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Abstract In this paper we construct several models with nearest-neighbor interactions and
with the set [0, 1] of spin values, on a Cayley tree of order k > 2. We prove that each of the
constructed model has at least two translational-invariant Gibbs measures.
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1 Introduction

Spin systems on lattices are a large class of systems considered in statistical mechanics.
Some of them have a real physical meaning, others are studied as suitably simplified models
of more complicated systems. The structure of the lattice (graph) plays an important role in
investigations of spin systems. For example, in order to study the phase transition problem
for a system on Z¢ and on Cayley tree there are two different methods: Pirogov-Sinai theory
on Z?, Markov random field theory and recurrent equations of this theory on Cayley tree. In
[1-4, 7-9, 12-14] for several models on Cayley tree, using the Markov random field theory
Gibbs measures are described.

These papers are devoted to models with a finite set of spin values. It were shown that
these models have finitely many translation-invariant and uncountable numbers of non-
translation-invariant extreme Gibbs measures. Also for several models (see, for example,
[5, 7, 9]) it were proved that there exist three periodic Gibbs measures (which are invariant
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with respect to normal subgroups of finite index of the group representation of the Cayley
tree) and there are uncountable number of non-periodic Gibbs measures.

In [6] the Potts model with a countable set of spin values on a Cayley tree is considered
and it was showed that the set of translation-invariant splitting Gibbs measures of the model
contains at most one point, independently on parameters of the Potts model with countable
set of spin values on the Cayley tree. This is a crucial difference from the models with a
finite set of spin values, since the last ones may have more than one translation-invariant
Gibbs measures.

This paper is continuation of our investigations [3, 10]. In [10] models (Hamiltonians)
with nearest-neighbor interactions and with the (uncountable) set [0, 1] of spin values, on a
Cayley tree of order k > 1 were studied.

A central problem in the theory of Gibbs measures is to describe infinite-volume (or lim-
iting) Gibbs measures corresponding to a given Hamiltonian. In [10] we reduced the problem
to the description of the solutions of some nonlinear integral equation. Then for k =1 we
showed that the integral equation has a unique solution. In case k > 2 some models (with the
set [0, 1] of spin values) which have a unique splitting Gibbs measure are constructed. In our
next paper [3] it was found a sufficient condition on Hamiltonian of the model with an un-
countable set of spin values under which the model has unique translation-invariant splitting
Gibbs measure. But we did not presented there any example of model (with uncountable
spin values) with more than one translation-invariant Gibbs measure.

This problem is solved in this paper: we shall construct several models with nearest-
neighbor interactions and with the set [0, 1] of spin values, on a Cayley tree of order k > 2.
We prove that each of the constructed model have at least two translational-invariant Gibbs
measures.

The paper is organized as follows. Section 2 introduces the main definitions. In Sect. 3,
the Hammerstein’s non linear integral equation is presented. In Sects. 4, 5, and 6, the exis-
tence of at least two Gibbs measures for several models with uncountable set of spin values
are proved respectively in cases k =2, k =3 and k > 4.

2 Preliminaries

A Cayley tree I’ = (V, L) of order k > 1 is an infinite homogeneous tree, i.e., a graph
without cycles, with exactly k + 1 edges incident to each vertices. Here V is the set of
vertices and L that of edges (arcs).

Consider models where the spin takes values in the set [0, 1], and is assigned to the
vertexes of the tree. For A C V a configuration 4 on A is an arbitrary function o4 : A —
[0, 1]. Denote £24 = [0, 1]4 the set of all configurations on A. A configuration o on V is
then defined as a function x € V > o (x) € [0, 1]; the set of all configurations is [0, 1]".
The (formal) Hamiltonian of the model is:

H@)==J Y &wowm @.1)

(x,y)eL

where J € R\ {0} and & : (4, v) € [0, 11> — &,, € R is a given bounded, measurable func-
tion. As usually, (x, y) stands for nearest neighbor vertices.

