J Stat Phys (2015) 158:1341-1378
DOI 10.1007/s10955-014-1155-z

Propagation of Chaos for the Thermostatted Kac Master
Equation

Eric Carlen - Dawan Mustafa - Bernt Wennberg

Received: 12 February 2014 / Accepted: 26 November 2014 / Published online: 25 December 2014
© Springer Science+Business Media New York 2014

Abstract The Kac model is a simplified model of an N-particle system in which the colli-
sions of a real particle system are modeled by random jumps of pairs of particle velocities.
Kac proved propagation of chaos for this model, and hence provided a rigorous validation
of the corresponding Boltzmann equation. Starting with the same model we consider an
N-particle system in which the particles are accelerated between the jumps by a constant
uniform force field which conserves the total energy of the system. We show propagation of
chaos for this model.

Keywords Master equation - Propagation of chaos - Kinetic equation with a thermostat

1 Introduction

The most fundamental equation in the kinetic theory of gases is perhaps the Boltzmann
equation, which was derived by Ludwig Boltzmann in 1872. This equation describes the
time evolution of the density of a single particle in a gas consisting of a large number of
particles and reads

0
Ff v D+ Vof(x v, 0) =0, f) (1.1)
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1342 E. Carlen et al.

where f(x, v, 1) is a density function of a single particle, x, v € R> represent the position
and velocity of the particle, and r > 0 represents time. The collision operator Q is given by

0 11 = [ | [ L0 f vl = £, 0.0 £ (5,0 D] B = 02 0)dvsdor
e (1.2)
The case where f is independent of x is called the spatially homogeneous Boltzmann equa-
tion. In Eq. (1.2), the pair (v, v,) represents the velocities of two particles before a collision
and (v/, v}) the velocities of these particles after the collision. Excellent references about the
Boltzmann equation are [4,11].

The fact that the collision operator Q (f, f) involves products of the density f rather than a
two particle density f>(x1, vy, x2, v2, t) is a consequence of Boltzmann’s stosszahlansatz, the
assumption that two particles engaging in a collision are independent before the interaction.
It is a very challenging problem to improve on Landford’s result from 1975 [7], which
essentially states that the stosszahlansats holds for a time interval of the order of one fifth of
the time mean time between collisions of an individual particle. In an attempt to address the
fundamental questions concerning the derivation of spatially homogeneous the Boltzmann
equation, Mark Kac introduced a stochastic particle process consisting of N particles from
which he obtained an equation like the Boltzmann equation (1.1) as amean field limit when the
numbers of the particles N — oo, (see [6]): Consider the master vector V = (v, ..., vy),
v; € R, where each coordinate represents the velocity of a particle. The spatial distribution
of the particles is ignored in this model, and the velocities are one dimensional. The state
space of the particles is the sphere in RV with radius +/N, that is the velocities are restricted
to satisfy the equation

v+ 4+ vk =N. (1.3)
The binary collisions in a the gas are represented by jumps involving pairs of velocities from
the master vector, with exponentially distributed time intervals with intensity 1/N. At each
collision time, the pair of velocities (v;, v;) are chosen randomly from the master vector and
changes to (v;, v}) according to

v = v; cosf + v; sinf,

,— . — . 1
v; = vjcost —v;sing.

The parameter 6 is chosen according to a law b(6)df. In [6], for the sake of simplicity,
Kac chooses b(0) = 27) L. Any bounded b(0) can be treated in the same way. The post-
collision master vector is denoted by R;;(9)V. Note that the collision process does not
conserve both momentum and energy (only trivial collisions can conserve both invariants in
this one dimensional case). Hence

2 2_.n 2
v; +vj—v,~ + v,

but in general
vi +vj # ) + vl

The equation governing the evolution of this process is called Kac’s master equation (a
Kolmogorov forward equation for Markov processes). It is given by

el
EWN(V’ H=KWn(V,1). Wxn(V,0) = Wyo(V) (1.4)

@ Springer



Thermostatted Kac Master Equation 1343

where the collision operator K has the form

2
KWn(V, 1) = -1 z (O, ) —DWn(V,1), (L.5)
1<i<j<N
with
T do
Qau.pWn(V, 1) =/ Wy ((Rij(0)V), 1) o (1.6)

The particles are assumed to be identical and this corresponds to the initial density being
symmetric:

Definition 1.1 A probability density W (V) on R¥ is said to be symmetric if for any bounded
continuous function ¢ on RV

/ VYW Vydm™) = / ¢ (Vo)W (V)dm™) (1.7)
RN RN
where for any permutation o € {1, ..., N}

Vo = Wo(1)s - -5 Vo())-

We note that the master equation (1.4) preserves symmetry. To obtain an equation like (1.1)
which describes the time evolution of a one-particle density, Kac studied the k-th marginal
FY of Wy (V, 1), where

. v = [ WV, 0)do®. (1.8)
Qe

Here, o ® is the spherical measure on € = S¥—1-% \/N — (W3 + - +v}) ). Since Wy

is symmetric, the k-th marginal is also symmetric, and the time evolution for the first marginal
le is obtained by integrating the master equation (1.4) over the variables v; ... vy. This
yields

*fl (v1,1) —2/ fz (W1, 3, 1) = f5 (Ul,vz,t)] *dvz, (1.9)
JN— v] -7
where
V] = vicos® +vasin®, vy = vpcosh — vy sinb.

If we had fZN(vl, v, 1)~ le(vl, t)le(vz, t) in a weak sense (which is defined later) then
the evolution equation (1.9) for the first marginal would look like the spatially homogenous
Boltzmann equation, i.e., Eq. (1.1) without the position variable x. Kac suggested in [6]
that one should take a sequence of initial densities Wy (V) which have the “Boltzmann
property” that is,

k
. N . N
Jim Y@ 0) = 1_[11&2“00 [ w0,
J:

weakly in the sense of measures on R¥. The Boltzmann property means that for each fixed
k, the joint probability densities of the first k coordinates tend to product densities when
N — o0. By analyzing how the collision operator acts on functions depending on finitely
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many variables and a combinatorial argument Kac showed that for all # > 0, the sequence
Wn (V, 1) also has the Boltzmann property, that is, the Boltzmann property propagates in
time. In this case the limit of the first marginal f(v,t) = limy_ o f]N (v, t) satisfies the
Boltzmann—Kac equation

a
gf(v,t) = Q(f. ).

where

T do
Qf. Hw) =2 /]R [F00fG 0 = Fo.0f@D] du. (110)

What Kac refereed to as the Boltzmann property’ is nowadays often called chaos. More
precisely, we have the following definition:

Definition 1.2 Let f be a given probability density on R with respect to the Lebesgue
measure m. For each N € N, let Wy be a probability density on RY with respect to the
product measure mY). Then the sequence {Wy}yen of probability densities on RV is said
to be f-chaotic if

(1) Each Wy is a symmetric function of the variables vy, vz, ..., vy.

(2) Foreach fixed k € N the k-th marginal ka (v1, ..., vr) of Wy converges to Hle f i),
as N — oo, (f(v) = limy_ o le (v)) in the sense of weak convergence, that is, if
¢ (v1, v2, ..., vg) is bounded continuous function on R*, then

k
lim/ ¢(v1,v2,...,vk)WN(V)dm(N):/ ¢ v, .0 [ | £iddm®.
RV RK

N—oo .
i=1

The aim of this paper is to show propagation of chaos for a new many particle model with
the same collision process, but where between the collisions, the particles are accelerated by
a force field which always keep the total energy constant. In the next subsection we describe
this process. In the original problem considered by Kac [6], correlations between particles
were only introduced through the binary collisions. In our case, the force field will introduce
correlations as well, but of a different character.

Our proof of propagation of chaos for this model with two distinct sources of correlation
builds on recent work on propagation of chaos, but also includes a quantitative development
of Kac’s original argument which we apply to control the correlations introduced by the
collisions. We must quantify these correlations in order to control the correlating effects of
the force field.

1.1 The Thermostatted Kac Master Equation

In the Kac model, the particles interact via random jumps which correspond to random
collisions between pairs of particles. We now consider a stochastic model where the particles
have the same jump process as in the Kac model, but are now also accelerated between

the jumps under a constant uniform force field E = E(1, 1, ..., 1) which interacts with a
Gaussian thermostat in order to keep the total energy of the system constant. For a detailed
discussion see [13]. Consider the master vector V = (vy, ..., vy) on the sphere SN-1(/N).

The vector V clearly depends on time, and when needed we write V() instead of V. It is
also convenient to use a coordinate-system in which E > 0. The Gaussian thermostat is
implemented as the projection of E into the tangent plane of S¥ =1 (v/N) at the point V. The
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Thermostatted Kac Master Equation 1345

time evolution of the master vector between collisions is then given by:

d
—V =F(V), 1.11
T (V) (1.11)
where V)
FV)=E({1- —V 1.12
v ( Uw) ) (12
and 1 = (1,...,1). The quantities J(V) and U (V) represent the average momentum per
particle and the average energy per particle, respectively, and are given by
|
J(V) = NZvi, (1.13)
i=1
|
_ 2
U(V) = Ngl:vi. (1.14)
If Wy (V,t) = Wy (v, v2, ..., vpN, t) is the probability density of the N particles at time 7,

it satisfies the so called Thermostatted Kac master equation (see [13])

ol
EWN(V’ N+ Vy - FV)WyN(V, 1) = KWN)(V, 1). (1.15)

We see that (1.15), in the absence of the force field reduces to the master equation of the
Kac model. Under the assumption that the sequence of probability densities {Wy (V, 1)} neN
propagates chaos it is shown in [13, Theorem 2.1] that f (v, 1) = limy_ le (v, t) where
le (v, 1) is the first marginal of Wy (V, 1) satisfies the Thermostatted Kac equation

a a
5f(v, t)+E£((1—§(t)v)f(v,t))=Q(f, 1), (1.16)

where

L) = / vf (v, t)dv, (1.17)
R

and Q(f, f) is given by (1.10). For the investigation of Eq. (1.16) we refer to Wennberg and
Wondmagegne [12] and Bagland [1].

