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Abstract We study the asymptotic expansion in n for the partition function of § matrix
models with real analytic potentials in the multi-cut regime up to the O(n~!) terms. As a
result, we find the limit of the generating functional of linear eigenvalue statistics and the
expressions for the expectation and the variance of linear eigenvalue statistics, which in the
general case contain the quasi periodic in n terms.
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1 Introduction and Main Results
In this paper we consider a class of distributions in R" of the form
pn,ﬁ()_\) :Z,:};[V] l_[e—nﬂv()»i)ﬂ 1_[ A — )»j|ﬂ — Z,Z}geﬂH(’\)/z, (1.1
i=1 I<i<js<n

where the function H, which we call Hamiltonian to stress the analogy with statistical me-
chanics, and the normalizing constant Z, g[ V'] (called the partition function) have the form

H() = —nZn:V(Ai)+Zlog|A,~ — Al (1.2)
i=1 i#j
z,,,ﬁ[V]=/eﬂH<M~~«W2dxl...dx,,. (1.3)
‘We denote also
En,ﬁ{(...)}:/(...)pn_ﬂ(xl,...,An)dxl,...dxn, (1.4)
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p,i’,};(m,...,mzf PapQutseha hin e M)A dy (15)
Rll—

the corresponding expectation and the /th marginal densities (correlation functions) of (1.1).
The function V in (1.2), called the potential, is a real valued Holder function satisfying the
condition

V(L) =2(1 4 €)log(1 + [A]). (1.6)

Such distributions can be considered for any 8 > 0, but the cases 8 = 1, 2, 4 are especially
important, since they correspond to the eigenvalue distributions of real symmetric, hermi-
tian, and symplectic matrix models respectively.

Since the papers [3, 11] it is known that if V is a Holder function, then

n? log Z, g[V]= gé’[V] + O(logn/n),

where
E[V]= max {L[dm,dm]—/V(A)m(dk)} =&y (m*), (1.7)

and the maximizing measure m™ (called the equilibrium measure) has a compact support
o :=suppm*. Here and below we denote

Lldm,dm] = / log|x — pldm(A)dm(w),
(1.8)

LIf10) = /log b ulfGodu.  LIf g1=(LL/T. g).

where (.,.) is a standard inner product in L,[R].
If V' is a Holder function, then the equilibrium measure m* has a density p (equilibrium
density). The support o and the density p are uniquely defined by the conditions:

v(A) = Z/IOgW —Ap(ydpw — V() =supv(r) :=v*, Areo, 19

v(X) <supv(r), A¢o, o=supp{p}.

Without loss of generality we will assume below that ¢ C (—1, 1) and v* =0.

In this paper we discuss the asymptotic expansion in n7* of the partition function Z,,, slV]
and of the Stieltjes transforms of the marginal densities. The problems of this kind appear in
many fields of mathematics, e.g., statistical mechanics of log-gases, combinatorics (graph-
ical enumeration), theory of orthogonal polynomials, etc. (see [7] for the detailed and in-
teresting discussion on the motivation of the problem). Here we are going to discuss with
more details the applications of the problem to the analysis of the eigenvalue distributions
of random matrices.

One of the most important problems of the eigenvalue distribution is the behavior of the
random variables, called the linear eigenvalue statistics, corresponding to the smooth test
function &

Nalh1=Y " h(h). (1.10)
i=1
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The result of [3] gives us the main term of the expectation of E,, g{\,[h]} whichis n(h, p). It
was also proven in [3] that the variance of N, [k] tends to zero, as n — oo. But the behavior
of the fluctuations of N, [h] was studied only in the case of one-cut potentials (see [11]).
Even the bound for Var, g{N,[/]} in the multi-cut regime till the recent time was known
only for 8 = 2. Thus the behavior of the characteristic functional, corresponding to the linear
eigenvalue statistics (1.10) of the test function &

ZyplV — 2(h = (p, h))]

@, 4lh] = En.ﬁ{eﬂ(/\/nlhk(p.h))ﬂ} — Z Vi
n.p

, (1.11)

is one of the questions of primary interest in the random matrix theory. Since @, g[h] is
a ratio of two partition functions, to study the behavior of @, g[h], it suffices to find the
coefficients of the expansion of log Z, g[V] up to the order om™").

Let us mention the most important results on the expansion of log Z, [ V] and the cor-
relation functions. The CLT for linear eigenvalue statistics in the one-cut regime for any S
and polynomial V was proven in [11]. The expansion for the first and the second correlators
for B =2 and one-cut real analytic V was constructed in [1]. The expansion of log Z, 4[ V]
for a one-cut polynomial V and B = 2 was obtained in [7]. The formal expansions for any
B and polynomial V were obtained in the physical papers [4] and [9]. The CLT for g =2,
real analytic multi-cut V, and special choice 7 = V was obtained in [13]. The expansion
of logZ, g[V] up to O(1) for one-cut real analytic V and multi-cut real analytic V was
performed in [12] and [15] respectively. The complete asymptotic expansion of the parti-
tion function and all the correlators for one-cut real analytic V and any 8 was constructed
in [2]. It worth to mention that the papers [2, 11, 12] are based on the same method, the
first version of which was proposed in [11]. The method is based on the analysis of the first
loop equation by the methods of the perturbation theory, where the results of [3] give zero
order approximation. The subsequent papers [2, 12] simplified and developed the method
of [11]. This allowed to the authors to extend the method to non-polynomial V (see [12]),
and to apply it to the loop equations of higher orders (see [2]). As a result, in [2] the com-
plete asymptotic expansion of the partition function and all the correlators were constructed.
The essential disadvantage of this method is that it is not applicable to the multi-cut case.
A method which allows to factorize Z, g[V] in the multi cut case to the product of the par-
tition functions of the one cut “effective” potentials, was proposed in [15]. In the present
paper the same idea is used to study the limit of the characteristic functional @, g[h] and
to construct the expansion of Z, g[V] up to o(1) terms (see Theorem 2). We assume the
following conditions:

C1. V is a real analytic potential satisfying (1.6). The support of the equilibrium measure
is

q
o=|Jouw 0u=1lau bul; (1.12)
a=1
C2. The equilibrium density p can be represented in the form
1
p(A) = —PM)IX (A +i0), inf [P(0)] >0, (1.13)
2w reo
where
q
Xo(2) =[]z = au)(z = ba), (1.14)

a=1
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and we choose a branch of X(',/2 (2) such that Xé/z(z) ~ 79, as z — +00. Moreover, the
function v defined by (1.9) attains its maximum only if A belongs to o .

Remark 1 It is known (see, e.g., [1]) that for analytic V the equilibrium density p always
has the form (1.13)—(1.14). The function P in (1.13) is analytic in the domain D, where
V (z) is analytic, and P can be represented in the form

P(z)=

T 2mi

1 %V/(Z)—V/(é“) ¢
- 1/2 ’

— = (1.15)
(z=0)X57(0)

where the contour £ C D encircles o. Hence condition C2 means that p has no zeros in the
internal points of o and behaves like square root near the edge points. This behavior of V' is
usually called generic.

The first result of the paper is the theorem which allows us to control @, g[h] and
log Z, s[V] in the one cut case up to O(n~') terms. The essential difference with simi-
lar results of [11, 12] and [2] is that Theorem 1 is applicable to a non real 4. This fact is very
important because the proof of Theorem 2 is based on the application of Theorem 1 to a
non real 4. Besides, since the results of [2] were obtained for real analytic /, the remainder
bounds found here cannot be used in the proof of Theorem 2.