Let A be the Lebesgue measure on [0, 1]. On the set of all configurations on A the a priori
measure A, is introduced as the |A| fold product of the measure A. Here and further on
|A| denotes the cardinality of A. We consider a standard sigma-algebra B of subsets of
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£2 = [0, 1]V generated by the measurable cylinder subsets. A probability measure 1 on
(£2, B) is called a Gibbs measure (with Hamiltonian H) if it satisfies the DLR equation,
namely forany n =1,2, ... and o, € 2y, :

plio e 2: ol =a)) = [ u@onl, @,

where V(er 1 is the conditional Gibbs density
n+
Wy (@)= exp(~BHG, |0l .,)
M T 2@l ) A

and 8 = %, T > 0 is temperature. Here and below, W, stands for a ‘sphere’ and V; for a
‘ball’ on the tree, of radius [ = 1,2, ..., centered at a fixed vertex x° (an origin):

le{xev:d(x,xo):l}, sz{er:d(x,xo)fl};
and

L,={(x.y)eL:x,yeV,};

the distance d(x, y), x, y € V, is the length of (i.e. the number of edges in) the shortest path
connecting x to y. §2v, is the set of configurations in V,, (and £2w, that in W,,; see below).
Furthermore, oy, and w|w,,, denote the restrictions of configurations o, w € §2 to V, and
W11, respectively. Next, oy, : x € V,, = 0,(x) is a configuration in V, and H (o, || @|w,, )

is defined as the sum H(0,) + U (0,, ®|w,,,) where

Ho)=-J Y &wom:

(x,y)ELn

U(on, olw,,,) =—J Z Eon().0 ()

(x,y): x€Vi,yeWy 41

Finally, Z,(w|w,,,) stands for the partition function in V,, with the boundary condition
w' Wn+l :

Zu(@lw,,)) = / exp(—BH 5, l| olw,.,)) v, (@),
.Qvn

Due to the nearest-neighbor character of the interaction, the Gibbs measure possesses
a natural Markov property: for given a configuration w, on W,, random configurations in
V.1 (i.e., ‘inside’ W,) and in V \ V, 4, (i.e., ‘outside’ W,) are conditionally independent.

We use a standard definition of a translation-invariant measure (see, e.g., [11]). The main
object of study in this paper are translation-invariant Gibbs measures for the model (2.1)
on Cayley tree. In [10] this problem of description of such measures was reduced to the
description of the solutions of a nonlinear integral equation. For finite and countable sets of
spin values this argument is well known (see, e.g. [1-6, 8, 12—-14]).

Write x < y if the path from x° to y goes through x. Call vertex y a direct successor of
x if y > x and x, y are nearest neighbors. Denote by S(x) the set of direct successors of x.
Observe that any vertex x # x° has k direct successors and x° has k + 1.
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782 Y.K. Eshkabilov et al.

Leth:x eV h, = (h,,tel0,1]) € R be mapping of x € V \ {x°}. Given n =
1,2, ..., consider the probability distribution 1 on £2y, defined by

M(n)((;n) = Z;l exp(—ﬂH(O’n) + Z hrr(x),x)- (22)

xeW,

Here, as before, 0, : x € V,, > o (x) and Z, is the corresponding partition function:

Zn :/ exp<_IBH(gn) + Z hg(x),x>)hv,, (dgn) (23)

2 n xeW,

The probability distributions u™ are compatible if for any n > 1 and 0,,_; € v,
/ 1 (01 V @)k, (d(@0)) = 1D (0,-0). (2.4)
-QW,,

Here 0,1 V w, € §2y, is the concatenation of 0,,_; and w, . In this case there exists a unique
measure w on 2y such that, for any n and o, € Qv,, u({o |y, =0,}) = u™(0,).

Definition 2.1 The measure u is called splitting Gibbs measure corresponding to Hamilto-
nian (2.1) and function x > h,, x # x°.

The following statement describes conditions on 4, guaranteeing compatibility of the
corresponding distributions 1™ (o).

