lemma 5.3] that O
lies in Q, once we prove that Q cannot have a constant term. But by Lemma F.1, the constant
monomial in Locy I Y K (Y) equals the constant part of / ~YK(Y), and this is zero by the
assumption that K € KL and V € Q. Therefore, the constant monomial in Locy, g/ YK()
is also zero, and hence so is the constant monomial in Q (B), as desired.

To understand the role of the block B in more detail, we first note that any choice of B
determines 74 Q, because by the Euclidean invariance of 74 K specified in Definition 1.7,
(1.70) assigns the same value to g Q for all choices of B. For the observable terms, because
(1.9) contains indicator functions, (1.70) does not determine the coupling constants in 7, Q
(e = a, b, ab) unless B contains a or b. Taking all choices of B, (1.70) consistently deter-
mines a unique element Q in Q. O

Lemma F.3 Let F € N and suppose that E; (10 F exists.

(i) If F is gauge invariant or Euclidean covariant, then so is Ej 10 F.
(ii) The supersymmetry generator Q commutes with E; 10, i.e., QE; 110 = E;1100. In
particular, if F is supersymmetric then so is Ej 10 F.
(i) If F is supersymmetric, then Ej 1 F = Flo. In particular, if F has zero constant part,
then so does E ;10 F.

Proof Throughout the proof, we write simply E for E;;, and we omit some details. All
forms in the proof have even degree.

(i) Let Aj1 = C;},. By definition,

(EOF)(0. 5. 6. 6. 9. §) = /e‘s"“‘@’g’"’ﬁ’F(a, G.+EFLE N £ T+,
(F.1)

where the action Sy, is Euclidean and gauge invariant. The claim can be seen to follow
from this.

(i) From [9, (5.13)—(5.14)], we know that Q = 2ni)~Y2Q commutes with £ and hence
also with e“. Since the action of Ef on polynomials is the same as the action of e~ by
[15, Lemma 4.2], this implies that E0 Q P = QEO P for polynomials P € N.

A proof for general integrable elements of A/ can be based on the argument of [14,
Lemma A.2], and we provide a sketch. By definition, 6 F is a function of fluctuation and
other fields, and the expectation integrates out the fluctuation fields leaving dependence
on the others. We denote integration with respect to the fluctuation fields by [, with
respect to the other fields by [,, and with respect to all fields by [,,. Then for a form
K> depending on both fields, and a form K, depending on the other fields, since the
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integral of any Q-exact form is zero (see [21, p. 58]), we have f21 O(K2K12) = 0.
Therefore, since Q is an antiderivation and K5 has even degree,

/Kz/QK12=/ KZ(QKIZ):_/ (QKz)Ku:—/(QKz)/Klz.
2 1 21 21 2 1 ”
(F.

Similarly, [, Q(K> [; K12) = 0,and hence [,(QK>) [; K12 = — [, K20 [, K12. Thus

we have shown that
/KZ/QKIQZ/KZQ/KIZ- (F.3)
2 1 2 1

Since K3 is arbitrary, this implies that Q [, K12 = [, QK12.
We set K12 = e 540 F and use Qe_SA =0 (for A = Cj__:l) to conclude that

QEOF = Q/e—SAeF :/Q(e—SAeF) :/e—sA QOF =EQOF. (E4)

In particular, QEO F = EQOF. It suffices finally to show that Q6 F = 6§ Q F. Since Q
is an antiderivation and 6 is a homomorphism, it is enough to verify that Q0 F = 0 QF
for F = f(¢, @), F = Yy, and F = V. These are readily verified using Q =d + 1y
(see [21, (6.4)]).

(iii) Suppose that F is supersymmetric. Let F = F — F|o, which is supersymmetric and
has zero constant part. For m > 0, let F(m)=e™ 2sea™ F . We clalm that EF (m) is
independent of m. Indeed, let vy = ¢, V.. Then 7, = va and since QF =0,

aimJEF(m) = D B F(m) = D E(QWiF(m)). (ES)

xeA xeA

The right-hand side of (F.5) is zero, since the integral of any Q-exact form vanishes
(see [21, p. 58]). It follows that EF = limy— oo Eﬁ(m), and this limit vanishes since
F has zero constant part. Therefore, EF = F|o. In particular, since (E6 F)|o = EF, if
F has zero constant part then so does E6 F. O
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