Theorem 1 Let V satisfy (1.6), the equilibrium density p (see (1.9)) have the form (1.13)
with ¢ = 1, and o = supp p = [a, b]. Assume also that V is analytic in the domain D D o,
where o, is the e-neighborhood of o. Consider any test function h whose support belongs
to o, and such that |h® |, |11 |l < n'/*logn (here and below ||h| s = SUp; , 1R(A)])
Then:

(i) for real valued h the characteristic functional @, g[h] of (1.11) has the form
_ B 1 = -1 "3 © 3
gl =expy = ((hvp) + 3 Doho) )+ O+ [0O2) . (116)

where the operator D is defined as

— 1
D, = E(D(, + D}),

where for smooth h we define D, h by the principal value integral

—1/2 ’ 1/2
DohG) = Xanz(K)/h(M)Xa (M)dl/«7 (1.17)

(O

and D} is the adjoint operator to D, in L,(0). A non positive measure vg in (1.16)
has the form

—(2_\(L _ 1 [ hdr 1
(uﬁ,h)._<ﬂ 1)(4(h(b)+h(a)) angx(‘/z(x) Z(DalogP,h)> (1.18)

with P defined by (1.15) and X}/?(A) := IX1/2(h +i0) with X, of (1.14);
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(i) fornon real h such that |8(DyIh, Ih)| < k, logn with some absolute k, and |h®|| o, <
/6

1 —
@, 4lh] =exp{§((h, vg) + Z(Dah, h)m>}(l +n*1/20(|}h/||; + [2©@ ||;)),

(1.19)
(u, v)y ::/u(k)v(k)dk;
(iii) moreover,
pn* B
log(Z, p/n!) :TE[V] + Fg(n) +n<5 — 1>((logp, p)—1+ loan)
+rglpl + O(nfl), (1.20)

where rg[p] is given by the integral representation of (2.25), and Fg(n) corresponds to
the linear, logarithmic and zero order terms of the expansion in n of log Z, g[V*] for
V*(A) = A2/2. According to [10]

(P _ np 1 I m
Fg(n) _n<2 1) (log > 2>+nlog T 62 cplogn +cy”, (1.21)

where cg = % — ‘l—t + é and cfgl) is some constant, depending only on B (for B =2,
1
cy) =¢'(1).

Remark 2 Let us note that the operator D, is “almost” (—L,)~!, where £, is the integral
operator defined by (1.8) for the interval o. More precisely, if we denote X /2 =1, |X;/?|
with X, of (1.14)

Dy Lov=—v+7"" (v, L,)X;l/z, LoDyv=—v+7" (v, X;l/z)l(,,

B (1.22)
L,Div=—v 477! (v, X;'/Z)lg = L,D,jv=—-v+7"" (v, X;'/Z)lg.
Remark 3 For f =2 in the one-cut case we have
1

log(Z,»/n!) = n2E[V] +nlog2mw — Elogn + (1)

2 P(a)P(b) -1
— 0 , 1.23
So—ap ot pr TO07) (1.23)

where Py = 16/(b —a)? corresponds to the Gaussian potential Vo(A) =222 —a —b)?/(b —
a)?, such that the support of its equilibrium measure is [a, b].

Consider the space
q
H=EP Lilo]. (1.24)
a=1

Note that we need H mainly as a set of functions, its topology is not important below. Define
the operator £ as

Lf=1,L[f1,], Zaf:= 1,,Lf1,,]. (1.25)
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Moreover, we will consider the block diagonal operators
D:=PD.. L:=EPL. (1.26)

where D, is defined by (1.17) for o,. Introduce also
L:=L—-L, G:=01-DD)™" (1.27)
An important role below belongs to a positive definite matrix of the form
Q={Qua)l et Quw=—(LY@, ¥ @), (1.28)

where ¥ @ (1) = p, (M) X, (M1, (p, is a polynomial of degree ¢ — 1) is a unique solution
of the system of equations

—(Ly®), =, & =1,....q. (1.29)

Denote also
Ih] = (h(R). ... I(R)).  Lulh]:=>_ Q. (k. y"). (1.30)
Mo :/ pa()‘-)d)‘-a Pa = laap- (131)

The main result of the paper is the following theorem:

Theorem 2 Let the potential V satisfy conditions C1-C2, and let h be any test function
whose support belongs to o, and sup, ||h?]lo < 00,1 =1,...,6. Then there exists k > 0,
such that

O[h]; {nin})

Bich, B
@, 4lh] = e§(GDh.)=5(Gvg.h) 2 _
/ 6(0; (nfa})

(L+0(n™)). (1.32)
where

O(Ihl: (nia)) == ) exp{—g(g-lAﬁ,Afz)+§(Aﬁ,1[h])

ny+-+ng=ng

+ (g — 1)(Aﬁ, 1[1ogﬁ])}, (1.33)

q
i}y = (), . dnngd), (A =ng —{nped,  no=)_{nia),
a=1

with a positive definite matrix Q of (1.28), I[h] defined by (1.30), and logp = (log py, ...,
log p,).

Moreover,
exp{£(L£Gvg, vp)}

Z,plV1=Z0)V —
V=20V i D)

O(0: {na})(1+ 0(n™)). (1.34)
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where the multiplier Z,E% [V] (introduced in order to simplify formulas here and in the proof

of Theorem 2) collects terms analogous to (1.20):

ZyplV]

n!

2
= exp{%E[V] + Fg(n) +n(§ - 1) ((logp, p)—1 +10g27‘r)

a=1

q
—(q— 1)(05 logn — cg)) + Z(r,g [,u;lpa] —cp logua)}, (1.35)

with i, pa defined in (1.31), rg[p] defined in (2.25), Fg(n) and cg, ¢’ defined in (1.21),
and det here means the Fredholm determinant of DL ono.

Note that since by the definitions of D and £ the kernel of (DL)y. has the form
X 12 (M) Moqr (A, 1), where My o (A, 1) is a bounded smooth function. Hence, using the
Hadamard inequality (see [5], Section 1.5.2), it is easy to check that the Fredholm determi-
nant of DZ on o does exist. Moreover, it follows from the proof of Theorem 2 that this
determinant is not zero.

Remark 4 Function (1.33) looks similar to 6-function, which corresponds to the Riemann
surface, corresponding to the polynomial (1.14), which due to [6] appears in the asymptotics
of the orthogonal polynomials with the varying weight eV . But it is not so simple to check
if these two functions really coincide, hence we formulate the result without reference on
the standard 6-function and leave corresponding computations for the future works.

An important corollary of Theorem 2 is that the fluctuations of N, [k] for generic h are
non Gaussian. They are Gaussian, if there exists some ¢ such that

Llhl=c, a=1,....9: & (h—c,y“)=0, a=1,....q. (1.36)

In addition, inspecting the proof of Theorem 2, one can see that it is proven in fact that
log @, glth] is an analytic function of ¢ for some small enough ¢. Since

2
n(pyy—p.h) = 5010 @plthlo.
2 2
Var, 4 {N,[h]} = <E> 97 1og @, p[th]|i=o.

one can find n(p,(:/)g — p, h) and Var, g{N,[h]}, differentiating the r.h.s. of (1.32). It is easy

to see that if conditions (1.36) are not fulfilled, then both expressions contain the derivatives
of log & (I (h); {nu}), hence they are quasi periodic functions.
Let us note that relations (1.22) imply

—£GD = (1+PVEL) " (1-PDV) =1+ PVF,

where P is a block-diagonal operator P\"v = (v, X;'/2)1,, and F is some operator.
Hence

(GDR) (1) = —(L7'1) ) + Y ca My @ @),
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where ¢, (v) are some constants and Y@ are defined by (1.29). Besides, evidently
GD1,, =0, and therefore

0=(GDh, 1) =—(L7"'10,) + D Zawea(h), a=1,....q.