Proposition 2.2 [10] The probability distributions n™ (c,), n=1,2, ..., in (2.2) are com-
patible iff for any x € V \ {x°} the following equation holds:

1
f(ty X) = l_[ fol exp(]ﬂgt,u)f(u, y)du

. 2.9
yesSx) Jo eXP(Jﬂso,u)f(% y)du

Here, and below f(t,x) = exp(h;x — hoy), t € [0, 1], and du = A(du) is the Lebesgue
measure.

From Proposition 2.2 it follows that for any & = {h, € RI®!, x € V} satisfying (2.5)
there exists a unique Gibbs measure p and vice versa. However, the analysis of solutions to
(2.5) is not easy. This difficulty depends on the given function &.

Let &, be a continuous function. We will present the construction of explicit functions
&, under which Eq. (2.5) has at least two solutions in the class of translational-invariant
functions f(t, x), i.e. f(¢t,x) = f(¢), for any x € V. For such functions, Eq. (2.5) can be
written as

1 k

[y K (0, u) f (w)du

where K (1, 1) = exp(JB&,.), f(t) > 0,1,u € [0, 1].
We put

C*[0,1]1={f €C[0,1]: f(x) > 0}.
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Non-uniqueness of Gibbs Measure for Models With Uncountable Set 783

We are interested in the positive continuous solutions of (2.6), i.e. such that f € CO+ [0,1]=
{f€CI0,1]: f(x) =0} \ {6 =0}

Note that Eq. (2.6) is not linear for any k£ > 1.

Define the operator Ry : C0+[0, 1] — CJ[O, 1] by

WH©
W) 0)

where W : C[0, 1] — C[O0, 1] is the linear operator defined by:

k
<ka)(:)=[ } kel

1
WO = [ K e
Then Eq. (2.6) can be written as

Ref=f feCil0,1].

3 The Hammerstein’s Nonlinear Integral Equation

For every k € N we consider an integral operator Hj, acting in the cone C*[0, 1] as

1
(Mfmﬁi/KOMﬁme,keN
0

The operator Hj is called Hammerstein’s integral operator of order k. Clearly, when
k > 2 the operator H; is nonlinear.

Lemma 3.1 Let k > 2. The equation
Rif=f feCflo,1] (3.1)

has a nontrivial positive solution iff the Hammerstein’s operator has a positive eigenvalue,
i.e. the Hammerstein’s equation

H f =2f, feC*0,1] (3.2)
has a nonzero positive solution for some A > 0.

Proof Necessity. Let f € C0+[O, 1] be a solution of Eq. (3.1). We have

(Wfo)(@) = (Wfo) (0) £ (0).
From this equality we get
(Heh)(1) = hoh(2),

where h(t) = ¥/ fo(t) € CJ[O, 1] and Ay = (Wfy)(0), i.e., the number A, is the positive
eigenvalue of the Hammerstein’s operator Hj.

Sufficiency. Let Ay be a positive eigenvalue of the operator H;. Then Ay > 0 and there
exists fo € Cg [0, 1] such that

Hi fo = o fo.
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784 Y.K. Eshkabilov et al.

Obviously, the function fy(¢) is positive. Put

So(®)
fo(0)

f(t) = telo,1].

Then the number A = A fol ~%(0) is an eigenvalue of H, and corresponding the positive
eigenfunction f () satisfies

_ 1 _ Ao . Ik B
Hif (1) = 7O (Hy fo)(1) = 70 folt) = 2o f3 75O f (1) = Af (0).
Define
foN\
h(t) = = .
0=(%) =0
Then
Why () \* ((ka)(r)>k <>~ofolk(0)f(t)>k L
(RO ((Wh)@) #@NO) ~ e For0) =10 o

Corollary 3.2 Let k > 2. If a function f € C0+[0, 1] is an eigenfunction of Hy, then the

function
f (t))k
h) = 22
0=(1%

Remark 3.3 As it was mentioned above, to each positive solution of Eq. (2.6) corresponds a
translation-invariant Gibbs measure of the model (2.1). In this section we reduced Eq. (2.6)
to Hammerstein’s equation. Consequently, the rest of the paper is devoted to solutions of
Hammerstein’s equation.

is a solution of Eq. (3.1).

