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Abstract This paper is devoted to the study of a fractional version of non-linear MV (¢),
t > 0, linear M"(t), t > 0 and sublinear 9" (¢), t > 0 death processes. Fractionality is in-
troduced by replacing the usual integer-order derivative in the difference-differential equa-
tions governing the state probabilities, with the fractional derivative understood in the sense
of Dzhrbashyan—Caputo. We derive explicitly the state probabilities of the three death
processes and examine the related probability generating functions and mean values. A use-
ful subordination relation is also proved, allowing us to express the death processes as com-
positions of their classical counterparts with the random time process 73, (¢), t > 0. This
random time has one-dimensional distribution which is the folded solution to a Cauchy
problem of the fractional diffusion equation.

Keywords Fractional diffusion - Dzhrbashyan—Caputo fractional derivative -
Mittag-Leffler functions - Linear death process - Non-linear death process - Sublinear death
process - Subordinated processes

1 Introduction
We assume that we have a population of n( individuals or objects. The components of this

population might be the set of healthy people during an epidemic or the set of items being
sold in a store, or even, say, melting ice pack blocks. However even a coalescence of particles
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can be treated in this same manner, leading to a large ensemble of physical analogues suited
to the method. The main interest is to model the fading process of these objects and, in
particular, to analyse how the size of the population decreases.

The classical death process is a model describing this type of phenomena and, its linear
version is analysed in [1], p. 90. The most interesting feature of the extinguishing population
is the probability distribution

pr(@) =Pr{M(t)=k| M@O)=neo}, t>0,0=<k<n,, 1.1)

where M (t), t > 0 is the point process representing the size of the population at time ¢. If
the death rates are proportional to the population size, the process is called linear and the
probabilities (1.1) are solutions to the initial-value problem

L pi(t) = plk + 1) piy1 (0) — pkpe(t), 0 <k <no,
1, k=no, (1.2)

0=1"
P {0, 0<k <ny.

with p,,11(t) =0.
The distribution satisfying (1.2) is

pi(t) = (’Z’)e-ﬂ’“ (1—e )™, 0<k<no. (1.3)

Equations (1.2) are based on the fact that the death rate of each component of the population
is proportional to the number of existing individuals.

In the non-linear case, where the death rates are p;, 0 < k < ng, (1.2) must be replaced
by

L (1) = 1 perr (1) — pape (D), 0 <k <ny,
1, k=no, 1.4
n(0) = ’
0, 0<k<nyg.

In this paper we consider fractional versions of the processes described above, where
fractionality is obtained by substitution of the integer-order derivatives appearing in (1.2)
and (1.4), with the fractional derivative called Caputo or Dzhrbashyan—Caputo derivative,
defined as follows

&f@ 1 r_f(s)
av T T(—v) fo (t—s5)” ds, 0<v<l, (1.5)
@), v=1.

The main advantage of the Dzhrbashyan—Caputo fractional derivative over the usual
Riemann-Liouville fractional derivatives is that the former requires only integer-order deriv-
atives in the initial conditions.

The fractional derivative operator is vastly present in the physical and mathematical liter-
ature. It appears for example in generalisations of diffusion-type differential equations (see
[2-5]), hyperbolic equations such as telegraph equation (see [6]), reaction-diffusion equa-
tions (see [7]), or in the study of continuous time random walks (CTRW) scaling limits (see
[8, 9]). Fractional calculus has also been considered by some authors to describe cahotic
Hamiltonian dynamics in low dimensional systems (see e.g. [10-14]). For a complete re-
view of fractional kinetics the reader can consult [15] or the book by Zaslavsky [16]. In
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70 E. Orsingher et al.

the literature are also present fractional generalisations of point processes, such as the Pois-
son process (see [17-22]) and the birth and birth-death processes (see [23—-25]). Fractional
models are also used in other fields, for example finance ([26, 27]).

The population size is governed by

Lo (1) = pir1 pe (1) — ape(®), 0 <k <no,
1, k=n, (1.6)

vO: ’
7 0) 0, 0<k<ny,

and is denoted by MV (¢), t > 0.