These conditions determine ¢, (/) uniquely. On the other hand, if we define the operator D,
by the formula (1.17) with X, from (1.14) for the multi cut case, then it has the same form
with some ¢, (k). Hence

GD=D,+) ¥ ® [,

where f® are some functions of the form X !/2p, with some polynomials p,.

The paper is organized as follows. The proofs of Theorem 1 and Theorem 2 are given in
Section 2 and Section 3 respectively. Proofs of some auxiliary results, used in the proof of
Theorem 2, are given in Section 4.

2 Proof of Theorem 1

To prove Theorem 1 we study the Stieltjes transform

(€3]
P, 00dn
Gnpn(2) = / Froa 208 @.1)

of the first marginal density p,gll)f, , defined by (1.5) for V replaced by V — %h. Let us repre-
sent

Enpn =8 +n tnpn,
where g is the Stieltjes transform of the equilibrium density p. According to [15],
un,p,n(2) = (KF)(2), (2.2)
where the operator /C : Hol[D \ o.] — Hol[D \ o,] is defined by the formula

1 f(©)deg
miX'2(2) Jo P(O)(z—¢)

(K@) =3 23)

with the contour £ which encircles o, and does not contain z and zeros of P. Note, that in
what follows all integration contours will be assumed encircling o, and situated in D. The
function F in (2.2) has the form
h O)pyy 4 () 2
F(Z)Z/ —————dr— (2 1)@
og Z— A /3

2/p—1 1, 1
-, 5, (D) + ;un,ﬂ,”(z) + ;(Sn,,s,h(z), 249

with
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1012 M. Shcherbina

On.p.n(2)
3 / n(n— D) pyy O, ) —n2pyy () py ), (1) +nd (0 — M)p'(:/)ﬁvh(x)d)\du (2.5)
@— MG —w o
Moreover, according to [15], u, g », and 8, g » satisfy the bounds:
logn
4 @] = Cof1 4+ [1]0) s
@) (2.6)
) log’ n .
S, <C(l1+|h ;
[3rps @] = U+ ] 5 5

if d(z) := dist{z, 0;} > n~'*logn. In addition, if ¢ has a support belonging to o, and pos-
sesses 3 bounded derivatives, then

n

|(Prps = s o) = Cn (0" [ + ') @7

Using (2.6) in (2.2) we get for d(z) > n~'3logn

N 2 /
Un g1 (2) = (Kh)(z) — <E - 1)(/Cg )@

+n (L R ]) 0@ @) + 1V 0@ @), @)

where

il\(z) ::/ Mdk
o z—X

We note here that although (2.8) was obtained for z inside the domain D, where V is an
analytic function and which does not contain zeros of P, we can extend (2.8) to z & D»,
using that u, g5 (z) is analytic everywhere in C \ o, and behaves like |u, g 4 (2)| ~ nz 2, as

7 — 00. Applying the Cauchy theorem, we have for any z ¢ D,

L @
with the contour L C D,.
Let us transform
R | de K O)PGIX ()]
7 _ dxr
(Kh)(@) (2m’)2X'/2(z) £ @=0PEQ) Js §—2
—-1/2 172
(z) / n (A)IX DIPN (2.9)
Similarly, we have
N 1 p(M)didir
(Ke)@) = 2TiX12(z) ﬁ/c, & —=M*P)z—20)
__X'"P@) [ QogPM)YX'P(Wdh lz—(a+b)/2 1
A z—h) 2 X( 2X'2(2)
(2.10)
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Hence, we obtain that for ¢, (1) = (z — 1)~ with d(z) >n~"3logn

1
n(Ppn = 0> 9:) = g, 92) + 5 (Do, 92)
+n (L4 [0 0@ 2 @) + [¥] Lo @), @.11)

where vy is defined by (1.18).
To extend (2.11) on the differentiable ¢, consider the Poisson kernel

y

It is easy to see that for any integrable ¢

1 p(wdup
Poxo)A)=—= [ ————.
Prreo)C) =2 /M—(/\Jriy)
Hence (2.11) implies
N o 1 e 7 logn
1Py % vapall; < Cn 1( Y =+ 3 =), Ivl= YR

| (2.12)
Vg (M) = n(pgh () — p(W)) — vs(2) — 5 Doh(h),

where ||. ||, is the standard norm in L,(IR) and the sign measure vy is defined in (1.18).
Then we use the following formula (see [11]) valid for any sign measure v

/O ey TPy v pallidy = I'(2s) fR (L+2E) P fde. @13

This formula for s = 6, the Parseval equation for the Fourier integral, and the Schwarz
inequality yield

/ @A)V, g0 (AM)dA
R

1 o
-~ /R PP 51 (E)dE

12
= o ([ @ P +26)" ) (/|vnﬁh<s>| (1+206) "a

c © 1/2
fw / e YE NPy kv, |2y
I'Vz(2s) 0

<cn (el + @ L) (1 + [ + 129].)

To estimate the last integral here, we split it into two parts |y| > n~"/3logn and |y| <

n~'3logn. For the first integral we use (2.12) and for the second—the bound (see [14])
C*n'?1og!* n

|tnn(2)] < 0
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1014 M. Shcherbina

where C* is an n, n-independent constant which depends on ||V’ 4 %h’”oo, g,and |b —al.
Thus we get that for any function ¢ with bounded sixth derivative

2
n(py s —p.9) = (E - 1)(» )+ (Dh. ¢.)

+ (el + ¢ ) (1 + 72, + [2@] o). @14)
Since

d
G100 glth) = [ hGIp 40

integrating (2.14) with ¢ = th, with respect to ¢, we get (1.16) for real h. To extend this
relation to the complex valued . we use the following lemma.

Lemma 1 Let {X,},>1 be a sequence of random variables such that
E{e’X”} = 6’2/2(1 + O(n_1 10g3/2n)), —log'?n <t <log"?n. (2.15)

Then the relation

E{e™) = ¢*2(1 4+ 0 (0~ log??n)), (2.16)

1/2

holds in the circle %D, where D = {t : |t| <log'/* n}.

Proof Consider a strip S = {t : |N¢]| < logl/zn}. It is evident that E{e’*"} is analytic in S
and bounded by 2./n for sufficiently big n. Introduce the analytic function

fult) ;= (e PE{e™"} — V)n/log**n, teD,
where we choose the constant ¢ > 0 such that
|, <1, tey=[-log"*n,log"*n].

It is possible by (2.15). Moreover, f,(t) <n?,t € D. Then, by the theorem on two constants
(see [8]), we conclude that

log | ()| <2(1 — (t; y, D)) logn,
where w(¢; ¥, D’) is the harmonic measure of the set  with respect to the domain D’ at the
point t € D', where D’ := D N C,.. It is well-known (see again [8]) that
w(t; ¥, D’) =1-—3Jlog
Hence 1 — w(t;y, D') < 143t/(3m logl/zn) for t € %D’, and we obtain from the above

inequalities that

log| £, ()] < jgg——w,te%Dﬂ
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We finally deduce from the last bound that

1 1/2 1 /
log| fu()| = Jlogn = || =n'?, 1eZD,

and from the definition of f, we obtain (2.16). O

(iii) To prove (1.20), we need to control u, g, up to the order n~!. It follows from (2.2)
and (2.4) that for this aim we need to control zero order term of u, g, (which is known
already) and zero order term of 8, g ,(z). It is easy to see that if we replace h(1) by h; =
h(X) +th,(A) with h, (M) = (A — 20)~', then

8.1 (20) = Osttn g1, (Z0) l1=0-

It was proven in [11] that u, g, (z) is an analytic function of ¢ for small enough 7. Hence,
integrating with respect to ¢ over the circle || = Cod?(z¢)/2, we get that for any ||#'|| < Cy/2

4 n*l O(dfll/z(z)dfz(zo)).

