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Abstract For a class of random band matrices of band width W, we prove regularity of the
average spectral measure at scales € > W2%, and find its asymptotics at these scales.
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1 Introduction

Define a random operator H on £%(Z) via

£l u<v<u+Ww,

22W-1’
H@u,v)=3 Hw,u), u>v>u—W, ()
0, otherwise,

where the random signs are independent, and the width W € N is a large parameter. The
integrated density of states N : R — [0, 1] is defined by

Eoy
N(Ep) =lim l</ S(H—E—ie)’l(0,0)dE>, EyeR, 2)
e—0 T PN

where (-) denotes average over the randomness. It is known that the limit exists for almost
every Ey € R; it is equal to the distribution function of the average spectral measure of H
(corresponding to the vector §y).

If N is (Radon-)differentiable, its derivative is called the density of states, and is denoted
by p. In this case,

p(Eg) = Tim ~(3(H — Eg— i) (0,0): 3)
e—>+0 7T
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the existence of the density of states is equivalent to the existence of the limit, and to the
boundedness of the expression under the limit. It is believed that the density of states exists
for any E, is bounded uniformly in W, and admits an asymptotic series

ai(Eg)  ax(Ep)

Ey) ~ao(E —_—
p(Eo) ~ao(Eo) + ——+ 7

+eee @)

where for example

2
ao(E) = /1~ E}. )

In fact, there is a natural perturbation expansion using the so-called self-energy renormaliza-
tion that yields the terms of (4) one by one; it is equivalent to the one we describe in Sect. 2
(see Spencer [12] for the precise definitions).

However, even the first terms of the series (4) have not yet been rigorously justified,
and it is still unknown whether the density of states exists and is bounded uniformly in
W — oo. If the entries of H were replaced with random variables with absolutely contin-
uous distribution with bounded density, Wegner’s estimate would show that the density of
states exists; however, even in this case, Wegner’s argument only yields the width-dependent
bound p(Ey) < CvV/W.

We are interested in a simpler problem, namely, the behavior of the expression ((H —
Ey—ie)~1(0,0)) for small € > 0 (depending on W).

Theorem For —1 < Eg < 1 and e > W%,

ao(E)dE
E— Eg—ic

_ CEy
4

S((H—Ey—ie)™'(0,0)) — NS/ ; (©)

with ay as in (5), and C(Ey) > 0 independent of W and bounded on any interval
(=146, 1—=29). In particular,

|3((H — Eg —i€)™'(0,0) )| < C(Ey). @)

When € > 0 is fixed and W — oo, the asymptotics (6) follows from the results of Bo-
gachev, Molchanov, and Pastur [2]. For € > W13, the asymptotics (6) follows from the
recent result of Erdés and Knowles [4] (see also [5] for an extension to more general ran-
dom band matrices). These results are based on rigorous control of the perturbation series
in W. As observed by Erdés and Knowles, the perturbative series they use diverges for
e SW2h,

On the other hand, the methods of [2] and [4, 5] allow to handle the (more difficult and
physically more interesting) quantity

(I(H = Eo—ie)™'(0,0)), ®

and [4, 5] actually control the quantum dynamics exp(itH) for t < W'/3,

In [7], Erd&s, Yau, and Yin used different methods to prove an analogue of (6) for finite
band matrices of size N x N, for € 2 w1 logc N, and with error term < (We)~172 logC N.
They also control the fluctuations of

(H—Ey—ie)~'(0,0)

at these scales.
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48 S. Sodin

In this note we go back to the perturbation series (4), and introduce a regularization
procedure which allows to justify it at scales € > W% For now, we only deal with the
average spectral measure; however, we believe that the method could also be applicable to
(8). One advantage of the perturbative method is that it allows to get the (optimal) error term
O(1/W); actually, our method can be used to justify the first W% terms in the asymptotic
expansion, and thus obtain an approximation with error term which is exponentially small
in the width W.

We refer to the survey of Spencer [12] for other results and problems pertaining to ran-
dom band matrices.

The paper is organized as follows. In Sect. 2 we describe the formal perturbation series. In
Sect. 3 we collect several technical statements which are used in the proof. Section 4 briefly
summarizes the topological classification of paths, based on [8]. In Sect. 5 we estimate the
contribution of every equivalence class to the perturbation series. The proof of the theorem
appears in Sect. 6, and is followed by the concluding remarks of Sect. 7.

