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Abstract This paper is the third in a series devoted to the development of a rigorous renor-
malisation group method for lattice field theories involving boson fields, fermion fields, or
both. In this paper, we motivate and present a general approach towards second-order pertur-
bative renormalisation, and apply it to a specific supersymmetric field theory which represents
the continuous-time weakly self-avoiding walk on Z¢. Our focus is on the critical dimension
d = 4. The results include the derivation of the perturbative flow of the coupling constants,
with accompanying estimates on the coefficients in the flow. These are essential results for
subsequent application to the 4-dimensional weakly self-avoiding walk, including a proof of
existence of logarithmic corrections to their critical scaling. With minor modifications, our
results also apply to the 4-dimensional #-component |¢|* spin model.
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1 Introduction

Within theoretical physics, in the study of critical phenomena, or quantum field theory, or
many-body theory, the calculation of physically relevant quantities such as critical exponents
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Perturbative Analysis of Weakly Self-avoiding Walk 493

or particle mass is routinely carried out in a perturbative fashion. The perturbative calcula-
tions involve tracking the flow of coupling constants which parametrise a dynamical system
evolving under renormalisation group transformations. In this paper, we present a general
formalism for second-order perturbative renormalisation, and apply it to the continuous-time
weakly self-avoiding walk.

This paper is the third in a series devoted to the development of a rigorous renormalisation
group method. In part I of the series, we presented elements of the theory of Gaussian inte-
gration and defined norms and developed an analysis for performing analysis with Gaussian
integrals involving both boson and fermion fields [11]. In part II, we defined and analysed
a localisation operator whose purpose is to extract relevant and marginal directions in the
dynamical system defined by the renormalisation group [12]. We now apply the formalism of
parts I and II to the perturbative analysis of a specific supersymmetric field theory that arises
as a representation of the continuous-time weakly self-avoiding walk [10]. Our development
of perturbation theory makes contact with the standard technology of Feynman diagrams as
it is developed in textbooks on quantum field theory, but our differences in emphasis prepare
the ground for the control of non-perturbative aspects in parts IV and V [13,14].

The results of this paper are applied in [2,3], in conjunction with [5, 13, 14], to the analysis
of the critical two-point function and susceptibility of the continuous-time weakly self-
avoiding walk. They are also applied in [6] to the analysis of the critical behaviour of the
4-dimensional n-component |¢|* spin model. Our emphasis here is on the critical dimension
d = 4, which is more difficult than dimensions d > 4. In this paper, we derive the second-
order perturbative flow of the coupling constants, and prove accompanying estimates on the
coefficients of the flow. The flow equations themselves are analysed in [2,5]. While the results
of this paper are for the specific supersymmetric field theory representing the continuous-
time self-avoiding walk, the principles are of wider validity, and apply in particular to the
n-component |¢|* model.

The paper is organised as follows. We begin in Sect. 2 by motivating and developing
a general approach to perturbation theory. Precise definitions are made in Sect. 3, and the
main results are stated in Sect. 4. Proofs are deferred to Sects. 5 and 6. In addition, Sect. 6
contains a definition and analysis of the specific finite-range covariance decomposition that
is important in and used throughout [2,3,13,14].

2 Perturbative Renormalisation

In this section, we present an approach to perturbative renormalisation that motivates the
definitions of Sect. 3. The analysis is perturbative, meaning that it is valid as a formal power
series but in this form cannot be controlled uniformly in the volume. We do not directly
apply the contents of this section elsewhere, but they help explain why the definitions and
results that follow in Sects. 3 and 4 are appropriate and useful. Also, the approach discussed
here provides a perspective which guides related developments in part IV [13], and which
together with part V [14] lead to remainder estimates that do apply uniformly in the volume.
In particular, the proof of [13, Proposition 2.6], which goes beyond formal power series,
relies on the principles presented here.

Givenintegers L, N > 1,let A = 74 / LN7 denote the discrete torus of period LN . Recall
the definitions of the boson and fermion fields on A, and of the combined bosonic-fermionic
Gaussian integration E,, with covariance w, from [11, Sect. 2] (for notational simplicity we
write the bold-face covariances of [11] without bold face here). Recall also the definition of
local monomial in [12, (1.7)]. Suppose we have a vector space V of local polynomials in

@ Springer



494 R. Bauerschmidt et al.

the boson and/or fermion fields, whose elements are given by linear combinations of local
monomials. The evaluation of the fields in an element V of V at a point x € A is denoted by
V,, and V (X) denotes the sum

V(X) =D Vi 2.1)

xeX

Supersymmetry plays no role in these considerations, so we do not assume in this section
that the field theory is supersymmetric. For simplicity, we assume here that the elements of
V are translation invariant on A. Observable terms, which break translation invariance, are
handled by adapting what we do here to include the projections 75 and 7, as in (3.20) below.

The main problem we wish to address is the computation of a Gaussian integral E,, e~ 0"
where Vp € V, and where w = wy is a positive-definite covariance matrix indexed by A
which approximates the inverse lattice Laplacian [—~A44]~! in the infinite volume limit
N — oco. We will see that divergences arise due to the slow decay of the covariance, but that
perturbative renormalisation leads to expressions without divergences, provided the coupling
constants are allowed to depend on scale. We consider the problem now at the level of formal
power series in the coupling constants, working accurately to second order and with errors of
order O(VO3 ). The notation O( VO") signifies a series in the coupling constants whose lowest
order terms have degree at least n, and we write & to denote equality as formal power series
up to an error O(V03 ). By expanding the exponentials, it is easy to verify that

_ - 1 ;
Ewe Vo ~e EwV0+2]Ew(V07VO)’ (22)

where the second term in the exponent on the right-hand side is the truncated expectation (or
variance)

Ey(Vo; Vo) = Ey, Vi — (B, Vo)?. (2.3)

In (2.2)~(2.3), the abbreviation Vo = Vo(A) = >, . Vi has left the A dependence implicit.
Equation (2.2) gives the first two terms of the cumulant expansion and (2.3) is also referred
to as an Ursell function.

The formula (2.2) provides a way to perform the integral, but it is not useful because in
the infinite volume limit the covariance we are interested in decays in dimension d = 4 as
|x — y|~2, which is not summable in y, and this leads to divergent coefficients in (2.3). For
example, suppose that there just one field, a real boson field ¢, and that Vy = Vp(A) =
> ea ¢2. Evaluation of (2.3) in this case gives E,,(Vo; Vo) = |A] X o5 w(0, x). The
volume factor |A] is to be expected, but the sum over x is the bubble diagram and diverges
in the infinite volume limit when d = 4. This is a symptom of worse divergences that occur
at higher order.

A solution to this famous difficulty of infinities plaguing the functional integrals of physics
is provided by the renormalisation group method. For the formulation we are using, we decom-
pose the covariance as asum w = wy = Z;V:l C;. Then, as proved in [11, Proposition 2.6],
the expectation can be performed progressively via iterated convolution:

Ewe_VO(A) = IECN ° ]ECN—IQ 00 Eclee_VO(A)’ 24

with the operator 6 as defined in [11, Definition 2.5] and discussed around (3.17) below.
This is an extension of the elementary fact that if X ~ N (0, 012 + 022) then we can evaluate
E(f (X)) progressively as

E(f (X)) = EE(f (X1 + X2) | X2)), (25)
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with independent normal random variables X| ~ N (0, 012) and X, ~ N(O, 022).
An essential step is to understand the effect of a single expectation in the iterated expec-
tation (2.4). For this, we seek a replacement

LV, A) =e VA 4+ WV, A) (2.6)

for e V) with W;(V,A) = erA W;(V, x) chosen to ensure that the form of 1;(V, A)
remains stable under expectation. By stability, we mean that given V/;, there exists V1 such
that

Ec;,,01;(Vi, A) = 1jr1(Vjg1, D) (2.7)

is correct to second order when both sides are expressed as power series in the coupling
constants of V;. In particular the coupling constants of V| are power series in the coupling
constants of V;. The recursive composition of these power series expresses V; as a series
in the coupling constants of Vj but, as explained above, this series has bad properties as
Jj — oo. However, if V; | is instead expressed as a function of V; asin (2.7), then this opens
the door to the possibility to arrange that (2.7) holds uniformly in j and N. This is one of
the great discoveries of theoretical physics—not in the sense of mathematical proof, but as a
highly effective calculational methodology. Its first clear exposition in terms of progressive
integration is due to Wilson [19], following earlier origins in quantum field theory [16].

We make several definitions, whose utility will become apparent below. According to [11,
Proposition 2.6], for a polynomials A in the fields, the Gaussian expectation with covariance
C can be evaluated using the Laplacian operator %AC, viaE§A = e2¢ A. For polynomials
A, B in the fields, the truncated expectation is then given by

Ec(0A; 0B) = e22C(AB) — (¢22C A) (22 B). (2.8)
Given A, B, we define
Fo(A, B) = e3¢ (e735¢ A) (7 72¢ B) — AB, 2.9)
and conclude that
Ec(0A; 0B) = Fc(EcOA, EcOB). (2.10)

Also, for X C A, we define W;(V, X) = > .x W;(V, x) with

W;(V,x) = %(1 — Locy) Fy; (Vx, V(A)), (2.11)

with Loc the operator studied in [12], and we use this to define W;(V, A) in (2.6). Then we
define P(X) = P(V,X) => . x Px by

xeX
1
Py =LockEc; ,6W;(V,x) + ELOCXFCJH (Ec;,0Vx, Ec;,,0V (D). (2.12)
Finally, the local polynomial Vi is defined in terms of V by
Voo = Ec;,,0V — P. (2.13)

In Proposition 4.1 below, we present Vi, in full detail for the weakly self-avoiding walk.
The following is a version of [7, Proposition 7.1], with the observables omitted. Proposi-

tion 2.1 shows that the definitions above lead to a form of the interaction which is stable in

the sense of (2.7). Its proof provides motivation for the definitions of W and V},c made above.
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496 R. Bauerschmidt et al.

Proposition 2.1 As formal power series in V,
Ec, 01V, A) % Lj1 (Vo A), (2.14)
with an error which is O(V3).

Proof The proof includes some motivational remarks that are not strictly necessary for the
proof. Suppose that W; is given; the initial condition is Wy = 0. We initially treat W; as an
unknown sequence of quadratic functionals of V, of order 0(V?), and we will discover that
(2.11) is a good choice to achieve (2.14). We write V = V(A) to simplify the notation. We
use

e V(A +W)yme VW, (2.15)
together with (2.6) and (2.2), to obtain

—Ec. .60 1
Ec,, 01;(V,A) ~ e " [1 +Ec; OW; (V. A) + SEc;,, 0V 9V)]. (2.16)

The second-order term Ec;,, oOW; + %Ecj 410V 0V) contains contributions which are mar-
ginal and relevant for the dynamical system on the space of functionals of the fields, generated
by the maps Ec;,,6.

