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Abstract We consider the exponential moments of integrated currents of 1D asymmetric
simple exclusion process using the duality found by Schiitz. For the ASEP on the infinite
lattice we show that the nth moment is reduced to the problem of the ASEP with less than
or equal to n particles.
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1 Introduction

The one dimensional asymmetric simple exclusion process (ASEP) is a many-particle sto-
chastic process in which each particle is an asymmetric random walker but with exclusion
interaction among particles [12, 13]. We consider the ASEP with hopping rate p to the right
and g to the left with p +¢ =1 and p # ¢. The ratio is denoted by 7 = p/q.

The ASEP can be defined either on a finite lattice or on an infinite lattice. It is of much
current interest to study fluctuation properties of the ASEP on Z because for this case one
can perform detailed analysis using the connection to random matrix theory and other tech-
niques [6, 10, 17, 24]. Until a few years ago the analysis had been restricted to the totally
asymmetric case, p =0 or g =0, i.e., particles hop only in one direction.

In [26], Tracy and Widom succeeded in computing the distribution of the particle position
for the ASEP with general parameter values using the transition probability derived from the
Bethe ansatz. For recent developments see [11, 25, 27-33].

Recently their formula was utilized to study the height fluctuations of the KPZ equation
[1, 3, 18-20]. By the Cole-Hopf transformation, the KPZ equation is mapped to a problem
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of directed polymer. As noted long time ago, the n replica partition function of this directed
polymer is mapped to the problem of attractive 5-Bose gas with n particles [8, 9]. This
connection has been utilized recently in [2, 4], see also [16]. By considering a generating
function of the n replicas, one could reproduce the results for height fluctuations of the KPZ
equation. See also a related work [14].

In this note we point out that similar consideration is possible for the ASEP. We show
that the nth exponential moments of current in the ASEP can be written as a summation
of transition probabilities for k particles with 0 < k < n of the ASEP, see Proposition 3.
From this one could find an expression for current fluctuations of the ASEP. This is the
main result of this paper, which is summarized as Theorem 1. Our argument is based on the
duality relation of the ASEP found by Schiitz [21].

2 Duality

First we consider the ASEP on a finite lattice [L] = {1, 2, ..., L} with reflective boundaries.
We employ the formulation using the quantum spin chain language, see e.g. [23]. We set

o1 ~_fo o
0 0] 1 o)

.11 o0 1 . oo
YT2lo -1 "T27N T o 1)

Let us introduce a vector |0) which corresponds to the empty system. One can construct an
n particle state with particle positions at xi, ..., x, by

(2.1)

|x|,...,x,,):s;~--s;1|0). 2.2)

Here s, means it acts nontrivially only on the space of site x as a 2 x 2 matrix s~ in
(2.1). The state of the system can also be specified by a set of particle numbers 7, on each
site x € [L]. Here n, = 1 (resp. n, = 0) means the site x is occupied (resp. empty). We
sometimes abbreviate as n = {7, ..., n,} and denote the corresponding state by |n).

Let P(n, t) be the probability that the configuration of the system is 7 at time ¢ and set

|Py=""P(n,0)ln) (2.3)
n

where Zn means the summation over all particle configuration. The time evolution of this
is given by the master equation,

E|P>:—H|P), 2.4)

where the transition rate matrix is given by

L-1
H=- [ps;“sj]rl + qu_s;.’+1 —pnj(l—nj) —qg(— nj)nj+1] . 2.5
j=1
The transition probability, i.e., the probability that n particles starting from y;,...,y, at
time O are on sites xq, ..., X, at time ¢ is written as
G,y X3 2ly1s e, Y3 0) = (et oo xale ™ yrs oo ) (2.6)
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with (x, ..., x,| = (0ls] -- -5} . We sometimes abbreviate this as G ({x},; t|{y},; 0) with
the understanding {x}, = (xq, ..., x,).

We recall the duality of the ASEP based on a quantum group symmetry of the
process[21]. Our notation in this article is slightly different from [21]. Let us set

L
Xt =gt S B 2.7
k=1
L
XL/ Zs:rzj‘zw " (2.8)
k=1
K =t~ Sk, 2.9)

They satisfy the U, (sl,) algebra [5, 7, 15],

KXTK '=tX", KX K '=¢"x", (2.10)
R K—K!