The interest in studying thermostatted kinetic equations comes from attempts to fully
understand Ohm’s law. Many of the ideas of this paper come from [2], which presents a more
realistic model where the positions of the particles are also taken into account. However, the
collision term is easier, and the main difficulty comes from analyzing a spatially homogenous
model.

The proof of propagation of chaos is in many ways similar to that of Kac, but whereas
his proof is carried out entirely by analyzing the collision operator (1.5), the proof presented
here (and in [2]) requires a more detailed analysis of the underlying stochastic jump process,
and thus approaches Griinbaum’s method for proving propagation of chaos (see [S]), which
is based on studying the empirical measure py generated by the N velocities, and proving
that the sequence {un}%_, converges weakly to a measure, which is the solution to the
Boltzmann equation. While essentially all ingredients of the proof are present in [5], there
are many technical difficulties that were treated rigorously only later in [9], and in a much
greater generality in [8] and other papers by the same authors. A standard reference addressing
many aspects of the propagation of chaos is [8].
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The structure of the paper is as follows: In Sect. 2 we introduce a master equation (a
“quenched equation”) which is an approximation to the master equation (1.15). In Sect.
3, we show that the quenched master equation propagates chaos with a quantitative rate.
In Sect. 4 we make pathwise comparison of the stochastic processes corresponding to the
master equation (1.15) and the approximation master equation. The main result is that, for
large N, the paths of the two stochastic processes are close to each other. Finally, in Sect. 5
we show that the second marginal of Wy (V, t) converges as N — oo to a product of two
one marginals of Wy (V, 1).

2 An Approximation Process

To show propagation of chaos for the evolution described by the master equation (1.15), we
consider the two particle marginal f>(vy, va, t) of Wy (V, t) and show that it can be written
as a product of 2 one particle marginals of Wy (V, t) when N — oo. In [2], by introducing
an approximation master equation which propagates independence, it is shown that for large
N, the path described by this approximate master equation is close to the path described by
the original master equation. This in turn implies propagation of chaos. The independence
property is not crucial, and the ideas in [2] can be adapted and further developed so as to
apply to the model we consider here. If one tries to directly show propagation of chaos for
the master equation (1.15) using the classical method by Kac [6], one encounters difficulties,
even with the master equation in [2]. The difficulty lies in the nature of the force field F(V)
which depends on J (V) and U (V).

To overcome this difficulty in [2] a modified force field is introduced in which the random
quantities J (V) and U (V) are replaced by their expectations which only depend on time. This
gives rise to a new master equation. In the next section we introduce this modified problem
and related properties.

2.1 The Modified Force Field and the Quenched Master Equation

Following the lines in [2], given a probability density on RY we define the quenched current
and the quenched energy approximation as:

N

N

~ 1 ~ 1

JWN(I) = N Z < Vj >Wyn(V.0) and UWN(Z‘) = N Z < U? > Wy (V.1)s 2.1
j=1 j=1

where < - >y, denotes the expectation with respect to a given density Wy, i.e., for an
arbitrary continuous function ¢,

< ¢ (V) >wy= / d(V)Wy (V)dm™)
RN

with dm™) denoting the Lebesgue measure on RV . The modified force field which now
depends on the quenched current and energy is defined as

- Twy (1) )
F t)=FE — = Vi)). 2.2
Wy () ( T (t) 2.2)

We note that with given fWN (t)and U wy (t), the particles move independently when subject
to (2.2), while in (1.12) all particles interact through the force field F. With this modified
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Thermostatted Kac Master Equation 1347

force field, we consider the following quenched master equation
0 ~ - ~ .
3NV D+ V- Fy, OWN V. D) =KWy(V. 1), (2.3)

where now the modified force is the one corresponding to the density WN (V, t). Besides the
difference in force fields, the quenched master equation (2.3) is non-linear (f(t) depends on
VT/(I)) compared to the master equation (1.15) but they both have the same collision process.

The motivation for introducing the quenched process is that if there is propagation of
chaos, then the different particle velocities will be approximately independent, and then for
large N, the Law of Large Numbers will imply that almost surely,

1< -
JOV) =+ 2 w0~ Ty, (1)
i=1

and likewise for the energy, to a very good approximation. In this case, there will be a
negligible difference between the quenched force field and the thermostatting force field, and
thus we might expect the two processes to be pathwise close. To follow the strategy of [2],
we shall need quantitative estimates on the propagation of chaos by the quenched process,
which shall justify using the Law of Large Numbers to show that for large N the two force
fields are indeed close.

Henceforth, to simplify notations, let

In®) =Tg, ()  and  Un(@) :=Ug, .

In the next lemma we describe the time evolution of J, n (1) and U ~ (1) in terms of differential
equations.

Lemma 2.1 Given initial distribution V/[}N,O(V), fN(t) and ﬁN (t) satisfy the differential
equations, both independent of N:

iJA(t)—E—EM—ZJA ) (2.4)
ar TN = Oy N0 '
and d
—Uy(t) = 0. (2.5)

dr

Proof Formally the result can be obtained by multiplying Eq. (2.3) by v; or viz, integrating
(partially) and summing over i. To avoid any difficulties in the formal manipulations that
lead to Eq. (2.4) and Eq. (2.5), we consider first a linear equation, with a force field a priori
determined by solutions to (2.4) and (2.5), and observe that the solutions to this linear equation
actually solve (2.3). Cf. also Ref. [1].

Let 77; be the continuous function on RY defined by

71,-(V):m(vl,...,v,-,...,vN):v,-, iZ],‘..,N.
From (1.5), we get

2 o de
K= 1<,Z<:N/0 [7i (Rij ©)V) = (V)] 5— = —2ui. (2.6)
J#
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1348 E. Carlen et al.

Consider the force field
F(t) = (1 - @V)

where it = U ~n(0) is a constant and & () satisfies the differential equation

2
Sew=r- " 2 @.7)

with initial condition & (0) = I\ ~(0). The dynamics of each particle under the force field Fis

given by
%Ui(f):E( —i_),(t)) i=1,...,N.

or d
VO =F0. 2.8)

Abbreviating y (1) = E&(t)/u, we see that
Vi (t) = 50 (s) + Brss (2.9)
where

1
t
g =e" Jiy@dr and Brs = E(x[s/ agdt.
s

Given V at time s, let St s be the flow such that S, s(V) is the unique solution of (2.8) at tlme t
with each component given by (2.9). Let WN (V, t) be a solution to (2.3) with FWN (t) = F(t)

Moreover, let jt, s (V) be the determinant of the Jacobian of St, s(V), that is,

S, | _ v
dV - Yts

Ts(V) = ‘

Next, the master equation (2.3) with this a priori determined force field can be written in
mild form as

d -
7 (WN(S“(V) NTrs) = KW (Sis(V), 1). (2.10)

Multiplying both sides of the last equality by j; s and integrating yields

~ ~ o~ o~ t ~ ~ o~
W (Si,s(V), ) Trs = WN (V. 5) +/ KWn (S7,5(V), 1) T sdT.

s

Now, we multiply both sides of the last equality by Et, s(vi) and integrate over RV with
dm™) =dvy, ..., dvy. We get

/ W (Si5s(V), 0S5 (0 Ty sdm™)
RN

t
_ / TN, 95, dm ™) ¢ / s / KWy By (V). 7)o pdrdm ™,
R R K
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By a change of variables and the property that :S",,s (v;) = §,,T (:S",,s (v;)) we can write the last
equality as

/ Wy (V, t)v;dm ™)
]RN

t
= / Wx(V, $)S; 5 (v;)dm™) + / / St.e (W)K Wy (V, 1)dmMdz.
RN K RN

Using (2.6), summing both sides of the last equality fromi = 1 toi = N and dividing by N
leads to the following relation

o~ o~ t o~
IN() = ars IN(S) + Brs — 2/ a;r Jy(T)dr.

Differentiating the last equality with respect to ¢ yields

Ly o

-~ ~ t _~
= O Tn () — YOy + E — 2T (1) +2 / Y (e Ty (1)de

t
S 40) (mJMs) + Bis — 2 / atJN(r)dr) +E—2Jy()

= —y(O)IN(t) + E = 2]y (1)

S0 50+ E— 2700,

=F——

u
We now see that J; ~ (1) satisfies the differential equation (2.7) and hence is equal to £(¢). A
similar calculation also yields

t
Un(t) = a2 Un(s) + 205 rs In (s) + B, — 4 / e Bre In (T)dr.

s

Differentiating the last equality with respect to ¢ yields

iﬁN (t) = —2E$(t) Un(t) +2ETn(1).

dr a

Using &(1) = Jy (1), we find that

4Gy = 2E5) (1 - UN_(Z)), @2.11)
dr u

and hence 17;\1 (t) = u as the (unique) solution to (2.11),

d -
—Upn(t) =0.
& N (1)

Hence the a posteriori determined J) n () and U n (¢) coincide with &£(¢) and u, and hence the
Wy solves (2.3), and the conclusions of the lemma holds. ]

The consequence of the last lemma is that, given initial data, at time ¢, we can obtain ) N (1)
and U, ~ (t) using the differential equations (2.4) and (2.5). This is independent of knowing
VT/(V, t) which is required when using (2.1) to obtain JAN(t) and ﬁN (t). Since LA/N (t) is
constant in time, in the remaining of the paper we abbreviate

Uy = Un(0) = Uy (1).
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1350 E. Carlen et al.

