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Abstract We consider a finite region of a d-dimensional lattice of nonlinear Hamiltonian
rotators, where neighbouring rotators have opposite (alternated) spins and are coupled by a
small potential of size ¢*, a > 1/2. We weakly stochastically perturb the system in such
a way that each rotator interacts with its own stochastic thermostat with a force of order €.
Then we introduce action-angle variables for the system of uncoupled rotators (¢ = 0) and
note that the sum of actions over all nodes is conserved by the purely Hamiltonian dynamics
of the system with ¢ > 0. We investigate the limiting (as ¢ — 0) dynamics of actions for
solutions of the e-perturbed system on time intervals of order e ~!. It turns out that the limiting
dynamics is governed by a certain autonomous (stochastic) equation for the vector of actions.
This equation has a completely non-Hamiltonian nature. This is a consequence of the fact
that the system of rotators with alternated spins do not have resonances of the first order. The
e-perturbed system has a unique stationary measure t° and is mixing. Any limiting point of
the family {i1®} of stationary measures as ¢ — 0 is an invariant measure of the system of
uncoupled integrable rotators. There are plenty of such measures. However, it turns out that
only one of them describes the limiting dynamics of the e-perturbed system: we prove that a
limiting point of {t¢} is unique, its projection to the space of actions is the unique stationary
measure of the autonomous equation above, which turns out to be mixing, and its projection
to the space of angles is the normalized Lebesque measure on the torus TV . The results and
convergences, which concern the behaviour of actions on long time intervals, are uniform in
the number N of rotators. Those, concerning the stationary measures, are uniform in N in
some natural cases.
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1 Introduction

Investigation of the energy transport in crystals is one of the main problems in the non-
equilibrium statistical mechanics (see [8]). It is closely related to the derivation of autonomous
equations which describe a flow of quantities, conserved by the Hamiltonian (for example,
the flow of energy and the corresponding heat equation). In the classical setting one looks
for the energy transport in a Hamiltonian system, coupled with thermal baths which have
different temperatures. This coupling is weak in geometrical sense: the thermal baths interact
with the Hamiltonian system only through its boundary. Unfortunately, for the moment of
writing this problem turns out to be too difficult due to the weakness of the coupling. In
this case even the existence of a stationary state in the system is not clear (see [15,29], and
[13,34] for a similar problem in a deterministic setting). That is why usually one modifies
the system in order to get some additional ergodic properties. Two usual ways to achieve
that are (i) to consider a weak perturbation of the hyperbolic system of independent particles
[11,31]; (ii) to perturb each particle of the Hamiltonian system by stochastic dynamics of
order one [1,4,6,7,9,27].

In particular, in [11] the authors consider a finite region of a lattice of weakly inter-
acting geodesic flows on manifolds of negative curvature. In [27] the authors investigate
that of weakly interacting anharmonic oscillators perturbed by energy preserving stochastic
exchange of momentum between neighbouring nodes. Then in the both papers the authors
rescale the time appropriately and, tending the strength of interaction in the Hamiltonian
system to zero, show that the limiting dynamics of local energy is governed by a certain
autonomous (stochastic) equation, which turns out to be the same in the both papers.

In all works listed in (i) and (ii) above, a source of the additional ergodic properties (the
hyperbolicity of unperturbed system and the coupling of Hamiltonian system with stochastic
dynamics) stays of order one. It is natural to investigate what happens when its intensity
goes to zero. Such situation was studied in [2,3] and [5]. In [2] the authors consider the FPU-
chain with the nonlinearity replaced by energy preserving stochastic exchange of momentum
between neighbouring nodes. They investigate the energy transport under the limit when the
rate of this exchange tends to zero. In [3] the authors study a pinned disordered harmonic
chain, where each oscillator is weakly perturbed by energy preserving noise and an anhar-
monic potential. They investigate behaviour of an upper bound for the Green—Kubo conduc-
tivity under the limit when the perturbation vanishes. In [5] the authors consider an infinite
chain of weakly coupled cells, where each cell is weakly perturbed by energy preserving
noise. They formally find a main term of the Green—Kubo conductivity and investigate its
limiting behaviour when strength of the noise tends to zero.

In the present paper we weakly couple each particle of a Hamiltonain system with its own
Langevin-type stochastic thermal bath and study the energy transport when this coupling goes
to zero (note that such stochastic perturbation does not preserve the energy of the system).
So, as in the classical setting given above, we study the situation when the coupling of the
Hamiltonian system with the thermal baths is weak, but the weakness is understood in a
different, non-geometrical sense. This setting seems to be natural: one can think about a
crystal put in some medium and weakly interacting with it.

However, as in a number of works above, we have to assume the coupling of particles in
the Hamiltonian system also to be sufficiently weak. Namely, we rescale the time and let the
strength of interaction in the Hamiltonian system go to zero in the appropriate scaling with
the coupling between the Hamiltonian system and the thermal baths. We prove that under
this limit the local energy of the system satisfies a certain autonomous (stochastic) equation,
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which turns out to be mixing,! and show that the limiting behaviour of steady states of the
system is governed by a unique stationary measure of this equation.

Since the systems of statistical physics are of very high dimension, then it is crusial
to control the dependence of the systems on their size. Our work satisfies this physical
requirement: most of results we obtain are uniform in the size of the system.

More specifically, we consider a d-dimensional lattice of N nonlinear Hamiltonian rota-
tors. The neighbouring rotators have opposite spins and interact weakly via a potential (linear
or nonlinear) of size ¢, a > 1/2. We couple each rotator with its own stochastic Langevin-
type thermostat of arbitrary positive temperature by a coupling of size e. We introduce
action-angle variables for the uncoupled Hamiltonian, corresponding to ¢ = 0, and note that a
sum of actions is conserved by the Hamiltonian dynamics with ¢ > 0. That is why the actions
play for us the role of the local energy. In order to feel the interaction between rotators and
the influence of thermal baths, we consider time interval of order r ~ £~!. We let & go to
zero and obtain that the limiting dynamics of actions is given by equation which describes
their autonomous (stochastic) evolution. It has completely non-Hamiltonian nature (i.e. it
does not feel the Hamiltonian interaction of rotators) and describes a non-Hamiltonian flow
of actions. Since we consider a time interval of order r ~ ¢!, in the case a = 1/2 we have
t ~ (Hamiltonian interaction) 2. In [11] and [27] scalings of time and of the Hamiltonian
interaction satisfy the same relation. Since the autonomous equations for energy obtained
there feel the Hamiltonian interaction, in our setting one could expect to obtain an autonomous
equation for actions which also feels it. However, it is not the case.

For readers, interested in the limiting dynamics of energy, we note that it can be easily
expressed in terms of the limiting dynamics of actions.

The system in question (i.e. the Hamiltonian system, coupled with the thermal baths) is
mixing. We show that its stationary measure j1°, written in action-angle variables, converges,
as ¢ — 0, to the product of the unique stationary measure 7 of the obtained autonomous
equation for actions and the normalized Lebesgue measure on the torus TV .

We prove that the convergence as ¢ — 0 of the vector of actions to a solution of the
autonomous equation is uniform in the number of rotators N. The convergence of the sta-
tionary measures is also uniform in N, in some natural cases.

We use Khasminski—Freidlin—-Wentzell-type averaging technics in the form developed in
[23-25]. For a general Hamiltonian these methods are applied when the interaction potential
is of the same order as the coupling with the thermal baths, i.e.a = 1. However, we find alarge
natural class of Hamiltonians such that the results stay the sameevenif1/2 < a < 1,i.e. when
the interaction potential is stronger. This class consists of Hamiltonians which describe lattices
of rotators with alternated spins, when neighbouring rotators rotate in opposite directions.
It has to do with the fact that such systems of rotators do not have resonances of the first
order. To apply the methods above in the case 1/2 < a < 1 we Kkill the leading term of the
interaction potential by a global canonical transformation which is ¢“-close to the identity.
The resulting autonomous equation for actions has the non-Hamiltonian nature since the
averaging eliminates Hamiltonian terms.

Note that a similar (but different) problem was considered in [17] (see also Chapter 9.3
of [18]). There the authors study a system of oscillators, weakly interacting via couplings of
size €. Each oscillator is weakly perturbed by its own stochastic Langevin-type thermostat,
also of the size €. The authors consider time interval of order e~ and using the averaging
method show that under the limit ¢ — 0 the local energy satisfies an autonomous (stochastic)

! e. the this equation has a unique stationary measure, and its solutions converge weakly in distribution to
this measure.
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equation. Compare to our work, in this study the authors do not investigate the limiting (as
& — 0) behaviour of stationary measures as well as the dependence of the results on the
number of particles in the system.

2 Set Up and Main Results

2.1 Set Up

We consider a lattice C C Z¢, d € N, which consists of N nodes jecC, j=Utye-esja)-
In each node we put an integrable nonlinear Hamiltonian rotator which is coupled through a

small potential with rotators in neighbouring positions. The rotators are described by complex
variables u = (1) jec € CN. Introduce the symplectic structure by the 2-form 5> duj A

jec
duj = 3 dxjAdyj,ifuj = x;+iy;. Thenthe system of rotators is given by the Hamiltonian
jec
equation
uj =iViH®*(u), jecC, 2.1

where the dot means a derivative in time # and V;H® = 203z, H® is the gradient of the
Hamiltonian H*® with respect to the Euclidean scalar product - in C ~ R? :

for z1,220 € C z1-z2:=RezjRezp +Imz;Imz; = Rez12s. 2.2)

The Hamiltonian has the form
e 1 2 ! 2
HO =2 Fi(uP)+ 5 20 G(uj—wl), (2.3)
jec jkeC:|j—k|=1

where |j| := [ji| + -+ |jal,a = 1/2 and F;, G : [0, 00) — R are sufficiently smooth
functions with polynomial bounds on the growth at infinity (precise assumptions are given
below).

We weakly couple each rotator with its own stochastic thermostat of arbitrary temperature
7}, satisfying

0<7; <C <oo,

where the constant C does not depend on j, N, €. More precisely, we consider the system

uj =iViH®*(u) +eg;u) + \/¢7T; ‘j, uj(0) =upj, jecC, 2.4)
where 8 = (B))jec € CN are standard complex independent Brownian motions. That

is, their real and imaginary parts are standard real independent Wiener processes. Initial
conditions ug = (u0;) jec are random variables, independent from . They are the same
for all . Functions g;, which we call “dissipations”, have some dissipative properties, for
example, g;(u) = —u; (see Remark 2.1 below). They couple only neighbouring rotators,
ie gjw) = gj(uikec:i—ji<1)-

The scaling of the thermostatic term in Eq. (2.4) is natural since, in view of the dissipative
properties of g ;, the only possibility for solution of equation; = eg; (u)+¢b \/’ZTJ B i, J€C,
to stay of the order 1 forallr > 0ase — Qisb = 1/2.
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972 A. Dymov

The case a = 1/2 is the most difficult, so further on we consider only it, the other cases
are similar. Writing the corresponding Eq. (2.4) in more details, we obtain

ij=ifj (uiP)uj+ive Do G (luj—ul?) ey — ) +egj ) + /e TiB.
keC:|j—k|=1
2.5)

uj(0) =upj, jec, (2.6)
where f;(x) :=F j/ (x) and the prime denotes a derivative in x.

Remark 2.1 Our principal example is the case of diagonal dissipation, when g;(u) =
—|uj|P~2u; forall j € C and some p € N, p > 2. In particular, the linear diagonal dissipa-
tion when p = 2 and g; (u) = —u ;. The diagonal dissipation does not provide any interaction
between rotators. In this case each rotator is just coupled with a Langevin-type thermostat.
The results become more interesting if we admit functions g; of a more involved structure
which not only introduces dissipation, but also provides some non-Hamiltonian interaction
between the rotators. If for the reader the presence of the non-Hamiltonian interaction seems
unnatural, he can simply assume that the dissipation is diagonal.