Let us assume that a crack has the form of a process 75, (t), t > 0. For v = 1/2, this
coincides with a reflecting Brownian motion and has been described and derived in [28].
For v # 1/2, the process T5,(¢), t > 0, can be identified with a stable process (see for details
on this point [29]). The ensemble of n( particles moves on the fracture and, at the same time,
undergoes a decaying process which respects the same probabilistic rules of the usual death
process. The number of existing particles is therefore

p;?(t)=/ooopk(S)Pr{Tzv(t)Gds}- 1.7
We observe that
Pr{T,,(t) eds}=q(s, t)ds, (1.8)
is a solution to
2v 52
8t2"Q(s’ )= ﬁq(s, ), s>0,1>0, (1.9)

with the necessary initial conditions. Furthermore we recall that
o v
/ e g(s,Ndt=z""1e7*, z>0,5>0. (1.10)
0

The distribution g (s, t) is also a solution to
v

atv

9
q(s,t)z—a—q(s,t), s >0, (1.11)
S

as can be ascertained directly. If we take the fractional derivative in (1.7) we get

d\) ; o0 a\)
an b (0 :/0 Pk(S)%PT{Th(l‘) € ds}

o ]
:—/ pk(S)a—q(S,[)dS
0 S

*©d
pdk(s)q(s, t)ds

N

=—q(s.Hp()|; + /
0

:/0 [_MkPk(S)+Mk+1pk+1(5)]q(s,t)ds

= —ppi () + ki1 Py (0. (1.12)
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This shows that replacing the time derivative with the fractional derivative corresponds to
considering a death process (annihilating process) on particles displacing on a crack.

We now give some details about (1.11). By taking the Laplace transform of both members
of (1.11) we have that

o0 al} a o0
— JDdt = —— (s, t)dt
/0 e atvél(s ) 35 (/O e q(s, 1) )

— _;_S (Zv—le—sz”) — Z2v—le—sz". (1.13)

Furthermore,

) 9v o0
/ e o—q(s, ndt =Z”/ e~q(s,n)dt —2"q(5,0)
0 Jt 0

=z" (") — 2718 (s), (1.14)

and therefore for s > 0 this establishes that ¢ (s, ¢) solves (1.11). We note that a gas particle
moving on a fracture has inspired to different authors the iterated Brownian motion (see
[30D).

The distribution

@) =Pr{M" () =k | M"(0)=ne}, 0<k<ny, (1.15)

is obtained explicitly and reads

EV,I(_:u‘notv)s k:no’
Ey 1 (=pmt”)
[Tkt i 2o = 0 <k <n,
(1) = kLIS =k IO Gy —pam)
B 0) s (1.16)
1- ZZO=| 710:] (Mh’i],llm) Ev,l(_ﬂmtv), k :0, nog > 1
h#m

Obviously, for k =0,n9=1,
@) =1-E, (—uit"). (L.17)

The Mittag-Leffler functions appearing in (1.16) are defined as

o0 h

X
E,,(X)=) ————, x€R vy>0. 1.18
7@ ;F(WH—J/) ! nre (1.18)

Forv=y =1, E;(x) = ¢* and formulae (1.16) provide the explicit distribution of the
classical non-linear death process.

For p; = ku the distribution of the fractional linear death process can be obtained ei-
ther directly by solving the Cauchy problem (1.6) with py =k - and p, 4 () =0, or by
specialising (1.16) resulting in the following form

no—k

—k .
HOE ('20) > ("", )(—1>'Ev,1(—(k+r>m”). (1.19)
r=0

@ Springer



72 E. Orsingher et al.

A technical tool necessary for our manipulations is the Laplace transform of Mittag-
Leffler functions which we write here for the sake of completeness:

o] v—y
/ TV, (£90)dt = —— . R() > [9]7. (1.20)
0 VFV

Another special case is the so-called fractional sublinear death process (for sublinear
birth processes consult [31]) where the death rates have the form p; = u(ng+ 1 — k). In
the sublinear process, the annihilation of particles or individuals accelerates with decreasing
population size.

The distribution p; (#), 0 < k < ny of the fractional sublinear death process 9" (¢), t > 0,
is strictly related to that of the fractional linear birth process NV (¢), t > 0 (see, for details on
this point, [24]):

Pr{9"(t) =0|9M"(0) =no} =Pr{N"(t) >no | N"(0) =1}. (1.21)

In general, the connection between the fractional sublinear death process and the fractional
linear birth process is expressed by the relation

Pr{I" (1) =ng — (k — 1) | M"(0) = no}
=Pr{N"(t) =k |N"(0)=1}, 1<k<=<ny. (1.22)
This shows a sort of symmetry in the evolution of fractional linear birth and fractional sub-
linear death processes.