The idea of the renormalisation group is to track the flow explicitly on a finite-dimensional
subspace of the full space of functionals of the fields. In our case, this subspace is the space
V(A) of local polynomials, and we need to project onto this subspace of marginal and relevant
directions. Call this projection Proj. Below, we will relate Proj to the operator Loc of [12].
For now, the one assumption about Proj we need is that

(1 — Proj) o Ef o Proj = 0. (2.17)

In other words, integration of relevant or marginal terms does not produce irrelevant terms,
or, to put it differently, the space onto which Proj projects is E-invariant. Then we define

. 1
P(A) = Proj (Ecj+19w,(v, M)+ 3Ec; (oV; ev)) . (2.18)
It follows from (2.10) that

Ec(OV(A); 0V(A)) = Fc(EcOV(A),EcOV(A)), (2.19)

and hence (2.18) is consistent with (2.12) when Proj is taken to be Loc. We then define
Voo = Ec;,,0V — P as in (2.13). From (2.16), dropping A from the notation, we now obtain

- : 1
Ec,, 01;(V) ~ e\ (1 + (1 — Proj) (Ecj+19Wj(V) + 5Ec;, 0V 9V))) . (2.20)

In this way, the effect of the marginal and relevant terms in (2.16) has been incorporated into
Vot.-
The demand that the form of the interaction remain stable under expectation now becomes

Ec, 01;(V) ~ e " (1 + Wit1(Vp), (2:21)

with

. 1
Wit1(Vp) =~ (1 — Proj) (IECJ.HQWj(V) + EECHI(GV; OV)) . (2.22)
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Let Vf+1 = IECHIGVJf with initial condition Vj = Vo. Since P and W are quadratic in V/, it
would be sufficient to solve

. 1
Wj+1(V]{+l) ~ (1 — Proj) (ECMQWJ-(VJf) + EIECJJrl (QV}; OV})) , (2.23)
instead of (2.22). Thus we are led to the problem of showing that W as defined in (2.11)
satisfies (2.23).
Starting with j = 0, for which Wy = 0, we set
1
Wi(V]) = 5(1 = Proj) Ec, (6 Vg: 6Vp). (2.24)

For j = 1, this leads to

1
Wa(Vy) ~ 5 (1 = Proj) (Ec,6(1 — Proj) Ec, (0Vy: 0Vy) + Ec, (OV]; 0V)))

1
~ 5(1 — Proj) (IECZOIEC1 OV§: 0Vy) +Ec, (0V]; GV{)) , (2.25)
where in the second line we used (2.17). But by definition,
Ec,0Ec, (0Vy; OVy(A)) +Ec, (0V]; 0V]) = Ec, 1,0V 0Vy), (2.26)
and hence
1 .
Wa(Vy) ~ 5(1 — Proj) Ec,+¢, (0 Vo, 0 Vo). (2.27)

Iteration then leads to the stable form
W1 . .
Wi(V}) = 2 (1= Proj) B, (0Vo, 0Vo)  with  w; = Z Ci. (2.28)

By (2.28) and (2.10),
1 .
Wj(V;) = 5(1 — Proj) Fw_].(V{, V;). (2.29)

In the above, Proj is applied to Fw./.(V(A), V(A) = D en Fy, (Vx, V(A)). Naively,
we wish to define Proj = Locy, where Loc is the localisation operator of [12, Defini-
tion 1.17]. A difficulty with this is that A is not a coordinate patch in the sense used in [12],
so Loc is not defined. This difficulty is easily overcome as, inspired by [12, Proposition 1.8],
we can use the well-defined quantity >" ., Loc, F, ; (Vy, V(A)) instead of the ill-defined
Locy Fy, (V(A), V(A)). Thus we are led to define

Proj Fu,(V(A), V(A)) = > Loc, Fy, (Vi V(A)). (2.30)

xeA

In our application, it is shown in Lemma 5.2 below that EcO maps the range of Loc into
itself, and our assumption (2.17) is then a consequence of [12, (1.68)]. Finally, we observe
that (2.29) is consistent with (2.11), and this completes the proof. ]

We close this discussion with two further comments concerning W;. First, although
e V(1 + W) and e=V*W are equivalent as formal power series up to a third order error,
they are by no means equivalent for the expectation. To illustrate this point with a single-
variable example, if V = ¢* and W = ¢°, then e~V (1 + W) is an integrable function of ¢,
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but e=V+W is certainly not. We keep W out of the exponent in I for reasons related to this
phenomenon.

Second, in our applications we use a covariance decomposition with the finite-range
property that wj;, y = 0if [x — y| > %Lf, for some L > 1. This is discussed in detail in
Sect. 6.1 below. With such a decomposition, although by definition it appears that W;(V, x)
depends on V (A) and hence on the fields at all points in space, it in fact depends only on V),
with [x — y| < L7

3 Setup and Definitions

Now we adapt the discussion of Sect. 2 to the particular setting of the supersymmetric
field theory representing the 4-dimensional weakly self-avoiding walk, and make precise
definitions of the objects of study, including Vp,. The minor modifications required to study
the n-component |¢|* spin model instead of the weakly self-avoiding walk are discussed in

[6].

3.1 Fields and Observables

Letd > 4 and let A = 74 / LN7Z denote the discrete d-dimensional torus of side LY, with
L > 1 fixed. The field theory we consider consists of a complex boson field ¢ : A — C
with its complex conjugate ¢, and a pair of conjugate fermion fields 1, ¥. The fermion field
is given in terms of the 1-forms d¢, by ¥, = \/%m,dqu and ¥, = \/%ddbx, where we fix
some square root of 27ri. This is the supersymmetric choice discussed in more detail in [11,
Sects. 2.9-2.10].

In addition, we allow an optional constant complex observable boson field o € C with its
complex conjugate ¢ . The observable field is used in the analysis of the two-point function of
the weakly self-avoiding walk in [2], and in the more extensive analysis of correlation func-
tions presented in [18]. Readers only interested in bulk quantities, such as the susceptibility
of the weakly self-avoiding walk, may skip any discussion of observables, or set o = 0.

For the analysis of the two-point function, two particular points a, b € A are fixed. We
then work with an algebra N which is defined in terms of a direct sum decomposition

N=N°ON ®dN® ® N, 3.1

The algebra N'? describes the bulk. Its elements are given by finite linear combinations of
products of fermion fields with coefficients that are functions of the boson fields. The algebras
N NP NP account for contributions due to observables. Their elements are respectively
given by elements of A multiplied by o, by &, and by oG . For example, ¢y gl_>'v Yl € N2,
and ¢, € N, Thus F € N has the expansion

F =Fy+ F,0 + Fyo + Fypoo (3.2)

with components Fg, F,, Fp, Fu, € Ng. There are canonical projections my : N' — N®
for o € {@, a, b, ab}. We use the abbreviation 7, = 1 — 7y = 7, + 7p + 74p. The algebra
N is also discussed around [12, (1.60)] (there N is written A//Z but to simplify the notation
we write A here instead).
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3.2 Specification of Loc

As motivated in Sect. 2, to apply the renormalisation group method, we require an appropriate
projection from A onto a finite-dimensional vector space V of local polynomials in the
fields. This projection is the operator Locy defined and discussed in [12]. In the absence
of observables, for any set X C A, the localisation operator Locy : N' — V of [12,
Definition 1.17] is simply given by

Locy F = loc Fg, 3.3)

with loc? specified below. In the presence of observables, Locy is defined in a graded fashion
by

Locy F = locy Fg + 0loc gy Fa + 5lockn ) Fy + 051ocin, py Fap.  (34)

The definition of each loc* requires: (i) specification of the scaling (or “engineering”) dimen-
sions of the fields, (ii) choice of a maximal monomial dimension dy = dy (o) for each
component of the range V = VZ + V* + VP 41 of Loc, and (iii) choice of covariant field
polynomials P which form bases for the vector spaces V¢ (see [12, Definition 1.2]).

The dimensions of the boson and fermion fields are given by

[pl=1[p] =[v¥]=[¥]=52 =1 3.5)

By definition, the dimension of a monomial V¥ is equal to |a|; + [¢], where « is a multi-
index and ¢ may be any of ¢, ¢, ¥, ¥, and the dimension of a product of such monomials is
the sum of the dimensions of the factors in the product.

For the restriction loc? of Loc to N2, we take dy = d = 4, the spatial dimension. A
natural way to choose the polynomials P and the space V they span is given in [12, (1.19)].
For loc?, we apply the choice given in [12, (1.19)] for all monomials in M with maximal
dimension d4+ = d = 4, with one exception. The exception involves monomials containing
a factor V¢V¢gp, where ¢ may be any of ¢, ¢, ¥, V. For these, we use the choice described
in [12, Example 1.3], namely we define P by replacing V¢V¢¢p by V7¢V¢p. The set V then
has the Euclidean invariance property specified in [12, Proposition 1.4].

In the presence of observables, the specification of loc?, loc” and loc®’ depends on the
scale j, and in particular depends on whether j is above or below the coalescence scale jup
defined in terms of the two points a, b € A by

Jab = | log, (2la — b)) |. (3.6)

We assume that 7., V; = 0 for j < jgp, i.e., that V; cannot have a 0o term before the
coalescence scale is reached. For loc?? we take d;+ = 0. When Loc acts at scale k, for loc?
and loc? we take dy = [¢] = d%z = 1if k < jup,and dy = 0 for k > j,p. This choice
keeps o'¢ in the range of Loc below coalescence, but not at or above coalescence. The above
phrase “Loc acts at scale k” means that Loc produces a scale k object. For example, V) is a
scale j + 1 object, so the Loc occurring in P of (2.13) is considered to act on scale j + 1.
Thus the change in specification of Loc occurs for the first time in the formula for the scale
Jap version of V.

Moreover, when restricted to .\, according to (3.4), Locy is the zero operator when
X N{a, b} = @. By definition, the map loc‘)‘m{a} iszeroifa ¢ X, andifa € X it projects onto
the vector space spanned by {1, ¢,, Ga, Va, Va) for j < jup,andby {1} for j > j,p. A similar
statement holds for 10C1)7m ) whereas the range of loc‘}(bn (a.b} is the union of the ranges of

loc% (a) and loc?m b} Asdiscussed in Sect. 5.2.2, in our application symmetry considerations

@ Springer



500 R. Bauerschmidt et al.

reduce the range of Locy to the spans of 1,04}, {1,5¢}, and {1,065, 1,05}, on N4, NP
and N9°, respectively; in fact Locy reduces to the zero operator on N, N b for J = Jjab-
This completes the specification of the operator Loc.

3.3 Local Polynomials

The range V of Loc consists of local polynomials in the fields. In this paper, we only encounter
the subspace @ C V of local polynomials defined as follows. To define this subspace, we
first let & denote the set of 2d nearest neighbours of the origin in A, and, for e € U/, define
the finite difference operator V¢¢, = ¢y — ¢5. We also set A = —% > ey V¢V Then
we define the 2-forms

Tx = ¢xq§x + Wx&)u (3.7)
1 - _
TV =5 z (V) (VeP)x + (VU) (VW) ) (3.8)
eeU

1 - - - -
TAx = 5 ((_A¢)x¢y + ¢x(_A¢)y + (_All/)xllfy + l/fx (_Aw)y) . (3~9)
The subspace Q C V is then defined to consist of elements
V = gt2 +vT + yryy + 2TA + Ag a¢_> +Apod+ qupoo, (3.10)

where
1
A= 2Ny, Ap=—A0Tp,  qu = ~5@ 1 +4"1,), (3.11)

g, v, y,27, A%, AP, q°, qh € C, and the indicator functions are defined by the Kronecker delta
]la,x = 8a,x~ _

The observable terms A, 0¢ +Ap 0 ¢ +qqp0 0 are discussed in further detail in Sect. 5.2.2
below. For the bulk, the following proposition shows that Q arises as a supersymmetric
subspace of V. To avoid a digression from the main line of discussion, the definition of
supersymmetry is deferred to Sect. 5.2, where the proposition is also proved.

Proposition 3.1 For the bulk, w5 Q is the subspace of mV consisting of supersymmetric
local polynomials that are of even degree as forms and without constant term.

The fact that constants are not needed in Q is actually a consequence of supersymmetry
(despite the fact that constants are supersymmetric). This is discussed in Sect. 5.2.

3.4 Finite-Range Covariance Decomposition

Our analysis involves approximation of Z¢ by a torus A = Z¢ /LY 7 of side length L", and
for this reason we are interested in decompositions of the covariances [Azqa + m2]~! and
[—Ax +m?] L as operators on 7% and A, respectively. For 74, this Green function exists
for d > 2 for all m? > 0, but for A we must take m? > 0. For Z¢, in Sect. 6.1 we follow
[1] to define a sequence (C;)1<;j<co (depending on m? > 0) of positive definite covariances
Cj = (Cj;x,y)x yeze such that

B +m? =3¢ m? 0. (3.12)
j=1
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The covariances C; are Euclidean invariant, i.e., Cj;gx, gy = Cj.x,y for any lattice automor-
phism E : Z¢ — 7% (see Sect. 5.2), and have the finite-range property

1 .
Cjxy=0 if x —y|> ELJ' (3.13)

For j < N, the covariances C; can therefore be identified with covariances on A, and we
use both interpretations. There is also a covariance Cy y on A such that

N-1
[-Ax+m ' =D Cj+Cyn  (m*>0). (3.14)
j=1
Thus the finite volume decomposition agrees with the infinite volume decomposition except
for the last term in the finite volume decomposition. The special covariance Cy,y plays only
a minor role in this paper. For j < N, let

wj =3 Ci (3.15)

3.5 Definition of Vj

The finite range decomposition (3.14) is associated to a natural notion of scale, indexed by
j =0,...,N.In our application in [2,3], we are led to consider a family of polynomials
V; € Qindexed by the scale. Our goal here is to describe how, in the second order perturbative
approximation, these polynomials evolve as a function of the scale, via the flow of their
coefficients, or coupling constants.