They commute with H, i.e.,
[H,X*1=[H,K]=0. (2.12)

The last relation reflects the fact that the number of particles is conserved in the dynamics.
Since the state space is finite there is the unique stationary state for each particle number
N,0 <N < L. Let us denote it by |N). It satisfies H|N) = 0. When N = 0 this is nothing
but the state |0) with no particle. For N > 1, one can construct |N) by applying X* for N
times to |0) as

IN) = (X)"0). (2.13)
It is easy to check H|N) = 0 using (2.12) and H|0) = 0. We also introduce

(Nl=CyOi(XH)V =" 3" (1l (2.14)
?71211::1 ng=N
where
_ N
Cy=rd (=0 (2.15)

A—1)---(1—1V)’

Since (N| is written as a summation over all possible states with N particles, the normaliza-
tion of a state | P) is written as (N|P) = 1. Using (2.7), one sees that the normalized version
of (2.13) is given by

BTUES) 1=7)---(1—=1Y) Z

(1 —7L=N+1)...(1 — L)
Yk =N

|N>norm =T TZII‘;I feng |T]) (2]6)

For an initial state |Iy) with N particles, the solution to (2.4) is e=#'|Iy) and the average of
a quantity A which depends on 7;’s at time ¢ is

(A), = (N|Ae™™|Iy). .17
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Now let us define

N, = an (2.18)
j=1
and set
0, =1 (2.19)
QX Qx - Qxfl _ ‘L’Nx*lnx- (220)
T—1
One can verify
Lemma 1
(XY, 0] =" = DX, (XHV! (2.21)
where
X
Xo =g Zs;rzj‘:m nj (2.22)
k=1

Proof The N =1 case is easily checked by using the following relations
ST =s", st =ts™T, s =157, sTth=s". (2.23)
Next assume (2.21) is true for N. We want to see (2.21) holds for N + 1. We start from

(XY 00 =1XD"Y, @:IX™ + (X)X, 0. (2.24)
One uses (2.21) for N =1 and N to get

(XM, 00=" =D X, XY+ (" = D - DX, (XHV X
+(@ - DO.XHVX, . (2.25)

Comparing this with RHS of (2.21) for N + 1, it is enough to show

X~ = X)XV X =" X (X HV (X - X)). (2.26)

To verify this, one can check the N = 1 case by using (2.8), (2.23) and then use mathematical
induction. 0

Applying this lemma, we see, when x;’s are distinct,
(N1Qyy - Oy = Cnn X1y oo X[ (XN (2.27)

where
T%(an)L(l _ I)an
(=) (I =TV

Notice Cy = Cy 0. Using this one can show

Cnon (2.28)
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Proposition 2 [21] When x;’s are distinct, it holds

(O 0x)i= D Gty 300y - Oy )o.  (229)

1<y)<-<yn<L
Proof This is seen as follows:
LHS = (N|Qx, --- O, ¢~ "|1y)
=Cyn(xt, - Xl (X )V e Iy)
= Crnax1, oo Xale (XN Ly)

= D rsxmle Iy v Oy vl (XY )

I<yp<-<yn<L

= Y e xle ™y ) (NIQy, - Oy, I Iv) =RHS.  (2.30)

I<yj<-<ya=<L

Here Cy , is the constant appearing in (2.27). In the third equality we used (2.12) and in the
forth equality we used the fact that Zlgyl cocyp<r Y15 oo Y0} (31, -+, Yl acts as an identity
in the subspace with n particles. d

This is a generalization of the well known duality for the symmetric simple exclusion
process [12]. The computation of k point correlation functions of (2.20) is reduced to the k
particle problem.

