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Abstract A class of families of Markov chains defined on the vertices of the n-dimensional
hypercube, �n = {0,1}n, is studied. The single-step transition probabilities Pn,ij , with i, j ∈
�n, are given by Pn,ij = (1−α)

dij

(2−α)n
, where α ∈ (0,1) and dij is the Hamming distance between i

and j . This corresponds to flip independently each component of the vertex with probability
1−α
2−α

. The m-step transition matrix P m
n,ij is explicitly computed in a close form. The class is

proved to exhibit cutoff. A model-independent result about the vanishing of the first m terms
of the expansion in α of P m

n,ij is also proved.

Keywords Finite Markov chain · Random walk on the hypercube · Cutoff

1 Introduction

In recent times a considerable effort has been spent to study the phenomenon of cutoff for
Markov chain, i.e the abrupt convergence behavior of the measure to the stationarity regime.

There are many ways to define the occurrence of the cutoff phenomenon. The general
idea is the following: we define a family of ergodic Markov Chain {(Xt

n),�n,Pn,μ
t
n,πn},

where �n is the state space of (Xt
n), Pn is its transition matrix, μt

n is the evolution at time t of
the initial measure μ0

n and πn is the stationary measure. We say that the family exhibits cutoff
if there exist a notion d(μt

n,πn) of distance between μt
n and πn, d(μt

n,πn) ≤ 1, and some
initial measures μ0

n such that, for n → ∞, d(μt
n,πn) is very close to 1 for t < an − o(an),

while d(μt
n,πn) is close to zero for t > an + o(an), where an is a family of deterministic

times.
One can be interested in a certain degree of accuracy in the description of the detail of

this abrupt behavior, and this gives various possible definitions of the cutoff. Here we use as
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distance d(μt
n,πn) the total variation distance

dTV(μt
n,πn) = 1

2

∑

x∈�n

|μt
n(x) − πn(x)| (1.1)

and we define the cutoff phenomenon by means of the Diaconis’ paradigm (see [4]): given
an, bn two sequences such that

lim
n→∞

bn

an

= 0 (1.2)

a family of Markov chains {(Xt
n),�n,Pn,μ

t
n,πn} is said to exhibit cutoff, or more precisely

an (an, bn)-cutoff with respect to the total variation distance, if for some initial measure μ0
n

lim
θ→∞ lim sup

n→∞
dTV(μan+θ bn

n ,πn) = 0

lim
θ→∞ lim inf

n→∞ dTV(μan−θ bn
n ,πn) = 1

(1.3)

This notion of (an, bn)-cutoff is quite detailed, in the sense that it states also the width,
negligible in terms of an but possibly diverging in n, of the time window in which the cutoff
takes place.

The existence of this or other forms of cutoff has been proved for a variety of differ-
ent models. The phenomenon has been discovered in the early 1980, when Diaconis and
Shahshahani (see [5]) proved the cutoff in a problem of card shuffling, namely the random
transposition model. Then a considerable effort has been spent in proving the cutoff for ran-
dom walks on groups (see e.g. [1, 3]). In all these papers the relations between the structure
of the group and the spectral properties of the Markov chain are the key ingredient of the
proof of the cutoff behavior. It is particularly relevant in the context of this paper the case
of the lazy random walk on the n-dimensional hypercube. This has been studied in [6], and
alternative proofs of the cutoff are available (see for instance [9] and references therein). The
system is defined as follows: the space state is the set of vertices of an n dimensional hyper-
cube. At each step the state remains the same with probability 1/2, while with probability
1/2 a component of the vertex of the hypercube is chosen with uniform probability, and
it is flipped. The system exhibits (an, bn)-cutoff with respect to the total variation distance
with an = (1/2)n logn and bn = n. Another important system to be quoted in the context
of this paper is a class of random walks on the hypercube in which some particular sub-
sets of components (chosen randomly) may be flipped together (see [14]). In all the cases
mentioned above the stationary measure is uniform. More recently the cutoff behavior has
been proved for systems with a non uniform measure having anyway a large support (for
the important case of the Ising model, see [10–12]). It exists a second class of systems for
which it is possible to prove the cutoff phenomenon: they are systems having the stationary
measure concentrated in some small region of the state space; typically they are birth and
death processes with some kind of drift towards a small region (see e.g. [7, 9] and references
therein); in the latter case the cutoff is in general easier to establish, and it has been proven
to be related to certain properties of the hitting times of the chains (see [2, 13]). Even if
some common features between the two classes of systems mentioned above is proposed in
[8], the proof of the cutoff behavior for systems with uniform stationary measure needs in
general a quite detailed knowledge of the evolution of the measure.