4 Existence of Two Gibbs Measures for the Model (2.1): Case k =2

Consider the case k = 2 in the model (2.1) and

= L(ie 2, ! ! 0,1
St,u—lB—J 1‘1( +E (Z—§)<M—E)>, t,uel0,1].

Then, for the kernel K (¢, u) of the Hammerstein’s integral operator H, we have

K(t )—1+14 T4l ¢ ! !
=115 2)\" 72 )

Proposition 4.1 The Hammerstein’s operator Hy:

1
(H2f) (1) = / K (t,u) f*(u)du
0
in the space C|0, 1] has at least two positive fixed points.
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Proof (a) Let f1(t) = 1. Then we have

14 1 I 1\ 3
(Haf)®) =1+ 1 - 5/4<t—5>-/0 (u—§> du=1=fi(t), te[0,1].

(b) Denote

3 21 2 1\
fZ(t):Z+\/;T<[_E> , tel0,1].

Then f, € C[0, 1] and the function f,(¢) is positive. Put
14 21 2
= — V4, b=, — —.
a=13-V4 Vs 2

Hy fo =hi(t) + ha(t) + h3 () + v,

hi(t)=ab®- |t Lo 13d
1 =da . —5\/(; M—E u,

3ab [ 1 (' 1\’
9a 5 1 1\5/ 1
h3(t)—r6\/t—§A u—idu,

1
y=/ fEw)du.
0

‘We have

where

Observe that

hl([) = ]’lg([) =0.
For the function £, (#) we obtain

3ab 5 1 12 15ab 1
hz(t)=—a -5t——~/ widu=—22 . Jr— -
2 2 ) 144 2

172
Observe that
_ 5b> n 9
TN

Consequently we have

(Haf)(0) = () +y = 220, L S0 9
PSR S 277516

21 2 5 1 3
:/;T'V"fz:fz(”- 0
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Denote by ) and u, the translation-invariant Gibbs measures which by Proposition 2.2

correspond to solutions f;(#) =1 and f>(t) = % + \/2;1 ? -(t— %)%.
Thus we have proved the following

Theorem 4.2 The model

H(o)——— Z <1+— /(o(x)—%)(a(y)—%)), o€y

x \eV

on the Cayley tree I'? has at least two translation-invariant Gibbs measures L1, [i>.

5 Existence of Two Gibbs Measures for the Model (2.1): Case k =3

Now we shall consider the case k = 3 and

LI L ! ! 0,1
Et,u—ﬂ—J n( +E (t—§><u—§)), I,MG[, ]

Then, for the kernel K (¢, u) of the operator H3 we have

K, u) =1 174t ! !
=1 D)D)

Proposition 5.1 The operator Hj:

1
(Hy (1) =f0 (1 + % -\7/4<r - %) <u - %))f%u)du

in the space C|0, 1] has at least two positive fixed points.

Proof (a) Let f1(t) = 1. Then

(H3f1)(r):1+%~ 7/4<t—%> /21 widu=1=fi(t), tel0,1].

(b) We define the function f5:

1 \/ﬁ [33 o, (, ]
fz(f)—§< ﬁ+ 9 (l‘—§>),

Then f, € C[0, 1] and the function f,(¢) is positive. Put
1 /57 b 1 /33
2V 2V 119