2 Formal Perturbation Series, and Combinatorial Preliminaries

Denote by Z(W) the graph having Z as its set of vertices, and u ~vif 0 < |u —v| < W.
Let 7,, and U, denote the Chebyshev polynomials of the first and second kind, respec-
tively:

sin((n + 1)6)

T, (cos0) = cos(nb), U,(cosh) = - )
sin6
we formally set U_, =U_; =0. Let
U,w=U, ! U, (10)
AT R
Then (see [10, Lemma 2.7])
U w (H) o, ) = @W = ™2 " H o, un) H (1, u2) - H (-1, ),
where the sum is over (n + 1)-tuples (uq,uy,ua,...,u,) such that u; # uj i, j =
0,1,2,...,n — 2 (non-backtracking paths). In particular,
(Unw (H) (o, 1)) = QW — 1)™"/*Paths, (uo, u,), (11)

where Paths,, (1, u,) is the number of paths from u, to u,, in Z(W) which pass every edge
an even number of times and satisfy the condition above (in particular, Paths, (4, v) = 8,).
Combining (10) with (11), we obtain:

n/2
(Un(H) (o, ) = @W — 1)/ 3" Paths, _a,, (. ). (12)

m=0
and hence

n/2
(Un(H) (o, up)) = @W — 1)™/2 Y " Paths, 5, (o, uo). (13)

m=0
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Observe that Paths,, (1o, o) does not depend on u, € Z, therefore we denote it simply
Paths,,. Also, Paths,, = 0 if m is odd.
Next, T, = (U, — U,—»)/2, therefore

n/2
1
(T, (H)(0,0)) = WZ Paths, 5, — W — 1) Paths, 5,2}, (14)

where we formally set Paths,, = 0 for m < 0.

It will be convenient to rewrite {Paths,,_,,, — (2W — 1) Paths,_»,,_»} in a different form.
Let Pathsg be the number of paths which pass every edge an even number of times and
satisfy the strengthened non-backtracking condition ug # u,, u; # us, ..., u,—1 7 u;. Then

Paths, = Paths) + 2W —2) » " (2W — 1)/'Paths)_,;
1<j<n/2

J"

Therefore
Paths, — (2W — 1)Paths,_, = Paths’ — Paths? . (15)

To make this identity valid for all n > 1, we formally set Pathsg =2W — 1, Paths® ,=0.
Now, §(E — Ej) admits a formal expansion

8(E — Eo) ~ 14+2) T(E)T,(E){. (16)

£/ : [
b4 1—E§ n=1

We shall discuss a regularized version of this series in the next section; for now, we remark
that (16) is a rigorous identity in L,(—1, 1), since T, are the orthogonal polynomials with
respect to the measure dE

714/le(2).

Convolving (16) with p, we obtain:

p(Eg) ~ (8(H — Eg)(0,0))
1 o0
=————11+2) T, (E)(T,(H)(0,0))
m/l—Eg[ 2 ]
— Dul(Eo) ¢ 0 e
- M[HZQW 1)nZ[Path52m Pathsmz]}. (17)

Picking the addends which are not divided by powers of 2W — 1, we see that the leading

term is
1 T>(Ep) 2
1 -2 Dt ==,/1-E2 1
{+2W—1X( W+ )} e 0 (18

n/1—E}

In this way one can also obtain the full expansion of the form (4) which, unfortunately,
diverges.

n=1
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50 S. Sodin

One may introduce a regularization factor and consider the expression

l(“3(1‘1 — Eg—i€)”(0,0))
T

~

1423 e T,(E) (T, (H)(0,0)) ¢, (19)

1/ 1 i
/11— l?g n=1

which corresponds to the density of states averaged over an interval of width ~ € about E
(more precisely, the convolution of the density of states with an approximate é-function of
width €). However, it also diverges for sufficiently small €. The reason is the large contribu-
tion to (7, (H)) of the part of the spectrum of H outside [—1, 1]. Namely, it is known [11]
that a part of the spectrum lies at distance ~ W% from [—1, 1]; the polynomials 7, grow
as

|, (£(1 + 8))| = exp(v25n),
therefore the series above can not converge for € < W2/,
Here we propose a different regularization:

1 o0
{1 +2> " @(ne)T, (Eo)(T,(H)(O, 0)>},

/1 —E}

and justify its convergence for € > W~%%_ For reasonable ¢, we shall see (in Lemma 3.1)
that it also represents an average of the density of states over an interval of width ~ €
about Ey. Therefore a posteriori we obtain an expansion for

n=1

i(;ts(H — Ey—ie)71(0,0)).
T

The main step is to pick ¢ carefully. In particular, the argument above shows that ¢ has
to decay faster than exponentially at infinity. As we shall see, it will also be convenient to
have ¢ positive-definite and analytic.