Using the new notations, the evolution of each particle is given by

d Eln(
50 =g ENOs . i=1,...,N (2.12)
dt Uy
which we also can write as d
aV(t) = FVT/N (1). (2.13)

Given V), let TS'\,YO be the flow such that :S’\,,O(Vo) is the unique solution of (2.13) at time 7. In
what follows we shall need a bound on a sixth moment of W which is defined as

e (1) :/ Wy (V, Hvldm™), i=1,...,N. (2.14)
RN

Because VT/N is symmetric, the definition does not depend on the index i.

Lemma 2.2 Assume that me n(0) < 00. For all t > 0 we have

g N (t) < Chig y(0).t (2.15)

where Ciis v (0).¢ IS a positive constant which depends on nig n(0) and t.

Proof Making computations similar to those in the proof of the last lemma we have

/ Wy (V, )vddm™)
RN

t
- / W (V, 0080 (w1 dm™ + / / Kn (V, )8, (o) Sdmds
RN 0 JRN

1 C1(t) 4 Ca().

The left hand side of the last equality is by definition 772 n (¢). To estimate C;(r), we first

note that |Jy ()| < /Uy by using the Cauchy Schwartz inequality. Furthermore, a crude
estimate on the differential equation (2.12) for the evolution of the particle v; yields

. ~
; (0) +/ (E - Mﬁi (‘L’)) dr
0 Un

4 1
57(0)+/ E+ E——[:(0)] )dr.
% 0)] 0( mwm)r

i ()] =

Let
Et

VOn

n(r) =
Straightforward estimation yields
S.0)° < 16650 (vf 4 TF)

Hence, R
Ci(1) < 16%7) (g n (0) + UR) - (2.16)

To estimate C»(t), using that K is self-adjoint, we can write

t
Cz(l‘):// Wy (V, $)KS; s (vi)0dm™ds.
0 JRN
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A calculation similar to (2.6) on ICE,S (v;)® and the inequality (a + b)> < 2(a® + b?) for
a, b € Ryield

t
c2(1)564// Wx (V. )8, (v)0dm M ds.
0 JRN

Since E,x(vi) is of the form E,‘Y(vi) = QyV; + B\,S, it follows that

t
C()<C (Al/ e, N (s)ds + Az),
0

where C is a positive constant and

=6 26
Al = sup o, Ay = sup B,.
0<s<t O<s<t

Combining the estimates above, we have

t
e, N (1) < 16e*D (fiig y(0) + Uy) + C (A 1 / i n (s)ds + A2) . (2.17)
0
Rewriting this inequality slightly we can apply Gronwall’s lemma to obtain

me, N (1) < Chig v (0).1- (2.18)

where Cyig  (0),¢ 1S constant depending on 71g x (0) and ¢. Note that the Gronwall’s lemma
gives that Cj, y (0),r depends on N only from the initial condition n16, n (0). O

3 Propagation of Chaos for the Quenched Master Equation

In the previous section we defined the quenched master equation (2.3). The goal of this section
is to show that it propagates chaos. However, in order to take advantage of this to show that
the master equation (1.15) propagates chaos, we need to know at which rate (2.3) propagates
chaos. The reason that propagation of chaos holds for (2.3) is that the particles driven by
the quenched force field evolve independently between collisions. In [6] it is shown that
given chaotic initial data the master equation (2.3) without the term V - (ﬁWN (1) WN (V, 1)
propagates chaos. The main idea in the proof of Kac is that as N tends to infinity, the
probability that any given particle collides with some other particle more than once tends to
zero. By isolating the contribution of “recollisions” to the evolution, and showing that their
contribution is negligible in the limit, Kac deduced his asymptotic factorization property. To
state this precisely, and to state our quantitative version, we first introduce some notation,
defining the marginals of WN (V,1). Let

0 = / T (V. ydm =D
RN—]

be the one-particle marginal of Wy (V, 1) attime 7. Since Wy is symmetric under permutation
of the variables vy, ..., v,, it does not matter which variables we integrate over. Similarly,
the k-th marginal of Wy (V, t) at time ¢ is defined as

N, =/N ) Wx (V, 1)dm V=0, (3.1)
-
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1352 E. Carlen et al.

The qualitative result of Kac is that

lim /R2 [i}\’(ul, vt — Y vy, t)f}V(u,z)] é (1, v2)dm® =0

N—o0

for all bounded, continuous functions ¢.
The main result of this section is:

Theorem 3.1 Let {WN (V, 0)}nen be a sequence of symmetric probability densities on RN
such that

/j‘,ZV(vl,...,vk,O)qb(vl,...,vk)dm“‘)
Rk
= / @0y N e 0 (v, v)dm™® + Ry, (3.2)
R
forall k € N, where ¢ (vy, ..., vx) is a bounded continuous function on R* and

k
Ron < C0N||¢||oo,

with Cqy being a positive constant. Then, we have for 0 <t < T, where T < oo that
/k i, v Do, v )dm®
R

_ / ¥ 0 £ e DB 1, -, v)dm® + Ry, (3.3)
R
where

k
Rr N < C(T)N“(p”oo
and C(T) is constant depending only on T.

This result provides the means to adapt the strategy developed in [2] for controlling the
effects of correlations that are introduced by the thermostatting force field. In [2], the colli-
sions were not binary collisions, but were a model of collisions with background scatterers.
These collisions did not introduce any correlations at all, and in that work the analogous
quenched process exactly propagated independence. This facilitated appeal to the Law of
Large Numbers. When we need to apply the Law of Large Numbers here, the individual
velocities in our quenched process will not be independent, and we must quantify the lack
of independence. Theorem 3.1 provides the means to do this, and may be of independent
interest. The proof Theorem 3.1 is build on ideas from the original proof of [6], in particular,
on his idea of controlling the effect of recollisions, and the refined combinatoric arguments
from [3]. However, the proof is rather long. We divide it into 5 steps.

Proof Step 1

In this step we express the solution WN (V, 1) of (2.3) as a series depending on WN (V,0)
and use this to find an expression for the k-th marginal of Wy (V, ) at time 7. Recall that the
quenched master equation is given by

) SN _
Wy + V- (Fg, W) = KWy, (3.4)
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with initial data Wy (V, 0) = Wy o(V), and where Fy_is given by (2.2). Let P, oWy (V. 0)
denote the solution to its homogenous part where the operator f’,,s : L' — L' transforms
the density Wy from time s to time 7. Explicitly

P Wa(V,5) = W (5] (V),) 7, (3.3)
where j s 18 the determinant of the Jacobian of fS'\, s(V),ie.,
~  |dS (V)
T av |
By the Duhamel formula,
t
Wy (V. 1) = B oWy (V. 0) + / B KTy (V. 5)ds. (3.6)
0

Iterating (3.6) expresses WN (V, t) as a series:

(o) j—1
Wn(V, 1) = PoWn(V,0) + Z/ Py | [T KPy ity | W (V. 0)dr, . dt
=174 i=0
3.7
where
Aj :{OZI() <n <t2,...,0<lj <l}.
For a continuous function ¢ of k variables vy, ..., v, it follows from (3.1) and (3.7) that

/f,?v(vl,...,vk,r>¢(v1,...,vk>dm<k>
Rk
= / Wy (V, D¢ (1, ..., vp)dm™)
]RN

- / Wy (V,0) P ypdm™
RN ’

00 j—1 *
W D D (N) .
+/Z;/Aj/RN Wy (V. 0) '1_!)/c13,j7,,,jﬂ.7l Pl gpdm™Mdn, ... di;. (38
=

The operator E*Y 1 L% — L is the adjoint of the operator fA’” Explicitly,

Prp@i .. ) = (Ses), ..., Ss(wp))

and f’,’fs¢> is still a function of vy, ..., vg but also depends on JAN(t) and l7N. Moreover, the
operator P preserves the L norm, i.e., || P;®|loo = ||||oo-
Step 2

Observing what we obtained in (3.8), we now need to see how the operator

*

j—1
HK:Ptj—i»tj—i—l Ptftj (3.9
i=0

acts on a bounded continuous function ¢ depending on finitely many variables. Introducing
the notation

1 _ 4 p* 2 _ k- p* D*
Ft,fl - KPZJI ’ rt,tz,tl =KP ’CPt,tz’

.1
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1354 E. Carlen et al.

we can now write (3.9) as
B ol = T1KP s | Py (3.10)

Following [6], let us see how P Ft 1
variable. For j = 1, we have

, acts on a function ¢; (v;) depending only on one

.....

N
2 _
ol L1 = ﬁZPtTo(Q(l,j) 1) By on)

- Z 0(Qa.jy—1)dr1(vis 1, 1),

where ¢1.1(v1; ¢, 1) = P, t1¢1(v1) The operator Q adds a new variable v; to ¢y, (v1; £, 1)
at time #1. Setting

@21 (v, v25t, 1) =2(Q(1,2) — D11 (vis £, 1),

we have
AN
Py Prol) n®1 = Vo1 Z P op21 (1, vjs t, 1),

Jj=2

For j = 2 we get
N

P* 7 ,n¢ z olh @21 (V1L V)i 1, 1),

j=2

Setting ¢2.2(v1, v2; ¢, 12, 1) = ,2 n®2: 1(v1, v2; 1, 1), we see that
—~ , .
Pl olp 1 #2:1(v1, 025 ¢, 1)

2 Tk
= 7_113,1,0 (Qa2 —I) ¢2o(vi, vas 1,12, 11)

N
2 O,
TN ,Z:;P"’O (Qu.jy = 1) $22(vi, w211, 12, 11)
2 O,
+ N—-1 ;Pn,o (Qa.jy — 1) p22(v1, v2: 1, 12, 11). (3.11)

When Q acts on ¢».2 in two last expressions above again a new velocity variable is created
in ¢.2 leading to ¢3.2. In this fashion each tlme I'! acts on a function, a new time variable
and a new velocity variable is created. Since P;*; preserves the L* norm , it follows that
[1¢2:2]l00 < 4|l¢1!lc0. This in turn implies that

P oI dilloo < 411 oo
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From (3.11) it also follows that

2 4(N

—2)
1P, IOF,,2,1¢1||00_(N_1+ o )8||¢1||0052!42||¢1||oo.