For all fractional processes considered in this paper, a subordination relationship holds.
In particular, for the fractional linear death process we can write that

M’ (t)=M(T» (1)), O<v<l,t>0, (1.23)
where T, () is a process for which
Pr{T7,(t) e ds} =q(s,t)ds, (1.24)
is a solution to the following Cauchy problem (see [32])

2v 2
;’Wq(s, 1) = 335—2q(s, 1), t>0,s5s>0,
?

74(s, D=0 =0, (1.25)
q(s,0) =4(s), 0<v<l,

with the additional initial condition

q:(s,0)=0, 1/2<v<l. (1.26)
In (1.23), M (t), t > 0, represents the classical linear death process. Subordination relations
of this type are extensively treated in [29] and [33].

We also show that all the fractional death processes considered below can be viewed as
classical death processes with rate u - Z, where & is a Wright-distributed random variable.
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2 The Fractional Linear Death Process and Its Properties

In this section we derive the distribution of the fractional linear death process as well as
some interesting related properties and interpretations.

Theorem 1 The distribution of the fractional linear death process M"(t), t > 0 with ng
initial individuals and death rates v, = | - k, is given by
pi (@) =Pr{M"(t) =k | M"(0) = no}

no—k

—k
= (';f) 3 ("Or )(—U’Ev.l(—ac +ryut®), @.1)

r=0

where 0 <k <ng, t >0 and v € (0, 1]. The function E, (x) is the Mittag-Leffler function
previously defined in (1.18).

Proof The state probability p, (¢), t > 0 is readily obtained by applying the Laplace trans-
form to (1.6), with p; = w - k, and then transforming back the result, thus yielding

Pny@) = Ey1(=nout”), >0, ve(,1]. 2.2)

When k = ny — 1, in order to solve the related differential equation, we can write

v—1

"L pug-1} () = pun — (o — DL pny-1} 2)

Oz“ + nou
R 1
2" +nop 2+ (no— D

< L {pn()—l} (Z) = /,Ln()Zv7

R 1 e
& L{pu-1} () =noz <2v+(n0+1m z”+nou>' (2.3)

By inverting (2.3), we readily obtain that
Py 1) =no (Eyi(—(ng — Dut*) — Ey y (—nout”)) . (2.4)

For general values of k, with 0 < k < ny, we must solve the following Cauchy problem:

@ (. ""‘Z":“ no—k—1
ap PR =1 k+1 r

r=0

X (=) Eyi(=(k+ 1+ r)ut”) — pkpe(1), 2.5)

subject to the initial condition p;(0) = 0 and with v € (0, 1]. The solution can be found by
resorting to the Laplace transform, as we see in the following.

no—k—1
—k—1
z”ﬁ{pk}<z)=u<k+1>(k’ffl) 3 ("0 . >

r=0
, val
x (=1) m — ukL{pi}(2). (2.6)
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74 E. Orsingher et al.

The Laplace transform £{p;}(z) can thus be written as

L{p} (2)
no—k—1
_ no I’lo—k—l
—ueen((1) 2 (7))
v—1
X (—1) ——= 1

P HGk+1l+rp 2 +ku

no okt nog — k rov—1 1 1
()% (L e -
k g r+1 V+ku 4+ k+14+ru
—k

no 2 no—k 1 ov—1 1 1
= _1yilyy _
<k>2< j >( e (z”+ku z“+(k+j)u>

Jj=1

no—k

_ no I’lo—k ; Zv_l
—<k>2< j >(_1)1zv+(k+jm

=1

v—1 no—k
SRR
k)z"+kp J

j=1

_<n0>"°i<no—k>( iy -1 +<n0> o
- \k J 4 k+ o \k)z"+kp

j=1

= <n0> 05 <n0 . k)( ——— @7
IRV AN 2+ (k+ '
By taking now the inverse Laplace transform of (2.7), we obtain the claimed result (1.19). J

Remark 1 When v =1, (1.19) easily reduces to the distribution of the classical linear death
process, i.e.

pe(t) = (10)6—“" (1- e—#')'”’"‘, >0, 0<k<no. (2.8)

In the following theorem we give a proof of an interesting subordination relation.
Theorem 2 The fractional linear death process M" (t), t > 0 can be represented as

MY()'2 M(To, (1)), >0, ve (0, 1], 2.9)

where M(t), t > 0 is the classical linear death process (see e.g. [1], p. 90) and T»,(t), t > 0,
is a random time process whose one-dimensional distribution coincides with the folded so-
lution to the following fractional diffusion equation