1 R O)IX 2 (1) |d
atun.ﬁ,h, (Z) f =0
Lg

— 7X@ (z— 1)
Thus we obtain for & = 0 and any real analytic V, satisfying conditions C1-C2:

1 X2(0)

e = 5 |, Gt OR)
_ 1 -1 —15/2
—Xz(z)-i-n 0(d~""*(2)). 2.17)

Set

VO =2(z—¢)?/d?, c=(a+b)/2, d=b-a)/2, Py=4/d?%,

2(1—1)
d?

e () =1g(2) + (z—c—X"(2)), P(A)=Py+1t(P() — By),
and consider the functions V; of the form

V) =VOQ) +tAV (L), AV =VR) = VOW. (2.18)

Let Z, 4(t) := Z, g[V;] be defined by (1.28) with V replaced by V;. Then, evidently,
Z,5(1)=Z,4[V], and Z, z(0) corresponds to V. Hence

1 1 1 ' d
ﬁlogzn_ﬂ(l) - ﬁlogzn,ﬁ(O) = ﬁ/o dtalogznﬂ(l) (2.19)

1
=_§/ d;/dAAV(A)p,iffg(k;t),
0

where pél fg (A; 1) is the first marginal density corresponding to V;. Using (1.9), one can check

that for the distribution (1.1) with V replaced by V; the equilibrium density p, has the form
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1016 M. Shcherbina

2X12(1)

o) =tp()+ 1 =00, pP0) = —

(2.20)
Ap(A) = p(A) — po(X)
with X, d of (1.20). Using (2.2), (2.4), (2.8), and (2.17), one can write:
gz ) =g 0 +n""uf @0 +n"uy @0+ 0(n>?), (2.21)

where

2
uy (z,1) = _<E - 1>(ic,g;)(z),
| (2.22)
D=k (( D) — @/ — Dou + F)‘Z’ 1),

and the operator /C; is defined by (2.3) with P replaced by P, = Py + (1 — 1) P.
Substituting (2.21) in the last integral in (2.19), we get

2P

log Z, 5[V1=log Z, 5[ V?] —nzgi[V(O)] SEIV]

1
+n<§ - 1) fo di(AV (D), v)

/ dt—?gAV(z)u(l)(z Hdz+0(n™"). (2.23)

Write AV =2L[Ap] + v©@ where v© is a constant from (1.29), corresponding to V© (re-
call that we assumed that corresponding constant for V, is zero). Then, taking into account
(1.18), we get v = (% — D!

(©)
(AV),v) = %(AV(a) + AV(b)) — ”7 — (L[Ap], Dlog P,).

Then (1.22) yields
(L[Ap], Dlog P,) = (Ap, LDlog P,) = —(Ap,log P,).

Now we can integrate with respect to ¢ and obtain

! 1 v©®
/ dt(AV (), v) = Z(AV(a) + AV (b)) — 5

0
+ / p(A)log P(A)dr — / po(A) log Py(R)dA
= / p(A)logp(A)dr — 1 —log2m +log(d/2), (2.24)

since
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/ p () log X2 (M)dx — j—L(V(a) + V(b))
1 1
= E(L[p](a) + LIpl(h)) — Z(V(“) + V(1) =0,

| mtog Podr = 2108t 2.
VO>a)=vOw) =2, v® =21log(d/2).
In addition, changing the variables in the corresponding integrals, we have
Zﬂ d
log Z, 5[V @] =log APRS <T +n(l— ;3/2)) log >
2
ME[V(O)] 3n’ ,3 B d

—I——l g—

These relations combined with (2.23), (2.24) and (2.22) imply (1.20) with

ralpli=—>— dzfAV(z)u“)(z dz

i )2 — (2 — Dau® + X2)(¢,t
:/ dt ?gdzAV(z) g0 ) = GG = Ddeu )« ), (2.25)
0 L

(2rm)? X2z Ju (z=8)(Po+1tAP())

where the contour L contains L', which contains o,, all zeros of P, are outside of L, and

(O) is defined in (2.22). For g = 2, u(o) 0, hence we can leave only X~2(¢) in the last
numerator and take the integral with respect to ¢. Taking into account that

AV'(z) =2Ag(z) + AP()X'*(2),

and Ag(z) ~ Cz72, as z — oo, we have

a—byg AV (z)dz _7§ AV'(2)(z — b)'?dz
2 LXP@QGe-a) J. -2

_%‘ 2Ag(z2)(z — b)'%dz ?g AP()X'*(2)(z—b)'Pdz
L L

(z—a)1/2 (z—a)1/2 ?
75 AV(z)dz
L XV2(2)(z — a)?
_ 2%‘ AV'(z)dz 1 f AV (z)dz
L (z=b)2(z —a)’? L (z2—=Db)¥*(z—a)’?

=g¢AP(z)dz_@AP()
3L (z=a) 3

and similar relation for integrals with (z — a) replaced by (z — b). Thus we obtain (1.23). [J
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3 Proof of Theorem 2

Denote

q
ag=glaw Ou,e =[Gy — &, by + €], 3.1)
dist{Oye, Oy e} >8>0, a#a.

It is known (see [3, Lemmas 1,3] and [14, Theorems 11.1.4, 11.1.6]) that if we replace
in (1.1) and (1.5) the integration over R by the integration over o, then the new partition
function Z:f/)g[V] and the old one Z, g[V] satisfy the inequality

|Zu gV ZEW V] — 1| < e,

Thus, it suffices to study Z,(f},[V] instead of Z, g[V]. Starting from this moment, we assume

that the replacement of the integration domain is made, but we will omit superindex ¢.
Consider the “approximating” function H, (Hamiltonian)

HyGu ) = —n Y _VOQ,)

q
+ > log|i — A (Z 1,, ()1, (m) —’E (32
i#]

a=1

q
VOQ) =3 Vo),
a=I

(3.3)
V0 =1, 00V -2 [ togh - o).
where Vof“) (1) is the “effective potential”. It is easy to check that (1.9) implies
V@ =2L[p,]. (3.4)
The “cross energy” X* in (3.2) has the form
=) Llpa. pol (3.5)

a#a’

Then

HXoooh)=H, (A ... X))+ AHA ... Ay, Apy.en, Ay €0,

AHG...x) =Y loglhi =2j1 D Lo, )Ly, (A)) =20 V() +n’Z*, (3.6)
i#j aFa’ j=1

q
Vo) =) 1,,0) [ log|r— pulp(wdp.
a=1

o\
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Set

q
= (n1,...,0n,), il:=> na.
" 2! (3.7)
L) =1, 0D ] 1o p)

=1 j=liil—ng+1

The key observation which explains our motivation to introduce H, and A H is that

LMAHRD) =100 Y > 1o, 1o, )

a#ta’ jk=1

x /log I — (m,- —h) - nipm) <mk — ) - %p(u))dkdu-
(3.8)

It was proven in [15] that E, g{AH} = O(1), hence this term is “smaller” than H,. On
the other hand, by the construction, H, does not contain an “interaction” between different
intervals oy, so it is possible to apply to it the result of Theorem 1. This idea was used in
[15] to prove that Z; g[V] can be factorized into a product of one-cut partition functions
corresponding to V@ with the error O(1). Here we are doing the next step.