In this paper a class of families of discrete time Markov chains with uniform stationary
measure is proved to exhibit cutoff by an easy direct computation of the evolution of the
transition matrix. For particular values of the parameters appearing in the expression of
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the transition probabilities the behavior of the system turns out to be very similar to the
“classical” lazy random walk on the hypercube.

2 The Model

The family of Markov chains studied here, indexed by n, is defined as follows: let the state
space �n of the discrete time Markov chain (Xt

n) be the set of the binary nth-ple, or, in
other words, the set of the vertices of the n dimensional unit hypercube, �n = {0,1}n. The
transition probability matrix of the Markov chain (Xt

n) is given by

Pn,ij = (1 − α)dij

(2 − α)n
(2.1)

where α ∈ (0,1) and dij is the Hamming distance between i and j , i.e. the number of
different bits between i and j . Note that the parameter α may in general depend on n.

The system hence has the possibility to evolve in a single step from any vertex to any
vertex, but the transition probability becomes exponentially small with the distance. This re-
minds the mean-field approximation via Kac potentials that is used in statistical mechanics,
where here the pure mean field (α = 0) corresponds to a sequence of independent trials. As
in the case of Kac potential, the case α → 1 tends to be a short range (nearest neighbors
random walk) system.

Note first that the transition probabilities defined in (2.1) give after a single step a distri-
bution of dij which is a binomial of parameter 1−α

2−α
, since the number of j at a distance d

from i is evidently
(
n

d

)
, and hence

Pn(dij = d) =
(

n

d

)(
1 − α

2 − α

)d( 1

2 − α

)n−d

(2.2)

This means that the chain may be interpreted as follows: at each step each component of the
nth-ple has an independent probability 1−α

2−α
to flip its value. Another alternative interpreta-

tion of this model is the following: define a continuous time Markov chain in which each
component flips independently, and look at it only for integer times.

The main results of this paper are listed in the following theorem.

Theorem

(i) The transition probabilities after a time m of the family of Markov chains defined
by (2.1) are

P m
n,ij =

(
1

2

)n(
1 +

(
α

2 − α

)m)n−dij
(

1 −
(

α

2 − α

)m)dij

(2.3)

(ii) The family of Markov chains (Xt
n) exhibits (an, bn)-cutoff with respect to the total vari-

ation distance at time an = 1
2 log 2−α

α

logn with a window of the order bn = 1
log 2−α

α

.

Proof of (i) Consider the matrix element P m
n,ij . At each step each component is flipped

independently with probability 1−α
2−α

, while the probability at each times that the component
remains unchanged is 1

2−α
. After a time m each component is equal to its original value if it
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is flipped an even number of times, while it is different if the number of independent flips is
odd.

Hence we can write

P m
n,ij = (E (m,α))n−dij (O(m,α))dij (2.4)

where

E (m,α) =
∑

l even

(
m

l

)
(1 − α)l

(2 − α)m
(2.5)

and

O(m,α) =
∑

l odd

(
m

l

)
(1 − α)l

(2 − α)m
(2.6)

Now it is obvious that

∑

l

(
m

l

)
(1 − α)l

(2 − α)m
= 1 = E (m,α) + O(m,α) (2.7)

while
∑

l

(
m

l

) [−(1 − α)]l
(2 − α)m

=
(

α

2 − α

)m

= E (m,α) − O(m,α) (2.8)

Hence, solving (2.7) and (2.8) we have

E (m,α) = 1

2

(
1 +

(
α

2 − α

)m)
(2.9)

and

O(m,α) = 1

2

(
1 −

(
α

2 − α

)m)
(2.10)

Putting (2.9) and (2.10) in (2.4) we have the proof of (i). Note that the parameter α may be
n-dependent without affecting the proof. �

Proof of (ii) Note first of all that the stationary measure of this families of random walk
is uniform, because the transition matrix (2.1) is doubly Markov. Let us assume then that
the initial measure μ0

n is concentrated in a single vertex, say the origin. Hence μ0
n(0) = 1.