It is tedious but straightforward to show that in general we have
[P lorttj ..... 1@l < 1471111 0o- (3.12)

A detailed proof of (3.12) in the case P OI‘, foat = K, ie, I/’:*s = Id for all t and s can
be found in [3], for j + 1 < N as well as for j + 1 > N (the latter has t to be handled a little
differently). In our case the proof follows along the same lines since P’ preserves the L*°
norm. More generally, if ¢, is function of m variables, m > 2, it can be shown by induction

that
= m+j—1
||PtT, ttj t1¢m||oo §4JJ'( ]J )||¢m||oo (3.13)

An important feature of the estimate (3.13) is that it is independent of N, and we note that in
(3.11) for large N the first term is small but the two last terms where new velocity variables
are added have an impact.

Step 3

In the previous step we found that the action of P, OF, 1 on ¢p results in a sum in which
the terms consist of functions ¢, dependmg on two velocity variables by adding a velocity
variable and a time variable to ¢, and P OFt 1.1, Acting on ¢; results in a sum in which the
terms consist of functions ¢3.2 dependmg on three velocity variables by addlng two Velocny
variables and two time variables to ¢7. In this step we look at the action of P OI‘,2 nona
function ¢.;— depending on k velocity variables and / — 1 time variables to see that for large
N, only the terms where a new velocity variable is added make a significant contribution.
To be more precise, we have the following lemma which corresponds to Lemma 3.5 in [3]
which deals with the case Pt OF, oot = K.

Lemma 3.2 Assume that WN (V,0) is a symmetric probability density on RN . For | > 2,

let op.1-1 = Prai—1(V1, ..., V5 L, 1, ..., 1), wWhere ¢>k 0 = ¢r(vy,..., V) is a bounded
continuous function of the variables v . . ., vx. Define P 0¢k+l . as
Pl oGk 1V o V15 E e 1)
=22 P o (Qakeny = 1) Py dimi i, ooy vis vt ). (B4

i=1

Then, we have

RN WN(V 0) 1 Oth z]¢k1 1 dm

= /N WN(V,O)P,T,O[WH;I(UL RO VSR S 5 /N 3 3D
R

R . N
+¢k+1;l(‘)1! e Uk Gl e B, tl)]dm( ).
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where qb,f“.l is a function depending vy, ..., vky1 and ty, . .., 4, and
4 k(k — 1) (k=1
||¢/§+1;[||oo = V1 (k(k -1+ T) @k;1—1llo0 = (N D —|Pk;1-11lo0-
(3.15)
Proof By the definition of K and since ¢.;— depends on vy, ..., vk, we have
NV OB 0T i1 (v v 1) dm )
R
C S [ I 0B DR
i=1 j=i+l
= Z Z / Wx(V.) P} (Qqi.j) — D Py dii—1 dm™)
i= ]/ k+1
Z Z / Wy (V.0) P} o(Qaijy — DP -1 dm™
i=1 j=i+1
Because WN (V, 0) is a symmetric probability density, we find that
Z Z / Wx (V.0 P o(Qaijy — DP -1 dm™)
i=1 j=k+1
N — k
=2N— / Wy (V.0 P o(Qiksty — DPE ,, dri—1 dm ™.
Using this, it follows that
W (V, O)F,l b b dm ™
RN
N — k (N)
=2N7 WN(V O)P,I 0(Qk+1) — DP; 1 Pki—1 dm
Z Z / Wx (V. 0) P o(Qqi.jy — DP i1 dm™)
i=1 j=i+1
ZZ/N VT’N(V,O)I?,T,O[WH;J(M,--.,vk+1;t,t1,-.-,t1)
R
~I—¢,§+1;1(v1,---7Uk+1;t,t1,---,t1)]dm(N), (3.16)
where
¢>;§+1.1(v1,~- Vig1s b1, ..., 11, 0)
k

Z 0 (Quk+n) — ) 1y Phil—1

T
Z Z 110 Qu.j)— ) t2t1¢kl 1>
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and finally we obtain the estimate

4 k(k—1) k(k—1)
R
||¢k+l;l||oo = ﬁ (k(k -1+ ?) ||¢k;l—1 lloo = 6m”¢k;l—l [loo-
(3.17)
m]
The construction in step 2 and 3 shows that i)\tT’0¢k+];[(U1, ce s Uk13 1, ... 1), Up to an

error term that vanishes in the limit of large N like 1/N, can be written as a sum of terms
of which each can be represented by a binary tree, which determines in which order new
velocities are added. For example, starting with one velocity v; at time ¢ and adding three
new velocities as described above, we could find the following sequence of graphs:

O(Ul,t) (Uht) (’Ul,t) (Ul,t)
(UQ',tl) U2,t2) U27t2)
(1)3, tl)
[
V1 V1 (%) U1 V2 V3 VU1 V2 V3 V4

where the new velocities are always added to the right branch of the tree, or

O(Ulvt) (’Ul,t) (Uly t) (Ulvt)
(v2,11) va, t2) V2, 13)
(U37 tl) (U37 tQ)
o
U1 V1 (%) U1 V2 V3 VU1 V4 (%) V3

where the tree is built symmetrically. The terms of order 1/N that are deferred to the rest
term can be represented by trees very much in the same way, but may have two or more
leafs with the same velocity variable. This is exactly as in the original Kac paper as far as
the collisions go: the collision process is independent of the force field and of the state of
the N-particle system, and hence the number of terms represented by a particular tree, and
the distribution of time points where new velocities are added (giving a new branch of the
tree) are exactly the same in our setting as in the original one. But what happens between
the collisions is important, and hence the added velocities are noted together with the time
of addition. In this construction the velocities are added in increasing order of indices, but it

is important to understand that any set of four different variables out of vy, ..., vy, or any
permuation of vy, ..., v4 would give the same result.
Step 4

In (3.8) we obtained an expression for the k-th marginal ka of VT/N (V,t) at time ¢ as a
series. In this step we check that this series representation is uniformly convergent in N. We
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will only consider the case k = 1, 2, the other cases being similar but more tedious. Setting
@1.0(v1) = ¢1(v1) and defining P, 0¢j+1 .j inductively by (3.14) we have that (3.8) without
the first term equals (recall also notatlon (3.10))

Z/ / Wy (V, O)PtTOI‘”I n®rodm™Mdry L. de;
—Z//WN(VO) F 0Bt v g, t)dm N dey L deg

+Z/ / WN(V O)Pt*() ZF,] (1)t lHl(v], CL Vi e Ei—1)

dm™Mdry, ..., dt;. (3.18)
By induction on (3.14) it follows that

1j+1:51loe < 47 j 111 ]loc-

/
dl“,...,dﬂ:f,
4 J!

J

Noting that

we have

< @) 111l oo-

/ Wx (V. 0) P} gy jdm™Ndry, . de;
RN Aj

This is an estimate of a general term in the first series in the right hand side of (3.18). Hence,
that series is uniformly convergent in N if ¢+ < 1/4. For the second series in the right hand
side of (3.18) using (3.13) and (3.15), we first obtain

.og! | 6-2
J—i R —iJ || R gt 6l
‘F% ity O || =4 lﬁqui—H;i =¥ lﬁN—l‘ i;ileoo
Since [|¢ii 11l <471 — D![|¢1 ][00, We have
r/ R 3i 47
Lji—(i—1)- ¢i+l;z = W JHb1llso-
Hence,
/ j 1 2
- _3 4! 471G+ 1)
L e @t < So1 i il 531\/7""5 1]so-

i=1 00 i=1

Finally, we arrive at
j
0 D Jj—i R N
/RN i WV, 0P o | DT T @l | dm™dn, . diy
J i=1

1 2
2 TED g (3.19)
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We also get that the second series in the right hand side of (3.18) is uniformly convergent in
Nifr < 1/4.

Similarly to the computation above for ¢o.0 = ¢ where ¢, a function of the two variables
v1, V2, and defining inductively P, 0¢> j+2,; by (3.14), again it follows that

Z/ / Wy (V.00 B oI/, ¢oodm™dry, ... di

:Z/N/ Wx (V. 0) P g2 (Wi vjg2s oty o t)dm ™ dry, L dej
. RN JA;
=1 J

o0 J
+Z/RN/A Wy (V00 B o [ DT 70 @i n o vigas b )
j=1 J i=1
dmMdzy, ..., dr;. (3.20)
By induction and (3.14) we get

i 42:j 1100 <4 (G + D2l oo
which together with (3) yields

/N/ Wy (V00 P o¢js2:jdmNMdry, ... de;| < @07 (G + D2l
RN J4;

This implies that the first series in the right hand side of (3.20) is uniformly convergent in N
if t < 1/4. Now, using (3.13) and (3.17) we get

i 2
j—i L G+D! G+ D 6(l+1)
HFU (i— l+2t —4] ' (l+1)‘ Hd)i+2§iHoo— j l (l 1), N — H¢l+lt IH
Using [|gi1.i—11] < 471! |2l cor We get
3 G+1D
‘ F’jf <lz D ---J1¢ili2;i 541( J+ 1)' 7 [lé2]] o0,
which implies that
3G+ [
Hzrt; iyt B ’ 541 N1 D+ | lId2lleo

i=1
<—— 4G+ .
TN J1G + D7 d2]l0o

Finally, using the last estimate, we have

/ / Wy (V.00 P}, Zl“z, i @ | dm™dn, L diy

3
(4r>' (’ * ) l211oo. (3.21)