To study the exponential moments of currents, we need a formula when x;’s are equal.
It turns out that the quantity can not be written as a summation of only n-particle transition
probability but as a sum of k particle ones for all k(< n). The result is

Proposition 3

t_Z(r _1) = k+1 )

x> > GUx iyl 0(Qy, - Oy do.  (231)

I<xj<--<xp=xl<yj<--<y=L
To derive this we need a few lemmas. One first shows

Lemma 4
-1

(NIQ2 = (z - 1)Z<N|Q, 0.+ (N1, (2.32)

Proof First one computes
LHS = Cy (0](X )" 02 = Cy(0I[(X )", 031 = Cn(OIL(X )N, 0410 (2.33)

Using Lemma 1, this becomes

'CN

c —1
Nr—l

O1(Q:X; = Qe 1 X DXV 10, (2.34)
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Rewriting (X )¥'0, = [(X)N~!, 0,1+ 0. (X )N, applying Lemma 1 again and using
(2.8), it is

L/2fN—1 LA | =l N Vs ~ o
_ . o . o
T — p— (0] (T—l)/Z:l:sjsx (XN 4+ (0lsF 0. (X7)
x—1
= (= 1)Ca Y AKX 2 o O (el (XY (2.35)
=1
By (2.27) this is the RHS of (2.32). 0

Let us define for a fixed x

By=(Nl Y Q40 (2.36)

I<xy<--<xp=<x

Then we have

Lemma 5
B, ; 0,=" I__Tn:l By + 11__2" B,. (2.37)
Proof First we see
Bniéj = (n+ DBy +i8n,,- (2.38)
j=1 i=1
where
Bui= Y (NIQy- 0% O (239)

1<xy<-<x<x

This can be rewritten in terms of B, B, only as
B, =" =B, +77'B,. (2.40)
This is seen as follows. Using (2.32), one has
B,1=(t —1)B,+1 + By, (2.41)
B,i=(—1D(By1+-+Bui—1) +i(t = 1)Byy1 + By. (2.42)

Suppose (2.40) is correct for 1,2,...,i — 1. Then one gets (2.40) for i by mathematical
induction. Plugging (2.40) into (2.38), we get (2.37). O

Now using lemmas 4,5, it is not difficult to show

n

(NIQE =D (" =D =) Y (N|Qy Oy (2.43)

k=0 1<x)<--<xp<x

by mathematical induction. From this and Proposition 2, we arrive at Proposition 3.
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3 Step Markov Initial Condition for the ASEP on 7Z

To consider the ASEP on Z, we first put the ASEP with reflective boundaries of size 2L + 1
on{—L,—L+1,...,L —1,L}. Then by taking the L — oo limit in (2.31), we have, for
the ASEP on Z,

(Q%)r = Z(‘L’" S L
k=0

x oy Yo G 00y, - Oydo BD)

—00<X]| <+ <X SX —00< Y| <+ <Yk <00

Here G ({x}; t]{y}x; 0) is the transition probability of the ASEP on Z and QX is defined by
(2.19), (2.20) with

Ne= 3, (3:2)

j==o0

Let us assume g > p from now on. For the summation in (3.1) to converge, we assume in
the sequel of the paper that there are no particles far to the left and there are enough many
particles far to the right. With this in mind we state the formula as

Proposition 6 The nth moment of Q, is written as

(@)=Y (" =1 (@ = ey (33)
k=0
with
a= Y Yo GUxki tHyk 0(Qy, - Qo (34)

—00<X] <+ <Xf <X —00<Y| <--- <Yk <00

Let N, (x) be the integrated current at bond between sites x and x + 1, i.e., the number of
particles which hop from x 4 1 to x minus the number of particles which hop from x to x + 1
up to time ¢. Notice that when we consider the initial condition such that n, =0, x <0, then
N, (x) is the number of particles on sites < x and hence

Q1) = (TN 3.5)

for x < 0. Hence the quantity in Proposition 6 is the same as the exponential moment of the
current of the ASEP. For x > 0 and more general initial conditions, one has to modify the
relation between Q, and N,(x) to incorporate the initial configuration of particles.

For the ASEP on Z, the transition probability is written as [22, 26]

Gl =Y [ o [ asdsa, [Je e G
oes; Y Cr Cr i

where S, is a set of all permutations of order k, €(§) = p/& + g€ — 1 and

[1i;(p+déiéoyy — Eoiy)
[l.;(p+q&& —&)

A, =sgno 3.7
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Cr is a contour enclosing the origin anticlockwise with a radius large enough that all the
poles in A, are included in Cg. In [26], the contour was taken to be a small one, but one can
simply use the transformation £ — 1/& to switch to a large contour.