(H3 f2)(1) = hy(t) + hao(2) + h3(t) + ha(1) + v,

‘We have

@ Springer



Non-uniqueness of Gibbs Measure for Models With Uncountable Set 787
where
a3 1 ; 1
hi(t) = —op(t) - — —du,
1(7) 2<p() /0 YU 5du
3a’h ! 1\’
hg(t):a—~\7/§g0(t)-/ Nu—=) du,
2 0 2
3ab? ! 1\’
h3(t)=a—-\7/Zg0(t)-/ Nu—-=) du,
2 0 2
b3 1 ; 1 4
ha(t) = — - v/8¢(1) / <u - —) du,
2 0 2
1
y = / £ wdu.
0
Here (1) = J4(t — 1), 1 € [0, 1].
It is clear that
hi(t) =hs()=0.
For the functions 4, (¢) and h4(t) we obtain, that
3a2b32 LA Ta*b
hy(t) = ~(t Tdu=——=-¢@),
2(1) 2 w()/_%u u 673 @)
3\/_ 717%
ha(t) = (t)/ widu=——— ().
4 : 23 ¢
Observe that
Tab?
y=a 34 3ab*V4 - / u7du—a + ¢13 =a.
1
2
Consequently, we have
7b (a* b?
Hifp=h+h+a=a+ —= ( + ><P(t) 0

232

From Proposition 5.1, Lemma 3.1 and Proposition 2.2 we get

fz

Theorem 5.2 The model

H = ! In( 1 174 L ! 2
(U)——Eg 11< +§ <0'(X)—5>(0'(y)—5>>7 o €liy

x,yev

on the Cayley tree I'3 has at least two translation-invariant Gibbs measures.
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6 Existence of Two Gibbs Measures for the Model (2.1): Case k > 4

Let k € N and k > 2. We consider sequences of continuous functions P,(x) (n € N) and
Q. (x) (m e N, m > k) defined by

X! k+1 X1 k+1
Pn(x)EPn,k(x):<1+ ) > _<1— 2 ) , X€ER,

Qm(x)E Qm,k(x)=(k+l)xmik, m>k, x €R.

Proposition 6.1 Let k > 2. Then

P, (1) > 0,(1), 6.1)
foranyneN, n>k.
Proof Let k > 2 and n > k. We have
k+1 -1
PAD=pe="Fr—.  Qu=m=k+1.

In the case k = 2 we obtain, that

13
Py(1) = Vike 0, (1) =3.

We now suppose, that the inequality (6.1) holds for k = m > 2. Then we show that the
inequality (6.1) also is true for k =m + 1.
Obviously, that

3(n1+1)+] —1 3(m+1)+1 -3 3m+1 -1

3
Pmtl = =5Gint = " omil.a . omtl 2
3 3

i.e. Wy+1 > Nm+1- Thus we get

Py(1) > Q,(1)
forany k > 2 and n > k. O

Proposition 6.2 Let k > 2. The equation

k+1 k+1
<1+%> —(1-%) —k+1Dx=0, x>0 6.2)

has a unique solution x = 0.

Proof Let k > 2. Define the continuous function ¢ (x):

L\ A o\
)= (1+§> — <1—5> —(k+1Dx, xe]l0,00).
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Non-uniqueness of Gibbs Measure for Models With Uncountable Set 789

w=an( L+ £ L 1-F) 2o
R

k k
(1_,_%) +(1_%) >2, forallx e (0,00).

‘We have

However,

Consequently, we have ¢'(x) > 0 for all x € (0, 00), i.e. the function ¢(x) is an increasing
on [0, 00). So, the zero is a unique solution of Eq. (6.2). O

Proposition 6.3 Let k > 2. Then for each n € N, n > k the equation

Py(x) — Qn(x) =0 (6.3)
has at least one solution & = &(k; n) in (0, 1).
Proof Let k > 2 and n > k. We have

Pu) _ 1 (L ) - (1 ey

im =
=0+ 0,(x) k+1x-50+ xn—k
n—1 n—1 n—1 ; n—1_
1 lim (U S ))Zl;zo(l + L1 = 2y
T k41 a0+ xn—k
k i k=) ZINJ
1 X" 1 J X" 1\ /J
= —— lim x*7'. 1 1 - =0.
Kt 1 esos §<+ 2 > ( 2 )

Since the functions P,(x) and Q, (x) are continuous, the exists a number § > 0 such that
P,(x) < Q,(x) forallx € (0, §).