Therefore, the second series in (3.20) is also uniformly convergent in N if t < 1/4.
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Step 5

In this last step we use the series representation (3.8) to obtain that the second marginal of
Wy (V, t) can be written as product of two first marginals of Wy (V, t) as N tends to infinity.
From (3.8), (3.18) and the estimates in Step 4 it follows for 0 <t < 7 where T < 1/4 that

/ﬁN(UlJ)¢l;O(U1)dUl =/J;1N(U1,0)ﬁ,fo¢1;odv1
R R
o0
+ / / N vj31,0)
jgl Ri+l A, j+1 J
X ﬁtT,0¢j+1;j(U1""’ Vjt15t, lj,...,tl)dm(j+1)dt1,...,dl‘j + RiT.N (3.22)

where the series is absolutely convergent uniformly in N and using (3.19), we have

o0

3 P
IRV loo < 7 | 22407 G+ D? | lIdnlleo <
j=1

Ci(T)
N

l1é1!loo- (3.23)

The constant C(7) depends only on 7 and

1

BT

Now, for a function ¥.9(v1, v2) = ¢1,0(V1)@1;0(v2), where ¥ 2. ; is inductively defined
by (3.14) again it follows for 0 <t < T that

/ / EN(vl, v2, HY2(v1, v2)dvide;
RJR
= / / £ (i, 2, 0) Pgraodvrdv
RJR
[e.¢]
+ / / N i, i, 0)

ﬁ,?(ﬂﬂj+2;j(vl7 BN RO 2 P PP tl)dm(j+2)dt1, ey dlj +Ror.N (3.24)

where the series is absolutely convergent uniformly in N. Using (3.21), we get

ee}

D@ G+ D | 1Yl <

j=1

Co(T)

N 1V2lleo, (3.25)

R <
IR2,7,Nlloo < N_D

where C»(T) is a constant depending only on 7', and

1

NI
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From the assumptions in the initial data (3.2), we now obtain

/ / A (1, v2, )Y (v1, v2)dvrdua
RJR

= / / I @1 0) Y (v, 0) Py ¥ra:0dvrdvy
RJR

Jj+2

SL (T
j:l J

i=1
ET,OijrZ;j(vl’ cees Vjg2s t, tjy.ooo, tl)dm(j+2)dt1, ey dtj
+Ryr N+ Ror.N, (3.26)
where using (3.2) and (3.13) yields

C3(T)
N

])ﬁz,T,NHOOs% §<j+2><j+1)<4t)f 1W2lloo < Wallo:  (3:27)

Here C3(T) is constant depending only on 7 and

1
C3(T) ~ T =147

The main contribution thus comes from the sum, and we want to show that this is equal to

00 k+1
(Aﬁ(vl,O)P,fo¢1;odv1 +k_ZI/RHI /A (Hﬁv(vi,O))

i=1

ET,0¢k+l;k(U1a Okt oty o 1) dm Dy --dtk)
00 1+1
x (/.ﬂN(vz,O)P;‘;owl;odvﬁz/ / (H.ﬂN(vi,m)
R =1 YR AN
P ot (r, o v tosp o spdm T 0dsy L ds;) (3.28)

Since Y2.0(v1, v2) = ¢1.0(v1)¢1.0(v2), and the operator P,’f‘Y acts independently on each
velocity variable, we have

PFova0(v1, v12) = Plod1.0(w1) Plowis0(v2)

For the remaining terms, using (3.14) the calculation follows very much like in Kac’s
original work, but taking into account the times #; when new velocities are added to the
original two.

Consider again the construction of the factors I/J\z’f,o‘/fjﬂ:j(vl! S V425t tj, ..., 1) in
Eq. 3.26. These factors in turn consists of several terms, where each term is constructed by
adding new velocities as described in Step 2 and Step 3. But here the starting point consists
of two velocities, and the main contribution will come from terms represented by two trees,
rooted at (v, t) and (v7, t) respectively. Already from Kac’s original work it follows that
adding all terms in which the tree rooted at v; has k + 1 leafs and the tree rooted at vy has
[ 41 leafs would give exactly those terms in the product (3.28) which come from multiplying
the k-th term in the first factor with the /-th term in the second factor (using as always the
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symmetry with respect to permutation of the variables), if the time points were not important.
Consider the following two pairs of trees, representing terms where three new velocities are
added to the original two:

(v2, 1)

V1 Vg V2 V3 Vs U1 V3 () V4 Vs
In the trees, the time points of added velocities are denoted s; for the tree rooted at vy and #;
for the tree rooted at vy, as if they were representing terms in the product (3.28), and to the
left the same time points are indexed by only ¢;-s, as when representing a term in (3.26). The
examples to the left and right would be identical in Kac’s original model, but here they are
different, and we need a small computation to see that after carrying out the integrals, we do
get the correct result.
Consider an arbitrary function u € C(R/). Then

Ny
/ u(l‘j,...,tl)dl‘ldtz, ...,dtj = FE[M(IJ',..., ‘El)],
A .

J

where (r,-){=1 is the increasing reordering of i independent random variables uniformly
distributed on [0, ¢]. In the same way, for u € C (Rk+l),

tk+H

ZWE[M(U(,.-.,fl,oz,...,cn)L

/ u(ty,...,t1,81,...,s1)dey, ..., deredsy, ..., ds;
Ax XAy

where (rl-)i.‘=1 and (cn)g=1 are two increasing lists of time points obtained as reorderings of
i.i.d random variables as above. But these independent increasing lists can also be obtained
by taking k + [ independent random variables, uniformly distributed on [0, ¢], reordering
them in increasing order, and then making a random choice of k of them to form (l’i)i-(:],
leaving the remaining ones for (ai)ﬁzl. Hence

tk+
W]E[M(Tk,---,11,01,---,01)]
k+1
t ( k! 2 1
= — w(tp,, ...ty tRy -+ -5 try)At, ..o, dtiyy
Y\ (k+D)! [Akt1] J A
where the sum is taken over all partitions of #1, ..., f;4; into to increasing sequences
I+
try, ...ty and tg,, ..., tg,. Because |Ax4| = m we see that

/ u(te, ..., 1,58,...,s0)dey, ..., drdsy, ..., ds;
AkXAl

=Z/ U(tLys oo By IRy - TR A1, -, diggy
Ak+l
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We may now conclude by taking
u(tesds ... 1) = Pr}knn(z],sl),o(PzT,min<z1,s1)¢k+1:k(U1s V3, ooy Uk2s B By oo ey 11)

Py miny s @11 (V2 Uk 3, ooy Uk 123 610, - tl))-

Abbreviating Rt v = R 7. v + EQ,T,N and C(T) = C(T) + C3(T), we have
C(T)

IRT N lloo = —3—[1V2lloc-

Thus, for 0 <t < T we have that
/ / 7 i, v2, D¢ (W) p(v2)dvydvy
RJR

:/R]?]N(Ul,f)d’(vl)dvl/REN(UZ»I)(P(UZ)dUZ+RT,N,

where Ry y — 0as 1/N. Since the T is independent of the initial distribution, we can take
t; with 0 < ;1 < T and repeat the proof to extend the result to #{ < ¢ < t; + T. Clearly,
the constant C(T') also changes, but it still depends on time and the factor 1/N remains
unchanged. We can continue in this way to cover any time range 0 < t < T < oo. This
concludes the proof. o

Combining Theorem 3.1 and Lemma 2.2 yields the following corollary which will be
needed later.

Corollary 3.3 Assume that me _n(0) < 00. Let ¥ and ¢ be two functions such that
Y) <Ci(1+v7)  and  ¢w) = Ci(1+3),

where C1 and Cy are two positive constants. Then we have

/]R /]R V1, v2, Y (v1)$ (v2)dvydwy

= /]R ¥ i, DY (vy)doy /R T (02, ¢ (v2)dva + ST y.p + ST.48

where

C(T)
S <=
Srvel =75

Here C isa positive constant and C(T) is given by Theorem 3.1.

~ C
and  |S7,y.¢| < —=imen(T).
v.¢ «/N

Proof Let0 < o < 1, we have
/ / 73 (01, v2, DY (1) (v2)dvydwy
RJR
=//jzv(vlsUZ»I)W(Ul)¢(vz)]l{\v|\§N“}]1{\v2|§N”}dU1dU2
R JR

+/ / J?ZN(vl, V2, DY (DG W) (1 — Tyjyy j<nve) Lijuyj<nepdvidvs i= T + S7.y 4.
RJR
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Choosing smooth cutoff functions to approximate the characteristic functions in 7 it follows
by using Theorem 3.1

1 =/Rﬁv(vl,t)x/f(vl)dvl/Rﬁv(vz,tw(vz)dvz+Sr,¢,¢ (3:29)
where o
IS7.v0l = JT 20 (3.30)

In :S:TJ/,,(;), either |vy]| or |vy| is larger than N*, hence |v; |2 + |v2|? > N2*. Hence, using the
inequalities 2ab < a? 4+ b? and' a?b + ab? < |a)? + |b]?, where a, b € R

c
N2 /R/REV(UI, v, 1) (1 + vf) (1 + v%) |v1|2dv1dv2

c
N2

|§T,1//,¢| <

=

/ / A1, v, (1409 + (1 4 vd))dvidvy
RJR

Cc
< WW%,N(T),

where C is a generic constant. The proof may then be concluded by choosingw = 1/4. O

4 Pathwise Comparison of the Processes

We now have two master equations, the master equation (1.15) and the quenched master equa-
tion (2.3) where the latter propagates chaos according to the Kac’s definition. Following [2]
we now consider the two stochastic processes