We impose on the system assumptions HF, HG, Hg and HI. Their exact statements are
given at the end of the section. Now we briefly summarize them. We fix some p € N, p > 2,
and assume that fj(|uj|2) = (—1)U|f(|uj|2), where f(|uj|2) is separated from zero and
has at least a polynomial growth of a power p (HF). It means that the leading term of
the Hamiltonian H? is a nonlinearity which rotates the neighbouring rotators in opposite
directions sufficiently fast. We call it the “alternated spins condition”. The function G'(|u %)
is assumed to have at most the polynomial growth of the power p — 2, i.e. the interaction
term in (2.5) has the growth at most of the power p — 1 (HG). The functions g;(u) have
some dissipative properties and have the polynomial growth of the power p — 1 (Hg). The
functions f, G and g; are assumed to be sufficiently smooth. In HI we assume that the initial
conditions are “not very bad”, this assumption is not restrictive. For an example of functions
f, G and g; satisfying assumptions HF, HG and Hg, see Example 2.4. In the case a > 1 the
assumptions get weaker, see Remark 2.5. In particular, the rotators are permitted to rotate in
any direction.

2.2 Main Results
For a vector u = (u)rec € CN we define the corresponding vectors of actions and angles
1
I'=1w) = Ixwr)kec, Ix = §|“k|2 and ¢ = ¢(u) = (px Wi)kec, Yk = arguy,

where we put ¢ (0) = 0. Thus, (I, Q) € Rﬁo x TV, where ]Rﬁo ={I = (I)kec € RN :
Iy > 0Vk € C},and uy = /21 e'% .2 The variables (/, @) form the action-angle coordinates
for the uncoupled Hamiltonian (2.3)|.—o.

The direct computation shows that the sum of actions > I is a first integral of the
keC
Hamiltonian H? for every ¢ > 0. That is why for our study the actions will play the role

of the local energy, and we will examine their limiting behaviour as ¢ — 0 instead of the
limiting behaviour of energy. Moreover, the reader, interested in the limiting dynamics of

2 Usually, for a vector from cN , denoted by the letter u, we write its actions and angles as above, and for a
vector, denoted by v, we write them as (J, ¥), J = J(v), ¥ = ¥ (v).
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energy, will easily express it in terms of the limiting dynamics of actions, since in view of
(2.3), the energy of a j-th rotator tends to %F 1(21;) as e — 0, see Corollary 4.7 for details.

Let us write a function /(u) in the action-angle coordinates, h(u) = h(I, ¢). Denote its
averaging in angles as

0@ = [ hit.ordy.
TN
Here and further on d¢ denotes the normalized Lebesgue measure on the torus TV . Let
Rj(l) = (g (w) - uj). @7

where we recall that the scalar product - is given by (2.2). It is well known that under our
assumptions a solution u® () of system (2.5)—(2.6) exists, is unique and is defined for all
t > 0 ([21]). Let I°(¢r) and ¢®(¢) be the corresponding vectors of actions and angles, i.e.
I8(t) = T1(uf (1)), p*(t) = @u®(t)). We fix arbitrary T > 0 and examine the dynamics of
actions /¢ on the long-time interval [0, 7'/¢] under the limit ¢ — 0. It is useful to pass to the
slow time T = ¢t, then the interval 7 € [0, T /¢] corresponds to T € [0, T']. We prove

Theorem 2.2 In the slow time the family of distributions of the actions D(I¢(-)) withe — 0
converges weakly on C([0, T], RN to a distribution D(1°(-)) of a unique weak solution
1°(7) of the system

dlj = (R;(I) +T;)dt +21,T;dB;, j€C, (2.8)
D (0)) = DU (u0)), (2.9)

where B; are standard real independent Brownian motions. The convergence is uniform in
N.

The limiting measure satisfies some estimates, for details see Theorem 4.6. In order to speak
about the uniformity in N of convergence, we assume that the set C depends on the number
of rotators N in such a way that C(N1) C C(N») if Ni < N;. The functions G, F; and the
temperatures 7; are assumed to be independent from N, while the functions g; are assumed
to be independent from N for N sufficiently large (depending on j).3 The initial conditions
ug are assumed to agree in N, see assumption HI(ii). The uniformity of convergence of
measures through all the text is understood in the sense of finite-dimensional projections.
For example, for Theorem 2.2 it means that for any A C Z¢ which does not depend on N
and satisfies A C C(N) forall N > N, N € N, we have *

D(UE()jen) = D(UY())jen) as &— 0 uniformlyin N > Na.

Note that in the case of diagonal dissipation g;(u) = —uj|u; |p=2 Eq. (2.8) turns out to be
diagonal _
dl;j = (—QI)P? + T))dt + J21;T;dB;, jeC. (2.10)

For more examples see Sect. 4.4.
Relation (2.8) is an autonomous equation for actions which describes their transport under
the limite — 0. Since itis obtained by the avergaing method we call it the averaged equation.

3 We can not assume that g is independent from N forall N € N since for small N the j-th rotator may have
fewer neighbours then for large N.

4 We recall that the weak convergence of measures is metrisable (see [12], Theorem 11.3.3), so it makes sense
to talk about its uniformity.
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Note that the averaged equation does not depend on a precise form of the potential G. It means
that the limiting dynamics does not feel the Hamiltonian interaction between rotators and
provides a flow of actions between nodes only if the dissipation is not diagonal.

In Sect. 4.2 we investigate the limiting behaviour, as ¢ — 0, of averaged in time joint
distribution of actions and angles ¢, ¢¢. See Theorem 4.8.

Recall that a stochastic differential equation is mixing if it has a unique stationary measure
and all solutions of this equation weakly converge to this stationary measure in distribution.
It is well known that Eq. (2.5) is mixing (see [21,35,36]). Denote its stationary measure
by 72°. Denote the projections to spaces of actions and angles by I, : C¥ — RY and
Mang - CN — TV correspondingly. Let

C*™ := UnenC(N).

We will call Eq. (2.8) for the case N = 00, i.e. with C replaced by C*, the “averaged equation
for the infinite system of rotators”. Let R® (C*°) be the space of real (complex) sequences
provided with the Tikhonov topology.

Theorem 2.3 (i) The averaged equation (2.8) is mixing.
(ii) For the unique stationary measure i of (2.5), written in the action-angle coordinates,
we have
(Mge X Mang)sit® =1 x do as & — 0, (2.11)

where 1 is a unique stationary measure of the averaged equation (2.8). If the averaged
equation for the infinite system of rotators has a unique stationary measure 7w°° in the

class of measures defined on the Borel o -algebra B(R™) and satisfying sup (1, I;) <
jec™
oo, then convergence (2.11) is uniform in N.
(iii) The vector of actions I¢(t), written in the slow time, satisfies

lim lim D(/%(7)) = lim lim D(°(7)) = 7. (2.12)
T—>00¢—0 e—>0T1—>00

We prove this theorem in Sect. 4.3. Each limiting point (as ¢ — 0) of the family of measures
{it?,0 < & < 1} is an invariant measure of the system of uncoupled integrable rotators,
corresponding to (2.1)|.=o. It has plenty of invariant measures. Theorem 2.3 ensures that
only one of them is a limiting point, and distinguishes it.

Arguing as when proving Theorem 2.3, we can show that the averaged equation for the
infinite system of rotators has a stationary measure belonging to the class of measures above,
but we do not know if it is unique. However, it can be proven that it is unique if this equation is
diagonal. In this case the convergence (2.11) holds uniformly in N. In particular, this happens
when the dissipation is diagonal. For more examples see Sect. 4.4.

Let us briefly discuss some generalizations. Assume that the power p from assumptions
HE HG, Hg equals to 2 (so that, in particular, the interaction potential has at most a quadratic
growth). Then, if the functions g;(u) do not have dissipative properties (more precisely, if
assumption Hg(ii) below is not satisfied), Theorems 2.2 and 4.8 hold true, but Theorem 2.3
fails.

Let us now suppose that some rotators are “defective”: there exists a region Cp C Z¢,
independent from N, such that for j € Cp the spins are not alternated. Then theorems similar
to Theorems 2.2, 4.8, 2.3 hold for the projections of the corresponding family of measures to
the “non defective” nodes Cyp := C\ U (Cp), where U (Cp) denotes some neighbourhood of
Cp in Z¢ . Let us discuss the theorem, corresponding to Theorem 2.2, for the other results the
changes are similar. We show that any limiting (as ¢ — 0) point Q° of the family of measures
{D((If('))jecND), 0 < & < 1} is a weak solution of the averaged equation (2.8)—(2.9) with
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C replaced by éND, where éND = Cnp \ U(@Cnp) and U (dCyp) is some neighbourhood
of dCnp. Thus, if for j € 8@ND the function R ;(I) depends on /; with j € Cyp \éND,
then the averaged equation is not closed and we do not know if its weak solution is unique.
In this case we can say nothing about the uniqueness of the limiting point Q° and about the
uniformity of convergence in N. However, if the averaged equation is diagonal (for example,
in the case of diagonal dissipation), then R ;(I) = R;(I}), the averaged equation is closed
and has a unique weak solution. In this case the projection QO of the limiting point Q° to
é ~N D is uniquely determined, the convergence D((I; (~))j EéND) — QO as & — O holds and is
uniform in N. Thus, the defects have only local influence on the limiting dynamics as ¢ — 0.
For details see [14], Sect. 7.

2.3 Strategy

In this section we describe the main steps of proofs of Theorems 2.2 and 2.3.

First we need to obtain uniform in &, N and time ¢ estimates for solutions of (2.5). For
a general system of particles there is no reason why all the energy could not concentrate at
a single position, forming a kind of delta-function as N — oo. It is remarkable that in our
system this does not happen, at least on time intervals of order 1/4/¢, even without alternated
spins condition and in absence of dissipation. One can prove it working with the family of
norms || - ||j,4 (see Agreements 6). But for a dissipative system with alternated spins the
concentration of energy also does not happen as t — oc. To see this, we make first one step
of the perturbation theory. The alternated spins condition provides that the system does not
have resonances of the first order. Then in Theorem 3.1 we find a global canonical change
of variables in CV, transforming u — v, (I, ¢) — (J, ¥), which is \/e-close to identity
uniformly in N and kills in the Hamiltonian the term of order /. We rewrite Eq. (2.5) in
the new variables v and call the result “v-equation” (see 3.5). Using the fact that in the new
coordinates the interaction potential has the same size as the dissipation and working with
the family of norms || - || ;, we obtain desired estimates for solutions of the v-equation.

Then we pass to the limit ¢ — 0. In the action-angle coordinates (J, ¥) the v-equation
takes the form

dJ =X\, ¥, e)dt +o(J, ¥, e)dB+5(J, ¥, £)dB, (2.13)
dy = 'Y, e)dt + ..., (2.14)

where the term . . . and X, Y, o are of order 1. For details see (4.2)—(4.3). So the angles rotate
fast, while the actions change slowly. The averaging principle for systems of the type (2.13)—
(2.14) was established in [16—18,20] and, more recently, in [24,25]. Our situation is similar
to that in [24,25], and we follow the scheme suggested there. Let v () be a solution of the
v-equation, written in the slow time, and J¢(t) = J(v®(t)) be the corresponding vector
of actions. We prove Theorem 4.2, stating that the family of measures D(J¢(-)) converges
weakly as ¢ — 0 to a distribution of a unique weak solution of the averaged in angles Eq.
(2.13)|¢=0, which has the form (2.8). To prove that this convergence is uniform in N, we use
the uniformity of estimates obtained above and the fact that the averaged equation for the
infinite system of rotators has a unique weak solution. Since the change of variables is /-
close to identity, the behaviours of actions J¢ and 7¢ as ¢ — 0 coincide, and we get Theorem
2.2. The averaged equation (2.8) does not feel the Hamiltonian interaction of rotators since
the averaging eliminates the Hamiltonian terms.

The averaged equation (2.8) is irregular: its dispersion matrix is not Lipschitz continuous.
To study it we use the method of effective equation, suggested in [23],[24] (in our case its
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application simplifies). The effective equation (see 4.35) is defined in the complex coordinates
v = (vkec € CN.If v(7) is its solution then the actions J (v(z)) form a weak solution
of Eq. (2.8) and vice versa (see Proposition 4.9). The effective equation is well posed and
mixing. This implies item (i) of Theorem 2.3. The proof of item (ii) is based on the averaging
technics developed in Theorem 2.2.