Given a positive-definite matrix C whose rows and columns are indexed by A, we define
the Laplacian (see [11, (2.40)])

L N Zc(anr8 8) (3.16)
c = <-Ac = R —_— — . .
2 = T By gy Y 99y

The Laplacian is intimately related to Gaussian integration. To explain this, suppose we are

given an additional boson field £, & and an additional fermion field #, 7, with = &d& ,

n= ﬁdé, and consider the “doubled” algebra A'(A U A’) containing the original fields
and also these additional fields. We define a map 6 : N(A) — N(A U A’) by making
the replacement in an element of Nof p by ¢ + &, ¢ by ¢ + &, ¥ by ¥ + 1, and ¢ by
¥ + &. According to [11, Proposition 2.6], for a polynomial A in the fields, the Gaussian
super-expectation with covariance C can be evaluated using the Laplacian operator via

EcHA = ¢“CA, (3.17)

where the fields &, é , 11, ) are integrated out by Ec, with ¢, q§, v, g} kept fixed, and where
e“¢ is defined by its power series.
For polynomials V', V” in the fields, we define

Fo(V!, V") = L (e “cv!) (e ccv”) — V'V, (3.18)

By definition, Fc(V', V") is symmetric and bilinear in V/ and V. The map e~~¢ is equiva-
lent to Wick ordering with covariance C [17], i.e., e LcA = :A:c. In this notation, we could
write F¢ as a truncated expectation

Foc(V, V'Y =EcO(:V'ic;:V":0), (3.19)
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but we will keep our expressions in terms of Fc.
To handle observables correctly, we also define

Frc(V, V") = Fc(V/,ngV") + Fc(m.V', V"). (3.20)

In particular F c is the same as F¢ in the absence of observables, but not in their presence.
When observables are present, if V' is expanded as V' = 7wy V' + 7, V/, there are cross-
terms Fe(mg V', 7. V") + F (. V', w1z V"). The polynomial (3.20) is obtained from (3.18)
by replacing these cross-terms by 2F¢ (4 V', V"), This unusual bookkeeping accounts
correctly for observables (it plays a role in the flow of the coupling constants X, g and also
in estimates in [13]).

For X C A we define W;(V, X) = > .x W;(V, x) with

WiV, x) = %(1 — Locy) Frrw; (Vx, V(A)), (3.21)

where Locy (= Loc(y) is the operator specified above, V(A) = > Vy as in (2.1), and

w; is given by (3.15). Let

xeA

1
P(X) = P;j(V.X)= > Loc, (eﬁf+1 WiV, ) + 5 Frcyy (e5it1Vy, eFitl V(A))) :
xeX

(3.22)

where here and throughout the rest of the paper we write £ = Lc,. Finally, given V, we
define

Vor(V, X) = €51V (X) — P;(V, X), (3.23)

where we suppress the dependence of Vj on j in its notation. The subscript “pt” stands
for “perturbation theory”—a reference to the formal power series calculations discussed in
Sect. 2 that lead to its definition. Given V' € V), the polynomial V},; also lies in V by definition.
The polynomial Vi is the updated version of V as we move from scale j to scale j + 1 via
integration of the fluctuation fields with covariance C; .

Remark 3.2 Recall from [11, (3.38)] that, for X C A, N (X) consists of those elements of
N which depend on the fields only at points in X (for this purpose, we regard the external
field o as located at a and o as located at b). A detail needed in the above concerns the Ny
hypothesis in [12, Definition 1.6], which requires that we avoid applying Loc to elements of
N (X) when X “wraps around” the torus. We are apparently applying Loc, in (3.21)—(3.22) to
field polynomials supported on the entire torus A. However, the finite-range property (3.13)
ensures that the Ny hypothesis is satisfied for scales j + 1 < N, so that Loc and V}, are
well-defined. For the moment, we do not define V},x when j + 1 = N, but we revisit this in
Definition 4.2 below.

3.6 Further Definitions

To prepare for our statement of the explicit computation of V¢, some definitions are needed.
The following definitions are all in terms of the infinite volume decomposition (C ;) of (3.12).

We write C = Cjpjand w = wj = Z[j:l C;.Given g,v € C, let

' =2Co0. vi=v+ng wi=w+C (3.24)
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and, given a function f = f(v, w), let

Slfv, w)l = fvy, wy) — fF(v, w). (3.25)
For a function ¢go x of x € 72, we also define
1
Ve =32V ¢ =2 ai. q" =3 xiqox (3.26)
eeld xezd xezd

All of the functions g , that we use are combinations of w that are invariant under lattice

rotations, so that x12 can be replaced by xi2 foranyi =1, ..., d in (3.26). We then define
B = 8s[w?], 0 = 28[(wH ], (3.27)
£ = 4(8[w®1 - 3w@Co ) + 187, 7' =28[(wAaw) V], (3.28)
o = 8[(wAaw)*], ¢ = 8[(Vuw)H*]. (3.29)

The dependence on j in the above quantities has been left implicit.
We define amap ¢p = ¢py,j : @ — Q as follows. Given V defined by coupling constants
(g, v, 2, y, A%, A2, ¢%, ¢b), the polynomial @pt(V) has bulk coupling constants

gpe = & — Bg* — 4gs[vw V], (3.30)
v = v+ 7' (g +4gvwV) —&'g® — {Bev — gz + y) — s w ], (331)
Ypu =y +0gz — gy — g8[v(wH ™, (3.32)
Zpt =2 —0g% — $8[v2w™] — 2z8[vw D] — (ypr — ). (3.33)

The observable coupling constants of @p(V), with (Ap, A) denoting either (kgt, A4) or

(Agt, Ab) and analogously for (gpt» q), are given by

1=8wPpr (G +1<j,

= | 100w ODR G 41 < ) 330
A (J+ 1= jabp),

Gpt = g + 2“2 Cp. (3.35)

4 Main Results

We now present our main results, valid for d = 4. In Sect. 4.1, we give the result of explicit
computation of Vj of (3.23). The form of V), can be simplified by a change of variables,
and we discuss this transformation and its properties in Sect. 4.2. As explained in [3], the
transformed flow equations for the coupling constants form part of an infinite-dimensional
dynamical system which incorporates non-perturbative aspects in conjunction with the per-
turbative flow. This dynamical system can be analysed using the results of [5], which have
been designed expressly for this purpose. To apply the results of [5], certain hypotheses must
be verified, and the results of Sect. 4.2 also prepare for this verification.

4.1 Flow of Coupling Constants

The following proposition shows that for j +1 < N,if V € Q then Vi € Q, and gives

the renormalised coupling constants (gpt, Vpt, Ypt» Zpt kgt, Agt, qgt, qé’t) as functions of the
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coupling constants (g, v, y, z, A4, AP, q“, qb) of V and of the covariances C = C;; and
w=w; =3 C.

Proposition 4.1 Letd =4and0 < j <N — 1. IfV € Qthen Vix € Q and

Vot j+1 = @pt,j V. 4.1

In particular, Vi j11 is independent of N for j +1 < N.

For the observable coupling constant ¢, in view of our assumption that 7., V; = 0 for
J < Jab, and since Cjy1;0p = 01if j + 1 < jgp by (3.6) and (3.13), when V) 11 is
constructed from V; we also have g = 0 for j + 1 < jup, i.e., wap Vi, j+1 = 0. This lends
consistency across scales to the assumption that 774, V; = 0 for j < jup. Infact Cjyy;0p =0
if j + 1 = jup, but we do not take advantage of this because it is sensitive to the choice of
> as opposed to > in (3.13).

As mentioned in Remark 3.2, the definition of Vj breaks down for j + 1 = N due
to an inability to apply the operator Loc on the last scale, where the effect of the torus
becomes essential. However, in view of Proposition 4.1, the following definition of Vi, n
becomes natural. Moreover, when we prove nonperturbative estimates involving Vy in [13,
Proposition 2.6], we will see that this definition of Vi, y remains effective in implementing
an analogue of Proposition 2.1.

Definition 4.2 We extend the definition of Vi j 41 to j+1 = N by setting Ve v = @pt, N—1-

The equations (3.30)—(3.35) are called flow equations because they are applied recursively
withC = Cj 4 andw = w; updated at each stage of the recursion. They define a j-dependent
map V +— Vj for j < N — 1. The proof of Proposition 4.1 is by explicit calculation of
(3.23). The calculation is mechanical, so mechanical that it can be carried out on a computer.
In fact, we have written a program [4] in the Python programming language to compute the
polynomial P of (3.22), and this computer program leads to the explicit formulas given in
Proposition 4.1. From that perspective, it is possible now to write “QED” for Proposition 4.1,
but in Sect. 5 we nevertheless present a useful Feynman diagram formalism and use it to
derive the coefficients (3.30) and (3.34)—(3.35) of V,;. The same formalism can be used for
(3.31)—(3.33), but we do not present those details (several pages of mechanical computations).
In Sect. 5, we also discuss consequences of supersymmetry for the flow equations.

4.2 Change of Variables and Dynamical System

The observable coupling constants do not appear in the flow of the bulk coupling constants.
Thus the flow equations (3.30)—(3.35) have a block triangular structure; the flow of the bulk
coupling constants is the same whether or not observables are present, whereas the observable
flow does depend on the bulk flow. This structure is conceptually important and general; it
persists non-perturbatively (see [2] and also [14]), and also holds for observables used in the
analysis of correlation functions other than the two-point function [18].

We now discuss a change of variables that simplifies the bulk flow equations. In partic-
ular, the change of variables creates a system of equations that is itself triangular to second
order. Unlike the block triangularity in bulk and observable variables, this triangularity in
the second-order approximation of the bulk flow will be broken by higher-order corrections.
Nonetheless, it provides an important structure in our analysis by enabling the application of

[5].
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In preparation of the definition of the change of variables, to counterbalance an exponential
decay in v;, we define the rescaled coupling constant

wj=L%vj, (4.2)
and also define normalised coefficients

wj =L ). v =Ly (v =mn.6m), (43)

w =L 2w = L (4.4)

The constants in (4.3)—(4.4) are all uniformly bounded, as we show in Lemma 6.2. Also,
summation by parts on the torus gives > .., Tvv,x = 2 .ca TA,x, and hence

Zpt D Ta + Vot X TV = (Zp+ Ypt) D Tar- 4.5)
XEA xXeA XeA

Boundary terms do arise if the sum over A is replaced by a sum over a proper subset of A,
and in [13,14] we work with such smaller sums. Nevertheless, we are able to make use of
(4.5) (our implementation occurs in [14, Sect. 6.2]). This suggests that z, + yp¢ should be a
natural variable, so we define

0
70 = y+z, z]gt) = Ypt + Zpt- 4.6)
Taking the above into account, given V we define Vp(t0 ) by
0 —2(j 0
Vp({) = gt + pup L 207 +Z]<3t>m' @.7n

The above definition is valid for all 0 < j < oo, using the formulas (3.30)—(3.33) with
coefficients computed from the decomposition (C;)1<;j<co Of [—=Azs + m?%]~L. In view of
(3.30)—(3.33), this leads us to consider the equations:

g =g —Bjg’ —4gs[uwV], (4.8)
oy =20 — 0,87 — L8[20 ] - 2:06[ D], (4.9)

(D

ppe = L2+ (g +4guvV) — 8% —wjgn —mjgz ¥ = 5[ o], 4.10)

and we define a map gal()?) = <p;?,)j onR3, for 1 < j < oo, by

oo (812 2?) = (gt tpis 27)- @.11)

The four terms involving § on the right-hand sides of (4.8)—(4.10) can be eliminated by
a change of variables. To describe the transformed system, we define a map ¢; on R3, for
1<j <oo,by

©i(8j>Zjs ) = (&j+1>Zj+1, Lj+1), (4.12)
where
gi+1 =8j — ﬂjéf, (4.13)
G =12 - 0,8, (4.14)
Mj+1 =L2ﬁj+nj§j—$j§f—wj§jﬂj—ﬂjgjij- (4.15)
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The change of variables is defined by a polynomial map 7; : R* — R3, which we write as
Ti(g,z. u) = (&, Z, f1), where

§=g+ 4g;u?1§1), (4.16)
t=z+ 2wl + Lpta, (4.17)
o=+ pPul. (4.18)

The following proposition, which is proven in Sect. 6.2, gives the properties of the change of
variables. We think that the existence of this change of variables may express an invariance
property of the flow equations with respect to change of covariance decompositions, one that
we do not fully understand.