821} _ 32
{a,nq(s,t) =524(s.), 1>0,ve 1], (2.10)

q(s,0) =46(s),

with the additional condition g, (s,0) =0 if v € (1/2, 1] (see [32]).
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Proof By evaluating the Laplace transform of the generating function of the fractional linear
death process M"(t), t > 0, we obtain that

/ e G (u,t)dt
0

i no—k
o0 —k
=/ e~ uk(’;(()) > :(""r )(—1)’Ev,1(—(k+r)m”)dt
0 k=0 r=0

-0 no ot I’lo—k Z\Fl
-2 ()L ()
5 k = r v+ k+r)u
k

[ Res

-1y v—le—s(z“+(k+r)u)ds

o
r=0
00 no no—k k
:/ e ! u* o Z o= (=Dre s+t g
0 v r
0 r=0
o O n X g —k
— / efsz‘”zv—l Mk< 0>eﬂuk Z ( 0 >(_1)re—sru ds
0 0 k r=0 r

[oe] 0
:/ efszvzvfl Ltk (n())eﬁuxk(l _ e;m)nok}ds
0 k

k=0

>~

:/ e 2" G (u, s)ds

0
o] oo 0

:/ e’”/‘ ZukPr{M(s):k}szV(s,t)dsdt
0 (I

:/me_u {ZukPr{M(Tz,,(t)) :k}}dt, 2.11)
0

k=0

and this is sufficient to prove that (2.9) holds. Note that we used two facts. The first one is
that

/ e~ fr, (s, )dt = e §>0, >0, (2.12)
0

is the Laplace transform of the solution to (2.10). The second fact is that the Laplace trans-
form of the Mittag-Leffler function is

v—1

Z
4+

(o]
/ e E, | (=91")dt = (2.13)
0
d
In Figs. 1 and 2, we compare the behaviour of the fractional probabilities pﬂ(’] (t) and

Py (1) with their classical counterparts p, (1) and p) (1), t > 0. What emerges from
the inspection of both figures is that, for large values of ¢, the probabilities, in the fractional
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Fig. 1 Plot of pQ;/ (¢) (in black) and pj, (1) (in grey), both with ng = 10

0.35 .
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np—1

Fig. 2 Plot of p067 (¢) (in black) and p }Lo_l (t) (in grey). Here ng = 10

0.7

case, decrease more slowly than p,llO (t) and p}lo_l(t). The probability p, ", (¢), increases

initially faster than plllo_1 (1), but after a certain time lapse, p,'lo_l (t) dominates 1’257—1 (0.

Remark 2 For v =1/2, in view of the integral representation
Ey ()= — / Temugy  xeR (2.14)
#1977 Uy ’ ’ '
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we extract from (1.19) that

n()*k
_ w2 (10 no—k\ o ougerru?
i) = ff ( )2_;( . )( 1)e "

pedy =Pr{M(B®)]) =k}, (2.15)

[

where B(t), t > 0 is a Brownian motion with volatility equal to 2.

Remark 3 We can interpret formula (1.19) in an alternative way, as follows. For each integer
k € [0, ng] we have that

pi (@) =Pr{M" (1) =k | M"(0) = no}

:/ Pr($)Pr{T>, (1) € ds}
0

no—k

_ <n0> Zk (no ) k)<—1>’ / W (s
k) =\ r 0 |
_ <n0> ik (no—k) 1y / Tttty e
k) =\ r 0
:fom Wosa-o(—6)Pr {Me(1) = k | M(0) = no) . 210

where W_, 1_,(—£) is the Wright function defined as

oo

_ (&)
qu,lfu(_é)—;m, 0<v<l. 2.17)

We therefore obtain an interpretation in terms of a classical linear death process Mz (¢),

t > 0 evaluated on a new time scale and with random rate p - Z, where & is a random
variable, & € R™, with Wright density

fe@)=W_,1,(=§), &eR". (2.18)

From (1.6) with u; = k - u, the related fractional differential equation governing the
probability generating function, can be easily obtained, leading to

(2.19)

LG, 1) = —pu(u — LG w,1), ve (1],
G (u, 0) = u"
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78 E. Orsingher et al.

From this, and by considering that EM"(¢) = %G“(u, t)|u=1, We obtain that

dr’ (2.20)
EM"(t) = ny.