3 Some Auxiliary Statements

Let ¢ : R - R, be a smooth even function such that ¢(0) = 1, ¢ decreases to zero on R,
and ¢ > 0. We shall take

9 (1) = L /oo exp[—s* — (t — $)*] ds, (20)
Ay )

where ¢ is a (large) integer parameter which we shall choose later, but the next lemma will
be applicable in the general setting.
Fore > 0and Ey =cosby € (—1, 1), set

froe(E) =142 0ne)T,(Eo) T,(E).

n>1

Dirichlet’s criterion shows that the series converges.
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Lemma 3.1

1 & (/1 0+6 1 0—86
Feosty.e(cos0) = —— _ZJcp(;[m— 2ﬂ°D+<p<g[m— 2n0]>}' @1

m

Note that, if ¢ > 0, the right-hand side is an approximate §-function in 6 of width ~ €.

Proof First,

o0

1
Festo.e(E)=5 3 g,

n=-—00

where
g(1) = p(te){ exp(it (0 + 6p)) + exp(it (6 — 6p)) }.
Now,
o0
26 = [ sexp-2ritsyar
—00
1{./1 0+6 1 6 —06
=-10|=|§— )+ |5 - s (22)
€ € 2w € 2w
therefore the lemma follows from Poisson’s summation formula. O

Now we need some properties that are specific for ¢, from (20). Denote

F,(6)= /00 exp(—2mix§ — x*Ydx. (23)

o0

This is obviously an entire function. The following lemma can be proved using a saddle-
point argument:

Lemma 3.2 For any § > 0 there exist Cs, c5 > 0 such that

2

|Fy(pe'®)| < Csexp{—csp%T}

for—L+8<¢p < —Sandform — L +8<¢p<m+ 8.

Now take ¢ = ¢, in Lemma 3.1; then (;'5; = qu From Lemma 3.2, both sides of (21) are
analytic functions of 6, therefore the equality can be extended to complex 6. In particular,
fEp,e 1s bounded (uniformly in € > 0) on an open interval containing [—1, 1].

Finally, we state—for use in Sect. 5—the definition and a couple of properties of divided
differences; we refer to the survey of de Boor [3] for the proofs.

For (distinct) z1, . .., zg in the domain of definition of a function f, consider the (E — 1)-
th divided difference f[z, ..., zg], defined as follows:

Flal=fG) o zp) = S0t = [l 2]
21 —ZE

@ Springer



52 S. Sodin

An equivalent definition is given by

f[Zl,...,ZE Zl_[f(izei
f#

Lemma 3.3 Let f be an (E — 1)-times differentiable function in a convex domain D C C.

Then for any distinct 71, ..., 7g € D there exists 7* € conv(zy, ..., zg) such that
fEDEY
S 4 .
Sflza El= E-D
Lemma 3.4 Forz;,...,zg€C,

E E
Z Hzﬁfzmnfl[zl,...,zE]l_[ze,
e=1

(ny,..,nE)EAE  e=1
where

AE,n:{nl,...,nEzl "l+"~+nE:n},

and m,_1(z) = 7"\

4 Classification of Paths

Consider the collection Pathsgn of paths ug =0, uy,us, ..., uzy—1, Uz, =0 in Z(W) such
that every edge appears an even number of times, u; #u;, for j =0,1,...,n — 2, and
Uy_1 F Ui.

A pairing of a path is a paring of 0, 1, ...,2n — 1, so that if j is paired to j', then either
uj=uyanduj =ujq,0ru; =uj4; and u;; =uj . Every path in Pathsgn has at least
one pairing.

Now we divide the couples (path, pairing) into equivalence classes. The procedure is a
slight elaboration of the one from [8, Section II.1]; it works as follows.