Below (4.19) and in the remainder of the paper, O(A~%) with k unspecified denotes a
quantity that is bounded by k-dependent multiple of A~ for arbitrary k > 0.

Proposition 4.3 Let d = 4 and m? > 0. There exist an open ball B C R3 centred at 0
(independent of j > 1 and m* € [0, m?]), and analytic maps Ppt,j - B — R3 such that, with
the quadratic polynomials T : R3 — R3 given by (4.16)—(4.18),

0 _
Tiviogy; = oTj+ppjoT), (4.19)

T;(V) =V + O(|V %), the inverse Tj_1 to T; exists on B and is analytic with Tj_l(V) =
V+0(V?), and opt,j (V) =01+ m2 L)%V |3). All constants are uniform in j > 1
and m? € [0, m?].

Our analysis of the dynamical system arising from the bulk flow equations (3.30)—(3.33)
is based on an application of the main result of [5] to the transformed system ¢ + ppt. The
main result of [5] requires the verification of [5, Assumptions (A1-A3)]. We first recall the
statements of [5, Assumptions (A1-A2)] in our present context, which are bounds on the
coefficients in (4.13)—(4.15). These coefficients depend on the mass m? and decay as j — oo
if m? > 0.

This decay is naturally measured in terms of the mass scale j,,, defined by

. [Llong m=2] (m? > 0) 420)

00 (m? = 0).

However, [5, Assumptions (A1-A3)] are stated in a more general context, involving a quantity
Jo which is closely related to j,,. To define jg, we fix 2 > 1, and set

jo=inflk = 0:18;| < QY| forall j}, 4.21)

with jo = oo if the infimum is over the empty set. In Proposition 4.4 below it is shown that
jo = jm + O(1), uniformly in m? € (0, 8], with j,, = jo = oo if m?> = 0.

Assumption (A1) asserts that || 8]l < oo and that there exists ¢ > 0 such that 8; > ¢ for
all but ¢! values of j < ji, while Assumption (A2) asserts thateach of 6;, 1;, &, w;, 7} is
bounded above in absolute value by O (~U—J2)+) (the coefficient ¢ j of Assumption (A2) is
zero here). The result of [5] also takes into account non-perturbative aspects of the flow, which
are discussed in [14]. The following proposition prepares the ground for the application of [5]
by verifying that the transformed flow obeys [5, Assumptions (A1-A2)]. We write V=T V).
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Proposition 4.4 Let d = 4 and m* > 0. Each coefficient in (3.30)—(3.35) and in (4.13)-
(4.15) is a continuous function of m* € [0, m2). Fix any Q > 1. Form?* € [0, 8], with > 0
sufficiently small, the map ¢ satisfies [5, Assumptions (AI-A2)]. In addition,

Jjo = Jjm+ O (4.22)

uniformly in m* € (0, 81, with j, = jo = oo if m* = 0.

5 Flow Equations and Feynman Diagrams

As mentioned previously, we have written a computer program [4] in the Python programming
language to compute V), and this program produces the equations of Proposition 4.1. In this
section, we provide a Feynman diagram formalism, of independent interest, for an alternate
computation of V. We use the formalism to derive the flow equations for gp, Apt, gpt of
(3.30) and (3.34)—(3.35). Using this formalism, it is possible also to derive (3.31)—(3.33), but
we do not provide those details.

The polynomial Vi = e“V — P is defined in (3.23). In Sect. 5.1, we develop the Feynman
diagram approach that we use to calculate the 7> term of P, and compute the term ¢ V. In
Sect. 5.2, we discuss the symmetries of the model and show that they ensure that 7 Vj; does
not contain any terms that are not in Q, and we prove Proposition 3.1. Then in Sect. 5.3 we
complete the proof of (3.30) and (3.34)—(3.35). We assume throughout that d = 4.

5.1 Feynman Diagrams

A convenient way to carry out the computation of Vi is via the Feynman diagram notation
introduced in this section. Given a, b € A, let

Tab = ¢a¢_)b + Walzb- (5.1
Lemma 5.1 Fora,b € A,
Lcta =0, 5.2)
and, for a;, b; € A andn > 2,
n
ﬁCHTaibi = Z Cb,-,ajfa,-bj H Takbk- (53)
i=1 INEES k#i,j
Proof Equation (5.2) follows from (3.16) together with
( d 0 + d 0 )
—_— — | Tab
Iy 3y OV 00y ) ¢
—aa¢q3+ ax/m/}—aa S8xadyp =0
_a(ﬁxa(ﬁyab 8wxalﬁyab—xayb xa9yb = Y.

Also, taking anti-commutativity into account, direct calculation gives

LC Ta1by Tarb, = Cbl a2 Tay by + Cbz,al Tarby » (54)

which is the n = 2 case of (5.3).
The general case of (5.3) can then be proved via induction on n, and we just sketch the

idea. First, we write [['_; T;5;, = Ta,b, H:-:ll Ta;b; - When L is applied to the product, there
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is a contribution of zero when it acts entirely on the factor 7,5, and the induction hypothesis
can be applied to evaluate the contribution when L¢ acts entirely on the factor H;’;ll Ta;b; -
What remains is the contribution where L¢ acts jointly on both factors, and this can be seen
to give rise to (5.3). ]

This allows for a very simple calculation of the term ¢~V in Vpt, as follows.

Lemma 5.2 ForV € Q,
eFCV, =V, 4+ 2gCx 1Ty (5.5)

Proof Since V is fourth order in the fields, we can expand e to second order in L¢ to
obtain

1
eV =V 4 Lo(gt? + vty 4+ 2Ta 0 + yTvva) + Eﬁzcgr)?. (5.6)

In the second term on the right-hand side, it follows from (5.2) that only gT)% yields a nonzero
contribution, and by the n = 2 case of (5.3) this contributes 2gCy ,T,. A second application
of (5.2) then shows that the final term on the right-hand side is zero. O

Lemma 5.1 shows, in particular, that products of 7, remain products of t,; under repeated
application of the Laplacian L¢. In (5.4), we say that (a1, b2) and (az, b1) are contractions of
(a1, by) and (az, by). We visualise 7, as a vertex with an “in-leg” labelled a and an “out-leg”

labelled b:
a \/ b

Contraction is then the operation of joining an out-leg of a vertex to an in-leg of a vertex,

denoted:
a W b

Thus we regard (5.3) as the sum over all ways to contract two of the labelled pairs. For
example, one term that arises in calculating E% H?:l Ta;b; 18 Cay b3 Tay b3 Can, by Tas, by » Which
is denoted:

1 3
2 4

This Feynman diagram notation is useful in Sect. 5.3.

5.2 Symmetries
Next, we discuss the symmetries of the model, and prove Proposition 3.1. We first discuss the

bulk, and prove in particular that if V € Q then 75 V) € Q. Finally, we discuss the situation
for observables.

5.2.1 Symmetry and the Bulk

Supersymmetry Supersymmetry is discussed in [10, Sect. 6], where the supersymmetry gen-
erator is defined in terms of the exterior derivative and interior product as Q = d +i. It
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is convenient to define Q = (27i)~'2Q. In our present notation, Q can be written as the
antiderivation on AV defined by

KN -9
X x X = . 57
In particular,
0y =¥r, Odr=Vr, OVx=—¢r, Oy =0 (5.8)

An element F € N is said to be supersymmetric if QF = 0.

Gauge symmetry. The gauge flow on N is characterised by ¢ — e q for g = ¢y, ¥y
and § > eT2™G for § = ¢y, Yy, forall x € A. An element F € A is said to be gauge
invariant if it is invariant under this flow.

As discussed in [10, Sect. 6], Q7 is the generator of the gauge flow, so F € N is gauge
invariant if and only if Q2 F = 0. In particular, supersymmetric elements are gauge invariant.
Since the boson and fermion fields have the same dimension, Q maps V to itself. It is
straightforward to verify that the monomials in 74 Q are all supersymmetric, hence gauge
invariant.

We say that V € Vis an even form if it is a sum of monomials of even degree in v, v, and
we say that V' is homogeneous of degree n if V lies in the span of monomials of degree n.
For d = 4, with fields ¢, ¢, ¥, ¢ of dimension [¢] = 1, and with d; = d = 4, the highest
degree monomials have degree 4 and can have no spatial derivatives. Degree 2 monomials
have at most two spatial derivatives. Gauge invariant monomials in ¢, @, ¥, ¥ must have
even degree because for every field in the monomial, the conjugate of that field must also be
in the monomial. The next lemma characterises the monomials in V that respect symmetries
of the model, and shows that these are the ones that occur in 74 Q.

—2mit

Lemma 5.3 If V € V is even, supersymmetric, and degree 4, then V. = at? for some
o € C.IfV €V is even, homogeneous of degree 2, and supersymmetric, then V is a linear
combination of T, tyv and T.

Proof The only gauge invariant, degree four monomials in ) that are even forms are (¢¢)>
and ¢y, because Y2 = % = 0. Therefore, for some o, 8 € C,

V =a(pd)’ + Bodyri. (5.9
Recall that Q is an antiderivation. Since v/ Q(q&q;) = 0 and since V is supersymmetric,
0= 0V =2a¢30($9) + Bpd QW) = 40 (206 + pY¥).  (5.10)
which by (5.8) implies that 8 = 2«. Therefore, as required,

V =a((@)’ +20¢v 1) = a(pd + vi) = ar’. (5.11)

The monomials in V which are even, homogeneous of degree 2, and gauge invariant are
given by

0P, D VOVD, $AG+ (AP)P, (5.12)
eelU

and the same with ¢ replaced by v (the fact that only Euclidean symmetric monomials occur
in V is guaranteed by [12, Proposition 1.4].) If we now impose supersymmetry, by seeking
linear combinations that are annihilated by 0, the supersymmetric combination that contains
¢ is 7. Similarly Tyy and T are generated by the other two terms. O
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Proof of Proposition 3.1 By Lemma 5.3, the monomials in 77 ) that are supersymmetric, of
even degree as forms, of even degree in the fields, and without constant term, are precisely
those in 7 Q. Since gauge symmetry eliminates monomials that are of odd degree in the
fields, this completes the proof. O

Lemma 5.4 IfV € Q then mgVy € Q.

Proof Since g Vi (V) = V(g V) (because any o or & in V cannot disappear in creation
of V), we can and do assume that V = 5 V. In view of Lemmas 5.2-5.3, it suffices to show
that P is supersymmetric but with no constant term (constants are certainly supersymmetric).

We begin by showing that P does not contain a nonzero constant term. Since we are
assuming 7,V = 0, we may replace F; by F in (3.22), and also in the definition of W in
(3.21). To see that F contains no constant term, observe that in (3.18), A, B do not contain
constant terms, and therefore, by Lemma 5.1, neither do e LA and e=£ B. Hence, again by
Lemma 5.1, F cannot contain any constant terms. Therefore, neither does Loc, F. Similar
reasoning shows that the W term in (3.22) cannot contain a nonzero constant term. Therefore
P does not contain a nonzero constant term.