However P,(0) = Q,(0) =0 and by Proposition 6.1 we have P,(1) > Q,(1). Consequently,
there exists a number & = &£ (k; n) € (0, 1) such that P,(&(k; n)) = Q,(&(k; n)) =0.

Let k > 2 be a fixed number and suppose that {£ (k; n)},~x C (0, 1) —some set of solutions
of the following system of equations:

P,(x)— 0,(x)=0, neN, n>k.

We have 0 < £(k;n) < 1 for all n € N, n > k. Consequently 0 < &(k; n)"~! < 1 for all
n > k. Then there exists an upper limit of the sequence & (k; n)"', n >k, i.e. there exists a
subsequence «), = & (k; n,,)”P‘l, p € N of the sequence & (k; n)"~!, n > k such that

a = lim sup&(k;n)" ' = lim £(k;n,)" ™" = lim a,.
n—o00 p—>00 p—00
Obviously 0 < o < 1. Define the sequence 8,, p € N by
Bp=5§(k:ny), peN.

Then

np—1
a,=8,", pelN 0
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790 Y.K. Eshkabilov et al.

Lemma 6.4 « =lim,_, o, =0.
Proof (a) Assume o = 1. Put

B= [}Lr& supé(k;n,) = plgr;o sup B,.
Then, there exists a subsequence {8, }sen C {Bp}pen such that

lim B, = B.

q—00

We have 0 < 8 < 1.1f 0 < B < 1, there exists go € N such that g, < # for all ¢ > qo.
Thus

1 npg—1
050%5(%5) . g€N, g>qo.

Therefore « = lim,,  ,, = 0. The last equality is in contradiction with the assumption
a = 1. However, we obtain that 8 = 1. Then from the equality

Pnpq (f;"(k;l’lpq)) = anq (f(k;npq)), qgeN (6.4)

as ¢ — oo we observe that

i.e.
P,(1)=0,1), m>k.

The last equality is in contradiction with the assertion of Proposition 6.1. Thus, we have
proved that o # 1.
(b) Assume that 0 <o < 1. In the case 0 < 8 < 1 we get « = 0. So 8 = 1. Then from

(6.4) as ¢ — oo we get
PP R PR P
+E - _E =(k+ .

The last equality contradicts the assertion of Proposition 6.2. Thus, we have proved that
a & (0, 1). Consequently, @ = 0. O

Corollary 6.5 lim,_.. 8, = 1.

Proof From the equality (6.4) we get

By =Ekin,) = it peN
p s tp Zl;:()(l_i_a?p)k,j(l_%,)j’
Hence by Lemma 6.4 it follows that
pli—>noloﬂp =1L u
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Non-uniqueness of Gibbs Measure for Models With Uncountable Set 791

Define the sequence C,,, n > k > 2:

S(k, n)3nfk72
Ci=Cll) = 1 [(1+ E(k;n)n—! )k+2 —(1-= E(k;n)n—1 )k+2] —&(k; n)n—k ’ 6.5)
2+k 2 2 s

where £ (k; n) € (0, 1) is an arbitrary solution to Eq. (6.3).
Put

yp:yp(k):Cn,,(k)» PEN.

Lemma 6.6 For every k € N, k > 2 the following equality holds
li k)y=—
Jim yp (k) =~

Proof We have

ol . Blk
Yp = “p k42 . p"p k+2 . \np—k
(L Y2 — (1= 22 £ (ksmy)
_ -y
- 1 ap oap op o, .
p - (L3P — (1= )2 — (L P — (1= Gy
However
NG o k+2 ik w\J
(15 ") B (3) e ()
j=0
1 0(?7 m O[ml
:2Ck+2 > " +2Ci, 2 T 20, LT
where

. k+2, ifkisodd
g k+1, ifkiseven.