V)= (vi@),...,on{#)
corresponding to the master equation (1.15) and
V() = @), ..., 1)

corresponding to the quenched master equation (2.3). The aim of this section is to compare
these two processes and show that when N is large, with high probability the paths of the
two processes are close to each other. The starting point is to find a formula for the difference
between the paths of the stochastic processes. There are two sources of randomness in these
processes, the first coming from initial data while the second is from the collision history, i.e.,
the collision times #; and the pair of velocities (v; (), v; (t)) or (V; (fk), Vj (t)) participating
in this collision process and the random collision parameter 6. Let Vg be the vector of initial
velocities and w the collision history. We assume that the two stochastic processes have the
same initial velocities and collision history. For each process there is a unique sample path
given Vg and w. Let V(¢, Vo, w) and ?(t, Vo, ) denote these sample paths. As in [2], we
define

W, (V) and W, (V) “.1)

to be the flows generated by the autonomous dynamics (1.11) and non-autonomous dynamics
(2.13), respectively. Given a collision history w, consider the time interval [s, ] where no
collision occur at time s and ¢, and suppose that there are n collisions in this time interval

! Thisis a consequence of the first inequality.
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with collision times f, i.e., s < t] < fp < -+ < t,—1 < t, < t. Moreover, denote by
{(tx, (i, j), 6x)} the collision history in the time interval [s, 7], where # is the time for the
k-th collision, (7, j) the indices of the colliding particles and 6 is the random collision
parameter. Then the stochastic process corresponding to the master equation (1.15), starting
from Vj at time s, has the path

Vi, Vi, ) := M; (Vs, 0) = Wiy, 0 Rjj(0) 0 -+ 0 R;j(01) o Wy s (Vy) (4.2)

while the stochastic process corresponding the quenched master equation (2.3) has the path

V(t, Vi, @) := My ;(Vs, @) = Uy, 0 Rij(0) 0 -~ 0 Rij(61) o Us 1, (V). (4.3)
Ianhat follows we shall use the following two norms: Given a vector V = (vy, ..., vy) €
RY,

- 5 VI | 1< s
V|| = g‘ui and ||V||N:ﬁ: N;ui. (4.4)
The goal of this section is to estimate
P{IIV(r, Vo, ®) — V(1, Vo, 0)||y = €}, 4.5)

where € is given positive number. In order to do that we first need to find an expression
for V(t, Vo, w) — V(t, Vo, w). For completeness we carefully explain the steps. The first
step is to find an expression for the difference of the paths of the two processes between
collisions, i.e., the difference between the flows ¥; (V) and @0, + (V). We recall the following
useful formula for the difference between the product of a sequence of real numbers. If
(ai,az,....ay) € RN and (by, by, ..., by) € RY then

N N
[Tei=T15; =2 [1at@; —bn[]bw “.6)
i=1 =1

Joi<j i>j

Lemma 4.1 Between time s and time t, the difference between V;(V) and @M(V) is given
by

t
U (V) = Wy (V) = / DW; ¢ (Vs (V) (F(W - (V) — F(¥ - (V))) dt 4.7)
where DV, (V) is the differential of the flow starting at V at time s.

Proof The flows can be written as
Wy (V) = Wy, 0 Wy, gy 0 0 Wy (V) (4.8)

and R R R R
‘I"s,t(V) = ‘I"tn,z o ‘Ijtn,l,z,, o--+0 ‘ps,n (V)» (4-9)
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wheres =1y <t <ty <--- <1, < tpy1 = t.In the following expressions the symbol []
is used to denote composition. Using the identity (4.6), we have

lIJ[(V) - ®O~t(v) = Z H\Iltn+2 i~ 1—i © (\Iltn+2—j71rl+l —J lI}t)H—l —Js n2— ])
J i<j

~
| I \Ijtr1+lfivtn+27i
i>j

~
: \Ijt —Int2—j \Iltrl+2 1) \Ijthrlfja[nJerj) Oqjs»thrlfj
: \Ijt In42—j LII[rH—Z jTIn1—j Id+1d \Ijtn-H —jln42— J) OlIJXJn-H—j
= 2 Wit 0 Wty = Yimnias; © W

+§ ,\pt tn42—j \IJS s 1—j \IJSJ)H»ij)

:.11+12.

where Id denotes the identity operator. Let At = t,,42 j — t, 11— ;. By the flow property and
a first order Taylor expansion (F(-) is differentiable), we have

qjt—thfj ((I;thnJrl—j) = lljl_thrl—j (\I"—Al(as-,tnﬂfj))
= lij_fnJrlfj (ﬁs’trﬁl—j - F(\I{\ RIESES /)AI) +0 ((At) )
Making a first order Taylor expansion in the last equality around 7

~
qj’*’n+2—j (\IISJnJrl—j)

= \Ijl*tn+1—j (Q&tnﬂ—j) - D“I}l*fnﬂ—j (Q&Inﬂ—j) F (®Y Int+1- ,) At+0O ((At) )
(4.10)

yields

Sy In41—j

Plugging (4.10) into /{', we finally have

t
lim I /D\pH (W, (V) (F(¥ - (V) dr

n—0o0
Next, by a first order Taylor expansion
Silny2—j ®5’1n+1</’ = iT\( S Int1— /) At + o ((A[) )
which together with another first order Taylor expansion leads to

qu th42— j((ﬁs th42— ])
=W In+1— /(\IJ_‘ In+1- /) + DV —In+1- /(\IJS Int1— /)/F\( Synp1— /)At + O((At) ) (411)

v

Plugging (4.11) into /3, we obtain

t
lim 1 = — / DV, (U (V) (F(W; - (V)))dr

n—o0

This completes the proof. O
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Since we assumed that our two stochastic processes V(¢, Vo, @) and V(r, Vo, w) have the
same collision history and R;;(6x) is a norm preserving linear operator, i.e.,

[IRij (G VN = [IV]In,

we can extend (4.7) to include the collisions and hence obtain a formula for the difference
of the path of the two processes:

1
V(t, Vo, ) — V(t, Vo, ©) :/ DM, (V(s, Vo, »))
0
x[F(V(s, Vo, w)) = F(V(s, Vo, w)]ds.  (4.12)

Having this formula, we see that in order to estimate (4.5), the quantities

11DM, s(V(s, Vo, o))|]| := HVS\FP 1||DMr,s (V(s, Vo, ®))Vl|y (4.13)
N
and ,
/0 IIE(V(s, Vo, @) — F(V(s, Vo, )| vds 4.14)

need to be estimated. We start with (4.14). From Theorem 3.1 we know that the quenched
master equation propagates chaos and we also know the rate of convergence. This implies that
for large N, J (?(z, Vo, w)) should be close to ) '~ (t). More precisely, we have the following
proposition which corresponds to proposition 3.3 in [2] but the difference appears in that their
quenched master equation propagates independence, while here we only have propagation
of chaos:

Proposition 4.2 Let WN (V, 0) be a probability density on RN that satisfies the assumptions
in Theorem 3.1. Suppose also that

Uv>0 and  ifgn(0) < 0.

Then, fort < T

t
E( /0 IF(V(s. Vo. »)) —F(V(s,vo,w)>||Nds) < (VAT +4x(D).

ET
ﬁNN1/4
where
A\(T) = Uy(Uy + C(T) + Cinig N (T)),
As(T) = ifig Ny (T)?3 + U} + C(T) + Cinig n(T).

Here C is positive constant and C(T) is given by Theorem 3.1.

Proof The difference componentwise of the forces F (V(s, Vo, w)), f(V(s, Vo, w)) at time
s given by

JV)  InGs)
Uv) Uy

(F(?(s, Vo. ) — F(V(s. Vo, w)))i —E ( ) 5 (5. Vo, o).

Moreover, we can write

(J(Y) ~ Jﬁ(s)) _ I = Iy +( o Ai) J(V),
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and
J(V)

1 1 - ~ -~

UN) Oy
Using the inequality |J (V\)l < +/U(V) together with the triangle inequality we arrive at
IF(V(s, Vo, @) = F(V(s, Vo, @)y

E o~ -~
< A’J(V(s, Vo, w)) — In(s)
Un

= E - ~
VUV (s, Vo, w) + A‘U(V(S, Vo, w)) — Un|.
Un

Integrating both sides of the last inequality over the interval [0, ¢], taking expectation with
respect to Wy (V, t) and using the Cauchy Schwartz inequality leads to

t
E(/ [IF(V(s, Vo, w)) —F(V(S,Vo,w))HNdS)
0
E [ — - 1/2 ~ 12
<= / (Bl (Ves, Vo, o) = Iv@)) 7 (EW Vs, Vo, ) ds
Un Jo
E [! —~ ~ 12
+A—/ (]E]U(V(s,Vo,a)))—UN|2) ds. (4.15)
Un Jo
First, by definition it follows
E(U(?(s, Vo, a)))) —Oy.

To estimate ]E| J(V(s, Vo, w)) — .’]\N(s) 2, we first note that

— _ 1Y, ~
J(Vis. Vo) = Jvis) =+ > (85 = Tv(9))
j=1
where v (s) = v (s, Vo, ). From this it follows

(/6. Vo, 0) - fN(s>)2

1 N . N N . .
= | 22 (05 = ) #2373 (01 5) = In () (9 5) — In ()
j=1 i=1 j>i

Using Corollary 3.3 with () = (v — i (5)) and ¢ (w) = (w — Jy(s)), we get
87V, Vo, o0 — Tno)| = /[R (0 = T2 (v, 5)dv
+ % /R /R(v — Ine) @ = IneN Y . ) FY (. s)dvdw + Sty + St.yp.0-
where
C

and  [ST.y.pl < ——=nie n(T),

VN

C(T)
S < — 7
[ST,y.¢] < N
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with C being a positive constant and C(T') is given by Theorem 3.1. Estimating the first of
the two last integrals yields

/ (v — j\I\/(s))2 flw(v, s)dv = / vzle(v, s)dv — ZfN(s)/ vﬁv(v, s)dv + 71\/(3)2
R R R
= Uy — In(s)* < U,

and by symmetry

/ / (v—TIn ) (w—TIne) Y@ )Y W, s)dvdw = 0.