It remains to show that P is supersymmetric. Examination of (3.22) reveals that the
supersymmetry of V will be inherited by P as long as the supersymmetry generator Q
commutes with both e*£ and Loc,. For the former, from (5.7), we obtain the commutator

formulas
|:3iéi|__ia +8i (5.13)
Obu 3y’ | 0y 0% 0du DYy '
[aié]__ia + Bi (5.14)
MW dv 1 0V 0y IV 0y '

and thereby conclude that Q commutes with £ and hence also with e*~£. Finally, the fact
that QO commutes with Loc, is a consequence of [12, Proposition 1.14]. This completes the
proof. O

5.2.2 Symmetry and Observables

Next, we discuss symmetry of the observables, and the monomials in 7, Q.

Recall from (3.2) that an element F € N decomposes as F = Fg + F,0 + Fp6 + Fap00,
as a consequence of the direct sum decomposition V' = N'? @ N ® N? @ N, The direct
sum decomposition of A" induces a decomposition V = V2 @ V¢ & V? @ V. In particular,
eachV € Q C VisthesumofngV = g12+vr+z1A+yrvv,naV = Ay aq_b,nbV =Ap0 o,
and 7,5V = qupo0.

According to Sect. 3.2, the list of monomials in 7, ), i.e., those that contain o and/or o, is
as follows. The monomials containing o but not ¢ are given by o multiplied by any element
of {14, Lupa, Ladpa, LatWa, Latpy} for j < jup, and o multiplied by {1} for j > j.p. The
monomials containing & but not o consist of a similar list with o replaced by ¢ and a replaced
by b. The monomials containing oo are {1,005, 1,00}.

We define the gauge group toactono and & viao +— e~ 2" and & > ¢**!5 . If we now
demand gauge invariance, and also rule out constants and forms of odd degree, the remaining
monomials in 7,V are {1,0¢a, 1p5¢p, 1406, 106} when j < jup, and {1406, 1,05}
when j > jp.
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5.3 Calculation of P

It follows from Lemma 5.4 that 75 V), € Q, and hence the bulk part of Vj,; contains only the
monomials listed in Lemma 5.3. Thus to compute the bulk part of Vjy it is only necessary to
compute gpt, Vpt, Ypt» Zpt- In this section, we complete the proof of (3.30) and (3.34)—(3.35).
We prove (3.30) in Sect. 5.3.3, and then consider the observables in Sect. 5.3.4. The analysis
is based on a formula for P obtained in Sect. 5.3.1.

5.3.1 Preliminary Identities

Since ¢£¢ reduces the dimension of a monomial in the fields, e£¢ : V — V, and since Loc X
acts as the identity on V, it follows that

Locye“CLocy = e“CLocy. (5.15)

The following lemma gives the formula we use to compute P.

Lemma 5.5 For x € A, for any local polynomial V, and for covariances C, w,

1
Py = P Z (LOCan,w—s-C(eEC Vi, €€ Vy) — e“cLocy Fr o (Vy, Vy)). (5.16)
yeA

Proof The definition of P is given in (3.22), namely
Lc 1 Lc Lc
Py =Locye™W;(V,x) + ELochn,c(e Vi, e=CV(A)). (5.17)
By the definition of W; in (3.21), this can be rewritten as
— l ﬁC _ ﬁc EC
P, = 2Locx (e (1 —Locy) Fruy(Vx, V(A)) + Fr.c(e™CVy, e V(A))). (5.18)
Application of (5.15) in (5.18) gives
1
P = SLocy (€ Fru(Ve, V(M) + Fr.c(eC Vs, €€V (A))
1
- EeﬁcLochmw(Vx, V(A)). (5.19)

By the definition of F in (3.18), for polynomials A, B in the fields,
Fyic (eLCA, et B) = L olw (e_[:"’A) (e_ﬁ’” B) — (eEC A) (eﬁc B)
= e CFy(A, B) + €€ (AB) — (e£C A) (¢“C B)

= e“CF,(A, B) + Fc(e“C A, e*¢ B). (5.20)
By (3.20), (5.20) extends to
¢“C Fr (A, B) + Frc(e“CA, e“CB) = Fr yic(e“CA, e“CB). (5.21)
With (5.21), (5.19) gives
P, = %Locx Frwic(e5C Vi, e“CV(A)) — %eﬁCLocx Frw(Vi, V(A)), (5.22)
and the right-hand side is equal to the right-hand side of (5.16). O
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The first step in the evaluation of the right-hand side of (5.16) is to compute Fy,(Vy, Vy).
We do this with the following lemma. Given a symmetric covariance w, and polynomials
V' V" we define

Vo 300 | 96y 36 | 9V 0%y | 3V D0

AV AVY Vi av’  aviav’  av’av”
V2V = ww( ) (5.23)

u,veEN

<>
For n > 2, we define V/(L£,)"V" analogously as a sum over uy, vy, ..., iy, v,, with n
derivatives acting on each of V' and V", with n factors w as in (5.23).

Lemma 5.6 Forx,y € A, for alocal polynomial V of degree A, and for a covariance w,

A

1 <
Fu(Vy, Vy) = Zavx(gw)"vy. (5.24)
n=1
Proof By (3.18),
Fu(Vy, Vy) = e (e 750 V) (e75m Vy) — ViV (5.25)
The Laplacian can be written as a sum of three contributions, one acting only on V,, one only
on V), and the cross term (5.23). The first two terms are cancelled by the operators e Lw
appearing in (5.25), leading to
Fy(Vy, Vy) = VieLr Vy — Vi V. (5.26)
Expansion of the exponential then gives (5.24). O

5.3.2 Localisation Operator

The computation of the flow equations requires the calculation of P, which involves the
operator Loc as indicated in Lemma 5.5. An extensive discussion of the operator Loc is
given in [12], and [12, Example 1.13] gives some sample calculations involving Loc. Given
the specifications listed in Sect. 3.2, it follows from the definition of Loc that

LOC)C [Talbl Tazbz] = Tx27 (527)

and we use this repeatedly in our calculation of gy below. Also, for the calculation of Ap
and gy, we use the fact that the monomials o A¢ and o A¢ are annihilated by Loc.

We do not provide the details of the calculation of vy, ypt, and zp here. As mentioned
previously, their flow in (3.31)—(3.33) has been computed using a Python computer program.
To help explain the nature of the terms that arise in these equations, we note the following
facts about Loc, which extend [12, Example 1.13] and which are employed by the Python
program. First, monomials of degree higher than 4 are annihilated by Loc. Less trivially,
suppose that ¢ : A — C has range strictly less than the period of the torus and that it
satisfies, for some ¢** € C,

Dlawxi =0, D q)xix; =q"Ys; i,je{l,2,....d}. (528

xeA xeA
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Then
Loc, | D qx =1y | =Vt + ¢ (tov.c — Ta0), (5.29)
yeA i
Locy | D q(x — )(Tay + 7yx) | =20V 10 + %14 4. (5.30)
yeA i

In particular, the coefficients 6, o, ¢ of (3.27) and (3.29) have their origin in (5.29)—(5.30).
To simplify the result of the computation, we have also used the elementary properties that
foranyg : A — C,

D (Vg =0. D (Ag) =0, (5.31)

xeA xeA

as well as the fact that Axlz = —2, which, by summation by parts, implies that

D (Agxt =-2 qr=-2q". (5.32)

xeA xeA

5.3.3 Flow of g

We now prove the flow equation (3.30) for gp. As in Lemma 5.6, we write

4 . | .
Fu(Ve, Vy) = Foy = O Fuixy With Fyyy = —Ve(Lw)"Vy. (5.33)

n=1

The main work lies in proving the following lemma.
Lemma 5.7 The t?2 term in Zye A Locy Fyy is equal to
(16g*w® + 8gvw )2, (5.34)
Before proving Lemma 5.7, we first note that it implies (3.30).
Proof of (3.30) By Lemmas 5.7 and 5.2, the ‘L'xz term in e£¢ Locy Fy (Vy, Vy) is given by
(168*w? | + 8gvwy,,) ;. (5.35)
Also, by (5.5), ¢“CV is equal to V with the coefficient v replaced by
vy =v+2gCoo, (5.36)

so by Lemma 5.7 the 72 term in ZyeA Locy Fy+c (eﬁc V,, efc Vy) is given by

(16¢%w? + 8gviwM)e2, (5.37)
where wy = w 4+ C. By Lemma 5.5, the rxz term in P, is therefore equal to
(8g%8[w] + 4gsfvwV]) 2. (5.38)
With the formula Vj = efcv — P from (3.23), this implies that
gp = § — 8¢78[w®] —dgsvw V], (5.39)
which is (3.30). O
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Proof of Lemma 5.7 We compute the er term in Locy F;x,y forn =1, 2, 3, 4. Since Fy;y,y
has degree zero it contains no 1:3 term, so it suffices to consider n = 1, 2, 3. The observables
play no role in this discussion, and we can let

V = g1'2 4+ VT + ZTA 4 YTyv. (5.40)

To compute Fy.,  for n = 1,2, 3, we take the terms in (5.40) into account sequentially,
starting with g‘L’Z, then vt, then z7A, and finally ytyy.
2 term. We first study

1 < .
Fowy = ;Ax(gw)"Ay with A = g’ (5.41)

By (5.41), Fj is a polynomial whose terms are degree 6 and therefore Loc, Fi;,, = 0. Also,
F3.yy is a polynomial whose monomials have degree 2, and therefore we need not calculate
them here. Thus we need only compute the T2 contribution to Fy.xy.

To make contact with Sect. 5.1, we replace A, and A, by

A12 = 8Taya, Tazay » A34 = &Tazaz Tasay - (542)

The labels 1, 2, 3, 4 help enumerate terms that result from carrying out the contractions in
F, but after the enumeration many of these terms become the same when we return to the
case at hand by setting

aj=a=x, az=a4=y. (5.43)
We represent A by
\/
/\
The diagrams for F>;, are given by

NN NN NN
SN NN NN

e S A
>

which contains a closed loop. The latter vanishes, because it arises, for example, from
7] (£2r2T3)r4 which is 0 by Lemma 5.1. We claim that the five diagrams without closed
loops amount to

Foxy = gzwz(x, y)(ZTfy + 2ry2x + A4ty Tyy +4TcTy + 41,(1},). (5.44)

As a preliminary observation note that the prefactor of % in (5.41) cancels the 2! identical
terms that arise from the order of the two contractions in applying (5.3) twice, so for each
diagram we only count matchings: how many ways out-legs can be matched to in-legs. The
five terms correspond to the five diagrams. These arise as follows:
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First and second diagrams: each diagram has two matchings.
Third diagram: four matchings.
Fourth and fifth diagrams: each diagram has four matchings.

Since all terms on the right-hand side of (5.44) are fourth order in the fields, it is immediate
from (5.27) that the 72 contribution to Loc, Fy.yy is given by

Loc, Fa.xy = 16g°wy 77 (5.45)

X

T term. Now we consider the additional terms that arise when we add a vt term so that
A= gt2 + vt (5.46)

The additional terms in F; ,, are not needed since they are of degree 2, and there are no
additional terms in F3 y,. Repeating the calculations for F yy with the extra term in A we
obtain the additional diagrams

KXo X XX

VNV N NIVAN

Therefore Fj iy has the additional terms
2gvTewy y(Tay + Tyx) +2gVTy Wy y (Tyx + Toy) + vzwx,y(rxy + Tyx). (5.47)
Thus, by (5.27), the additional 72 contribution that arises here after localisation is:
8gvwy yT2. (5.48)

A term. Now we consider the additional degree four terms that arise by adding zta to A,

with ta defined in (3.9). These degree four terms arise from contractions between 72 and

X

TA,y, and between 7  and ry2. After localisation at x, these yield contributions involving
(Aywx,y)tx2 and (A, wx,y)rf. These both vanish after summation over y € A. Thus there is
no contribution to Y, y Loc, Fy xy arising from the 7 term.

tyv term. Now we consider the additional degree four terms that arise by adding ytyv
to A, with tyy defined in (3.8). These contributions are similar to those for ta, and after
localisation at x, produce contributions involving »_,;, (V¢ V; Wy, y)txZ, which vanishes after
summation over y € A. Thus there is no contribution to Zv Locy Fy xy arising from the tyv
term.