It is easy to see that if we denote

ZiplV]= / 1;(n)ePHC1-20R2 g5, d),, (3.9)
then
ZyglV—1] 3 ZiplV — 1] 3.10)
n! _\ﬁ|=n nil...ng! ' '

Here and below in the proof of Theorem 2 we assume without loss of generality that
(h, p) =0.

Lemma 2 There exist n-independent C, ¢ > 0 such that

ZiplV —1n!
,]-ﬁ — (0’;75[ n] < Ce—c(An,An)’ (311)
Znyﬁ[V]nl!...nq!

where An = (Any, ..., Ang), Ang =ny — [Lon, and |1, were defined in (1.31).

Since the proof of the lemma repeats computations given below for the terms, satisfying
(3.12), and uses Proposition 1 and Lemmas 3, 4, the proof of Lemma 2 is given at the end
of Section 4.

Lemma 2 yields that to prove Theorem 2, it is enough to consider in (3.10) only those
terms for which

(An, An) <c,logn (3.12)
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1020 M. Shcherbina

with any n-independent c, (the change of ¢, will change only « in (1.32) and (1.34)), so
we can assume that c, is as small as we need in the proof below. To manage with terms,
satisfying (3.12), we are going “to linearize” the quadratic form (3.8) by using the integral
Gaussian representation (see (3.17) below). Then we will apply Theorem 1 inside the inte-
grals and then integrate the result. As the first step in this direction one should find a good
approximation of the integral quadratic form (3.8) by some quadratic form of the finite rank.
To this aim consider the space of functions

q
He = @ L, [Ua,Zs]a
a=1

q
a0’ =

and the operator £ with the kernel log |A — p|. It has a block structure {L, o'}
Lits block-diagonal part and by L the off diagonal part.

Consider the Chebyshev polynomials { p,E“)},‘:‘;O on o, 2. the corresponding orthonormal
system of the functions

;- Denote

2\ — (aq + bo)

()
A) =cosk
Py (A) =cos (arccos( ——p

)) o () =p )]X ).

It is well known that {(p,i“)},f‘;o make an orthonormal basis in L,[0, 2. ], hence we can write

(o]
Loy, Wy, (Wloglh—pl= Y Leawwp Gpg (),
ko kg =1

(@) (@
P P W

Lraa = / / log A — | —5 i
XoL O 1XL2, (]

Proposition 1 There exists C,d > 0 such that for all o« # o’

|Lk i o] < Ce™ 0+, (3.13)

The proof of the proposition is given in Sect. 4.
Proposition 1 implies, in particular, that if we choose M = [log®n], then uniformly in
A,

M
Lo, . (1o, ()10g A — | = Loy, (Mo, (10) Y Lraww P WP (1)
k=1
+O(e Mg, (3.14)
Consider the matrix £M := (L4 ax'w'} x—1...a: - It is a symmetric block matrix in

a,a'=1,...,q,a%a’
m corresponds to the kernel LSZ,) which is the r.h.s. sum

of G14.
Now we would like to represent the matrix £™ as a difference of two positive matrices.
To this aim consider the integral operator A in H, with a kernel a(JA — w|) of the form

logd™" + ag(h/d) — ap(1), 0<x<d,
agy=1"% o(/d) ~ag (3.15)
log |A|7!, d<hi

—=
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where the function
3 8
A =—[ =2 — =23+ 322
ag(A) <4 3 +

is chosen in such a way that a(}) and its first 3 derivatives are continuous at A = d, and the
third derivative of a(|A|) has a jump at A = 0.

Lemma 3 The integral operator A with the kernel a(|. — w|) is positive in L,(A) where
A C [—1, 1] is any finite system of intervals in R. Moreover, the integral operator with a
kernel log |» — p|™' — a(|A — p|) is positive in Ly(A).

Remark 5 One can easily see that if we choose ap(1) = A — 1, then the operator A will be
also positive, but in this case the Fourier transform a(k) ~ k2, as k — oo, while we need
below a(k) ~ k.

Let Abea block-diagonal part of A. By the construction and the lemma we have
L=A-A A>0, A>0, A<-L. (3.16)
By (3.16), if we consider the matrix of A and A™) at the same basis we obtain
Lioik o = "Zl(c a;k' A%);kca’

Since A™ and A™ are positive matrices they can be written in the form A® = §2,
AM) = $2_ Thus

2
MIZXZZEwammkﬁﬂ

=1 k,«

n 2
-2 ( oD Siwwa(pi ) = Cff”)) + O (e eE ),
o

=1 k,o

where

n
' =— (0.

o

Using the representations

ﬂx2/2 / /dueﬂxu/z ﬂuz/S 7,3):2/2 /2:3 /duezﬂxu/Z Bu? /8 (3.17)

we obtain

h Mq . Z, lv<f'>— Ty
L o e PR) | K AR

where u ;= (u®, u?®),

@ Springer



1022 M. Shcherbina

hoa() = (g / tta — M)V, + B (L) + 59 (u, 1),

s ) =Y (Siarkatty +iSjakattn) P (), (3.19)

J.ko!

n
$O ) =5 1) = (s, ). pa)-

o

We are going to apply (1.16) to Z,, [u;' V¥ — n;'h,]. According to Theorem 1(ii), if
u:= W, u®) e U, with

U, = :u = (u(l) (2) Z ’(Dwssa, \ssa)} <k logn A (u W) < log4n}, (3.20)

o

and n satisfy (3.12), then we can apply (1.19). Remark that evidently ||fo> loo <CM" =
Clog" n. It will be proven below (see Lemma 4) that the integral over the compliment of
U, gives us O (n™"), so we should study mainly u € Uj.

For u € Uy, since (1.16) implies

Zn - V<a) - 71%0( o ?
oy Vy n, ] —exp é o Eu + Fp(ng)
Ng! 2 \ Ug

’3 Pa Pa /3 -
+na(5 - 1>(<logﬁ’ E) -1 +10g2n) + El’ﬁ[ualpa]
g(l’l Ny — Po T+ Vg, ot> + g(Daﬁa, ﬁa)ﬂi}(l + 0(}’171/3)),

where rg[p] is defined in (1.20), Fg(n) is defined in (1.21), and &, is the energy, corre-
sponding to the potential Vof‘” on o, and the remainder bound is uniform for u € U, and A,
satisfying (3.12). In view of (3.4) we have

ga = L[pou Ioa] - (V;a)’ pa) = _L[pou )Oa]-
Moreover, note that (1.22) implies

o y I
DL 2 =P x212 X260 = —| X, ()
T

Mo Mo

12 (3.21)

In addition, the definition (1.18) combined with (3.3) and the fact that v* of (1.9) is 0, yields

2 2
pa V) = (G = 1) (o 7 ) = (5 1) (o 27
Mo Mo Mo

The definition of ﬁa (3.19), (3.4), and above relations yield

(ﬁa, n—apa + vﬂ,(,> =2ny,Ang <log =, P _ X;l/z)
Mo

Mo Mo

. (a Ny
+ (ha +S( )(u)v M_pm + Vﬂ.a>~
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Then, using (3.4), we obtain

(Daha,ﬁw:—mna)%["“ ”“} Ana<h 5@, P2 X;m)
Mo

o Mo
ALK X P (Dulha +59@), (ke 45 W).
Hence, if we introduce the notations
X; "= (am X7 Angx ),

s)=(sV @), ..., s(q)(u)), (322
P

=(hy,..., hy), vg = (Vg 1,5 V84), T:(logu—,...,log—)
1

and use that >~ L[py, po] + X* = —E[V], then for u € U; we obtain finally

Ng!