Note that the convergence (2.11) is equivalent to

nf—m as €— 0, (2.15)

where m is the unique stationary measure of the effective equation, see Remark 4.13. Item
(iii) of Theorem 2.3 follows from the first two items and Theorem 2.2.

2.4 Agreements and Assumptions

Agreements

(1) We refer to item 1 of Theorem 3.1 as Theorem 3.1(1), etc.

(2) By C, Cy, Ca, ... we denote various positive constants and by C(b), Ci(b), ... we
denote positive constants which depend on the parameter . We do not indicate their
dependence on the dimension d, power p and time 7 which are fixed through all the
text and always indicate if they depend on the number of rotators N, times ¢, s, T, .. .,
positions j, k, [, m, ... € C and small parameter ¢. Constants C, C(b), ... can change
from formula to formula.

(3) Unless otherwise stated, assertions of the type “b is sufficiently close to ¢” and “b
is sufficiently small/big” always suppose estimates independent from N, positions
Jjok,l,m,...€Candtimest,s,t,....

(4) We use notations b A ¢ := min(b, ¢), bV ¢ = max(b, ¢).

(5) For vectors b = (by), ¢ = (ck), by, ck € C, we denote

a-b:= Zak -by = ZReakEk.

(6) For1/2 <y < 1, j € Cand ¢ > 0 we introduce a family of scalar products and a
family of norms on CV as 3

1 . k—j 1
eutyy o=y g,
keC
. k—j 1 1 N
e, o=y w9, where u = (wirec, u' = (uplrec € CV.
keC

(7) For a metric space X by L,(X) (L1oc(X)) we denote the space of bounded Lipschitz
continuous (locally Lipschitz continuous) functions from X to R.

(8) Convergence of measures we always understand in the weak sense.

(9) We suppose ¢ to be sufficiently small, where it is needed.

Assumptions

Here we formulate our assumptions. In Example 2.4 we give examples of functions F;, G
and g; satisfying them.
Fix p € N, p > 2. Assume that there exists ¢ > 0 such that the following holds.

5 For details see Sect. 3.1. We will fix y, so we do not indicate the dependence on it.
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HF (Alternated spins condition). For every j € C and some function f we have f; =
(=D f. Function f : (—¢, 00) > Ry is C3-smooth and its derivative f' has only isolated
zeros. Moreover, for any x > O we have

fE = CU+xP?) and |/ @2+ 1@l + 10 < Cf ().
HG Function G : (—¢, 00) — R is C*-smooth. Moreover, for any x > 0 it satisfies

G’ @2 + G W)l + |G ()2 < C(1+ 207D,

Hg (i) Functions g, : CN +— C, | € C are C*-smooth and depend on u = (ux)rec
only through (ui).|k—i<1. For any u € CNandl,meC they satisfy

18101, 10w, 1)), 10, @) < C {1+ D Jul?' ],
kilk—1]<1

while all the second derivatives are assumed to have at most a polynomial

growth at infinity, which is uniforminl € C.
(ii) (Dissipative condition) There exists a constant Cy > 0, independent from N, such
that forany j € Cand 1/2 < y < 1 sufficiently close to one, for any (uz)rec € CN

(gw)-w)j < =Cgllullf , +C(y), where g:= (giec,

and the scalar product (-) j and the norm || - || j, , are defined in Agreements.6. Recall that
they depend on y .
HI (i) For some constant oy > 0, independent from N, and every j € C we have

‘ 2

Ee®ltoil” < .

(i) The initial conditions ug = uév agree in N in the sense that there exists a C*°-valued
random variable ui® = (ug‘j?)jecoc satisfying for any N € N the relation

D ((”(I)Vj)jec(N)) =D ((Mg?)jec(N)) .
In what follows, we suppose the assumptions above to be held.

Example 2.4 As an example of functions f and G satisfying conditions HF and HG, we
propose f(x) = 1+ x¥ forany N 5 k > p/2, and G(x) = G(y/x F ¢) for any constant
¢ > 0 and any C*-smooth function G : Ry — R satisfying

IG' ()| + |G ()| + |G" (x)| < C(1 +xP~Y) forall x > /5.

The simpliest example of functions g; satisfying assumption Hg is the diagonal dissipation
gi(u) = —uylug|? —2 As an example of functions g; providing non-Hamiltonian interaction
between rotators, we propose g;(u) = —ul|ul|"’2 + g1(u), where g; satisfies Hg(i) and

lgr(u)| < C > lug|P~! + C, where the constant C satisfies® C <

1
2
kT <1 8dQd+1)

For more examples see Sect. 4.4.

Remark 2.5 In the case a > 1 assumptions HF and HG simplify.
HF’-HG’. Functions f;j, G : (—¢,00) — R are C'- and C*-smooth correspondingly,
fj’ have only isolated zeros and |G’ (x)|x1/2 < C(1 4+ x®=V/2) for any x > 0.

6 This constant is not optimal, one can improve it.
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3 Preliminaries
3.1 Norms

Since > |u j|2 is conserved by the Hamiltonian flow, it would be natural to work in the
jecC

I>-norm. However, the /,-norm of solution of (2.5) diverges as N — oo. To overcome this

difficulty and obtain uniform in N estimates for the solution, we introduce the family of /,-

weighted norms with exponential decay: for each ¢ > 0 and every j € C, for v = (vk)rec €

CV we set

. 1/q
lvllj,g = (Z y'k_/‘lvk|q) , where the constant 1/2 < y < 1 will be chosen later.
keC

Similar norms were considered, for example, in [10], Sect. 3.12. Define the family of /-
weighted scalar products on CV,

1.2 k—jl 1 2
W' ="yl g,
keC
corresponding to the norms ||v||§ = ||v||§ , = (v-v)j. Itis easy to see that the Holder

inequality holds: for any m, n > 0, satisfying m~! +n~! = 1, we have
[CR e P R PPl 3.1

Moreover, since for any m > n we have |vg|" < |vg|™ + 1, then we get

lolly, < ol + > v < wl7,, + C(y) for m=>n, (32)
keC

where the constant C(y) does not depend on N since the geometrical series converges.

3.2 The Change of Variables

Consider the complex variables v = (v;) jec € CV and the corresponding vectors of actions
and angles (J, ¥) € Rﬁo x TN . Define a vector B := (8, )7 € C2V, where B is a complex
N-dimensional Brownian motion as before and 7 denotes the transposition. Recall that by
(-) we denote the averaging in angles, see Appendix 2 for its properties. Let V := (V;) jec
and g := (gj)jec-

Theorem 3.1 There exists a C*-smooth J/&-close to identity canonical change of variables
of CN, transforming u — v, (I, 9) — (J, ) such that the Hamiltonian H® in the new
coordinates takes the form

HE(J, ) = Hy(J) + eHay(J, ¥) + e/eHE(J, ¥), (3.3)
where |
Hiw) = 5 > Fi(lvl*) + % > Gy —ul®) (3.4)
jeC lj—kl=1

is C*-smooth and the functions Hy(v) and HE (v) are C2-smooth. System (2.5)—(2.6) written
in v-variables has the form

U =iVH{ )+ eiVHy(v) + eg(v) + e/er® (v) + JeWé(v)B, (3.5)
v(0) = v(ug) =: vo, (3.6)
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wherer® = (r; )jec : CN — CV isa continuous vector-function and W¥ is a new dispersion
matrix. The latter has the size N x 2N and consists of two blocks, We = (Wl we2),
so that WEB = W B + We2B. The blocks have the form Wel-2 = (W,fll’z)k,lec, where
Wel = VTidy, vk, Wi = /T3, Moreover, for any j € Cand 1/2 < y < 1 we have

LIGVH: -v)jl < A =p)Clolf , +Cy).
2.a.V;Ho dependsonly onv, suchthat \n—j| < 2,and|ViHy| <C v, P71 +C.
n:ln—j|<2

—1
b. Forany q > 1 we have |r*|% < C(y.q) + C(@)|v] 17 D).

3. The functions d\;*, defined as in (5.33), satisfy |d}, — SuTil, |d}| < C/z for all
k,l €C.
4. We have luj —vj| < Cy/eand |I; — J;| < Cy/e.

Further on we will usually skip the upper index ¢. If y = 1, then the norm |ju]; =

( > uj |2) 12 is the first integral of the Hamiltonian H?®. Consequently, the norm |[u|| ; with
jeC

yjclose to one is an approximate integral of the Hamiltonian flow. Item 1 of Theorem 3.1

means that the change of variables preserves this property in the order &, modulo constant

C(y). This is crucial for deriving of uniform in N estimates for solutions of (3.5).

In Eq. (2.5) all functions, except the rotating nonlinearity if;(|u; 1% u j» have at most a
polynomial growth of a power p — 1. Item 2 affirms, in particular, that this property is
conserved by the transformation.

The proof of the theorem is technically rather complicated. Since the potential G is not
a differentiable function of actions, we have to work in the v-coordinates despite that the
transformation is constructed in the action-angle variables. This rises some difficulties since
the derivative of yr; with respect to v; have a singularity when v; = 0. Moreover, we have to
work in rather inconvenient norms || - || j,; and estimate not only Poisson brackets, but also
non-Hamiltonian terms of the v-equation. The sketch of the proof is given in Sect. 5.3. For
the complete proof see [14], Section 6.

Letus briefly explain why the alternated spins condition HF provides that system (2.5) does
not have resonances of the first order. Writing equation (2.5) in the action-angle coordinates,
we find that the angles satisfy ¢; ~ f;(|u; 1), J € C.Itisnotdifficult to see that the interaction
potential G (|u j —uy |2) depends on the angles only through their difference ¢ i — @k, see (5.28).
Due to assumption HF, the corresponding combination of rotation frequences is separated
from zero. Indeed, f; — fi = 2(—1V! £, where we recall that the function f is assumed to
be strictly positive.

3.3 Estimates for Solution

System (3.5)—(3.6) has a unique solution since system (2.5)—(2.6) does. Let us denote it by
v(t) = (v (1))kec-

Lemma 3.2 Forany 1/2 < y < 1 sufficiently close to one there exists « = a(y) > 0 such
that for all j € C, t > 0 and ¢ sufficiently small we have

2
E sup PO <. 3.7)
selt,t+1/¢]

Let us emphasize that estimate (3.7) holds uniformly in N, j, ¢t and ¢ sufficiently small.
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Corollary 3.3 There exists o > 0 such that for anym > 0, t > 0, j € C and ¢ sufficiently
small we have

E sup MOP o E  sup Irj ()™ < C(m),
selr,i+1/e] selt,t+1/e]

where r = (rj) jec is the reminder in (3.5).

Proof of Corollary 3.3 Fix any y and « such that (3.7) holds true. By the definition of || - ||?

we have |v; 12 < ||v||§, so Lemma 3.2 implies the first inequality. Let us prove the second
one. Without loss of generality we assume that m > 2. Theorem 3.1(2b) implies

2

™ < P, < Crom) + Com I TP < Clyom) + Com, )eMine-n (3.8)

for any « > 0. Using that 2/m(p — 1) < 1 and the Jensen inequality, we get

21j—k|
m(p=T) |y |2 i
gK”vH?.m(p—l) < ekkgcy % < Z:y%(C()/))—]e'(c(lf)hik\z7 (3.9)
keC
21j—k|
where C(y) = X v w1 . Choosing « in such a way that « C(y) < « and combining (3.8),
keC
(3.9) and the first estimate of the corollary, we get the desired inequality. O

Proof of Lemma 3.2 Step 1. Takesome 1/2 < y < 1and 0 < «; < 1. Further on we present

only formal computation which could be justified by standard stopping-time arguments (see,
2

alol? g

e.g., [19]). Applying the Ito formula in complex coordinates (see Appendix 1) to e
noting that i V; Hy - v; = 0 since Hy depends on v only through J (v), we get

d ) 2 .
eI = et I ((VHy - v) + (g )+ VE v+ Dy d
§ keC
+ay Dy gy, +Re(vmd,%l>)) + 201/EM, (3.10)
k,leC
where we recall that d,:l‘z are calculated in (5.33), and the martingal
S
2
M ::/e‘”l“””f(u-WdB), for some 5o < 5. (.11)

K

First we estimate (r - v) ;. Theorem 3.1(2b) implies
-1 ~1
I l.pso-1 < (CI0IY , + €)™ < ol + i),
Then, the Holder inequality (3.1) withm = p/(p — 1) and n = p, jointly with (3.2) implies
|G- 0)j1 < Pl pro—nllvllp < Cilvlly , +Cinlivllyp < C2)UvIE , + 1. (3.12)
Secondly we estimate Ito’s term. By Theorem 3.1(3) we get

>l

keC

< C(y). (3.13)
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Note that
o TP U ,
Sy ] < DTy Qo2 4 ) < Con i3
k,leC k,leC

Consequently, due to Theorem 3.1(3), we have

> kI (ygd) + Re@vidd)) | < Dy T ue? + VeC ) vl3
k,leC keC
< (C+VeCi(y)lIvli;
< (C+ VeI, + Ca(y), (B.14)
where we have used (3.2). Now Theorem 3.1(1), assumption Hg(ii), (3.12), (3.13) and (3.14),
applied to (3.10), imply that for y sufficiently close to one we have

d .
e < 2061 (— (€= (1) =1 C—VEC ) I01F ,+C1 (1)) 42001 /2 M.

ds

(3.15)
We take 1/2 < y < 1 sufficiently close to one, then choose a1(y) > 0 and go(y) > 0,
sufficiently small, in such a way that

A:=Co—(1—y)C—a1C—/5,C(y) > 0. (3.16)
For any constant C there exists a constant Cy such that for all x > 0 we have
201e“Y (—Ax + C) < =" + (4.