We look for a pair (j, j') so that j is paired to j’ and j + 1 is paired to either j' + 1 or
Jj/ — 1, and unite the j-th and the (j + 1)-th edge into a single one (and the same for their
counterparts). Continuing this process, we arrive at a multigraph G = (V, E) with a marked
vertex vy (corresponding to 0) together with a path p which passes every one of its edges
twice. We call the equivalence class D = (G = (V, E), p) a diagram of order 1.

Paths which contain edges passed more than twice admit more than one pairing, and
therefore correspond to more than one diagram. If a path passes a certain edge 4 times,
we correspond to it a diagram of order 2 in a similar way, and so forth. Thus, every path
which corresponds to a high-order diagram also corresponds to a sequence of diagrams of
lower order, and the total number of paths in Paths;, can be computed using the inclusion—
exclusion formula:

Paths,,, = Z(—l)j + Z # {paths of length 2n corresponding to D}. 24)
j=1 D of order j

Let us compute the number of paths corresponding to a diagram D = (G, p). Fix an arbitrary
ordering of the edges in E. To construct a path corresponding to D in Z(W), we first choose
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An Estimate for the Average Spectral Measure of Random Band 53

the positions R, € Z corresponding to v € V, and the number n, of edges corresponding to
everye € E,sothat R,,=0andn| +---+ng =n.

Then, for e = (u, v) from 1 to E, we start a random walk from R, conditioned not to
backtrack, and denote by E{Ru L R,} the probability that it arrives at R, after n, steps
without violating the non-backtracking conditions created by the edges corresponding to
f < e from the previous steps at its first and last step. The number of paths corresponding
to D is then equal to

2W QW — )" 122“? {R. % R,}.

n e=l1

One can proceed using the expression due to Smilansky [9] for P, in terms of the tran-
sition matrix P of the random walk on Z(W). Instead, let us denote by P{R, % R,} the
probability that a random walk from R, and conditioned not to backtrack arrives at R, after
n. steps. Then

PR, * R} ~P[R, 5 R,}.

More formally, the left-hand side of the last equality can be expressed as the right-hand side
plus a sum of similar terms of the same form with different parameters. Therefore we can
essentially regard the above approximation as an identity.

The degree of the marked vertex in a diagram of order one is at least two, and the degree
of every other vertex is at least three. If these inequalities are saturated, the diagram is called
simple. For simplicity, let us focus on simple diagrams of order one (which were called
diagrams in [8]).

The genus of a diagram is defined as y (D) = E — V + 1. A diagram of genus y satisfies
E =3y —2,V =2y — 1; the number D(y) of diagrams of genus y satisfies (see [8])

(y/C) <D(y) <(Cy).

We remark that there is exactly one diagram of genus y = 1; it contains one vertex, and one
edge (which is a loop connecting the vertex to itself).

5 Embeddings into Z(W)

Fix a multigraph G = (V, E) with a marked vertex vy € V. For g € C with |g| = 1, set
Emb(G) = Emb(G; g, €)

=y > %(Znee) [] ¢“Pfr.* R} (25)

R nmE—>N ecE e=u,v)eE

where the exterior sum is over R : V — Z such that R(vy) = 0.
Our goal in this section is to prove
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54 S. Sodin

Proposition 5.1
1. Forany g with |g| =1,

O <( Clg) >E+1 (10gW>E—V+1
A\l —g] w 7

where C(q) > 0 is a constant depending only on q.
2. If G is the multigraph corresponding to the (unique) diagram of genus y = 1, the same
bound holds without the logarithmic factor.

Remark The logarithmic factor is probably unnecessary in the general case as well; this is
however not essential for our purposes.

To make the computations more transparent, we make several simplifications. First, set

Emb(G) = Emb(G; g, €)
“X Y w(Sne) TT eninsa) oo
R nE—-N eeE e=(u,v)eE

By the argument sketched in the previous section, it is sufficient to prove the bound
for Emb.
Let P be the transition matrix of the usual random walk on Z(W). From [1],

P(R, % R} = %Uw,w(ﬂ)(m,&), @7)
VW —1)ne 2W —1

where the last brackets stand for taking matrix elements. Instead of Emb(G), we shall prove
the bound for

Emb*(G) = Emb*(G; g, €)

=y > wq(Znee) [T ¢<PRiR). (28)

R mE—-N ecE e=(u,v)eE

Using (27), one can repeat the argument and obtain the same bound for Emb(G) (and hence
also for Emb(G)).