ly@ _ h
—nzﬁZ’*/ZH na[lu“oz vot Ny ol
a=1

2
- exp{ %5[V] +3 " Fan)
+n<§ — 1) ((logp,p) —1+4log2m — ZMalOgﬂa)

+Z [}+—(ph)+é(1)hh)+’3( 2 X

é_ —1/2 é —1/2 é
+(2 1>(T,Xﬁ )+(h,2Xﬁ +2vﬁ>

+ B (Do), + 5 (s60m+ X, 4 S iy )|

x (1+0(n'7?)). (3.23)

Note, that for any function ¢ which is a constant on each o, we have D¢ =0, vp = 0.
Moreover, the definition (3.19) of s(«) implies

(&(u), n,oa) - nl(s(u), npa)Ano, =0.

o

Hence,
PN I PR
<s'(u), np+ X577+ 5Dh+ uﬁ) = (s(u), X; '+ 5 Dh+ uﬁ>. (3.24)

Denote

nle 7n2ﬂ2*/2 q Zna[uglvaf“)—n;‘ﬁa]
ZO1v]

Li(u) = , (3.25)

ng!
a=1 o
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where Z,EE);

I;(u) = eXp[Z(Fﬁ(na) - n<§ - 1>Ma logua> — Fg(n)

[V]is defined by (1.35). Then (3.23) and (3.24) yield that for u € U,

q
+(q — 1)(c5 logn — c;}l)) + Zcﬁ log e + g(Dh, h)

a=1

+

ST ReN

(@2 )+ (5 =) @)+ B x4 )

+

oo

(DS(”)’ S(”))m + §<s(u), Xﬁ_l/2 + %Dh + Vﬁ) }(1 + 0(n71/3)).

Taking into account that

Y Fp(ng) — Fp(n) = <§ — 1> D (110108 e + (Mo — n1ta) 10g 1)

| An|?
- I o« — -1l o\——),
cp Y _log e — cp(qg — 1) logn + ( .
we obtain

Ii(u) = kﬁl;f(u)(l 4 O(n—1/3))’

B B

A P T j1/2 _—1/2
8(Dh,h)+2(LXn X,

ki :exp{
N (g _ 1>(T, X 1 B uﬁ)}, (3.26)

I¥ = expi%(l_)s(u),s(u))m + §<s(u), X7+ %l_)h + vﬁ> }

To integrate with respect to u, we introduce the block matrices
(11 g (D™ DD (S 0
E_<I 1)’ b=DE={pw pon |- S=\g is):

D v =8a (Dupy” . py),  F=1-SDS.

o, ko kK

Thus,
e w0 ) = exp{—g(fu, u) + g(sm R(M))}, (3.27)
where
RO = (500 p(0) PO = {00}
. B ) ak |»

) (3.28)
r;%) = (ZX;U2 -+2vg + Dh, p,ﬁa)).
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Lemma 4 There exist 8y, k; > 0, such that
NR(Fu,u) > 6 (u,u), (3.29)

and if ¢, in the condition (3.12) is sufficiently small, then I defined by (3.25) satisfy the

bounds
B\
(—) /e_ﬂ(“’”)/8|lﬁ(u)|duEkﬁn_“‘,
2 U]C

N (3.30)
< ) /e_ﬁ(”’“)/s‘lni"(u)’du <kzn'®,

2
where U{ is a complement of U, from (3.20) and k; is defined in (3.26).

The lemma and (3.27) imply that the integral over u of I; (u) coincides with the integral
over u of k; I (u) up to the multiplication error (1 + O (n™"!)). By the virtue of the standard
Gaussian integration formulas we obtain

AN
I = <2—) /e_ﬁ(”‘”)/slg(u)du
7

= der‘/zfexp{ g (Tr(SF'SE)F™, 74P) } (3.31)

where 7™ is defined in (3.28) and
Tr(SF'SE) = (SF'SE),, + (SF'SE),,.
But since for any A, B det(1 + AB) =det(1 + BA), we obtain

I — DD M) [y(M) f(M)
det F =det(] — SDS) = det (—l_)(M).Zl\(M) I 4+ DD 40D

) =:det F,
det Fy =det(I + D™ AM)
x det(1 — DM A™M 4 DO M (1 + D(M)A(M))_ID(M)A(M))
=det(1 — D(AY — AM)) =det(1 — DL™).
Similarly, since SF~'S = §?F;! and

I— DA DDA o gon (1+ DU AGD D 400
_DOD IO 4 HOn 400 DD Zon 1 — Do Zun |-

where GM := (1 — DLM)~!, we have
Tr(SF'SE) = Tr(S*F 'E) = Tt(S*E) g™ = LM g™,

Hence we obtain for Z* of (3.31)

T3 = det'/? g™ exp{

oo™

(ZODGUDFIn 5 ) }
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Using Proposition 1 and Lemma 4, we can now replace £ by the “block” integral operator
L with zero diagonal blocks and off-diagonal blocks Ly o : L2[0y 2:] = L2[0a 6]

Za,a’[f] = (laa.Zszloa’.ZS)[f]'

The error of this replacement is O (e™¢ l°g2"). Hence,
* 1/2 p N B = B -1/2 N
T; = det'*Gexpy 2 (GDh, 1) — S (Dh, h) + E(Q(X + vg), Dh)

+ BB 4 ). (6 i) 1+ 0. (332

Moreover, since the operator D is defined on o (see (1.26) and (1.17)) and X; /2 are also

defined on o, one can see that the operator L _appears in (3.32) in the comb1nat10n 1,21,
50 starting from this moment we assume that £ : H — H. Let us study

1/2

vi=0x;"" = Xx;"’=01-DDyx

In view of (1.22) we get
LX;'? = L0 — DLW = L + Ly — (L, X~'*)1,, = LY + const.
Thus we conclude that
(LYa)a(A) =co(n) =const = Y5z = Z ca(W) Y,
where 1@ are defined in (1.29). Moreover, by (1.28)—(1.29) we have
D Quorcor () = (Y 10,) = (6X; %, 15,

=(Xx;"%1,,) — (£6x;', D1,,) = (X; %, 1,,) = Ang

n

= Y =ZQ;;/¢W)A”0¢

a,af

Now let us transform the last two terms S5 and Sy in the r.h.s. of (3.32).

g( 2 405, GH(LD — 1+ Dh) = g(xg”%ruﬁ,g*h—h)
=206+ B+ 2@~ v ), (333
g(z X_l/z 1/2) g(Eguﬂ,vﬁ)—zg(Zw,—,,uﬂ),

since (Ewn, vﬂ) —([,Nw,,, vg) in view of (L), = const and (vg 4, 1s,) = 0. Since by
(1.22) LD = LD we obtain
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%7?1) = (1o, log X1/, ) — 10g(dy /2) (Lo, Y1) — (LD log Py, ¥17)
= (Lo, log X/, ) —10g(de/2) Ay, ¥i) + (log Po, Y1) — (X; /2, log P,)
= (Lm log 'O—a, 1//,;) — <1(,u log &, X,—,).
Mo Mo
Thus,
Sy= g(ch“/2 2+ g(ngﬁ,vﬂ)-i- (g —~ 1)(T vi — X;'%). (3.34)

In addition, using that DLQX,;I/Z =0, DZX,{]/Z =0, we have
(L, ¥i) = (£6X; "%, 6X5'%) = (£6x; ', (1 + DLG) X ;')
_ (Engl/Z le/z)
=(1+DLoX; " Lx;'?) + (Lox; ', x: ')

(EX 12 X,{l/z)—l—(EgX,—fl/z,Xf

n

1/2).