The proof of Lemma 5.7 is now completed by combining (5.45) and (5.48). m}

5.3.4 Flow of X, q

We now prove the following lemma, which implies the flow equations (3.34)—(3.35).

Lemma 5.8 For j + 1 < jap, the observable part of P = P; as defined in (3.22) is given
by

_ 1
7Py = —Svw VW0 du Ty + 225 P51 =p) + Ecabmbaar(nx:a + 1y—p)(5.49)

while for j +1 > jup (5.49) holds with the first term on the right-hand side replaced by zero.
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Proof The distinction involving j,p arises due to the change in d; discussed in Sect. 3.2,
which stops A%, A” from evolving above the coalescence scale. Throughout the proof, we
consider only the more difficult case of j + 1 < j,p.

We consider the effect on P of adding the observable terms 7,V into V. The Laplacian
annihilates the o6 term and it cancels in the subtraction in (5.25), so can be dropped hence-
forth from V. Thus we wish to compute the new contributions that arise after adding the
observable terms

A= 2 0g Ty — AP a1,y (5.50)

to Ay and A,. We will see, in particular, that there is no contribution from the observables
to the flow of non-observable monomials.

Recall that dy = [¢] = 1 in the definition of Loc restricted to 7, N'. We first consider
the 7, N and 7\ terms. Writing F = Zi:] nlan as before, we need only consider the
n = 1 term because the observables are degree one polynomials in (¢, ¢). Contractions with
gt? give rise to monomials that are annihilated by Loc and therefore make no contribution.

Contractions with vt produce

SN SN

and, according to (3.20), the contribution of these diagrams to Fy , (Ay, Ay) is

<> <> -
Al Ly (mavTy) + (TAL) Lo (vTy) = =20 wy v (A0dy Ty + kb6¢y]lx:b). (5.51)

These same diagrams also classify contractions between the observables and zta or ytyy,
but in this case make no contributions to Loc, Zye A Fyy since, e.g., 0A¢_> is annihilated by
Loc. Thus (5.51) constitutes the new terms arising from contractions between observable and
non-observable terms in Fy ,(Ax, Ay).

Next, we consider the 7,5\ term. The contraction of the A terms in A, with those in A,

results in /_\

which contributes

A2 05 (LemaLympwyy + Lemply—qwy x). (5.52)
Using w,, » = wp,q, and using (5.33), this makes a contribution
AP 05wap (Lxma + Lymp) (5.53)
to Loc, ZyeA Fi.x,y(Ax, Ay). By Lemma 5.5, we find that the contribution to P, is

— 8w (Mods ey + AP0 imp) + S1942 06 S[wap] (Lima + Limp).  (5.54)

Since 8[wg,p] = Cji1;a,p, this completes the proof. O

6 Analysis of Flow Equations

In this section, we prove Propositions 4.3—4.4. This requires details of the specific covari-
ance decompositions we use. In Sect. 6.1, we define the covariance decompositions, list
their important properties, and use those properties to obtain estimates on the coefficients
(3.27)—(3.29) of the flow equations. Then we prove Propositions 4.3—4.4 in Sects. 6.2—-6.3,
respectively.
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6.1 Decomposition of Covariance
6.1.1 Definition of Decomposition

Letd > 2. We begin by describing the specific finite-range decomposition of the covariance
[—Aga + m2]~! we use, from [1] (see also [8,9]). Recall from [1, Example 1.1] that for each
m? > 0 there is a function oF(x,y; m2) defined for x, y € 74 and t > 0 such that

_ 2,—1 R o2 ﬂ
[=Ag+mley = [ #fGyim®) . 6.1)
: 0

The function ¢ is positive definite as a function of x, y, has the finite-range property that
oF(x,y; m?) = 0if |x — y| > t (this specific range can be achieved by rescaling in ),
and is Euclidean invariant (this can be seen, e.g., from [1, (3.19)]). To obtain ¢; as a well-
behaved function of m?2, it is necessary to restrict to a finite interval m? e [0, n‘12] and we
make this restriction in the following. Further properties of ¢; are recalled in the proof of
Proposition 6.1 below. Let

1
§L

d
$F(x, yim?) 7’ G=1

Civy= (6.2)

%LJ * 2 dt .
1 __1¢,(x,y;m )— G =2).

s L/ t

Each C; is a positive-definite 74 x 74 matrix, is Euclidean invariant, has the finite-range
property

1 .
Cjxy=0 iflx —y| > ELJ, 6.3)
and, by construction,
o0
C=[-Ag+m’ ' =>Cj (6.4)
j=1

This is the covariance decomposition we employ in (3.12).

Next, we adapt (6.2) to obtain a decomposition for the torus A = 74 /LN 74 LetL,N > 0
be integers and m? e (0, m?). By (6.3), Cj.y yyrn, = 0for j < N, |x —y| < LN, and
nonzero z € Z4, and thus

Cjxy= D Cjxyyern forj<N. (6.5)

ze74

We therefore can and do regard C; either as a 74 x 74 matrix oras a A x A matrixif j < N.
We also define

[o¢]
CNNivy = D D Ciovyiarh- (6.6)
ze74 j=N

Then C; and Cy, y are Euclidean invariant on A (i.e., invariant under automorphisms E' :
A — A as defined in Sect. 5.2). Since

2,1 29-1
[~ +mly = D [=Agr +m?1 (6.7)
z€74
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it also follows that
N—1
[—Ax+m*]7' =" Cj+Chn. (6.8)
j=1

Therefore the effect of the torus is concentrated in the term Cy . This is the decomposition
used in (3.14).

6.1.2 Properties of Decomposition

The following proposition provides estimates on the finite-range decomposition defined
above. In its statement, given a multi-index o = (ctq, ..., @g), we write V& = Vfll e ij’
where V,, denotes the finite-difference operator defined by V,, f(x,y) = f(x + ek, y) —
f(x,y). The number [¢] is equal to %(d —2)asin (3.5).

Proposition 6.1 Letd >2, L >2, j > 1, m? > 0.

(a) For multi-indices o, B with £' norms |a|1, |B|1 at most some fixed value p, and for any
k, and for m* € [0, m?],

|VgV5Cj;x,y| <c(l+ m2Lz(j_1))_kL_(j_l)(2[¢]+(‘“|‘+|ﬁ|1)), (6.9)

where ¢ = c(p, k, m?) is independent of m?, j, L. The same bound holds for Cy .y if
m2L2N=D > ¢ for some ¢ > 0, with ¢ depending on ¢ but independent of N.

(b) For j > 1, the covariance C; is differentiable in m? € (0, r?zz), right-continuous at
m? = 0, and there is a constant ¢ > 0 independent of m?, j, L such that

L d=23)
<c(1+m*20=")  Liog L d = 4) (6.10)

‘ 0
L=U@=90-D (4 > 4),

am2 Cixy

Furthermore, Cy is continuous in m? € (0, n_12) and right-continuous at m? = 0, and
Cn ,n is continuous in the open interval m? e (0, m?).

(c) Let m? = 0. There exists a smooth function p : [0, 00) — [0, co) with fooo p)dt =1,
such that the function co : R? — R defined by its Fourier transform &y(§) =
1£]72 fﬁll%l p(t) dt is smooth with compact support, and, as j — 00,

Cjxy =cj(x —y)+ OL™U"DU=D) for m* =0, (6.11)
where cj(x) = L=@=Dicq(L7 T x).

Proof We use the results of [1, Example 1.1].
(a,b) Let p,k € N. For any «, 8 with |«|1, |81 < p, [1, (1.35)] implies that there is
¢ = c(p, k) such that

IVEVE@E(x, yim?)| < (1 +m?e?) ™~ GO+, (6.12)

9
T30 (s m?)| < (1 + m?t?) 7k~ @912 (6.13)

(using %d > 1in [1, (1.36)] for the second bound). Consider first the case j > 1. In this
case, we restrict to ¢ € [%Lj_l, 1 L7) and obtain upper bounds in (6.12)—(6.13) by replacing
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12 by L2U=D_Substitution of the resulting estimates into (6.2) imply (6.9)—(6.10) for j > 1,
with constants independent of L. For example, log L in (6.10) arises as

gy
— =logL. (6.14)
Lpj-1 t
2
Moreover, since ¢/ (x, y; mz) is continuous in m? at m?> = 0T and bounded for ¢ €

(L7~ 1L/] by (6.12), for j > 1 the claimed right-continuity of Cj. y at m*> = 0F
is a straightforward consequence of the dominated convergence theorem.

For j = 1, the bound (6.12) needs to be improved. To this end, we use the discrete heat
kernel p;(x,y) = (8y,e2'8,). Since ¢! is a contraction on L*(Z%) and 8, € L*(2%), it
follows that p;(x, y) is uniformly bounded, i.e., p;(x, x) < ct~%/2 with @ = 0. Thus [1,
Theorem 1.1] and (6.12) imply that

o7 (x, y; m*)| < (719 A 1?). (6.15)

It follows that

L dt aL dt
< c/ 2= +c/ 29 - < const. (6.16)
0 1

%L * 2 dt
[CLix,yl = o (x,y;m7) —
0 t t

This proves (6.9) for j = 1 with « = f = 0, and the estimates for |«|, |8]; < p are an
immediate consequence because the discrete difference operator is bounded on L>°(Z%). For
each t > 0, the integrand ¢; is continuous in m? and right-continuituous at m? = 0, and
with the uniform bound (6.15), the claimed continuity of C; follows from the continuity of
¢ by the dominated convergence theorem as for j > 1.

Next we verify the claims for Cy y. Let ¢ > 0 and m? > eL72WN=D For j = N, we
have 1 +m?L20U=D > ;2 L20=D > ¢12G=N) and hence, with e-dependent constant c,

(1 +m?L20=Dyk=d < (] 4 2 20D~k [ =2dG=N) (6.17)
By (6.12) with k replaced by k + d, and by (6.2) and (6.6), it therefore follows that

oo
|VgiCN,N;x,y| = z Z |ng)’?cj;x,y+zLN|
J=N zezd
o
< (1 4+ m2L2N=D)H S [dG=N) [ =24G=N) [~ DS Hlalr 45D
j=N
< o1 + m2L2N-D) K L=V =DCIg el 11, 6.18)

where we have used the estimates

o0
Z 1 veowi = O(Ld(j—N)) and z —G=Nd _
z€74 =N

1
ﬁiz (for L>2). (6.19)

This shows that (6.9) holds also for Cy_y if m?L?>N=D > ¢ and thus completes the proof

of (a).
To verify that Cy_y is continuous in m? € (0, m?), let

M
CIA\;I,N:x,y = Z Z Ciix.y+zLN- (6.20)
Jj=N zezd
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This is a finite sum (due to the finite range of C;) of m?-continuous functions, and thus
is continuous in m? € (0, m?). Analogously to (6.18), it can be seen that, uniformly in
m? € [eL72NV=D ?),

ICN.Nxy = CN gyl = 0 as M — oo, (6.21)

As the uniform limit of a sequence of continuous functions, Cy y.,y is thus continuous
inm? € [eL72V, m?). Since & > 0 is arbitrary, Cy n;y,y is therefore continuous in m? e
(0, m2). This completes the proof of (b).