Suppose we substitute this representation into (3.3). Taking R > 1, one has |§;| > 1,1 <
i <k so that the summation over x can be performed as

o ew _ &1 50" 38
2 &y g = Gy =D Gy dowy = D oy

—00<X| < <Xf <X

By using (3.6),(3.8) and a formula given in [26],

e i< &5 = 8

l_[l<] (p + qé(f(l)é(f(j) - Err(t))
Z sgno

=(-1*q2 , (3.9
S G D Gm b — D 7 L&)
one arrives at
Theorem 1 The nth moment of Q, is written as (3.3) with
-6  r&e
_( l)k Zk(k 1)/ /. ds g i
E S "Epws,s, Al e
{0y ---0y)
x oy )517;5;:“ (3.10)
&

—00< Y] <+ <Yk <00

In this expression, the dependence on the initial condition is clearly separated. It is
straightforward to check whether the summation over y can be taken for a given initial
condition.

From (3.10) one guesses that the distribution function of the current is given by (again
for a special case where n, =0, x <0 initially)

PN, (x) = m] = (=1)"r2"" =D " 70 '">’<<k 1) . x=0 (3.11)

k—m
k>0

. . . . —Nye (1= N=n+1
where (N ) is 7-binomial coefficient defined as (N ) = 4=t ) dor ) )
nlt nlt (I=7)--(1—1")

the argument in [31], one sees that (3.11) leads to the expression,

. In fact following

00 k—1
1 .
(@) =Y e ENMH T — e ) (3.12)
k=0 j=0

When A =nlogt,n € {1,2,...}, the summation over k is terminated at k = n and this re-
duces to (3.3). Of course to go in the opposite way from (3.3) to (3.12), there is a question
of analytic continuation, an infamous problem in replica theory. We do not discuss it here
but just mention that it looks natural to expect (3.12) from (3.3).

To further proceed, we need to take the summation in (3.10). As explained in [33], there
are not many examples for which this has been done. Here we will give a generalization by
observing
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Lemma 7 Suppose (le e ka)o has the form,

k
(le ka)o =l 5 l_[gi i —yi-1—1 (3.13)

i=1

with the convention yy = 0. Here a; does not depend on y; and the function g;,1 <i <k is

assumed to be such that Z 0 g"(fl) converges for |&| large enough. Then

(Q 10 Q\k l( i
Z ) .. —“knz (51 £ ;()y,qtl (3.14)

1<y;<--<yp<oo 1 i=1 y;=l

Proof Due to 1,,> in (3.13), the summation in (3.10) can be replaced by ley1<y2<~»<yk'
By shifting y; — y; — 1, the LHS reads

S = g em =y —DgOr—y-1—1) 315
akZ Z Z yi+1 yo+1 ye+1 . ( )

n=0y=y1+1  y=y—1+1 >I 2 k

One further makes a change of variable, y; — y; 4+ (y» + 1) +--- (y; + 1), to get the RHS. [J

We illustrate Lemma 7, for a non-trivial case. Let us consider the initial condition in
which there is a particle at the origin and the particle occupation on Z, = {1,2,...} is
described as a Markov process with the 2 x2 transition matrix,

|l=p 1-=pn
A—[ o M ] (3.16)

where 0 < p, u < 1. This means that if the site x(> 1) is empty then the site x + 1 is empty
(resp. occupied) with probability 1 — p (resp. p) and if the site x(> 1) is occupied then the
site x + 1 is empty (resp. occupied) with probability 1 — u (resp. ). We call this the step
Markov initial condition. We remark that the transition matrix A in (3.16) can be interpreted
as a transfer matrix of the one-dimensional Ising model with certain coupling constant and
magnetic field so that our initial condition can be regarded as the equilibrium measure of the
Ising model with infinite negative boundary field on site 0. When p = u, each site x > 1 is
independent and this becomes the step Bernoulli initial conditions [30] except that there is
a particle at the origin. When the site x is occupied, let us denote by p; (m) the probability
that there is a particle at site x + L 4 1 and that there are m particles on sites from x + 1 up
to x 4+ L. We set

L
we (@)=Y prim)i™. (3.17)
m=0
Notice, if one defines
1 ol\" .
Zr()=(1(A 0 ¢ All), [1)="(,1), (3.18)

this is written as wy () = Z.(¢)/Z.(1).
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928 T. Imamura, T. Sasamoto