Analogously we have

k+1 k+1
o o
1+ 22 (122
<+2> ( 2)

1 ap 3 a; n 0‘:';2
my
=2Cp1 - T 200 55+ 260, S0
where
- k+1, ifkiseven
M2 == if k is odd,

i.e. myp =2m0 -1, mgy € N.
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Therefore

k+2 k+2 k+1 k+1
SR N7 S U7 i WS S CUNE 7 S SR
k+2 2 2 k+1 2 2
mo
2

_ 2j—1 2mo+1 _ 3 2 4 (mo—1)
= E aja, —i—amoﬂap —ap(az +a3oz[,—|—a4ap+--~+am0+1ap ),
Jj=2

where
2j—1 2i 1
L2 (GG as
J 22j-1 k+2 k+1 ) ,3,...,
0 lf my =my,
Amo+1 = 2my+1
22'1"0 ) klﬁz if my < my.
Obviously,
k
ar» = —.
T2
Thus we get
p
" m—n: P e N.
» 5 +azal 4+ asd Fooe ot g™V
Hence by Corollary 6.5 it follows that
li 12
m = —.
p—>0 Vp k .

Corollary 6.7 Ifk >4 then 0 < lim,_.o ¥, < 3.

For each k > 4 we define the set Ny (k):
No(k) ={p e N: |y, (k)| <4}.

Note that, the set Ny(k) is a countable subset in the set of all natural numbers. For each
p € Ny(k), (k > 4) we define the continuous function K, (¢, u; k) on [0, 1] by

K,(t,u;k)=1 +)/p(k)<t— %)(u— %), t,uel0,1].

By the inequality |y, (k)| < 4 it follows that, the function K, (¢, u; k) is positive.

Theorem 6.8 Let k > 4. For each p € Ny(k) the Hammerstein’s equation

1
/ K, (t,us k) f*wydu = f (1) (6.6)

0

in the C[0, 1] has at least two positive solutions.
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Proof Obviously, the function f(¢) =1 is a solution of Eq. (6.6). Define the positive con-
tinuous function fi(¢) on [0, 1] by

1
fi@) =&k:np) +«§(k;np)"”<t - §>, 1€[0,1].

We shall prove that the function fi(¢) also is a solution of the Hammerstein’s equa-
tion (6.6):

1
/ K, (t,u; k) ff (w)du
0

= f1<1 +vy (k)<t - 1) (u - 1)) . (S(k' n, +&k;n )””(u — 1>)kdu
o 14 2 2 s ' p s ' p 2
12 1 .
-12

172 n k 1 172 n
=/ (ﬁp+ﬁppu) du+]/p(k)<t—§>/;l (ﬁp+/3p )

—1/2

k 12
=S [ i

p —1/2
1 :Bk 12 np—1 n 1
n0(r=3 )2 [ (s a4 )
,8,,’ —-1/2
/3;(, 1/2
T - 1+O[ u k+1
a, k+1( pt) 12

k k 1/2
a0k (t_ %)/ (1 + ) = (1 + apu)*)d(1 + apu)

2
a, -1/2

3 11; 1 ap k+1 Olp k+1
2. —((1+2) -(1-2
a, k+1 2 2

)’p(k)ﬂf; 1 1 k+2 i 1 k+1 2
LAY P 1 1
+ o2 2 k+2( +opu) Iy k+l( o) Y

ﬂfy 1 n 7k y[’(k)lgk 1
=L (k4 DY 2o(r-=
o o I (1 5)

L0+ - (-9)7)
() -0-%) )

o Ve (k)ﬂf, ( 1 )
e + —_ l‘ —_—
o, a? 2

p
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1 RNGE a, -
Bt N/ 1 S\ -
el )

k ., 1
N e

1
= &(kin,) +E(kin,)" <t - 5) = fi(0). .

From Theorem 6.8, Lemma 3.1 and Proposition 2.2 we get the following theorem.

Theorem 6.9 Let k > 4 and p € Ny(k). The model

H((f):—l Z anp(o(x),a(y);k), o€y

(x.y)
x,yev

on the Cayley tree I'* has at least two translation-invariant Gibbs measures.
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