R JR

Combining these inequalities, we have
Uy (Uy + C(T) + Ciitg y(T))  Ay(T)

VN - JUN
A similar computation like the one we preformed to estimate E|J (V(s, Vo, w)) — I\ MOk
also yields

E[J(V(s, Vo, @) — In(s)|* Oy < (4.16)

_ . N (T)23 + U2 + C(T) + Cinig N(T)  Ax(T
E]U(V(S,Vo,w))—UNfsm6’N( ) N () me,N ( ):: 2(T)

VN N
“4.17)
Collecting all the inequalities above and plugging them into (4.15), we finally get
t
E(/ [IF(V(s, Vo, w)) — F(V(s, Vo, (U))HNdS)
0
ET
=< W (\/ A(T) + A2(T))
O
Following the lines in [2] the next step is to estimate (4.13).
Proposition 4.3 R
DM 5 (V(s. Vo, 0))]]] < e VYoo, (4.18)
where 4
AV) = . 4.19)
JU(V)

Proof Lets < t; <t and X € RY. Consider the expression

Wy, 0 Rij(01) 0 Wy s (V)
which is a part of (4.2). We have
ID(Wr—ry © Rij01) 0 Wy —) (VOXI| < [IID(Wy—py © Rij (01) 0 W) (Vo) I1]1X]]
< D) (Rij(61) 0 Uy —s (VDD Rij 01)) (%, s (VD —) (VOIIIIX]].
The fact that || W; (V)| = [| V|| and that D R;;(6) is norm preserving implies that

(DR (01) (¥, —s (Vo )XII| < (X1,

which in turn leads to

IIDW;—t; o Rij(01) o Wiy —s|l| < [[IDW;—, [I[[[| D, —s]]]-
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By repeating this procedure n times we get

n
DM, s(V(s. Vo o)l < [T 11DW -, 111 (4.20)
k=1

To estimate the right hand side of the last inequality, we begin by noting that

d
3, PV (V) = DF(W: (V) DY (V)

with DWWy (V) = Id. Next,
d 2 d
$||D\IJ,(V)X|| =2< gDﬂl,(V)X, DY, (V)X >
=2 < DFDY,(V)X, DV, (V)X > .

Differentiating the left hand side of the last inequality and using the Cauchy Schwartz inequal-
ity yields

d
37 1PV (DX < || DF|L[| DY (V)X] 4.21)

where

|[|DF||s« := sup | < DFX,X > |.

[IX[]=1
By (1.12), we have
ad E i J(V) 2v;v; J(V
7Fj:—7vf]+E V) Ulv]_E ()(Sija
av; UNV)N UNV)? N U (V)
where
1 ifi =,
8ij = e,
0 ifi#j.
Writing X = (xq, ..., xy) with ||X|| = 1, we have

N N

2E|J(V)|
IDF(V)l, = = U(V)N Z va + TN Z vavjx;)Xz
i=1 =1

N
EIJ(V)I
S,x'xi =A+B+C.
U(V) ; Z JrI

Using the Cauchy—Schwartz inequality twice yields

N
Z Zu,x, i| VN |D vjx;| < VNIVl = NJUV).

i=1 = j=l1
Hence
E
NI

A<
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The inequality |J (V)| < /U (V) together with the definition of U (V) leads to

2E|J (V)| 2 2E
B < T VI =
and
E
C< .
U(V)

Collecting all these inequalities, we finally obtain

IDEV)|l, < —£
JUV)

Plugging this into (4.21), for all X € R", we have

DY (V)X]| = [[DW: (V)X]].

4 _4E_
dt JU(V)

Solving this differential inequality yields
DU WI| < exp (4E1//TV)).

Applying the last inequality to (4.20), we conclude that
IDM; (Vs Vo, )| < exp( sup 4E1/\/U(V(s, Vo,w))).
0<s<t

m}

In order to complete the estimate for (4.5), we actually also need to show that, for large N,
the probability that supy.,., U V)~ 1/2is large is small. This is because, while the quantity
U (V) is conserved by the master equation (1.15), the quantity U (V) is not conserved by the
quenched master equation (2.3). The following lemma is based on [2] with a small difference
in that, here we only have that the quenched master equation equation propagates chaos and
not independence.

Lemma 4.4 Let WN (V,0) be a probability density on RN satisfying the assumptions in
Theorem 3.1 and

Uy >0 and me, N (0) < oo.

Then for0 <t < T, we have

-~ 2 4
Py sup UV) V2 >2 |t < Ay(T)n(T), (4.22)
[oﬂ‘it Vov| = ozuN

where A (T) is given by Proposition4.2 and n(t) is the smallest integer such thatn(t) > 5[*, +1

with 8; defined by
VvU 24242
5 = Nlog( 22 ) (4.23)

E 14242

[}
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Proof This proof can be carried out almost as in [2], but with some modification to account
for the lack of independence. For completeness we present the full proof, not only the needed
modifications. From the definitions, we have

Ly @) =267 (Vo)) — 26X D0 Fa) .
dt Uy

Using the inequalities |J(V(1)| < VU V(1)) and | Ty (t)| < v/ Uy, we obtain

d s -2 1o s -32d s
7 (U(V@)) =-3 (U(V@)) dtU (V)
BN -1 E PN —1/2
<EWUN®) +—(UN®O) .
( ) N ( )
Writing
1
x(t) =

JUN@)

the last differential inequality corresponds to the following differential equation

X () = x(t) + Ex*(1),

E
vUN
with initial condition x (fp) = x¢. The solution is given by

1 = — =
x(t) = (%efw/«/UN)(Ho) —JOy (1 _ ef<E/\/UN><r7ro)))

The above solution x(¢) blows up in finite time. However, we can still hope that the solutions
starting at xo do not blow up in a time interval whose length is independent of 7. To be more
precise, let ¢1 denote the time at which x (#;) = 2x¢. Then

—1

e—(E/\/UN)(II—fO) _ I +2vUpnxo

v 4.24)
2+ 2y Upnxg
Choosing xg = v/2/Uy leads to
VU 2+ 24/2
n—tp= YV e =F V2 . (4.25)
E 14242

The length of the interval [7, #1] is independent of 7y since E and U n are given. Thus, we now

have that if (U (V(t0))) ~/> < v/2/U, then for all ¢ in [t9, 1,1, (U V(1)) ~? < 24/2/Ty.
Moreover, for any given fyp < T with T from Theorem 3.1, using Corollary 3.3 we get

Ax(T)
N

E (U () — Uy)” <
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where A, (T') is given by Proposition 4.2. By the Chebychev inequality, we now have

P [(U(V(ro»)—‘/z > \/2/17N]

:P[U(%O)) < %]

. R U
P[IU(V(IO)) — Uyl > —N] < ————AyT).

T

Hence, for large N, the probability that U(?(to))’l/2 > /2/Uy is small.
Let now §; = #; — ty where #; — fg is given by (4.25). Furthermore, for any given ¢ > 0,
we set n(t) to be the smallest integer such that n(t) > 5% + 1. It now follows, if

UNGsN) P <\2/0n  forall  0<j<n@),
we have by the reasoning above that

12 _ o

(U(V(s)~ 2/Uy  forall 0<s<t

Using this, we now get

P sup (UV() " = 2y/2/Ty
0<s<t
n(t)
<o —1/2 =
<rilJ [(U(Voar))) / z\/z/UN]
j=1
n(t) .
< ZIP’[(U(V(jSt)))_ 2> \/Z/UN] .
j=0
This implies for t < T that
Bl wp UVe) P22 2 < s,
0<s<t UN 2\/7
This is what we wanted to show. O

Combining Proposition 4.3 with the last lemma leads to following corollary.

Corollary 4.5 Let WN (V,0) be a probability density on RN satisfying the assumptions in
Theorem 3.1 and

Uv>0 and  iign(0) < oo.

Let
4E

JUN(s, Vo, )

A (V(s, Vo, 0) = (4.26)

Then for0 <t < T, we have

~ 2
IF’[ sup e*(VisVoo) > & 7/7] <

A (TH)n(T
0=s=t - f A

with A, (T) given by Proposition 4.2 and n(T) by Lemma 4.4.
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Proof Since the exponential function is increasing, the proof follows from the last Lemma.
O

We are now ready to prove the main result of this section which again is a modification of
the corresponding result in [2]:

Theorem 4.6 Let WN (V, 0) be a probability density on RN satisfying the assumptions in
Theorem 3.1 and

Uv>0 and  iign(0) < oo.
Then for all € > 0,
P{IIV(1, Vo, w) — V(1. Vo, )|ly > €}
18’\/7 ET ( AL(T) + Az(T)+A

T As(Tyn(T),

\/»
with A1(T), A>(T) are given by Proposition 4.2 and n(T) by Lemma 4.4

Proof Following the lines of [2], we define two events A and B, where, A is the event such
that

—~ 2
sup e*(V6Vo.0) o SV

0<s<t

and B is the event such that
IV(t, Vo, @) = V(, Vo, 0)lIy = e.
To estimate P(B), note that
P(B) <P(A) + P (BN A°). (4.27)

From Corollary 4.5 we obtain

P(A) < fAz(T)n(T)

To estimate P(B N A€), we first note that on A€, by (4.12) and Proposition 4.3 it follows that

~ 2
[V, Vo.0) = Vit Vo, )| < Bk

©) = FV(s, Vo, )| ds.
Using the Markov inequality, we get

t
P(B N AS) <P [es’/%/ IIF(V(s, Vo, w)) — F(V(s, Vo, ®))||nyds > e}

18t

< e UNIE(/ IIF(V(s, Vo, w)) — F(V (s, Voaw))llNdS)

By Proposition 4.2 we get

¢ lSt\/I ET
P(BNAT) < —e NN (AI(T)-i— A2(T)).