Let us compute the total variation distance between the uniform measure πn and the measure
μm

n = μ0
nP

m
n . To compute the total variation distance, since all the vertices at distance d from

the origin 0 have the same probability, it is natural to consider the probability distribution
of d :

dTV(πn,μ
m
n ) = dTV(πn,μ

0
nP

m
n )

=
n∑

d=0

∣∣∣∣

(
n

d

)(
1

2

)n[
1 −

(
1 +

(
α

2 − α

)m)n−d(
1 −

(
α

2 − α

)m)d]∣∣∣∣ (2.11)

We are therefore considering the total variation distance between two binomial distribu-
tions. The stationary distribution has average value n

2 and variance equal to n
4 , while the
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distribution μm
n has average value n

2 (1 − ( α
2−α

)m) and variance equal to n
4 (1 − ( α

2−α
)2m). The

difference �(m) between the average values of the two distributions is hence

�(α,m) = n

2

(
α

2 − α

)m

(2.12)

Since the width scale of both distributions is
√

n, we have that if

�(α,m) ≥ √
neθ (2.13)

then the total variation distance between the two binomials tends to one for θ tending to
infinity. This corresponds to consider m such that

m log
α

2 − α
≥ log 2 − 1

2
logn + θ (2.14)

and hence

m ≤ 1

2 log 2−α
α

logn − 1

log 2−α
α

θ (2.15)

On the other side, for m such that

�(α,m) ≤ √
ne−θ (2.16)

and hence

m ≥ 1

2 log 2−α
α

logn + 1

log 2−α
α

θ (2.17)

we have that the difference between the variances of the two distribution is proportional to
e−θ and then the total variation distance between the two binomial tends to zero for θ tending
to infinity. This corresponds to say that, taking as an = 1

2 log 2−α
α

logn and bn = 1
log 2−α

α

our

family of Markov chains (Xt
n) exhibit an (an, bn)-cutoff. �

Remark As soon as the parameter α is a fixed quantity, independent from n, the system
tends to flip a finite fraction of sites at each step, according to a binomial distribution, and it
has cutoff at time 1

2 log 2−α
α

logn with constant window.

Since the expression of P m
n,ij is exact, we can also use the results above for n-dependent α.

In particular for 1 − α = β

n
, being β > 0 a fixed parameter, the system tends to flip at

each step a number of sites according to a Poisson distribution of parameter β

1+β/n
. Since

for large n we have log 2−α
α

≈ 2β

n
, the system exhibits cutoff at time n logn

4β
with window

proportional to n. Hence in this case the cutoff is on the same time scale than the cutoff for
the nearest neighbors random walk on the hypercube (see discussion in the section above),
as one expects.

For 1−α tending to zero with n with a rate slower that 1/n the cutoff is at an intermediate
time between logn and n logn.
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3 The Expansion in α of P m
n,ij

It is easy to see, by the explicit expression (2.3) of P m
n,ij , that its series expansion around

α = 0 vanishes up to the (m− 1)-th term. This result is model-independent, in the sense that
it can be proved in a much more general setup.

Theorem Consider an ergodic Markov chain (Xt ) defined on the state space �, with
|�| = k. Let the transition matrix P be of the form

Pij = 1

k
+ O(α) (3.1)

and let the stationary measure π be of the form

πj = 1

k
+ O(α) (3.2)

Then

P m
ij − πj = O(αm) (3.3)

Proof by induction (3.3) is evidently true for m = 1. Hence we have to prove that assuming
P m

ij − πj = O(αm) we have that P m+1
ij − πj = O(αm+1). We write

P m+1
ij − πj =

∑

l

(P m
il − πl)Plj

=
∑

l

(P m
il − πl)

(
1

k
+ O(α)

)
=

∑

l

(P m
il − πl)O(α)

= O(αm)O(α) = O(αm+1) (3.4)

Note that the relation above does not implies necessarily the presence of cutoff. For in-
stance, define a random walk on the discrete n-circle, define d(i, j) = min{|i − j |, n − 1 −
|i − j |} and let the transition matrix be Pij = e−αd(i,j)

Z
with Z = ∑

j e−αd(i,j). The system
clearly exhibits a simple diffusion on the circle, and no cutoff is present. However the con-
ditions of the theorem above are satisfied. �
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