Let yo=0,1 <y, <y, < -+ < y. Suppose there are particles on y, = 0 and y;,
1 <i <k and that there are m; particles on sites between y;_; +1and y; — 1, 1<i <k.
This happens with probability

k
| D) (3.19)

due to the Markov properties of the measure. We also have

k
- ~ ) k
le ka :Hrmﬁ»ermﬂ»t _,L,zk(k+l)+z 1 (k— H»l)m:‘ (3.20)
i=1
Hence
ko yi—yi—1—1
A A Lik+1 k—i+1)m;
(Qy, - Oy o=tV 3" pyy impr®itom
i=l  mj=0
1 k
Lk(k+1 k—i+1
T2 (+)1_[wy[_yi71_1(r i+, (3.21)

i=1
This is exactly the form in Lemma 7 with g; (y) = w,(t*~**!) and hence
<Q>1 : Q‘k ) Wyt ) CARAD!
Z RRERE Tk HZ &gt 622

—co<yj<<yp<oo 1 i=1y;=0

Combining Theorem 1 and Lemma 7, we summarize our result as

Theorem 2 For the step Markov initial condition described around (3.16), the nth moment
of Q is given by

f—Zu =D (T = D) (3.23)
with
x €&t
— (—]* Lrk—1) lk<k+1>/ / d d & —& &'e
R e R skgpw%_&]lf[ =
w ,('L'k t+l)
XHZ(E,) T (3:24)

i=1y;=0

It may still be in general nontrivial to take the summation over y; in (3.24) explicitly but
the point here is that the summations over y;’s are now separated and hence one may be able
to do asymptotics using this expression with (3.17), (3.18).

In the parallel way, one can also treat the initial condition in which there is no particle at
the origin and the particle occupation on Z, = {1, 2, ...} is described as a Markov process
with the transition matrix (3.16). The only difference is that the first product p,, _;(m,) is
replaced by p!”_ (m,) in (3.19) where p{” (m) is the probability that, when the site x is
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empty, there is a particle at site x + L + 1 and that there are m particles on sites from x + 1
up to x + L. We also define wio)(g ) accordingly. Then the net change in (3.24) is that one
replaces 7 2K(+D) by 7 3K¢=D ang wy, (t%) by w? (%) respectively.

When p = p, the measure (assuming there is no particle at the origin) becomes the step
Bernoulli initial conditions. For this case, one has

L m L—m
pL(m)=p<m>p (I—=p)=", (3.25)
L
wi(Q) =) pLmi™ =p(l—p(l =)~ (3.26)
m=0

Applying Lemma 7 with a; = p*, g;(y) = (1 — p(1 — ¢))?, one finds

. &) 1
- - 3.27
ylzz;)(gi...gk)ym E - — L+ p(1 — gh=itl) (3.27)

The final result is given by

k

(le"'éyk)() _ L 3kGk=1) K 1 328
Z L g i pgfi"'fk—l—i-/)(l—rk—i“)' (3.28)

o<y <<yp<o0 Ol

This agrees with the expression given in [28].
Next we consider the m-periodic initial conditions in which particles start from the sites
1,m+1,2m+1,...[11]. In this case one has
~ y—1

Q= lyzllTT (3.29)
y=

where = means the modulo m. Hence

-l 00 »n-1 00 V=1

~ ~ o0
(le ~--ka>0 _ T m T m T m 3 30
Z g g T Z Vi Z £ Z Ve (3.30)
—00< Y] < <Yg <00 1 k yi=1 1 yo=y|+m 2 Y=Yk +m k

yi=l1 =l Y=l

This is not exactly the form treated by Lemma 7. But if we make a change of variable,
yvi=my; —m+1, 1 <i <k, then

= = k

(Qy, - Oyl Lk—1 k—i+1)Gi—Fi—1—1

— = g2k )lilzlnf( i+DGi=Fio1=1) (3.31)
g i

Now one can apply Lemma 7 with g;(y) = T %=1 to obtain

...El.:’k g — i - (32

Z M = D (g gy ﬁ Em :
i=1 "1

—00<y] <+ <Yk <00 1
This agrees with the expression given in [11, 31].
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