1/4
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Collecting the inequalities above, we conclude
P{|IV(, Vo,a» —V(t, Vo, 0)lly > €}

18 E 4
Sy _ET ( AT) + Az(T)+A

T T/

5 Propagation of Chaos for the Master Equation (1.15)

We are finally ready to show the main result of this paper, namely, that the second marginal
sz(vl, vy, t) of Wy (V, t) satisfying the master equation (1.15) converges as N — o0 to
the product of two one marginals f(vy, 1) f(va, t) of Wy (V, t) where f (v, t) solves (1.16).
In [2], the idea is to introduce two empirical distributions corresponding to the two stochastic
processes V(z), V(1) and make use of the propagation of independence to apply the law
of large numbers. In our case, independence between particles is not propagated, but the
quenched master equation (2.3) propagates chaos which together with Theorem 4.6 gives
that, for large N with high probability the distance between the paths of the two stochastic
processes can be made arbitrary small. We start by introducing the two following empirical
distributions: For each fixed N and ¢t > 0, let

1
WNG = D 80t Vouw (CRY;

and

_ 1
v =5 2 000Vo0- (5.2)

Since we have shown that the master equation (2.3) propagates chaos, it follows from [10,
Proposition 2.2], that

lim iy, = f (v, )dv (5.3)
N—o0
where the convergence is in distribution and ]/‘\( v, t) is the solution to (1.16), see [13, Theorem
2.11.
Theorem 4.6 shows that the distance between the two empirical measures above goes to zero

as N — oo. To be more precise, we need to recall the Kantorovich-Rubinstein Theorem
(KRT) concerning the 1- Wasserstein distance. Let

PIRY) = ‘/x : / lvldp(v) < oo} .

Theorem 5.1 For any i, n € P1(RY)

Wi, ) = sup {/RN ¢ (v)du(v) — /RN ¢(v)dn(v)] (5.4)

where the supremum is taken over the set of all 1-Lipschitz continuous functions ¢ : R* — R.

We now have
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Lemma 5.2 Let the assumptions of Theorem 3.1 be satisfied, and assume that U N > 0and
that me N (0) < 00. Moreover let ¢ be a 1-Lipschitz function. For the W defined as in
Theorem 5.1, and all € > 0 we have

lim P {Wi (uy.. in.) > €} =0. (5.5)
N—oo
Proof The Lipschitz condition together with the Cauchy Schwartz inequality yields

’/ ¢(M)dMN,t(M)—/ ¢(w)dﬁN,z(w)’
R R

1< 1 &Y
5 jzz;mvj )= ]Z:;(p(vj )

1 N
5 2.0 =50

j=1
< IS . =12
< ﬁjéw,(r)—v](m
= |IV(. Vo, ) — V(t, Vo, )| |-
Using Theorem 4.6 we get

P{Wi(un fing) = €} <P{IV(, Vo, 0) = V(t, Vo, w)lly = €} — 0, when N — 0.

m}

Using Lemma 5.2 and (5.3) together with the fact that the quenched master equation propa-
gates chaos (Theorem 3.1), we are now ready to prove our main result.

Theorem 5.3 Let WN (V, 0) be a probability density on RN satisfying the assumptions in
Theorem 3.1 and

Uv>0 and  iiign(0) < oo.
Let V(t, Vg, w) = (v1(t, Vo, w), ..., vN(t, Vo, w)) be the stochastic process corresponding
to the master equation (1.15) with initial condition given by (3.2). Then for all 1-Lipschitz
function ¢ on R? with ||¢||ee < 00 and all t > 0 we have
NlimooE[cb(vl(t,Vo, w), v2(7, Vo, w))] = /2¢(v], v2) f (i, 1) f (v2, )dvidvy  (5.6)
- R

where the expectation is with respect to the collision history w and initial velocities V.

Proof Since the probability density W is symmetric under permutation, we have
| X
Bl @10, v2)] = +— D E[pi0). v;1)]. (5.7)
j=2

Let W (u) be defined by
V(u) = /R¢(u, w)diin, ¢ (w). (5.8)
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From the properties of ¢ it follows that W is 1-Lipschitz on R and ||V||sc < ||¢||cc. For a
any given ¢ > 0, we now have

|E[¢ (v1 (1), v2 ()] — E[W (v (1))]] <

<E —Z«p(vl(r) vj (1) — —Zaﬁ(vlm (1)

j=1

S}

.

2 o
[¢(1(1), v; () = 1), T;(1))]| + ”‘if”

A
&=

=

| r—

M =

-
[
S}

—_

Il
&
2
Mz

T 2 [0, ;) = ¢ O, T O] [Lyy—5i1y2e) + Ly <1
J

2||<Z>||
N

< 2/[llocP {IIV(t, Vo, @) — V(1. Vo, 0)lly = €} + 2¢ +

||
S}

2{1#1loo
N

To obtain the last inequality we have used the 1-Lipschitz condition on ¢ and the Cauchy
Schwartz inequality. A similar argument also yields

< 2/16llcP{IIV(t. Vo. ) — V(2. Vo, ©)|In

2[9lloo
2
N +

’E[\If(vl(t))] —/R‘I/(v)dﬁzv,t(v)

> e} +

(5.9)

Consulting Theorem 4.6 and choosing € = N~!/3 finally gives
‘Ekﬁ(vl (1), v2())] — /2 (v, w)dﬁN,z(v)dﬁN,t(w)‘
R

< [E[¢ (v1 (1), v2(1)] — E[W (v1 ()] + ‘E[‘I’(vl(t))] —/R\I’(v)dﬁzv,z(v)

— 0 when N — oo.

Since by (5.3) it follows that
lim / ¢, w)diiy,(V)dity  (w) = / ¢, w)f(v, 1) f(w, )dvdw, (5.10)
N—oo JR2 R2
we conclude that
lim E[¢(vi(t, Vo, ®), v2(t, Vo, ®))] 2/ ¢ (v, v2) f(v1, 1) f(v2, H)dvrduy,
N—00 R2
which is what we wanted to show. O

Acknowledgments We would like to thank an anonymous referee for having read the previous version of
this paper very carefully and for pointing out several important issues. E.C. would like to thank Chalmers
Institute of Technology during a visit in the Spring of 2012, and would like to acknowledge support from N.S.F.
Grant DMS-1201354. D.M. and B.W. would like to thank Kleber Carrapatoso for the discussions during the
initial phase of this work. This work was supported by Grants from the Swedish Science Council and the Knut
and Alice Wallenberg foundation.

@ Springer



1378 E. Carlen et al.

References

1. Bagland, V.: Well-posedness and large time behaviour for the non-cutoff Kac equation with a Gaussian
thermostat. J. Statist. Phys. 138, 838-875 (2010)

2. Bonetto, F.,, Carlen, E., Esposito, R., Lebowitz, J., Marra, R.: Propagation of chaos for a thermostated
kinetic model. J. Statist. Phys. 154(1-2), 265-285 (2014)

3. Carlen, E., Degond, P., Wennberg, B.: Kinetic limits for pair-interaction driven master equations and
biological swarm models. Math. Models Methods Appl. Sci. 23, 1339-1376 (2013)

4. Cercignani, C., Illner, R., and Pulvirenti, M.: The Mathematical Theory of Dilute Gases. Springer, Berlin
(1994)

5. Griinbaum, A.: Propgation of chaos for the Boltzmann equation. Arch. Ration. Mech. Anal. 42, 323-345
(1971)

6. Kac, M.: Foundations of kinetic theory. In: Proceedings of the Third Berkely Symposium on Mathematical
Statistics and Probability, 1954—1955, vol. III, pp. 171-197. University of California Press, Berkerly
(1956)

7. Lanford, O.: Time evolution of large classical system. In: Moser, E.J. (ed.) Lecture Notes in Physics, vol.
38, pp. 1-111. Springer, Berlin (1975)

8. Mishler, S., Mouhot, C.: Kac’s Program in Kinetic Theory. Springer, Berlin (2012)

9. Mishler, S., Mouhot, C., Wennberg, B.: A new approach to quantitative propagation of chaos for drift,
diffusion and jump processes. Probab. Theory Relat. Fields. (2013). doi:10.1007/s00440-013-0542-8

10. Sznitman, A.: Topics in propagation of chaos. Ecole d’Eté de Probabilités de Saint-Flour XIX-1989. In:
Lecture Notes in Mathematics, vol. 1464, pp. 165-251. Springer, Berlin (1991)

11. Villani, C.: A review of mathematical topics in collisional kinetic theory. In: Friedlander S., Serre D.
(eds.) Handbook of Mathematical Fluid Dynamics. Elsevier Science, Amsterdam (2002)

12. Wennberg, B., Wondmagegne, Y.: The Kac equation with a thermostatted force field. J. Statist. Phys.
124(2-4), 859-880 (2006)

13. Wondmagegne, Y.: Kinetic equations with a Gaussian thermostat. Doctoral Thesis, Department of Math-
ematical Sciences, Chalmers University of Technology and Goteborg University (2005)

@ Springer


http://dx.doi.org/10.1007/s00440-013-0542-8

	Propagation of Chaos for the Thermostatted Kac Master Equation
	Abstract
	1 Introduction
	1.1 The Thermostatted Kac Master Equation

	2 An Approximation Process
	2.1 The Modified Force Field and the Quenched Master Equation

	3 Propagation of Chaos for the Quenched Master Equation
	4 Pathwise Comparison of the Processes
	5 Propagation of Chaos for the Master Equation (1.15)
	Acknowledgments
	References