Consequently, (3.15) jointly with (3.2) implies that for ¢ < gy we have

d 2 2 .
SOl < —ee MW 4 eCy) + 201 VM. (3.17)
N

Fixing s9 = O (which is defined in 3.11), taking expectation and applying the Gronwall—
Bellman inequality to (3.17), we have

EM VO < g ool g—es 4 Cy).

Due to assumption HI(i) and Theorem 3.1, we have E ¢! Ivo; 1> < C for all j € C. Then the

2
Jensen inequality implies that E ¢! ol < ¢ (). if «; is sufficiently small. Thus we obtain

Ec PO < C(y) foralls > 0and j € C. (3.18)

Step 2. We fix the parameters y and o1 as above. Accordingly, the constants, which depend
only on them, will be denoted just C, Cq, .. ..

Now we will prove (3.7). Take any 0 < o < «1/2 and fix so = ¢. Integrating inequality
(3.17) with o) replaced by « over the interval # < s <t 4 1/¢ and using (3.18), we have

) (12 2
E sup I < E VOl 4 ¢ + 2a/eE  sup M
selt,t+1/¢] selt,t+1/¢e]

<Ci+2aveE  sup M. (3.19)
selt,t+1/e]

Now we turn to the martingal part. The definition of M implies

sup MsSZ sup My,
selt,t+1/¢] kecss[t,r+l/£]
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S, 2.
where My, = [ Il yV=Kly, . (WdB);. The Doob—Kolmogorov inequality implies that
t

E  sup My, < CE/[Milit1/e < CVE[Milit1/es
selt,t+1/¢]

where [ My ]s denotes the quadratic variation of My,. Similarly to (5.36), we obtain

t+1/e t+1/e

2 . . 2
(Mot = / P 2K gl g < Gy liH / PO (g1 | 4 12, ds
t t

for any « > 0, where Ska is defined in (5.35). Take 0 < ¥ < a1/2 — «. Then, using Theorem
3.1(3) and (3.18), we get

t+1/e 172
. 2
E sup M;<CY JE[Mdi1: < Cl) Dy ™72 / E 2Tl g
selt,r+1/e] keC ieC J
- CI(K).
T oWE
Now (3.7) follows from (3.19). O

4 The Limiting Dynamics

In this section we investigate the limiting (as ¢ — 0) behaviour of system (2.5). We prove
Theorems 4.6, 4.8 and 2.3 which are our main results.

4.1 Averaged Equation

Here we prove Theorem 4.6, which describes the limiting dynamics of actions on long time
intervals of order ¢ 1. In the slow time 7 = ¢t system (3.5)—(3.6) has the form

dvj = (¢ 'iV;Hy+ iV Hy + gj + /er))dt + (WdB);, v;(0) =vg;, jeC. (41)

Let us write Eq. (4.1) in the action-angle Var_iables J =JW), ¥ = ¥ (v). Due to (5.34) and

the equalities iV Hy - v; = 0and iV Hy - i"z = 8[/ Hy, we have

[vj
dJj=Ajdt+v; - (WdB);j, (4.2)
dy —19H A dr+ -2 (waB);, jec (43)
i=le — +— . i J , .
! aJ; vl v 2 !

where
Al = Ajup+d), AV = AjGv)—Im@;v;'dY), Ay = iViHytgi+er, (44)

and d;}z are calculated in (5.33). In view of (3.4), Proposition 5.9 implies that

for each j € C the function 81_/. Hyis C'—smooth with respectto J = (Ji)kec- 4.5)
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Theorem 3.1(a), 3 jointly with Corollary 3.3 implies that for all j, k,/ € C and every m > 0
we have ’
m
E S (141 +1ATI+ 1A+ 1S71)™ < COm), (4.6)

where Skjl is the element of the diffusion matrix for Eq. (4.2) with respect to the real Brownian
motion; it is calculated in (5.35).

Note that the quadratic vatriations of the martingales from the r.h.s. of (4.2) and (4.3) are
calculated in (5.36).

Let v®(7) be a solution of (4.1). Then J(t) := J(v*(1)), ¥°(r) := ¥ (v®(1)) satisfy
(4.2)—(4.3). Due to estimate (4.6) and slow equation (4.2), using Arzela—Ascoli theorem, we
get

Proposition 4.1 The family of measures {D(J¢(-)), 0 < & < 1} is tight on C([0, T], R).
Let Qg be a weak limiting point of D(J4(+)):
D(J*(-)) = Qo as k— oo on C([0,T], RY), (€%))

where ¢ — 0 as k — oo is a suitable sequence. Now we are going to show that the
limiting point Q¢ does not depend on the sequence (ex) and is governed by the main order
in ¢ of the averaging of Eq. (4.2). Let us begin with writing down this equation. Since
by Theorem 3.1(3) we have d}j =T + O (4/¢), the main order of the drift of Eq. (4.2)
isiVjH; - v; + gj(v) - vj + 7;. Since for any real-valued C!'-smooth function A(v) we
have iVjh - vj = —dy;h, then periodicity of the function & with respect to ; implies
(iVjh-vj) = 0. So that, in particular, (iV; H - v;) = 0. Thus the main order of the averaged
drift takes the form

WV Hy - vj + g;(0) vj +Tj) = R;() +Tj, “8)

where R ; is defined in (2.7). Proposition 5.8 jointly with Theorem 3.1(3) implies that the main
order of the diffusion matrix of (4.2) with respect to the real Brownian motion (Re Bk, Im By )
is diag(7x e Dkec = diag(27; Ji)rec - It does not depend on angles, so the averaging does
not change it. Choose its square root as diag(+/27x Jx)kec- Then in the main order the aver-
aging of Eq. (4.2) takes the form

de=(Rj(J)+7})dr+,/2Jj’Tjd,§j, jec, 4.9

where B ; are independent standard real Brownian motions. The averaged equation (4.9) has
a weak singularity: its dispersion matrix is not Lipschitz continuous. However, its drift is
regular: Proposition 5.9 implies that

for each j € C the function R ; is C'— smooth with respectto J = (Ji)kec- (4.10)

Theorem 4.2 The measure Qy is a law of the process J(-) which is a unique weak solution
of the averaged equation (4.9) with the initial conditions D(J (0)) = D(I (ug)). Moreover,

D) =~ D) as e >0 on C([0,T],RY), (4.11)
This convergence is uniform in N. For all j € C we have
T
2aJ9(1) 0
E sup 777" <C and P(J]-(r)<8)dr—>0as8—>0, (4.12)
€071 '
0

where the latter convergence is uniform in N.
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Proof The proof of convergence (4.11) follows a scheme suggested in [24,25] while the
latter works use the averaging method developed in [18,20]. Main difficulties of our situa-
tion compared to [20] are similar to those in [24,25] and manifest themselves in the proof
of Lemma 4.4 below. Equation (4.3) has a singularity when J; = 0, and for J, such that
the rotating frequencies J; Ho are rationally dependent, system (4.2)—(4.3) enters into res-
onant regime. To overcome these difficulties we note that singularities and resonances have
Lebesgue measure zero and prove the following lemma, which affirms that the probability of
the event that actions J¢ for a long lime belong to a set of small Lebesgue measure is small.
A similar idea was used in [16, 17], where was established the stochastic averaging principle
for different systems with weak resonances ([16,17]) and singularities ([17]). See also [18],
Chapters 9.2 and 9.3.

Let A C Z% be independent from N and satisfies A C C(N) for N > N, . Denote by M

the number of nodes in A. Further on we assume that N > Nj. (4.13)

Lemma 4.3 Let 7° := (J{)kea and a set E® € ]R_% be such that its Lebesgue measure
|E¢| — 0ase — 0. Then

T
/P(jg(r) € E®)dt — 0 as & — 0 uniformly in N. 4.14)
0

The proof of Lemma 4.3 is based on Krylov’s estimates (see [22]) and the concept of local
time. It follows a scheme suggested in [32] (see also [26], Section 5.2.2).

Another difficulty, which is the principal difference between our case and those of all
works mentioned above, is that we need to establish the uniformity in N of the convergence
(4.11). For this purpose we use the uniformity of estimates and convergences of Corollary
3.3 and Lemmas 4.3, 4.4, and the fact that the averaged equation for the infinite system of
rotators has a unique weak solution (in a suitable class).

Now let us formulate the following averaging lemma which is the main tools of the proof
of the theorem.

Lemma 4.4 Take a function P € L,c(CN) which depends on v = (vj)jec € CN only
through (vj)jen € CM. Let it has at most a polynomial growth at infinity. Then, writing
P (v) in the action-angle coordinates P(v) = P(J, V), we have

T

E sup /P(Jg(s), YE(s)) — (PY(JE(s))ds| — 0 as e — O uniformly in N.
7€[0,T]
0

Similarly one can prove that
T 2
E sup /P(]g(s), ¥e(s)) — (P)(J®(s))ds| — 0ase —> Ouniformly in N. (4.15)
7€[0,T]
0

We establish Lemmas 4.3 and 4.4 in Sect. 5.
Now we will prove that Qg is a law of a weak solution of (4.9). It sufficies to show (see
[19], Chapter 5.4) that for any j, k, [ € C the processes

T

Zj(x) = Jj(t)—/(’Rj(J(s))+Tj)ds, zkz,(r)—zak,Tk/Jk(s)ds (4.16)
0 0
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are square-integrable martingales with respect to the measure Q¢ and the natural filtration of
o-algebras in C ([0, T], R"Y). We establish it for the first process, for the second the proof is
similar, but one should use (4.15) (for the first one we do not need this). Consider the process

T
Kjk (1) := J;k(t) — /(R.,(JE" (8)) + 7)) ds. 4.17)
0
Then, according to (4.2),
K (t) = M () + O (1),
where M;k is a martingal and by (4.8) we have
T
CHOE / (((VjHa+g)) v —((iVHa+g)) v ) +/erj v +(d]; = T))) ds. (4.18)
0
Due to Corollary 3.3 and Theorem 3.1(3), we have
E sup |-} <C, ldj; — T;| < CVe. (4.19)

0<t<T

Then, applying Lemma 4.4, we get

E sup |©%(t)] > 0 as g — 0. (4.20)
0<t<T /
Consequently,
. Ek T Ek
sllenOD(Kj (-))_SilinoD(Mj ) (4.21)

in the sense that if one limit exists then the another exists as well and the two are equal.
Due to (4.7) and the Skorokhod Theorem, we can find random processes L (t) and L(7),
0 <t < T, such that D(L® (")) = D(J*()), D(L(-)) = Qo and

L% - L in C([0,T1,RY) as & — 0 as.
Then by (4.17) the left-hand side limit in (4.21) exists and equals

Lj(r)— /(RJ‘(L(S)) +7j)ds. (4.22)
0

Due to (4.6), the family of martingales {M%*, k € N} is uniformly square integrable.
Due to (4.21), they converge in distribution to the process (4.22). Then the latter is a square
integrable martingal as well. Thus, each limiting point Qy is a weak solution of the averaged
equation (4.9).