This relation, Lemma 4, (3.26), (3.32), (3.33), and (3.34) yield that under the condition
(3.12) 7; of (3.11) satisfy the bound

Ti =kiZ;(1+ 0(n™"))

_ detl/deﬂ(fg\Jﬁ,V/s)/2+ﬂ(gDh,h)/8—ﬁ(QV;;,h)/2

B

xexp{é(cwﬁ,wm (wn,h>+(é—1)<¢n,r)]( 0(n)).

Then, taking into account (3.10) and Lemma 2, we get (1.34) and (1.32).

4 Auxiliary Results

Proof of Proposition 1 Assume that k,, > k,/, and prove that

()
P (1) _
()| = 1o, ) | loglh — pl—F———dpu| < Ce . 4.1
Ou,2e |X0a,25 (H’) |
Then, using that
(@)
A

/ |p1k/2( W gy <1
%t e | Xl ()]

we obtain (3.13), since k + k' < 2max{k, k'}. Changing the variables in the integral in (4.1)
I = Cq 4 dy cOS X With ¢q = §(ay + ba), doy = 5 (by — aq +4¢), and integrating by parts, we
obtain

d, (7 sinxsinkx dy (7 cos(k —1)x —cos(k + l)x
()= — ——dx =
k Jo z—cosx 2k Z —COSX
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k=1 _ pk+1 —k+1 _ p—k—1
_ ?g S S Sl SN
8ki £2+1-2z¢
k=1 _ pk+1 k=1(,y — gkt
do ¢ ¢ dt = da; () =" ()

T Skmi ] 2+ 1-2x¢ TN
where z = (A—ca)da’], lz| > 1481, ¢(z) =2 —+/22 — 1, |¢(z)| < e~2?. This proves (4.1). O

Proof of Lemma 3 Consider the Fourier transform a(k) of a(|A|). Integrating by parts, it is
easy to get that

= 2 A
K= _/ d/Gsinkrdi = —a" ()5~ | + / a ) 2 an
0 KB, 0 K4
_ 16 24sinkd 24/OOSiitdt:24/oo 2t+tcost—3sintdt' 42)
(kd)? (kd)* w1 i 5

Here the last equality can be obtained by the differentiation of the both parts with respect to
kd. Let us check that the numerator in the last integral is positive. Indeed, it is 0 at t =0,
its derivative is positive on (0, 7r), and it is evidently positive for ¢ > . Hence we get the
first assertion of the lemma. To prove the second assertion, let us note that if we consider the
function a; (1) := A~ + a’(1), then since a}’(x) < 0 and a](d) = 0, we get that aj(A) > 0
for A € (0, d] and then since a; (d) = 0, we obtain that aj (1) < 0 for A € (0, d]. Hence, if we
denote /(1) =logA~!, then the Fourier transform of /(|A]) — a(|A]) is

(k1) —a(lkl) = %/0 ay(A) sinkrdA

= ,7122/ (a1 (t +2jm)/k) —a((t 4+ 2j + Dm)/k)) sinzdt > 0.
j=0 70

O
Proof of Lemma 4 1t is easy to see that, to prove (3.29), it suffices to show that
Sy S <(1=38) &  AMDIVAM < (1 5) AN, 43)

Fix some « and denote A := A\W, D:=D,and L := Ea the complete matrices, correspond-
ing to the above operators. Write them as a block matrices

AdD 402 pab  pa2 Lab a2
A= (A(21) A(ZZ)) > D= <D<21) D<22>> L= <L<21> L<22>> :

1) _. T M 1y _ pM
such that AUD =; .Zga),D( )=D,

valid for any block matrix B > 0

' and LUV = LM Below we will use the inequality

an gy )
:<g(21> 2(23)’ BOV(BI) T BUY < B2, (44)

Assume that we have proved the inequality

D<(1-86)A"" & ADA<(1-8)A = ((ADAY <1-5)A"D. @45)
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Then we get
(ATIDUDAUD £ f) = ((ADAY IV f, f) = ((ADAYP F, f)
_ ZW(A(IZ)D(ZI)A(H)f, f)
<(ADAYV f, ) —2R(APDEV AN £, 1), (4.6)
But
|(A“2)D(21)A(”)f, f)| < ” (A(11))71/2A(12)D(21)(A(n))l/z H (A(ll)f, f)
In addition, using (4.4) for the matrix A, we get
” (A(11))—1/2A(12>D(21)(A(u))l/Z ”2
_ ” (A(l1))]/2D(12)A(21)(A(ll))*lA(lZ)D(Zl)(A(ll))]/2”
” (A(n))1/2D(12)A(22)D(21)(A(n))l/2 ”
(

— H A(22))1/2D(21)A(11)D(12) (A(zz))l/Z ”

IA

Then, taking into account that for any small enough & > 0 (4.10) implies that (—L(V) <
(DY 4+ &)7!, we can use (4.4) for D + ¢ in order to get

DUV AU P2 < peH(_LIDY P2 < peY (P 4 8)—1D<12> <D 4
Hence we obtain
” (A(l1))*]/2A(12)D(21)(A(ll))1/2 “2 < ” (A(22))1/2D(22)(A(zz))1/2 ”

<Tr(A®?) 12 p@ (A<22))1/2

=TrA®» D, 4.7

Integrating by parts it is easy to check that
Kj* A, = k2j2/ / a(d,(cosx — cos y)) coskx cos jydxdy
o Jo

T bl b4
= —dja”’(O)/ sin® x cos kx cos jxdx + / / a(x,y)coskxcos jydxdy,
0 o Jo
4.8)

where d;, = %(bq —a, +4¢) and a(x, y) is some bounded piece-wise continuous function.
Hence we conclude that there exists a constant Cy such that if we introduce the diagonal
matrix A, with the entries (Ag) jx = S_fkk_“, then

AJPAA] P <Cp = A< CoAg.

Moreover, it is easy to check that there exists C; > 0 such that

DY < C k2. (4.9)
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Thus, from (4.7) and above bounds we obtain that

DY ~12 4 (12) pen 4 any1/2)2 (22) 1(22)
[(A00)7AM DD (AM) P < T AP D

oo
=C Y k?P=o(M™).
k=M+1

Finally we have from (4.6) and (4.5)
(A(“)D(”)A(”)f, f) < ((ADA)(”)f, f) + (A(“)f, f)O(Mflﬂ)
<=8 +0(M"?)(A"V . f)
<1 =5/2)(A"V . f).
Hence we need only to prove (4.5). Since the last relations of (1.22) yields
(Dav,v) = (L) 0, 0) + 7720, X, 2)* (L5 10y s 1) < (L) M0, 0),
it suffices to prove that

(-D)'<(-8A" & A< -8)(-D).

(4.10)

(4.11)

But the last bound is a corollary of the following inequality for the Fourier transforms of

a(|A]) and log |A|~!
ak) < (1 —8)I(k) = (1 —8)m/k.

Since we have already proved this inequality for §; = 0 in Lemma 3, we have a(k) //l\(k) <
1. Besides, it follows from (4.2) that @(k) ~ k~*, hence a(k)/I(k) — 0, as k — oo, and

moreover, a (k) //l\(k) — 0, as k — 0. Thus there exists §; > 0 such that

supa(k)/l(k) =1—8;.
k>0

To prove (3.30), we take sufficiently large n-independent C, and note that
Ul CcU,UU;UU4UUs,
U, = {u : (u“), u(l)) < 10g4n A (S[)Su(z), u(z)) > C—zologn},
Us = {u log*n < (u('), u(”) < nlogzn},

n< (u(l), u(l)) < C*nz},

u: C*n2 < (u(l), u(l))}.