{ S EMY (1) = —uEM"(t), ve(0,1],
Equation (2.20) is easily solved by means of the Laplace transforms, yielding

EM" () =noE, (—pt¥), t>0,ve(,1] (2.21)

Remark 4 The mean value EM"(¢) can also be directly calculated.

no
EM"(t) =Y kpi(t)

k=0

no

no _ k
= Zk(’:’) > (’j " ) (=) *E, y (~rpt”)
k=0 r=k
20 d no nyg — k
= Eoi(-ru’)(-1y k( )( )(—1)"
; ; k r—k
3 Eurcrut) 1Y n <"° - 1) )3 (r _ 1)( Dk
= v,1{— - 0 -
p— r—1 P k—1

=noE, 1 (—ut"). (2.22)

This last step in (2.22) holds because

"r—1 L e (r—1 |- =1,
Dl Jev=x", Jen=1, (2.23)

pa s r>1.

3 Related Models

In this section we present two models which are related to the fractional linear death process.
The first one is its natural generalisation to the non-linear case i.e. we consider death rates in
the form p; > 0, 0 < k < ng. The second one is a sublinear process (see [31]), namely with
death rates in the form pu; = u(no + 1 — k); the death rates are thus an increasing sequence
as the number of individuals in the population decreases towards zero.

3.1 Generalisation to the Non-Linear Case

Let us denote by M"(¢), t > 0 the random number of components of a non-linear fractional
death process with death rates p; > 0, 0 < k < ny.
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The state probabilities p; (t) = Pr{M" (1) =k | MV (0) =no},t > 0,0 <k <ng,v e (0,1]
are governed by the following difference-differential equations

Lo (1) = pirr e () — pupe(), 0 <k <o,

Lo (1) = pipi (0), k=0,
j?P)lo(t):_lunopno(t)v k = no, (3.1)
0, 0<k<ny,
0) = -
BO=0

The fractional derivatives appearing in (3.1) provide the system with a global memory;
i.e. the evolution of the state probabilities p;(¢), ¢t > 0, is influenced by the past, as defin-
ition (1.5) shows. This is a major difference with the classical non-linear (and, of course,
linear and sublinear) death processes, and reverberates in the slowly decaying structure of
probabilities extracted from (3.1).

In the non-linear process, the dependence of death rates from the size of the popula-
tion is arbitrary, and this explains the complicated structure of the probabilities obtained.
Further generalisation can be considered by assuming that the death rates depend on ¢ (non-
homogeneous, non-linear death process).

We outline here the evaluation of the probabilities p{(¢), t > 0, 0 < k < ng, which can
be obtained, as in the linear case, by means of a recursive procedure (similar to that imple-
mented in [24] for the fractional linear birth process).

Let k = ng. By means of the Laplace transform applied to (3.1) we immediately obtain
that

P;O(t) = Ev,l(_ﬂnolu)- (32)
When k =no — 1 we get

v—1

) z
'L {p,fo_l} (2) = —pny—1L {pn(,_l} (@) + Mnom

v—1 1

& C{:_}z = Un, .
Pt | @) 0 e 2 F gt

1 1 :| 1
v+ Mng 2V + Mng—1 1 Mng—1 — Hng

@ L {p:o—l} (Z) = 'u’lozv_1 |:

g

N pv ~ (f) _
no-1 ,u’no—l - .u'no

{Ev,l(_ﬂnot‘}) - Ev,l(_:unofltv)}‘ (33)
For k = ny — 2 we obtain in the same way that

'L {P;o—z} @)

v—1 v—1
MongHng—1 z z
s 0 ] e
0 Pny—2 Mng—1 = Mng L2+ tng 2"+ Mng—1

so that
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80 E. Orsingher et al.

L {Pz()fz} ()

MongHng—1 Zv_l |: 1 _ 1 ] 1
Mng—1 — Mng v+ Mngy v+ Mng—1 v+ Mng—2

__MugHng-1 Pt |:< 1 _ 1 > 1
Mng—1 — Mng 7V + Mng v+ Mng—2/ Mny—2 — Mng

1 1 1
- ( - ) ] . (3.5)
v+ Mng—1 v+ Mng—2 /) Mng—2 — Mng—1

By inverting the Laplace transform we readily arrive at the following result

Ey 1 (—pngt")
v , 0
2 (1) =g g1 [
Pro-2 MO (g1 — Hng) (Hng—2 — ng)
Ev,l(_.l"'n()thv) Ev,l(_,unofltv)

(:unofl - I"(’n())(l"l’l‘l()fz - H’no) (Mnofl - Mno)(ﬂn()fZ - ,u'nofl)

Ev,l (_Mn072tv) :|
(:unofl - :uno)(ll/no—Z - Mno—l)

Eu,l(_ﬂnot‘))
Hng—1 — Mng) (ng—2 — Mang)