Since the initial conditions u( are independent from e, Theorem 3.1(4) implies that
D(J(0)) = D( (up))- In [38] Yamada and Watanabe established the uniqueness of a weak
solution for an equation with a more general dispersion matrix then that for (4.9), but with a
Lipschitz-continuous drift. Their proof can be easily generalized to our case by the stopping
time arguments. We will not do this here since in Proposition 4.5 we will consider more
difficult infinite-dimensional situation.

The uniqueness of a weak solution of (4.9) implies that all the limiting points (4.7) coincide
and we obtain the convergence (4.11). The first estimate in (4.12) follows from Corollary 3.3
and the second one follows from Lemma 4.3.
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Now we will prove the uniformity in N of the convergence (4.11). Recall that it is under-
stood in the sense that for any A C 74 as in (4.13) we have

D((J7())jer) = D((Jj‘?c))je,\) as & — 0on C([0, T, RM) uniformly in N. (4.23)

It is well known that the weak convergence of probability measures on a separable metric
space is equivalent to convergence in the dual-Lipschitz norm, see Theorem 11.3.3 in [12].
Analysing the proof of this theorem, we see that in order to establish the uniformity in N of
the convergence (4.23) with respect to the dual-Lipschitz norm, it suffices to show that for
any bounded continuous functional i : (J; () jea € C([0, T], RM) > R, we have

Eh(J%) — Eh(]o) as & — 0 uniformly in N, (4.24)

where we have denoted A (J) :=h ((Jj (-))J-E/\). In order to prove (4.24), first we pass to the
limit N — oo. Recall that C*® = Uy enC(N). Denote J&N = (J;’N)jecoc, where

£ 3 H —
JoN = [ Syt j et =C, (4.25)

I o0, if jec™®\cC.
Using the uniformity in N of estimate (4.6), we get that the family of measures

{D(JS’N(J), 0<e<1, Ne N]

is tight on a space C ([0, T'], R*). Take any limiting point Q5° such that D(JNE()) —~ o
as g — 0, Ny — oo. Recall that the initial conditions u satisfy HI(ii). Denote the vector
of actions corresponding to ug° by /5 = I(ug°) € R .

Proposition 4.5 The measure QF° is a law of the process J 0.9 () which is a unique weak
solution of the averaged equation for the infinite system of rotators

dlj=MR;(J)+T))dt + Wd,gj, j€C®, D) =DU°). (4.26)
Moreover, D(J&N () = D(J*®()) ase — 0, N — 00 on C([0, T], R®).
Before proving this proposition we will establish (4.24). Proposition 4.5 implies
Eh(J%) — Eh(]o’o") as ¢ —> 0, N > oo. 4.27)

In view of convergence (4.11) which is already proven for every N, (4.27) implies that
Eh(J% — Eh(J%®) as N — oo. Consequently, for all § > 0 there exist N; € N and
&1 > 0, such that for every N > Ni, 0 < ¢ < €1, we have

Eh(J®) —Eh(J"®)| < §/2.
Then, for N and ¢ as above,
IER(J®) —Eh(JO)]| < [ER(JE) = ER(I*®)| + [ERJ"®) —ER(JO)| < 5. (4.28)
Choose ¢ > 0 such that for every 0 < ¢ < &, and N < Nj we have
[Eh(J¢) —ERh(J%)| < 6. (4.29)

Then, due to (4.28), (4.29) holds for all N and ¢ < &1 A &2. Thus, we obtain (4.24). The proof
of the theorem is completed. O
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Proof of Proposition 4.5 To prove that QF° is a law of a weak solution of (4.26), it suf-
fices to show that the processes (4.16) are square-integrable martingales with respect to the
measure Q8° and the natural filtration of o -algebras in C ([0, T'], R*) (see [39]). The proof
of that literally coincides with the corresponding proof for the finite-dimensional case, one
should just replace the limit &g — 0 by e — 0, Ny — oo and the space C([0, T, RY)
by C([0, T'], R*). Estimate of Corollary 3.3 joined with Fatou’s lemma implies that the
obtained weak solution belongs to the desired class of processes. To prove that the weak
solution is unique, it suffices to show that the pathwise uniqueness of solutions holds (see
[30,39]). Let J () and J () be two solutions of (4.26), defined on the same probability space,
corresponding to the same Brownian motions and initial conditions, distributed as I(S’O, and
satisfying the first estimate from (4.12). Let w(r) := J(7) — J (7). Following literally the
proof of Theorem 1 in [38], for every j € C* and any 7 > 0 we get the estimate

Elw;(t)| <E / IR ;(J(s)) —Rj(f(s))|ds. (4.30)
0

Define for R > 0 and ¢ > 0 a stopping time
g = inf{r > 0: 3j € C satistying J;(z) v J;(r) = R(|j|4 + D).

For any © > 0 we have

Pr=t)< Y P( sup J;(s) = R(jl4 + 1))+ > P( sup Jj(s) = R(Ijl9 + 1))

jec 0<s<rt jeco 0<s<rt
<C D e @RI 0 as R — 0. (4.31)
jec®
For L € N denote |w| = > e’|-7||wj|. Using the Taylor expansion, it is possible to

=
show that, in view of (4.10) a‘:lld assumption Hg(i), the derivatives d;, R ;(J) have at most
a polynomial growth of some power m > 0, which is uniform in j, k € C*°. Since for any
T < tg and k € C*° satisfying |k| < L + 1 we have Ji (1), fk(t) < R((L +1)7 4+ 1), then
estimate (4.30) implies

TATR
Blueaml=C Y B [ (14 3 Gt o) X juylds
ljl=L 0 kifk—jl=1 k:lk—jl=1
TATR
sc@+ e [ (letet 3 jud)ds
0 [k|=L+1

T
< Ci(R)(L+1)™ / (Elw(s Atp)lL +e ELI Y ds,
0
where weused E > |ux| < C L1, Applying the Gronwall-Bellman inequality, we
|k|=L+1
obtain

E|w(t Atg)ly < L4 T LHOBEAD™r,
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Choosing ¢ < 1/m, we obtain that E |w(t A Tg)|; — 0 as L — oo and, consequently,
Ejw;(r A tg)] = 0 for all j € C*. Sending R — o0, in view of (4.31) we get that
E|w;(r)|=0forany r > 0and j € C*. O

Letus now investigate the dynamics in the original (1, ¢)-variables. Let u® (7) be a solution
of (2.5)—(2.6), written in the slow time and 7°(7) = I (#® (7)) be the corresponding vector of
actions. By Theorems 3.1(4) and 4.2 we have

lin})D(ls(-)) = lin})D(Js(-)) = Qo on C([0,T],RY).

Since the estimate of Theorem 3.1(4) and the convergence (4.11) are uniform in N, then the
convergence D(I°(-)) — Qg is also uniform in N. Thus, we get

Theorem 4.6 The assertion of Theorem 2.2 holds. Moreover, for any j € C
T
2a19(7) 0
E sup eV <Cand P([j(t)<8)dr—>0as8—>0, (4.32)
7€[0,T] "

where the latter convergence is uniform in N.
Let us define a local energy of a j-th rotator as
HE(u) = F (sl L YE ©> Gy - w.
kil j—k|=1
Consider the vectors H* (1) := (H’ () jec and F(I) := 3(F;21))) jec.
Corollary 4.7 Let I O(¢) be a unique weak solution of system (2.8)—(2.9). Then
D(H® () = D(FU°(-))) as ¢ =0 on C([0,T],RY),
uniformly in N.

Proof The second estimate of Theorem 3.1(4) implies that the process u® satisfies the first
estimate of Corollary 3.3. Since the potential G has at most a polynomial growth, we get

111%D(F18(u8(.)))=nr%p(ﬁ(lf(.))) on C([0,T],RY) (4.33)

in the sense that if one limit exists then another one exists as well and the two are equal.
Moreover, if one convergence holds uniformly in N then another one also holds uniformly
in N. It remains to note that, due to Theorem 4.6, we have D(ﬁ(15(~))) — D(ﬁ([o('))) as
& — 0O uniformly in N. O

4.2 Joint Distribution of Actions and Angles

Here we prove Theorem 4.8, which describes the limiting joint dynamics of actions and

angles. Let, as usual, u®(t) be a solution of (2.5)—(2.6), written in the slow time, and

let I°(t) = 1(u®(1)), ¢°(r) = @u®(7)). Denote by u; = D(I°(7), ¢°(1)) the law of
T

u®(t) in action-angle coordinates. For any function A (t) > 0 satisfying fh(r) dt =1, set

0
T

ué(h) = fh(r)ur dt. Moreover, denote m°(h) := fh(t)D(IO(t)) dz, where 19(7) is a
weak solutlon of (2.8)—(2.9).
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Theorem 4.8 For any continuous function h as above, we have
uf(h) = mP(h) x dp as & — 0 uniformly in N.

Proof Let us first consider the case h = (13 — Tl)_lﬂ[rl,rz], where I, 1, is an indicator
function of the interval [tq, 72]. Take a set A as in (4.13) and a function P € L,(RN x TV)
which depends on (1, ¢) = (I}, ¢;)jec € RN x TV only through (/;, ;) jea- Let us first
treat the case when the function P (u) := P (I, ¢)(u) belongs to L, (CN) (this can fail since
the vector-function ¢ (u) has a discontinuity when u; = 0 for some j € C, so the function
P (1) may be also discontinuous there). Let v®(7) be a solution of (4.1) and J¢(7), ¥*(7) be
the corresponding vectors of actions and angles. Due to Theorem 3.1(4), we have

2 2 2

/(pci,P)dt :E/P(ug(r))dt is close to E/P(vg(r))dt uniformly in N.

7 71 71

(5} 193
Due to Lemma 4.4, the integral E / P(v°(t))dr isclose to E /(P)(Jg (7)) dt uniformly

T] T
in N. Due to Theorem 4.2, the last integral is uniformly in N close to

2 2

E / (P)(JO(t))dT = E / / PU(x), @) drde = (tz — 71)(m°(h) x dg, P).

7] TN 71
If the function P (u) ¢ Lioc (CMy, we approximate it by functions Ps(u) € L;o¢ (CM)y,

Ps(u) = Pks([I(w)]),  [Iw)]:= 512111\1 1j(u),

where the function ks is smooth, 0 < ks < 1, ks(x) = Oforx < § and ks(x) = 1 for x > 24.
Then we let § — 0 as ¢ — 0 and use the estimate of Lemma 4.3 and (4.12).

In the case of a continuous function 4, we approximate it by piecewise constant functions.

]

4.3 Stationary Measures

In this section we prove Theorem 2.3 which describes the limiting behaviour of a stationary
regime of (2.5).

4.3.1 The effective equation and proof of Theorem 2.3(i)

The averaged equation (4.9) is irregular: its dispersion matrix is not Lipschitz continuous, so
we do not know if (4.9) is mixing or not. We are going to lift it to so-called effective equation
which is regular and mixing.

Let us define an operator Wy : v = (vj)jec € CN + €V of rotation by an angle
0 =(0))jec € TV, ie. (Wpv); = vje'%. We rewrite the function R ; from (2.7) as

Rj(J) = (g; () - v)) = /g,(%v) (ev)do = K;(v) - vj, (4.34)
TN
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where K (v) := / e 10 gj(Wyv) dO and dO is a normalized Lebesgue measure on the torus

TN
TN . Consider the effective equation

dv; = K;(v)dt +/T;dp;, jeC, (4.35)

where $;, as usual, are standard complex independent Brownian motions. It is well known
that a stochastic equation of the form (4.35) has a unique solution which is defined globally
(see [21]), and that it is mixing (see [21,35,36]). The following proposition explains the role
of the effective equation.