We start with a representation of Emb*(G) in Fourier space. The operator P is
translation-invariant, therefore diagonal in Fourier space: setting es(n) = exp(2mwién),
0<é& <1, we have:

Peg =w(§) e, (29)
where
1l . sin(mWE)
w(é) = W ;cos(qug) = m cos(m(W + 1)&).

For future reference, we remark that

1
O = T WmmE. 18

(30)
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An Estimate for the Average Spectral Measure of Random Band 55

Choose an ordering of the vertices of G, and for every edge ¢ = (u,v) € E, u < v,
introduce a variable &, = &, ); if u # v, set £ ) = —Eu.v)-

Lemma 5.2 Set S (z) =), 94(n€)z"". Then

Emb#(G)Z/-“/ dSkirn (§)Sclgw (&), ..., gw(Ep)] [ [(gw(&),
(0,11

eckE

where Sk is the Lebesgue measure restricted to the (E — V + 1)-dimensional subspace
defined by the Kirchhoff constraints

YueV Z S(u.v) =0.

(u,v)eE, v#u

Proof From (29),

1
P :/ w(é)e: ® e:dE,
0

and

1
P"(R1, R2) :/ w(§)" exp(2mi& (R; — Ry))d§. (31
0
Now substitute (31) into (28). We obtain:
Emb*(G) = Z Zq)(Znee)
R n e
X / o / 1_[ [d%‘e(gw(%‘e))ne eXP(zﬂife (Ru - Rv))]
[0,11€

e=(u,v)
Exchanging the summation over R with the integral, we see that
Emb*(G)=) ¢ (Z nee) / = / L Brian®) [ (qwe. (32)
n e [0,1] e=(u,v)

Now we can exchange the sum over n with the integral. According to Lemma 3.4,

Yo TeweE =malgw@, ..., gwEn] [ [(ewE),

ni+-+ng=n e

therefore

Zw(Zme) [ CuweEn™=> eneym, \lgwE),.... qwEn] [ [(ewE)

e=(u,v) n>1

= Sc[gw(&), ..., gwEp)] [ [(qw(&)).
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56 S. Sodin

According to the mean-value theorem (Lemma 3.3),

SiE_l)(gw*)

Se[gw(gl)v--wgw(gE)]: (E = 1)!

(33)
for some —1 < w* < 1. To conclude the proof of Proposition 5.1, we need one more lemma:

Lemma 5.3 For j>0and|z| <1,

C(g) )-"“ |
1z )

1S9(2)| < <
where the constant C(q) does not depend on € > 0.

Proof of Proposition 5.1 Applying Lemma 5.2, the relation (33), and Lemma 3.2, we obtain:

C E+1
[Emb*(G)| < <|1 iq;) [ doea [ rwierias. (34)
ecE

The integration is over an (E — V + 1)-dimensional subspace, therefore the bound (30)
concludes the proof of 1.
The estimate 2 can be verified directly from Lemma 5.2. a

Proof of Lemma 5.3 First,

o0 o0 d
04 (n€) = f exp(2mixE) G, (6) dE = f exp(2rined) F, (€)> 95

Ay '
Fix 0 < ¢ < /2 satisfying the assumptions of Lemma 3.2, and deform the contour of inte-
grationto L ={& | arg& € {¢, m — ¢}}. Now

S (2) = /L F, &)? Z:exp(erine%)z”_1 Z—E

n>1 q

~ 5 exp(2rie) ﬁ
_ /L B T expanien)) 4,

and
; exp(2mie d
5@ =it [ Fer <
L (1 —zexpRmie&))i*! A,
Taking absolute values and applying Lemma 3.2, we conclude the proof. ]

6 Proof of Theorem

Let g be a large natural number, and let > 0 be a small real number; we shall choose them
later. We shall work with the function ¢, from (20), or rather with its truncated version

@) =g (OLyjn<wn).- (35)
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Denote

F(E) =142 " §,(ne)T,(Ey) T, (E). (36)

n>1
Lemma 6.1 Forany g > 50 and n < 1/100
(F(H)(0.0)) =1+ ¢,(26)(1 —2E}) + O(1/W). (37
Proof First,