It is evident that

Zny [u;l Va(“) — n;lﬁa] < |og|™ exp{ﬁni m;lx{|/,L;l Va(“) — n;lﬂ'fﬁa“ﬂ}

< |og|™ exp{ﬁ(nic + ng mflx{
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Moreover, the definition of $, (A, #) (see (3.19)) and the Schwarz inequality yield

5 Sl

|Nse (u, V)] < Cy (1 + max
J.ko

R 1/2
<C (1 +[u® ] max ) |p;“><x>y(z |S,.a/;k,a|2) )
J k.o’

<Ci+ G| Y A <+ G, (4.13)
J

where the last inequality is based on the fact that A i <Cj -4

choosing sufficiently large C,, we obtain

Mq
(£> f e_ﬁ(”‘”)/gl(u)du < e_"z".
27T Us

Similarly to (4.13), we have

in view of (4.8). Hence,

[tsq (t, A1) = Bsa (e, )| < Y|P 0) = i (2| A}

J

< Clu®|ixy =22 Y A
i

< C'uP||r = 2] (4.14)

Thus n;lﬁa (%) is a Holder function for u € Uy, and we can use the result of [3], according
to which

Zy, [/L;1 Vof”) — n;lﬂii[a]

2
§exp{'3n"‘ max {L[m,m]—(m,u;l\/(“)—n;lrla)}+Cnlogn},

o
/neMT[aa,E]

where M [0,.] is a set of positive unit measures with supports belonging to o, . Since
—g Va3 = =205 Llpa)(2), A € Oue.
we have

max  {L[m,m]— (m,pn,' V¥ — n;lf)'fﬁa)}

meM7 [0a,c]

< max {L[m,m] — (m, ZM;IL[,OO,] —n;lﬂtﬁa)}

meM'l"[Uu,gJ

< max {L{m,m)— (m,2u;"Lipe] —ny'%h,)} =t E, (). (4.15)

T meMilog.e]

Here M[o,.] is a set of all signed unit measures with supports belonging to o, .. It is easy
to see that, if we remove the condition of positivity of measures, then the maximum point
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P1,¢ 1s uniquely defined by the conditions:
2L[p1al (W) — 2115 LIpa1 () — ny ' Rhg (1) = const, A € 0. / Pra=1.

Hence p; 4, = Mojl,oa + %Da“;;a and the r.h.s. of (4.15) takes the form
-2

Eq = =13 Llpos pu) + == (Do, i W)+ 15 (s 15" ).

But by the definition of Ea (see (3.19))
n;l(ﬁa, ,u;lpa) = O(n;l) + O(n/na - ,u;l) = 0(n*l logn).
Hence
ny
4
These relations, the definition (3.25) and (4.3) yield

Eq(u) = =1 L1 po) + == (84 Doy, , Sutt™,uV) + 0 (n " logn).

|1 ()| fexp{ §(§D(,€§u(”, u)+ 0@ logn)}

§exp{§(1 =8, uV)+ 0 logn)},

where D,,g is a block diagonal matrix with blocks D, ., @ =1,...,q. Then
B\
<—) / e‘ﬁ(“'“)/g‘lﬁ (u)‘du
2 Us
Mg
< ﬁ eO(nlogn) e*ﬂél(u,u)/Sdu <e*ﬁ(51nlog2n/I0. (416)
~\ 27 Uy -

For u € U; (1.16) and (3.23)—(3.26) imply

|Iﬁ(u)} < Cexp{ g(gbgu(”, u(')) + (u(l),f?\f(M)) +Cn™! |u(])}3}

Al R

Skﬁexp{g(gl_)gu“),u“))—i- (u(l),:S’\F(M))—I—n’1/3(u(l),u(l))}, @.17)

where we used that n=!{uV| < n="2logn <n~'/3 in Us. Then, using (4.17) combined with
the Chebyshev inequality for T = 8 % with §; (4.3), we get

B\
(E) / e_ﬁ("’")/gyl,-l(u)|du
Us

,3 Mg A, (D 0 4
< (_) /du’Iﬁ(u)|e—5,fx(u,u)/8+r(<SDu< ) u)—1og* n)

“\ 27

=(M) =(M)y_ 4 _ 4
< Clk,;ecz(’ ) —tlogn < Cgkﬁec“(A"’A") 7 log n,

where C;, C,, C3, C4 depend only on o. Hence, (3.12) implies the bound (3.30) for Us.
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Similarly, using the Chebyshev inequality for T = B||SDS||~!/16, we obtain for U,

B\"
(—) / eiﬁ(“’“)/8|1,—,(u)|du
2 U,

ﬂ Mq _
< (2_> /‘e—ﬂ(u,u)/8|lﬁ (u)|er((SDSu(2>,u(2))—cologn)
T

’
< CékﬁeC‘*(A”’A") Tco logn’

where C}, C;, depend only on o. Hence, if ¢, in (3.12) is chosen sufficiently small, the last
inequality implies the bound (3.30) for U,. The second inequality in (3.30) can be obtained
by using the standard Gaussian integration formulas like in (3.31), if we choose c, from
(3.12) sufficiently small. Lemma 4 is proved. ]

Proof of Lemma 2 Consider the variational problem of maximizing the functional (1.7) on
the system of intervals (3.1) under the additional restrictions

(m1s,,)=—, a=1,...,q. (4.18)

By the method of [3] one can prove that the maximum E®/™[V] for any partition
(n1,...,n,) of n exists and corresponds to the unique measure p"/" = (pl(”/”), o, pdmy,
and that

2
log Z;[V] < ﬁ% (E/M[V]+ C*nlogn), (4.19)

where C* is some absolute constant. Moreover, evidently, there exists 8, > 0 such that for
|Any|/n <8, we can change each p\"/" so that it’s mass will change by An,/n, and the
total energy will change less than by I.n~2(An, An), where I, > 0 is an absolute constant.

Hence, for all An
EVMIV] = EIV] < —L(An, An)n™> (4.20)

with some absolute /.. This inequality combined with (4.19) yields (3.11) for (An, An) >
2C*I 'nlogn.

For (An, An) < 2C*I;'nlogn consider the approximate Hamiltonian HY'™ defined by
(3.2) with V), defined by (3.3), if we replace here p, by p*/™, and X* replaced by X

a,n/n n/n>

which is obtained as in (3.5) with p, replaced by p@"/". Then
1;H =1; H"" + AHj;

with A H;; of (3.8) with the same replacement. Then if we continue computation up to (3.26),
we get

B Mal2 m M ~ 1 1
%5(2—> fe*f“" OB () [du®, 4.21)
J

where
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—1y/(@ -1
Fou) = e Emr M ﬁ Zng iy Vi — Mg hal
n - Z(O) [V] n,! ’
n,B a=1 o

B () = hog (M) +5(u, 1),

with $(u, &) is defined by (3.19) with p, replaced by p8/™ and u® = 0. According to
(3.18)—~(3.26), for U, = {u™ : |(u®, uM)| < nlog®n} we have

- 200y
(M) < cePrEmvi-Ev2

X exp{ g(gDﬁ/,,gu(l), u(l)) + g(u(l), §f(M)) +Cn! |u(1)}3}

with r® defined by (3.28), but without 2X, /* Integrating this inequality with e =#@"«")/3
in U, and taking into account (4.3), we get the bound (3.11) for this part of the integral in
(4.21). To integrate in Uy and Us of (4.12), we repeat the estimates of (4.13)—(4.16) of
Lemma 4. |
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