Proposition 4.9 (i) Let v(t), T > 0 be a weak solution of the effective equation (4.35) and
J(t) = J(v(7)) be the corresponding vector of actions. Then J(t), T > 0 is a weak
solution of the averaged equation (4.9).

(ii) Let J°(7), T > 0 be a weak solution of the averaged equation (4.9). Then for any vector
0 = (9j)jec € TN there exists a weak solution v(t) of the effective equation (4.35)

such that
DU (v(-))) = DJ°()) on C([0, 00), RY) and v;(0) = \/%ei"f, jec.
(4.36)
Proof (i) Due to (4.34) and (4.35), the actions J (7) satisfy
dJj = (R;(J)+Tj)dt + /Tjv; - dB;, jeC. (4.37)

The drift and the diffusion matrix of Eq. (4.37) coincide with those of the averaged equa-
tion (4.9). Consequently, J(7) is a solution of the (local) martingale problem associated
with the averaged equation (see [19], Proposition. 5.4.2). So, due to [19], Proposition
5.4.6, we get that J(7) is a weak solution of the averaged equation (4.9).

(i) Letv(7) be a solution the effective equation with the initial condition as in (4.36). Then,
due to (i), the process J(t) := J(v(7)) is a weak solution of the averaged equation and
J(0) = J%(0). Since the weak solution of the averaged equation is unique, we obtain
that D(J () = DJ°()). Consequently, v(7) is the desired process.

[m}

Let m be the unique stationary measure of the effective equation. Denote the projections
to the spaces of actions and angles by 1, : v € cVN - Rﬁo > 1and Iy : v € CN
TV 5 ¢ correspondingly. Denote

7 = [yesm. (4.38)

Corollary 4.10 The averaged equation (4.9) is mixing, and 7 is its unique stationary mea-
sure. More precisely, for any its solution J (1) we have D(J(t)) — m as T — 00.

Corollary 4.10 implies Theorem 2.3(i).

Proof First we claim that 7 is a stationary measure of the averaged equation. Indeed, take a
stationary distributed solution v(7) of the effective equation, D(v(t)) = m. By Proposition
4.9(i), the process J (v(7)) is a stationary weak solution of the averaged equation. It remains
to note that (4.38) implies D(J (V(1))) = 7.

Now we claim that any solution J°(t) of the averaged equation converges in distribution
to 7 as T — oo. For some 6 € TV take v(z) from Proposition 4.9(ii). Due to the mixing
property of the effective equation, D(v(t)) — m as T — oo and, consequently, D(J%(1)) =
D(J(v(1))) — Myesm = w as T — oo. ]
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Proof of Theorem 2.3(ii). First we will show that
Myest® =7 as & — 0. (4.39)

We will work in the v-variables. Note that Eq. (4.1) is mixing since it is obtained by a C2-
smooth time independent change of variables from Eq. (2.5), which is mixing. Denote by v*
its unique stationary measure. Due to Theorem 3.1(4) to establish (4.39) it suffices to show
that

MuesV =7 as ¢ — 0. (4.40)

Let v (7) be a stationary solution of Eq. (4.1), D(v°(7)) = V¥, and Jé(r) = J(¥¢ (1)) be
the corresponding vector of actions. Similarly to Proposition 4.1 we get that the set of laws
(D(J?(-), 0 < & < 1} is tight in C([0, T], RV). Let Qy be its limiting point as gy — 0.
Obviously, it is stationary in t. The same arguments that was used in the proof of Theorem
4.2 imply

Proposition 4.11 The measure éo is a law of the process .70(1'), 0 <t <T,whichisa
stationary weak solution of the averaged equation (4.9).

Since 7 is the unique stationary measure of the averaged equation, we have D7) = 7.
Consequently, we get (4.40) which implies (4.39).

Let u°(7) be a stationary solution of Eq. (2.5) and G (1), ¢*(t) be the corresponding
vectors of actions and angles. By the same reason as in Theorem 4.8, we have

e h) = m’(h) xdg as & — 0, (4.41)

where i€ (h) and m°(h) are defined as u*(h) and mo(h),but with the processes 1° (1), ()
and 19(1) replaced by the processes 1°(t), ¢°(t) and J O(1) correspondingly. Since a sta-
tionary regime does not depend on time, we get (2.11):

D(I*(1),3° (1)) =~ 7 xdg as & — 0. (4.42)

Assume now that the averaged equation for the infinite system of rotators (4.26) has a
unique stationary measure 77 ° in the class of measures satisfying sup (7>, J;) < oo. Let
jec>®
us define J&V as in (4.25), but with J¢ replaced by J¢. The set of laws (DIEN (), 0 <
e <1, N e N}istightin C([0, T], R*). Let Qg° be its limiting point as &y — 0, Ny — oo.
Similarly to Proposition 4.5 we get

Proposition 4.12 The measure égo is a law of the process J*® (1), 0 < t < T, which is a
stationary weak solution of Eq. (4.26), satisfying the first estimate from (4.12) forall j € C*.

Thus, we obtain that a marginal distribution of the measure ng as T = const is a stationary
measure of Eq. (4.26) from the class of measures above. So that it coincides with 7°° and
we have D(J~8’N(t)) — 7% ase — 0, N - oo. Then, arguing as in Theorem 4.2, we get
that the convergence (4.40) is uniform in N. As in the proof of Theorem 4.8, this implies that
the convergence (4.41) and, consequently, the convergence (4.42) are also uniform in N.

Proof of Theorem 2.3(iii) Due to the mixing property of (2.5), we have D(1¢(t)) — [ e t”
as T — 00. Then item (ii) of the theorem implies that IT,c.u® — 7 as & — 0. On the
other hand, Theorem 4.6 implies that D(1¢(7)) — DU <)) as ¢ — O for any 7 > 0,
where 19(7) is a weak solution of Eqgs. (2.8)=(2.9). Then item (i) of the theorem implies that
D(I%7)) — 7 as T — oo. The proof of the theorem is completed. O
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Remark 4.13 1Tt is possible to show that the effective equation is rotation invariant: if v(t)
is its weak solution, then for any & € TV we have that Wev is also its weak solution. Since
it has the unique stationary measure m, we get that m is rotation invariant. Consequently,
[Mang«m = dg. That is why the convergence (2.15) is equivalent to (2.11).

4.4 Examples

1. Consider a system with linear dissipation, i.e. p =2and g;j(u) = —u; + > Dbjrug,
kilk—jl=1

where bj; € C. If |bji| are sufficiently small uniformly in j and k then assumption Hg is

satisfied (see Example 2.4). Since (uk . uj) = O for k # j, we have R;(I) = —21I;. Then

the averaged equation (2.8) turns out to be diagonal and takes the form
a’Ij=(—21j+7'j)d1+1/27}ljd;§j, jecC. (4.43)

The unique stationary measure of (4.43) is

2
ﬂ(dl) = H ?HR+(IJ)e_21//7;dIJ
jecC J

The averaged equation for the infinite system of rotators is diagonal and, consequently, has
a unique stationary measure. Thus, the convergence (2.11) holds uniformly in N.

2.Letd =1andC = {1,2, ..., N}. Put for simplicity p = 4 and choose

1
2 2 2
gj(u) = Z(|”j+l| wj—luj1"uj— |uj uj),
where 1 < j < N, up = uyy1 := 0. By the direct computation one can verify that g;

satisfies the condition Hg. We have R;(1) = (g (u) -uj) = Ij411; — Ij_11; — 112, and the
averaged equation (2.8) takes the form

1 -
d1; = (3 QUL =201 = 1} +T;) de + 21,7, ;.
Its r.h.s. consists of two parts:
dl;/dt = VO(j) + Ter(j),

where ©(j) :=21411j, §®(j) = %(@(j) — ©(j — 1)) is the discrete gradient of ®, and
Ter(j) := —Ij2 +7; + /21;7; dE,- /dt. Analogically to the concept of thE flow of energy
(see [8], Section 5.2) we call the function ® (j) the flow of actions. The term VO () describes

the transport of actions through the j-th site while the term Ter(j) can be considered as an
input of a (new) stochastic thermostat interacting with the j-th node. In the same way one
can treat the case p = 2¢q, whereg € N, g > 2.

5 Auxiliary Propositions

In this section we prove Lemmas 4.3, 4.4 and sketch Theorem 3.1.
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5.1 Proof of Lemma 4.3

For the brevity of notations we skip the index ¢ everywhere, except the set E®. Let us rewrite
(4.2) for k € A as an equation with real noise

dJ = A7 dr+odf, where J:= (ke A7 == (A ke, (5.1)
o is M x 2N matrix with real entires and/§ = (Re Bk, Im B )kec. Denote by a = (ax)k,ien
the diffusion matrix for (5.1), divided by two, a := %UO’T. It is M x M-matrix with real

entires ay; = ka /2,k,l € A, where Sle is calculated in (5.35). Then Theorem 3.1(3) implies
that

|ue|?
lak — 77<5sz| < CV/elullvrl. (5.2)
Step 1. For R > 0 denote by t¢ the stopping time
tr = inf{r 2 0: |7 @) llgn v [A7 (@llam = R),

where || - ||[gn stands for the Euclidean norm in RM 7(t) = T(w(1)), Aj(t) = Aj(v(t)),
and v(7) is a solution of (4.1). A particular case of Theorem 2.2.2 in [22] provides that

R FIAT (5 g dis 1
E / e 0 Ige (J (7)) (deta(z))/™ dr < C(R, M)|E®|'/M, (5.3)
0
where a(t) = a(v(t)). Denote the event 2,(t) = {deta(r) < v}. We have
T T TrAT
/P(j(r) € Ef)dr:E/]IEs (J(1))dt <E / Ige (J(T))Hﬁu(j(f))(det‘t)l(‘f))l/M "
0 0 0
T
+ / P (Qu(0))dr + TP (tg < T) = Y1 + V1 + . (5.4)
0
Due to (5.3),
AT T
V< %E AT ey detaten M dr < C(k. M)('b:')”M.
0

(5.5)
Take v = /| E?|. Choosing R sufficiently large and ¢ sufficiently small, we can make the
terms ) and )3 arbitrary small uniformly in N. Indeed, for ) this follows from (5.5), while
for )5 this follows from Corollary 3.3 and estimate (4.6). So, to finish the proof of the lemma
it remains to show that if v(e) — 0 with ¢ — 0 then

T
W = /P(Qv(r))dr — 0 when & — 0 uniformly in N. (5.6)
0

Step 2. The rest of the proof is devoted to the last convergence. Note that by (5.2)

deta = [](Tdo) + VeA,

keA
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where E sup |Aj| < C by Corollary 3.3. The constant C does not depend on N because
0<t<T
the dimension M does not depend on it. Then

P Q) <P ([[@) <v+VelArl) < D P (L < T w+elah™M).

keA keA

Thus, to establish (5.6), it is sufficient to show that

T
/P (1 [Ji(t) < 6) dt — 0 when § — 0 uniformly in N and ¢ sufficiently small. (5.7)
0

Step 3. To prove the last convergence we use the concept of the local time. Let 1 € C?(R)
and its second derivative has at most polynomial growth at the infinity. We consider the
process hy := h(J;(t)). Then, by the Ito formula,

dh; = Aldr + ahdﬁ,
where
Al =W INAT + 1 Tpaj; =K U)A] v +dj) + 1T )ajj,

and the 1 x 2N-matrix 6’ (1) = (a,f (7)) is out of the interest.
Due to Theorem 3.1(3) and (5.2), for sufficiently small & we have

3J
T (5.8)

Let ®, (b, w) be the local time for the process ;. Then for any Borel set G C R we have

d‘>7

ji Z g% lajjl =

T 00
/]Ig(hr)zw,fﬂzdr =2 / Ig(b)O7 (b, w) db.
0 k “o0
On the other hand, denoting (h; — b)+ := max(h, — b, 0), we have
T T
(hr —b)s = (ho — b)s + / Loy (o) df + / Ty (1) A" d + ©7 (b, ).
0 0
Consequently,
T [e'¢) T
B [loth) X lof Par=2E [ 16) ((hr =)= (ho — by~ [ Lo (o) A" a1 | b
0 k “o0 0
The left-hand side is non negative, so
00 T 00
E / Hg(b)/ﬂ(b,oo)(h,)Ahdrdb <E / Ig(b)((hr — b)y — (ho — b)1)db.  (5.9)
% 0 0

Let us apply relation (5.9) with G = (&1, &), & > & > 0 and a function i (x) € C%(R) that
coincides with /x for x > & and vanishes for x < 0. Due to Corollary 3.3, the right-hand
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side of (5.9) is bounded by (¢, — &;)C. Then

52 T 1
A v +d;. a::
E / / Loy VI | 22250 i geap < @ —enc. (5.10)

2./J; 3
& 0 \/7 4\/Tf

In view of estimate (4.6) we have

b T
E//Mdrdb<(§2—§1)C
2/ - '

& 0

Moving this term to the right-hand side of (5.10), applying (5.8) and sending &; to 07, we
get

& T
E //Lb,oo)(\/J,-)J;”z drdb < C&.
0 0

Note that
5 T & T
E//11(,,,00)(\/T,-)Jj“/2 drdb > éE//]I(b,g)(\/Tj)drdb
00 00
& T
=é//P(b<\ﬁj<8)drdb.
00
Consequently,

& T
1
S—//P(b<,/1j < 8)dtdb < CS.
2

0 0

Tending & — 07 we obtain that
T

/ P (0 < /J; < 8)dt — 0 when § — 0 uniformly in N and ¢ sufficiently small.