(f(H)(0,0))
no

W —
=1-¢,Q0)QE 1) +2 0, (2n€) T, (Eo) (T2, (H)(0, 0)),
n=2

w—1/2

where nop = |W"/€]. By (14),
(T (H)(O,0) = = Pathsd, +[ -]
2n 2(2W )n/2 2n )

where the last brackets enclose the terms of higher order which can be analyzed similarly to
the leading term. Now apply the classification of paths described in Sect. 2. To simplify the
notation, we explicitly write the contribution of simple diagrams, and collect all the rest in
the remainder term. This yields:

Paths), / QW —1)"

=222 2 [l ARSR)+[-] (39)

y<noy(D)=y R ni+-+ng=ne=(u,v)

therefore,
Paths)
?(2ne)T, (E _ T
En @(2n€)Tr, (Eo) w1y
. Paths?
=N o2 2infy 2n
‘”Z%‘p( T w1y

=N Z Z Z (pq(Zne)eZi"@O

y=ngy(D)=y n=ng

<Y > ] PR A R[] (39)

R ny+-+ng=ne=(u,v)

It is not hard to see (cf. [11]) that

wq(Zné)Z Z 1_[ R, ~5 R,} < Cexp[—c 2‘162‘1]7( ”)_; (40)

(5)/ 4)‘
R ny+-+ng=ne=(u,v)

therefore the left-hand side of (40) is very small for n > ny if

> 0.99. (4D
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58 S. Sodin

Under this condition the sum over 7 in (39) can be extended to infinity. Thus

(f(H)(0,0))
=1-9Q)QE; — 1)+ Y > EmbG)+[-]+00/W).

y=ng D=(G,p),y(D)=y

For D of order y, Proposition 5.1 and the subsequent remarks yield

~ Clg) \7 (logW\”
|Emb(G)|§<|1—g|> ( W ) ’ )

and the logarithmic factor is redundant for y = 1. As no = [W"/€e] < W, the estimate (42)
implies:

[(FCH)©,0)) — 1+ ¢,(2)2E2 — 1)

c Ci@) \7 1
<— Cy) —+001/W
<imgw . 2 € () g roarw
2=<y=ng
=0({/wW). (43)
O
The Chebyshev polynomials 7,, satisfy
max |T,(E)| < (CW)"/2.
Ee[-W1/2,wl/2]
Therefore for —W'/2 < E < W1/2
> 0ueT(E)T,(E)| < Y Cexp[—cn*e* + Cnin W]
n>ng n>ng
=0(/W)
as long as 2gn > n +0.99, or:
n+0.99
¢> "5 (44)
The spectrum of H lies in
[— LA } Cl-w'"2, w3,
V2W =1 2w —1

thus, under the assumption (44), the conclusion of Lemma 6.1 remains valid for fg, . in
place of 1.

Next, one can replace fg, . with fg, |- 1) (using Lemma 3.2, the remark following it,
and the fact [11] that the density of states is small outside [—1, 1]). Since

hEge = on,e|[_1,1]/(7T\/ 1— Eg) >0
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An Estimate for the Average Spectral Measure of Random Band 59

is an approximate §-function of width € at Ey, and Ey, € are arbitrary (subject to the
constraint € > W~%%), we can replace it with any other approximate §-function h Eg.es
such as the Stieltjes kernel that appears in the statement of the theorem. Indeed, for any
€=¢€(W) > €e(W), and any —1 < Eo < 1, one can approximate fhEO zdN by positive
linear combinations of f hgyedN (with different Ey). O

7 Two Remarks

i. As we remarked in Sect. 2, the divergence of the “naive” perturbation series (obtained
from the self-energy renormalization procedure) follows from the divergent contribution
of the spectral edges. It is probable that a similar reason is responsible for the divergence
of perturbation series also in other problems, such as the density of states in the Anderson
model (see Erd6s—Salmhofer—Yau [6]).

ii. The restriction € > W% in the main theorem appears for the following reason. It is an
artefact of the approach that (6) can be justified for a given € > 0 only together with the
first &~ 1 /e terms of (4). However, only the first & W terms of (4) are reasonably small
(say, smaller than 1), therefore we do not see how to make the current approach work
for € « W', It is possible that the power —0.99 can be improved to —1 using a more
careful choice of the test function ¢.
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