(c) We make several references to [1]. By [1, (1.37)—(1.38)], there exist ¢ > 0 and a function
peC® (R?) such that

¢ (x, v 0) = (/D" *hlc(x — )/ + 0~ “™D) (6.22)
(due to a typographical error, c?=2 is absent on the right-hand side of [1, (1.37)]). The function
@ is given in terms of another function Wy in [1, (3.17)] as P(x) = fRd Wi(E]»)e*E dk.
By [1, Lemma 2.2, (2.22)], W1 (A) = (p(kl/2) where ¢ : [0,00) — R is a function such
that fo te(t)dt = 1 and such that its Fourier transform @ (k) = (27)~! ngo(t)eik’dz has
support in [—1, 1] (we have chosen C = 1 as in [1, Remark 2.4]). Thus,

¢; (6. 3:0) = (c/n)"? /R . o(lgDe )4 ag 1 o (=)

= (t/c)z/ p(Et/c)e! g + o(z—<d—1>). (6.23)
RrRd
Set
s \2 1
o= (3 e ()}
By definition,
A yin 1 Ll
¢j(&) =LY ey(L7g) = —2/ p(s)ds. (6.25)
€17 Jri-1g)

For j > 2, as in (6.2), interchange of integration (and the change of variables s = 2¢|£])
gives

lpi
/ S ey / ds p(§|1/c)e’ V¢ = / &) dE = cj(x).  (6.26)
Li-1 t d Rd

This completes the proof. O
6.1.3 Bounds on Coefficients

We now prove two lemmas which provide estimates for the coefficients of ¢p (and hence
Vpt). The coefficients were defined in Sect. 3.4, in terms of the covariance decomposition
(Cj) of [~ Agya +m*]~! given by (6.2).

Lemma 6.2 Letd > 4, j > 0, m? > 0, k € R. The following bounds hold uniformly in
m? € [0, m?] (with constants which may depend on L, m> but not on j):

Bj,0j,0;, ¢ = OL™ (1 4 m?L2)7F), 6.27)
0w & = 0L~ DI+ m* L)), (6.28)
8l = 0 (L= (1 4 m?L2) ™), (6.29)
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wi = o), wi =owH), wH* =ow). (6.30)
Moreover, the left-hand sides of (6.27)—(6.30) are continuous in m? € [0, m2).

Proof The continuity of the left-hand sides of (6.27)—(6.30) in m?isa consequence of their
definitions together with the continuity of C; given by Proposition 6.1(b). Thus it suffices to
prove the estimates.

Fix k > 0. Within the proof, we set M; = (1 + m2L% )_k , and all constants may depend
on L but not on j. We use the uniform bounds (6.9) extensively without further comment.
With the finite-range property, they imply

IVICixl, IVICjprxl < OMGL™ ™ DILT) 1 5y, 1=0,12.  (631)

The indicator functions in (6.31) give rise to volume factors in the estimates, i.e.,

Z Ly<owi) < o(LY). (6.32)

xezd

We also frequently bound a sum of exponentially growing terms by the largest term, i.e., for
s >0,

j
ZL” < O(LY). (6.33)
=1

Finally, we recall the definitions (3.24)—(3.26) with w = w; = Z{:l Crand C = Cjy.
Bound on B;. By definition, 8; is proportional to

Sfw@] = 2wC)V + c?. (6.34)

Using dk — 2[¢1k = 2k and —2[¢]j +2j = —(d — 4)j,

wC)M = Zcm . chx = O(M;L~H?V) ZL‘”‘L Ak — o(L=1=DI M),

k=1 k=1
(6.35)
and similarly,
Cc? = Zcm o= O(M;LY L= = o (L1~ p;). (6.36)
Bound on 6;. By definition, 6; is proportional to
S[(w*) 9] = 3w )5 4 3(wCH ) 4 (€3, (6.37)
With dk + 2k — 2[¢]k = 4k and —4[¢]j +4j = —2(d —4)j < —(d — 4)J,
wC?) ™ = ZZM CexCiyy, < O(M;L™H9) ’)ZLdkszL 2ok
x k=1 k=1
= 0L~ Yipmy), (6.38)
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and, with —6[@]j +dj +2j = —(2d —4)j < —(d —4)j,

(™ Z|x| Cliry < O(M;L™OWILILY) < 0L~ DMy (6.39)

Also,

j o1-1
@O =23 3> x[*Cr1Cix ,+1x+22|x| CL.Cjtix  (6.40)
=1 k=1

x X k=1
The first sum in (6.40) is bounded, with dk + 2k — 2[¢]k = 4k and 4] — 2[¢]l = (6 — d)I,
by
J jo1-1
ZZZ W ChoxCrxCiyra < OMLTHO) H 7S " LA 2L 2100 =200
I=1 k=1 I=

X 1 k=1

J
< O(M; L7201y " 6= (6.41)
=1

The sum in (6.41) is bounded by O(L%/) if d > 4 so that, with —2[¢]j +2j = —(d — 4) ],

Jjo1-1
DD xPCraCriClpre < O(L™ViMy) (6.42)

x I=1 k=1

as claimed. The second term in (6.40) is similarly bounded, with dk +2k —4[¢]k = (6 —d)k,
as

ZZM CE.Cip1x < O(M;L™ 2[¢11)ZL‘”‘L2’<L*4 < oL~ M),

X k=l k=1
(6.43)
This completes the proof of (6.27).
Bound on n;. It follows immediately from (6.9) that
0y =Cjti0 < OM;L™ ), (6.44)

Bound on & ]’ By definition, & j/ is the sum of three terms. The third term is trivially bounded
by n//.. The remaining two terms are proportional to

2 3 3 2
8w = 3w Cjir00 = (W) —wi") = 3w Cj 1100

2 3
=3 (@2Ci0® = wPCiir00) +3w; €)W + €.

(6.45)

To bound the last two terms of (6.45), we use —6[¢]j +dj = —2dj +6j < —(d —2)j to
obtain

c® —

D =2.Cliy, < OMLY L) < 017D M), (6.46)

y
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Similarly, we use dk — 2[¢]k = 2k and —4[¢]j +2j = —2dj +6j < —(d — 2)j to obtain

j J
0 ) = O 35 G = 0L Y L
k=1 x k=1

< O(L™Y2ipm;)). (6.47)

The first term in (6.45) is proportional to

(W3(Cjs1 = Cjrr0)"” ZZ(» ACiv1x = Cjti0) (6.48)
k=0 x

where we have used
wi =D &lwil with §lwll=wi,, —wi,. (6.49)
The bounds
Citix = Cjp10— D xi(ViClo| < OUxPIV2Cj1illoo)
i=1
| < O(M; L2V =2 |x?, (6.50)

D slwillx = 0L D" silwil = 0(L* ) = 0(L™), (6.51)

and the identity (which follows from w? , = w?)

Zzak[w 16 (ViC)o = — Zak[w 1% (V;C)o =0 (6.52)
x i=l1
then imply
j—1
. U o
(WHCjs1 — Cjr10)" < O(M;L™HIL=2) S 1% = 0(L=4=Dipy). (6.53)
k=0

This gives the desired bound on & J’
Bound on o ;. By definition,

o = §[(wAwW)*] = (CAW)* + (WAC)*™ + (CAC)™™. (6.54)
Since dk — 2[¢lk = 2k and —2[p]j +2j = —(d — 4)j,

j
(CAw)* = 0LV M) D" LR L L0k = oL DM, (6.55)
k=1

Since dk + 2k — 2[¢lk = 4k and —2[¢]j —2j +4j = —(d — 4) ],

(WAC)™™ = oL~ 2]y )ZL‘”‘LZI‘L AWK — o(L=9=DiM;).  (6.56)
k=1
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Since —4[¢p]j —2j +6j = —2dj +8j < —(d —4)j,
(CAC)™ = oLV =21 L9 12T M)y = 0L~ M ). (6.57)

Together the above three estimates give the required result.
Bound on ¢ ;. The proof is analogous to the bound of o; and is omitted.
Bound on zt]’.. By definition, 71} is proportional to

j+1 Jj+1
SlwAw) V] = D" (Chx ACj1x + ACks Cjsry) =2 D Ci(x) ACj 41,5
k=1 x k=1 x
(6.58)
With dk — 2[¢1k = 2k,
Jj+1 Jj+1
DD Cex) AC 1. < OM LMV L72) 3" LAk =20k = o (L=“=2T M),
k=1 x k=1
(6.59)
as required.
Bound on 8[(w?)*™*] and (w?)**. By definition,
S[(w?)**] = 2(wC)*™ + (C?). (6.60)
With dk + 2k — 2[¢]k = 4k and —2[@]j +4j = (6 —d)j,
j o
W)™ =" (xPCx Cjp1x = O(M;L7A0) " k2 ~20N
k=1 x k=1
= O(M;L Oy, (6.61)

and similarly,
(€0 = lel Ciype = OM L™V LU L2y = O(M;LODT). (6.62)
Since 6 — d < 2 for d > 4, taking the sum over &[(w?)®**] also implies the bound

Bound on w; ) . By deﬁn1t1on

(1) _ chk L= 0(1) ZLdkL 2[(plk _ 0(1) ZLZk O(sz) (663)

X k=1

Bound on w;.**). By definition,

oo = 3 i = o(l)ZL"kL”‘L ok = 00)2“" OwH).
X k=1
(6.64)

This completes the proof. O
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Lemma 6.3 (a) For m?> =0, lim;_ o Bj =0 ford > 4, whereas
log L
lim B = —=  ford =4 (6.65)
g

J—)OO

(b) Let d = 4 and m* > 0. There is a constant ¢’ independent of j, L such that, for
m? e (0,m?) and j > 1,

< /(log L)L+, (6.66)

a
om2"

Proof (a) The conclusion for d > 4 follows immediately from (6.27), and we consider
henceforth the case d = 4. In this proof, constants in error estimates may depend on L.

Let ¢ € C.(R* be the function defined by Proposition 6.1(c), and let c;(x) =
L%/ ¢o(L™/x), so that

Cjx =cj(x)+ 0L, (6.67)

We use the notation (F, G) = > s FxGy for F, G : 7Z* — R,and (f, g) = fR4 fg dx
for f, g : R* — R. We first verify that

(Cj, Cjt1) — (co, c1) = O(L™I72, (6.68)
Let Rj,x = Cj,x — Cj(x). Then
(Cj, Cj) = (cj, cj) + (¢, Rj1) + (cjt1, Rj) + (R, Rjyi). (6.69)

Riemann sum approximation gives

(cj,cjs) — (co.cr) = L™ Z c(yer(y) —/Rd c(y)e(y) dy
yeL—izd
= O(L™))|V(ceplipe = 0L, (6.70)

The remaining terms are easily bounded using [supp(C;)|, [supp(R;)| = O(LY):

(cj» Rjt1) < OL)lcjl ooz | Rj1ill poozsy < OLTILT, (6.71)

(cjs1: Rp) < OL)llcjsill ooz |Rj | ooy < O(LTILT, (6.72)

(Rj. Rj11) < OL)R;j || ooy IR 11l poozy < O™ LT, (6.73)
and (6.68) follows.

From (6.68) we can now deduce that

Z(ck, Cjt1) =

M\

«n,c/+1 —k +€§:(?(L k=2hy

k=1 k=1
J
= > {co. ct) + O(L™), (6.74)
k=1
(Cjt1, Cjt1) = (co, co) + O(L™). (6.75)

Thus, using (co, cx) = (co, c—k), we obtain
2 2 / i
w —w'? =2, Cjun) +(Cjp1, Cjp) = D (e, i) + OLT).  (676)
k=—j
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Application of [c_g ||z < L*||collz and supp(c—x) C B+, gives

oo

S el = > leoel < lolze 3 sz/ lco(x)] dx
k=j+1 k=j+1 k=j+1 Bow-k
o0 .
<leolie D, 0L <0w™). (677
k=j+1
Thus we have obtained
) o0
B =8w, —w) = fu+ OL™) with B =8 D (co,cx).  (678)
k=—o00
The constant S, is determined as follows. By (6.78),
Boo = 8(co.v) with v="> c. (6.79)

keZ

By Plancherel’s theorem and (6.25),

1 af [E L¥g]
(coscr) = —— | 1§17 (/ p(t)dt) / p(t)dt ) d&, (6.80)
2m)* Jrs L1g] Lk=1g|

and hence, by Fubini’s theorem, radial symmetry, and fooo pdt =1,

NG o0 r dr w3 o0 Lt gy
i ([ r0) £ ([ o

where w3 = 272 is the surface measure of the 3-sphere as a subset of R*. The inner integral
in the last equation is equal to log L. Thus, again using fooo pdt =1, we find that

8w3 lo L log L
Bas
Qm) 8 )

Boo = (6.82)

as claimed.