0

Step 4. To establish (5.7) it remains to show that

T

/P (|vj(r)| =0)dr =0forall N, j € C and ¢ sufficiently small. (5.11)
0

Writing a j-th component of Eq. (4.1) in the real coordinates v}‘ :=Rev; and v; =Imuvj,
we obtain the following two-dimensional system:

dvj =ReAjdr +Re(WdB);, dv] =ImA;dt+Im(WdB);, (5.12)

where Kj = 8_1iVj Hy +iVjH, + gj + /¢r;j. By the direct computation we get that the
diffusion matrix for (5.12) with respect to the real Brownian motion (Re B, Im Bi)rec is

1 2 2
g (4 T Redj;  Imdj )
Imd}.j d!. —Red?
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Theorem 3.1(3) implies that for ¢ sufficiently small, det a/(r) is separated from zero uni-
formly in 7. For R > 0 define a stopping time

Tr = inf{tr > 0: |v; ()| v |A;(z)| > e 'R}

Then, similarly to (5.4) and (5.5), we have

T TRAT T
I O o
E/]I[o,,;)(lvj(r)l)drscf E / e 0 Tio,5)(Jv; (T))(deta’ (r))' /2 dt
0 0
+TP(Fr <T) <C(R, e )6+ TP < T). (5.13)
Letting first § — 0 and then R — oo while ¢ is fixed, we arrive at (5.11). O

5.2 Proof of Lemma 4.4

For the purposes of the proof we first introduce some notations. For events I'1, I'; and a
random variable & we denote

Er, § :=E(@lf) and Pr,(I2) := P (T, nTY).

Let us emphasize that in these definitions we consider an expectation and a probability
on the complement of I'y. By « (), k1(r), ... we denote various functions of r such that
k(r) — 0asr — 00. By koo (r) we denote functions « (r) such that x (r) = o(r =) for each
m > 0. We write k (r) = «(r; b) to indicate that k() depends on a parameter b. Functions
Koo(r), k(r), k(r; b), ... never depend on N and may depend on ¢ only through r, and we
do not indicate their dependence on the dimension d, power p and time 7. Moreover, they
can change from formula to formula.

Step 1. For the brevity of notation we skip the index . Denote by A the neighbourhood
of radius 1 of A:

A= {ne C| there exists k € A satisfying [n — k| < 1}. (5.14)
Fix R > 0. Set
QR:{ma} sup |Jk(t)|v|AZ/(r)| zR]. (5.15)
keA 0<t<T

Due to Corollary 3.3 and estimate (4.6),
P (QR) < koo(R). (5.16)

The polynomial growth of the function P implies

T

Eg, sup /P(J(S), Y(s))ds| < keo(R),
7€[0,T)
0
and the function (P)(J(s)) satisfies a similar relation. Thus it is sufficient to show that for

any R >0
T

U:=Egq, sup / P(J(s), ¥ (s)) —(P)(J(s))ds| > 0 as & — 0 uniformlyin N.
7€[0,7]
0
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For this purpose we consider a partition of the interval [0, T'] to subintervals of length v by
the points

g=tw+lv, 0<I<L, L=I[T/v]-1,
where the (deterministic) initial point 79 € [0, v) will be chosen later. Choose the diameter
of the partition as

p=2g"8,
Denote
Ti+1
n = / P(J(s), ¥(s)) — (P)(J(s))ds.
]
Then
L—1
U <Eq, D Iml+vC(R).
=0

Denote Y (J) = (Ye(I ke = (35 Ho(J))oc € R¥and Y(1) := Y(J (). (5.17)

We have
TI+1
il < / P(J (), ¥(s)) — P(J (@), ¥ (1) + e 'Y (T)(s — 7)) ds

T

Ti+1
+ / P(J(@), ¥(m) + e 'Y (@) — o) — (PY(J (@) ds
7

T+1
+ /(P)(J(rz))—<P>(J(s))ds =V +V}+V). (5.18)

T

Step 2. In the next proposition we will introduce “bad” events, outside of which actions are
separated from zero, change slowly, and the rotation frequencies Y (J(t;)) are not resonant.
We will choose the initial point 7y in such a way that probabilities of these events will be
s~mall, and it will be sufficient to estimate y}, y}, yﬁ only outside these events. Recall that
A is defined in (5.14).

Proposition 5.1 There exist events F;, 0 <[ < L — 1, such that outside F; U Qg

. Loy x 1/3
(i) Vke A sup Ji(7)> 55 , (i) Yee A sup |Jp(r)— Je(m)| <v/7,

TU=ST=T41 TU=T=T41
-1

1 e _
(iii) ]ﬁ/ P(J (@), (@) + Y (@)s) ds — (P)(J ()| = k™5 R),
0
where the function k is independent from 0 <1 < L — 1. There exists to such that

L—1
L7y Poy(F) <k R). (5.19)
=0
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998 A. Dymov

Before proving this proposition we will finish the proof of the lemma. Outside 2z we have
Y, < vC(R) < C1(R)/L.Fix 19 as in Proposition 5.1. Then from (5.19) we obtain

L—1

L—1
. C(R _ _ .
E (Eq, —Efluszk)y;s%z Po,(F)<C(R)(e s Ry=k1(¢7 s R), i=1,2,3.
=0 =0

Thus, it is sufficient to show that for any R > 0 we have
L—1
> Eruer V' +V7+Y) >0 as e— 0 uniformly in N.
1=0
Step 3. Now we will estimate each term y;’ outside the “bad” event 7; U Qg.
Terms 3)11. We will need the following

Proposition 5.2 Foreveryk € A and each) <1 < L — 1, we have

Pruae( sup  Ye(®) — (am) + e Hu(m (@ — )| = ') < koo™, (5:20)

TST=T41

where the function K is independent from k, [.

Proof Let us denote the event in the left-hand side of (5.20) by I". According to (4.3),

T

_ 1
Prua; (D) <Prug, e sup / Yi(s) — Yi(m) ds| > &'/
U<T<T41 3

T

T=T=T4] |

/ AZI 1 1/24
+P ruax sup / ol ds| > 55
7]
T

TSTZT/4 |Uk|2

iv 1
+P ruar sup /71( - (WdB)i| > 551/24
7

=P rua, 1) + P ruay () + P fue, ().

['; :Dueto (4.5), Yi(J) € Lipe(RY). Since it depends on J only through J,, with n satisfying
In —k| <1, we get

n:ln—k|<1 T<T=<T4]

P rua(T1) st,UQR( max  sup S, (1) — Ju(m)| = C(R>e‘+‘/24v—‘).

If ¢ is sufficiently small, we have C(R)e!t1/24y=1 5 173 (recall that v = &7/3). Then, due
to Proposition 5.1(ii), we get

P ru;(T1) =0 for &< 1.

"y : Proposition 5.1.1 implies

1
PmQR<rz>st9R( sup |A,f|z3sl/24+1/24v1)=o for &< 1,

TST=T/4]

since outside Qg we have IAZI < R, in view of (5.15).
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Rotators with Alternated Spins 999

'3 : In view of (5.36), the Burkholder-Davis-Gandy inequality jointly with Theorem
3.1(3), and Proposition 5.1(i) imply that

2m T+l mn

T
[V 1
Eruo; Sup /W~(Wkd3) <C(mMEzFua, ——ds | <C(mp"s™*,
T

T<T<T4] [k |2
7
for any m > 0. From Chebyshev’s inequality it follows that
P ruq,(T3) < C(m)™ e mI/244228 for any m > 0.
Thus, P £uq, (T'3) = koo (e™h). o
Estimates (i) and (ii) of Proposition 5.1 imply that outside F; U Qp, for any k € A

V210 (t) = Ji ()] 1/3.-1/48 3/48
sup  ||op(D)| — [w(m)|| < < pBem1/48 — (13/48
T<T=T/+] ’ | v Jk(T) + vV Jk(t/)

Since P € L,.(CY), then Proposition 5.2 and (5.21) imply that

(5.21)

P ruae (V) 2 vE(R)(E? 4+ 6%)) < koo(e™).
Then we get
Erua, V! < vC(R) (e +&/*) + vC(R)koo(e™) = vic(e™"; R).
Terms y}. Put§ := ¢ !(s — 7). Then Proposition 5.1(iii) implies that outside F; U Qg

6711)

5 1 A —1
V=v /P(J(rz),llf(fz)JrY(fl)S)ds—(P)(J(fz)) <wvk(e i R).

e~y
0

Terms J)f . Proposition 5.9(i) jointly with (5.21) implies that outside F; U Qg we have
VP <vC(R)e®,

Step 4. Summing by /, taking the expectation and noting that Lv < T, we get

L—-1
> Eruva, V' +IP+Y) <L (v R) +vC(R)e*) > 0ase — 0,
=0

uniformly in N. The proof of the lemma is complete. O

Proof of Proposition 5.1 We will construct the set F; as a union of three parts. The first two
are & 1= UkeAé’l" and Q; := U, 3 Q;‘, where

& =@ <, 0f :=[ sup |Jk(f)_Jk(Tl)|ZV1/3]- (5.22)

TUST=T/4]
Outside Q; we have (ii) and, if ¢ is small, outside & U Q; we get (i): for every k € A

1/24_])1/3 81/24, ife < 1.

0| =

sup  Ji(r) > ¢
T <T=<T/+]

=
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1000 A. Dymov

Now we will construct the event Qf’R , which will form the third part of 7;. Let us accept
the following notation:

for a vector Z = (Zj) jec € RN we denote + Z* := (Zj)jen € RM.

For any fixed J € Rﬁo the function P(J, ¥) is Lipschitz-continuous in angles ¥ € TV.
From [33] it follows that the Fourier series of a Lipschitz-continuous function of ¥ € TV
converges uniformly in 1. Then, using standard method (e.g., see in [28]), we obtain that for
every § > 0and R’ > 0 there exists a Borel set ESR {x = (X )renr € RM : llx|lgm < R’}

with the Lebesgue measure |E5’R/| < §, such that for any Z = (Zy)kec € RY satisfying
ZM ¢ ESR and || Z% ||gm < R’, we have

t
‘%/ P(J, Y + Zs)ds — (P)(J)‘ <k(t;J,8, R, (5.23)
0

for all Y € TN . Moreover, since P € L;o.(CV), then we can choose the function « to be
independent from J for J € BA, where

A _ N .
By = [J—(Jk)kec €R0+. r]?ea[i(.]k < R],

ie. k = k(t; R, 8, R). The rate of convergence in (5.23) depends on §. Choose a function
8§ = §(¢), such that §(¢) — 0 as & — 0 so slow that
—1

_llv/s vP(J,lﬂ—l—ZS)ds—(P)(J) <k(e ' R, R) (5.24)
0

&

forall J € B;e\, v e TV and Z as above.

Let us choose R = R'(R) = sup sup [[Y2(z)|lgm. Let
Qg 0=<t=T

QR = (YN () e PR By,

Then outside "% U Qg we get YA(7) ¢ ES@F® and |YA()llgw < R'(R). Since
outside Qg we have J(1;) € B2, then, due to (5.24), outside Qf’R U Qg we get (iii).
Let /=& U QU Qf’R. Then outside F; U Qp items (i), (ii) and (iii) hold true.

Now we will estimate the probabilities of &, Q; and Qf’R.

Proposition 5.3 (i) We have P (Q;) < koo (V™ Y), where koo is independent from .
(ii) There exists an initial point Ty € [0, v) such that

L—1
L' Po & uep) =k R).
1=0
Propositions 5.3 implies (5.19):
L—1
L~} ZPQR (F) <« (8_1; R) + Koo (v_l) =K (.9_1; R) .
=0
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Proof of Proposition 5.3 (i) Let us take p > /v. Then, due to (4.2), for any k € A

T

P( sup [k (v) — Ji(m)] = p) <P | sup /A,{ ds| > p/2
T=ST=T41 TUST=T41
T
T
+P sup /vk - (WdB)i| = p/2
T=T=T+1
T

=P[) +P(I2).

Due to estimate (4.6), we have

P(Fl)SP(V sup IA;fIZp/2)SI<oo(v‘1).

TU=ST=T41

In view of (5.36), the Burkholder—Davis—Gundy inequality jointly with (4.6) implies

2m T4l m

T
E sup /vk-(WdB)k < C(mE /S,{kds <Ci(mp",  (5.25)
T=T=T41
T T

for every m > 0. Consequently, P (Iy) < C(m)v"p~>" . Choosing p = pl/3
P (I')) < koo(v™1). It remains to sum up the probabilities by k € A.
(i) Denote A(t) := (£ U Q) (1), where the last set is defined similarly to & U Qf’R
but at the moment of time t instead of 7;. Recall that YA (J) depends on J only through
A= (Jk)yex - Denote by M the number of nodes in A and let

we get

ESR = (U8 e RY :yA()) € B R ® and J, < R Vk € A).

In view of assumption HF which states that the functions f j’ have only isolated zeros, it is not
difficult to show that the convergence |E®@-K'®)| — 0 as & — 0 implies that |[E5®| — 0
as ¢ — 0. Note that Qz N Q&R (r) c {(JA (1) € Ej’R}. Then Lemma 4.3 implies

T T T
/PQR (A(x))dt < /ng(s(t)) dr +/P (JA) € E9RYdr — 0 ase — 0,
0 0 0

uniformly in N. It remains to note that there exists a deterministic point tg € [0, co) such
that

T Vg
/PQR (A(r)) dt >/ZPQR (Adv +9))ds
0 o =0
L—1 L—1
>v > Pop(Alv+10)) = T(L+ 17" D P, (Am)).
=0 1=0

[m}
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1002 A. Dymov

5.3 Proof of Theorem 3.1

The proof of the theorem is rather long and technical, so that we only sketch it. For the
complete proof see [14], Section 6. Let
= 1 2 = 1 2
F(J):= 5Z“Fj(|uj| ) and G(J,9) = Z G(lvj — vl?).
jeC li—kl=1
Introduce for functions iy, hy @ (J, ) € RZO x TN > R their Poisson bracket as’
dohy 0hy 0hy 0h
(hihoy = L2 22 201
oy 0J; 0y 0J;
We find the canonical transformation as the time-1-map I' of the Hamiltonian flow X* e

@
given by the Hamiltonian /e ®. The Taylor expansion provides

HEJ, ) =H o (J, %) = F(J) + ﬁ(éu, ¥) +{F, @}, w)) + 0(e). (5.26)
We wish to choose the function @ in such a way that the homological equation holds
GU.y) +{F. ®}(J.¥) = (G)(]). (5.27)
The potential G depends only on the difference of angles:

G(vj —uwl) =G (I 276! ViV — \/21,,|2) = G}, s ¥j—Ym).  (5.28)
Using the Fourier’s expansion, we see that the function

lp}’l
| f GO(Jj, Jn, 0)d6

- and G':=G — (G),
4 fj_fn

Z ®;,, where @, :=
lj—nl=1
(5.29)
satisfies (5.27). Due to the alternated spins condition HF, the denominator of (5.29) is sepa-
rated from zero.
The main ingredient of the further proof is the following proposition which affirms, in
particular, the C-smoothness of the transformation in u — v variables.
Proposition 5.4 The function ®(v) is C3-smooth. Let a,b,c € {v,v}. Then for every
k,l, m € C, satisfying the relation |k — | < 1 and ] = m, we have

ad | |od RRL EREO)
Yy |’ | dayx | | daxdb; |’ | daxdb;dcy,

For other k, 1, m € C the second and the third derivatives are equal to zero.

Taking the next order of the Taylor expansion in (5.26) and using (5.27), we get (3.3):

HEJY) = F(J) + Ve(G)(J) + §{<6> +G, o)

1
Love ({G o}, + /(I—S)Z{H£,®}30Xif® )
=: HO (J) +eHa(J, ) + e/eHE (T, ), (5.30)

7 The Poisson brackets correspond to the symplectic structure % > dvj AdD j» written in the action-angle
jeC
coordinates.
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Rotators with Alternated Spins 1003

where {h, @} :={...{h, O}, D, ..., D} denotes the Poisson bracket with & taken k times.
Proposition 5.9 implies that Hj(v) is C 4_smooth, while Proposition 5.4 provides that H(v)
and Hj (v) are C2-smooth. Then, due to (5.30), H? (v) is also C2-smooth.

Let v* := X% (u) and J* := J(v*) (in particular, v = = x! f¢(”) =vland J =
J)=Jh. Then we have
N N
_\/g/~1 dr, Jj=1j+ﬁ/a¢j¢ dr, 0<s<1. (531
0 0

Proposition 5.4 jointly with (5.31) immediately imply item 4 of the theorem.
N

v
Denote by Id the identity matrix of the size N x N, by i the matrix of the same size
u

A

8v . avs
) = , j,k € C and define the matrix — in the same way.
Jjk Bu ou

Using (5.31), we obtain the followmg corollary of Proposition 5.4.

0
with the elements (

Corollary 5.5 Forevery j € C,q > 0and0 < s <1, we have

v’ v’
‘ ’ —|  <Cye,
ou ou lljq
where || - || j 4 denotes the operator norm corresponding to the norm || - || j 4 on CN.

Applying Ito’s formula in complex coordinates to v, we get

v—zVHE(v)+g—g(u)+s—g(u>+52ﬂ + VeWeB, (5.32)

du kauk

where B = (8, B)T and the dispersion matrix W¢ has the size N x 2N and consists of two
0 0
N x N blocks W¢ = (W¢!, W¢2), where W¢! := a—vdiag T, we? = %diag WT)).
7 .
In view of Theorem 3.1(4), Corollaries 5.5, 5.31 and Proposition 5.4, we have

ov v 9%
) —g), o —1d, o=, > T ~ e

ou’ upou
kec k Otk

Denote

v 2
€ ._ 3 —-1/2 — — = —
rF = iVHS +¢ ((g(u) g) + (a Id) g(”)+ g(”)+z o 3uk)

Substituting this relation to (5.32), we arrive at (3.5).

Item 3 of the theorem follows from the definition of the matrices W¢!, wW#2, Corollary 5.5
and the fact that if for a matrix A = (A)x,icc and some g > 0 we have ||Al;, < Cp with
the same constant Cq for all j € C then |Ag| < Cq for every k, [ € C. Item 2 follows from
assumptions HG,Hg, Proposition 5.4 and Corollary 5.5 by tedious computation. The proof
of item / is based on the following simple proposition.

Proposition 5.6 Let the function h(Yy) = h ((llfk) kec) be C'-smooth and depends on v only
through the differences of the neighbouring components: h((V ;) jec) = h((Oxn)k,n:lk—nl=1)>
where Oy, = Yy — Y, Then

> Mgy,

keC

<200—y) > v Mag,hl.
k—n|=1
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1004 A. Dymov

Since for any real C!-smooth function /(v) we have (iVih) - vy = — 0y, 71, the inequality

of item / of the theorem is equivalent to | > y'j_k|81/,k H)| <1 - y)CIIvII?p + C(y).
keC '
Noting that H; satisfies Proposition 5.6, and using that dq,, > depends only on v,, such that

m satisfies [m — k| A |m — n| < 1, we get the desired estimate by the direct computation. O

Acknowledgments I am very grateful to my Ph.D. supervisors S. Kuksin and A. Shirikyan for formulation
of the problem, guidance, encouragement and all-round help. Also I would like to thank J. Bricmont, P. Collet,
V. Jaksic, S. Olla and C.-A. Pillet for useful discussions concerning physical meaning of the problem. This
research was carried out within the MME-DII Center of Excellence (ANR-11-LABX-0023-01) and supported
by the ANR Grant STOSYMAP (ANR 2011 BSO1 015 01) and the RFFI Grant #13-01-12462.

Appendix 1: The Ito Formula in Complex Coordinates

Let {2, F, P; F;} be a filtered probability space and v(t) = (v (t)) € CN be a complex
Ito process on this space of the form

dv=>bdt + WdB.

Here b(t) = (br(t)) € CN; B = (B, B)T, T denotes the transposition and 8 = (Bx) € CN,
Br are standard independent complex Brownian motions; the N x 2N-matrix W consists
of two blocks (W1, W), so that W dB = W'dB + W2 dB, where W'2(1) = (W);* (1))
are N x N matrices with complex entires. The processes by (¢), Wkll’z(t) are F;-adapted and
assumed to satisfy usual growth conditions, needed to apply the Ito formula. Let

dly = (WTW'T + WZWZT)H and ;= (W2W'T + W1W2T)kl. (5.33)
Denote by (Wd B)j the k-th element of the vector Wd B.

Proposition 5.7 Let h : CN — R be a C?-smooth function. Then

dh(v(1)) ah a?’h 9%h

——==> — - bdt ———d;+Re d? ) dt WdB
2 Zk: e " +%: docou M (a ov M +Z (WdB.

Proof The result follows from the usual (real) Ito formula. ]

Consider the vectors of actions and angles J = J(v) € ]Rév L andy =¥ (v) € TV . Using
formulas 9,, Y, = (2ivg)~" and g, Y = —(2ivr) ™", by Proposition 5.7 we get

by - (ivg) — Im (T 'd

2
dJy = (b - vp +d})dt +dM],  dyy = i) g +dM), (5.34)

lue)?

where the martingales M} (1) : j vk - (WdB)y and Mw f Yk (WdB)y for some

vk |2
fo

to < t. By the direct computation we obtain

Proposition 5.8 The diffusion matrices for the J - and vr-equations in (5.34) with respect to
the real Brownian motion (Re By, Im By) have the form S = (S ) and sV = (SZ;), where

i, = Re(uevid}, + vyvid}y) and s,f, = Re(wuidy, — wroidy) (el o) ™2 (5.35)
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The quadratic variations of M kJ and M ,l// take the form

t t
(M, =/S,{k ds and M}, =/S;fkds. (5.36)

fo fo

Appendix 2: Averaging

Consider a complex coordinates v = (v;) € CV and the corresponding vectors of actions
J = J(v) and angles ¥ = v (v). Consider a function P : CV > R and write it in action-
angle coordinates, P(v) = P(J, ¥). Its averaging

(P) = / P W) dY
TN

is independent of angles and can be considered as a function (P)(v) of v, or as a function
(P)((|vj|)j) of (Jvj|);, or as a function (P)(J) of J.

Proposition 5.9 Let P € Li,.(CN). Then

(i) Its averaging (P) € Ljo¢ (Rﬁo) with respect to (|v;]).
(ii) If P is C*S-smooth then ( P) is C**-smooth with respect to v and C*-smooth with respect
to J.

Proof (i) Is obvious.

(ii) The first assertion is obvious. To prove the second consider the function P:xce
RN — R, f’(x) := (P)|y=x. Then ﬁ(x) = (P)(J), where J; = x]2./2. The function P is
C?-smooth and even in each x ;. Any function of finitely many arguments with this property
is known to be a C*- smooth function of the square arguments sz (see [37]). O
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