(b) In this proof, we set d = 4, and constants are independent of L. We write [/ = a% f.
Using the notation of (3.26), we have

B; = 16((wC)‘“)/ + 8(C(2>)/. (6.83)
By (6.9)~(6.10),

(CPy = 22c}+l’xcj+1,x < O(L % 1ogL)O (L) < 0(LY(log L)LY) (6.84)
X

and, similarly,

(we)Y’ ZZ(CM Cliin+Ci Cipin) (6.85)

X k=1

@ Springer



Perturbative Analysis of Weakly Self-avoiding Walk 527

Again by (6.9)(6.10),

/ J
Z Z Ckwxc}ﬂ,x < O(logL) Z Lk [ —2(k=1)

x k=1 k=1

j
< O0(L%ogL) > LU PED < 0(LogL)LY),  (6.86)
k=1

j j
D> CiiCire < O(L 2 logL) > 0L™) < 0L (log L)LY).  (6.87)
X k=1 k=1

This completes the proof. O

6.2 Proof of Proposition 4.3

Proof of Proposition 4.3 Let uy = L?UtDy By (3.25), (4.8)—(4.10) are equivalent to (we
drop superscripts (0) on z and zp)

1 1
Lo+ dgur) | = g+ 4gui | - ;6% (6.88)
[ape + 22uil)) + 303 085] = [2 + 2eu” + Ju?w (] - 0587, (6.89)

(o + 3001 ] = L[+ 0] + [ + dgpn]]

— &g —wjgn — mgz. (6.90)

The form of the rewritten equations (6.88)—(6.90) suggests that we define maps 7 : R} — R3
by Tj(g, z, u) = (g, Z, 1) where (g, Z, j1) are as in (4.16)—(4.18), i.e.,

=g+ 4g/Lw( ) (6.91)
¢=z+2mpl + Lpta (6.92)
=+ pPul. (6.93)

By the inverse function theorem [15, (10.2.5)], there exists a ball B.(0) C R3 such that T;is
an analytic diffeomorphism from B, (0) onto its image. Note that € can be chosen uniformly
in j and m? by the uniformity of the bounds on w( ) and 17);**) in j and m? of Lemma 6.2. It
also follows from the inverse function theorem that T-YV) = V + 0(]V|?) with uniform
constant.

The left-hand sides of (6.88)—(6.90) equal T 1 ((p[g?.)j (V) + O((1 +m2L%)=¥v|?) and
the right-hand sides are equal to ¢;(T;(V)) + O((1 + m*>L?))~*|V|3). For example, with
Ti1(Vo) = (pts Zpts Mpt), it follows from Lemma 6.2 that

+agu ') = 4 5D 14+ d(e — O
8ot +Aguwy )y = [gpt + dgpupih )y | + 48 — gpr )y + 4gpi (g — /‘Lpt)w/+1
1
=&pt + 4(ﬁ]g + 4g8[,uw(1)])p¢+w5£l
+ 4gpt( —dn;w Vg + &8> +wjgn +mjgz + 8l w“)])

= gp+ O((1 +m* L) |v]3). (6.94)
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Thus
Tia(g s (V) = @;(T;(V) + O(( +m* L2 kv P3) (6.95)

as claimed. O

6.3 Proof of Proposition 4.4

Lemma 6.4 Let d = 4, m? > 0, and m* € [0, m?). For any ¢ < 72 log L, there exists
n < oo such that B; (m*) > cforn < j < jyu — n, uniformly in m?* € [0, m?].

Proof Lete > Osatisfy c4+¢& < w2 log L. By (6.65), there exists ng such that B;j(0) > c+e
if j > ng. This is sufficient for the case m? = 0, where Jm —n = 00.

Thus we consider m? > 0. With ¢/ the constant in (6.66), choose n; such that
c'(log L)L4_2”1 < ¢. By definition in (4.20), j, = [log;2 m_zj, so m2L2%/m < 1. Thus, for
m? € (0, m?], (6.66) implies thatif 1 < j < j,, — n; then

1B (0) — Bj(m*)| < ¢'(log LYL*™ m? < ¢'(log L)L*™" < e. (6.96)
Therefore, B; (mz) >ciftng < j < jm — ni, as claimed. O

Proof of Proposition 4.4 The continuity in m? € [0, m?] of the coefficients in (3.30)—(3.35)
and in (4.13)—(4.15) is immediate from Proposition 6.1 and Lemma 6.2.

To verify that ¢ obeys [5, Assumptions (A1-A2)], we fix Q > 1, and recall from (4.21)
the definition

jo = inf [k >0: 18] < QY8 for allj]. (6.97)

Let k be such that L% > Q. Then, for all j > 0,
(1 +m2L2j)7k < L 2kG=Jm)+ < Q—U—Jm+ (6.98)

Fix ¢, n as in Lemma 6.4. Since j,, — oo as m | 0, there is a § such that j, > n when
m? € [0, 8]. For such m, it follows from Lemma 6.4 that ||8]|oc > c. We apply Lemma 6.2
and (6.98) to see that there is a constant C such that

. C . .
1Bj| = CQTITIM < —Q7UTI Bl < @I Blles (6.99)

whenever k > j,, + logo(C/c). In particular, jo < k and thus jo < j, + O(1). On the
other hand, by Lemma 6.4, 8;, _, > c, and the definition of jq thus requires that ¢ <
Bjp—n < Q7 Um=n=i2)+|| B|| . Therefore, j, —n — jo < logg(c™[|Blloo), which implies
that jo > j, —n —logg (¢~ Y1Blloo)- This completes the proof of (4.22). Also, the number
of j < jo with 8; < cis bounded by n +1logq (C/c). This proves [5, Assumption (Al)] and
also shows

Q- U=im+ — O(Q*(j*jszﬁ)' (6.100)

Then [5, Assumption (A2)] follows from Lemma 6.2, (6.98), and the previous sentence. This
completes the proof. O

Finally, for use in [13], we note the following inequalities. First, it follows from Propo-
sition 4.4 and [5, Lemma 2.1] that the sequence (g;) solving (4.13) obeys (for sufficiently
small go)

1

78i+1 = 8j =28j+1- 6.101)
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In addition, the combination of (6.9), (6.98), and (6.100) implies that there is an L-
independent constant ¢ such that for m? e [0,6]and j = 1,..., N — 1, and in the special
case C; = Cy y for m? € [eL=2(N=D 5] with the constant ¢ now depending on ¢ > 0,

|V§V€Cj;x,y| < cQ~U—io)+ [ —U=DQIg1+(ali+IB1) (6.102)

Acknowledgments This work was supported in part by NSERC of Canada. RB gratefully acknowledges
the support and hospitality of the IAM at the University of Bonn, and of the Department of Mathematics and
Statistics at McGill University, where part of this work was done. DB gratefully acknowledges the support
and hospitality of the Institute for Advanced Study at Princeton and of Eurandom during part of this work.
GS gratefully acknowledges the support and hospitality of the Institut Henri Poincaré, where part of this work
was done.

References

1. Bauerschmidt, R.: A simple method for finite range decomposition of quadratic forms and Gaussian fields.
Probab. Theory Relat. Fields 157, 817-845 (2013)

2. Bauerschmidt, R., Brydges, D.C., Slade, G.: Critical two-point function of the 4-dimensional weakly
self-avoiding walk. Commun. Math. Phys. (2014). arXiv:1403.7268

3. Bauerschmidt, R., Brydges, D.C., Slade, G.: Logarithmic correction for the susceptibility of the 4-
dimensional weakly self-avoiding walk: a renormalisation group analysis. Commun. Math. Phys. (2014).
arXiv:1403.7422

4. Bauerschmidt, R., Brydges, D.C., Slade. G.: Ptsoft: python program for perturbative renormalisation
group calculation, Version 1.0 [Software]. Available at http://www.math.ubc.ca/~slade/, (2014)

5. Bauerschmidt, R., Brydges, D.C., Slade. G.: Structural stability of a dynamical system near a non-
hyperbolic fixed point. Annales Henri Poincaré (2014). arXiv:1211.2477

6. Bauerschmidt, R., Brydges, D.C., Slade, G.: Scaling limits and critical behaviour of the 4-dimensional
n-component |(p|4 spin model. J. Stat. Phys. 157, 692-742 (2014)

7. Brydges, D., Slade, G.: Renormalisation group analysis of weakly self-avoiding walk in dimensions four
and higher. In: Bhatia, R., et al. (eds.) Proceedings of the International Congress of Mathematicians.
Hyderabad 2010, pp. 2232-2257. World Scientific, Singapore (2011)

8. Brydges, D.C.: Lectures on the renormalisation group. In: Sheffield, S., Spencer, T. (eds.) Statistical
Mechanics, pp. 7-93. American Mathematical Society, Providence, (2009). IAS/Park City Mathematics
Series, vol. 16

9. Brydges, D.C., Guadagni, G., Mitter, P.K.: Finite range decomposition of Gaussian processes. J. Stat.
Phys. 115, 415-449 (2004)

10. Brydges, D.C., Imbrie, J.Z., Slade, G.: Functional integral representations for self-avoiding walk. Probab.
Surv. 6, 34-61 (2009)

11. Brydges, D.C., Slade, G.: A renormalisation group method. I. Gaussian integration and normed algebras.
J. Stat. Phys. (to appear). doi:10.1007/s10955-014-1163-z

12. Brydges, D.C., Slade, G.: A renormalisation group method. II. Approximation by local polynomials. J.
Stat. Phys. (to appear). doi:10.1007/s10955-014-1164-y

13. Brydges, D.C., Slade, G.: A renormalisation group method. IV. Stability analysis. J. Stat. Phys. (to appear).
doi:10.1007/s10955-014-1166-9

14. Brydges, D.C., Slade, G.: A renormalisation group method. V. A single renormalisation group step. J.
Stat. Phys. (to appear). doi:10.1007/s10955-014-1167-8

15. Dieudonné, J.: Foundations of Modern Analysis. Academic Press, New York (1969)

16. Gell-Mann, M., Low, F.E.: Quantum electrodynamics at small distances. Phys. Rev. 95, 13001312 (1954)

17. Glimm, J., Jaffe, A.: Quantum Physics. A Functional Integral Point of View, 2nd edn. Springer, Berlin
(1987)

18. Slade, G., Tomberg, A.: Critical correlation functions for the 4-dimensional weakly self-avoiding walk
and n-component \<p|4 model (2014). arXiv:1412.2668

19. Wilson, K.G.: The renormalization group and critical phenomena. Rev. Mod. Phys. 55, 583-600 (1983)

@ Springer


http://arxiv.org/abs/1403.7268
http://arxiv.org/abs/1403.7422
http://www.math.ubc.ca/~slade/
http://arxiv.org/abs/1211.2477
http://dx.doi.org/10.1007/s10955-014-1163-z
http://dx.doi.org/10.1007/s10955-014-1164-y
http://dx.doi.org/10.1007/s10955-014-1166-9
http://dx.doi.org/10.1007/s10955-014-1167-8
http://arxiv.org/abs/1412.2668

	A Renormalisation Group Method. III. Perturbative Analysis
	Abstract
	1 Introduction
	2 Perturbative Renormalisation
	3 Setup and Definitions
	3.1 Fields and Observables
	3.2 Specification of Loc
	3.3 Local Polynomials
	3.4 Finite-Range Covariance Decomposition
	3.5 Definition of Vpt
	3.6 Further Definitions

	4 Main Results
	4.1 Flow of Coupling Constants
	4.2 Change of Variables and Dynamical System

	5 Flow Equations and Feynman Diagrams
	5.1 Feynman Diagrams
	5.2 Symmetries
	5.2.1 Symmetry and the Bulk
	5.2.2 Symmetry and Observables

	5.3 Calculation of P
	5.3.1 Preliminary Identities
	5.3.2 Localisation Operator
	5.3.3 Flow of g
	5.3.4 Flow of lambda,q


	6 Analysis of Flow Equations
	6.1 Decomposition of Covariance
	6.1.1 Definition of Decomposition
	6.1.2 Properties of Decomposition
	6.1.3 Bounds on Coefficients

	6.2 Proof of Proposition 4.3
	6.3 Proof of Proposition 4.4

	Acknowledgments
	References