= MngMnp—1 |:(

v l( Mng af ) < 1 _ 1 )
(Mnofl - /~'Ln0) Mng—2 — Mng—1 Mng—2 — Mng

_ v l( Mong 1 ) :|
(,unofl - ,un())(“*n()72 - /J'nofl)
Ey i (=pnyt")
(Kng—1 — Mng) (Kng—2 — Hang)

= MngMny—1 |:

Ev.l(_l‘bnofﬂ‘v) . Ev.l(_l‘bnofltv) :| (3 6)
(Mng—2 = Mng—1) (ng—2 — Mng)  (ng—1 — Mug) (Kng—2 — Mng—1)

The structure of the state probabilities for arbitrary values of k =ny—1,0 <[ < ng, can now
be easily obtained. The proof follows the lines of the derivation of the state probabilities for
the fractional non-linear pure birth process adopted in Theorem 2.1 in [24]. We have that

Ey 1 (—ing—mt")
1_[ Z0 Hno—j omo P » I=l<no,
v nh =0 (ﬂno—h Hno—m)
Pug—1 () = htm (3.7)
Ev,l(_/'LnotU)v l=0

By means of some changes of indices, formula (3.7) can also be written as

no no Ey 1 (=pmt")
. et M 2k 71—["0 T 0 <k < no,
pe () = "z (3.8)
EV.I(_MnOtU)v k:no.
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For the extinction probability, we have to solve the following initial value problem:

d4v _ n E, (= wmt”)
Wpﬂ(t) = M1 1_[]0:2 Mj Zm 1 l_[nO_] (—#h o) nog > ],
h#m
v 3.9
Lop(t) = i Ey 1 (—pat?), no =1, (39
p(0) =0, ng > 1.

When ng > 1, starting from (3.9) and by resorting to the Laplace transform once again, we
have that

ng 1

Lin}@= HM/Z T NS (3.10)

(Mh Mm) v+ Mm

The inverse Laplace transform of (3.10) leads to

no o

Po(t)_Hﬂjzmtva,er(_,uth)
no 1
_ — 1= E, i (~ptt"
l_[M/mX; ﬂ() (Mh /’Lm) :um[ V~1( o )]
ng ng ng ng
= Eu,l(_,u/mtv)
,;;T,(M_ D2
h#m
ng ng
=1-Y J] ( )Ev,1<—umr“). (3.11)
m=1 h=1
h#m

Note that, in the last step, we used the following fact:

ZO:]_O[( >=1. (3.12)

m= lh 1
#m

This can be ascertained by observing that

no
[T n—w)=detA=> a);(—1)"'Min, ; (3.13)
1<h<l<ng j=1
where
1 1 ... 1
S B
A — /’Ll /'L2 e I’Lno s (314)
,LL’;‘O 1 /J,;O_l o Mﬁg—l

is a Vandermonde matrix and Min, ; is the determinant of the matrix resulting from A by
removing the first row and the j-th column.
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When ny = 1 we obtain

-1

Lip | ()= , (3.15)
{r} M 0
so that the inverse Laplace transform can be written as
o) = pit"E, i1 (—pat”)
= 1= E, (—mt"). (3.16)
We can therefore summarise the results obtained as follows:
T i Y0 oGm0 <k <y, ng > 1
v J=k+1 52 m=k l_[hO:k (p—m) ’ ’ ’
pe () = ham (3.17)
Ev,l(_ﬂnotv)» k=ngp, no > 1,
and
1_2::[07 ”07 ( — )E ,1(_/’Lmlv)a no > 17
) = =g Nt ) (3.18)

1= E, 1(—ut"), no=1.

3.2 A Fractional Sublinear Death Process

We consider in this section the process where the infinitesimal death probabilities have the
form

Pr{ON(t,t +dt] = —1 | M) =k} = u(no + 1 — k)dt + o(dt), (3.19)

where ny is the initial number of individuals in the population. The state probabilities
pe(@) =Pr{9(r) =k [ M) =no}, 0=k =no, (3.20)
satisfy the equations

Lpe(t) = —p(no + 1 = k)pe(t) + (o — )piyr (1), 1 <k <no,

d — k=0

arPo(0) imolzlg)’; , 321)
0 — ’ - 0>

P (0) {0, 0<k <no.

In this model the death rate increases with decreasing population size.
The probabilities p; () = Pr{9N”(t) = k | 9 (0) = no} of the fractional version of this
process are governed by the equations

Lope() = —png + 1 = pe(®) + png — B)piyr (1), 1<k <no,

4 po(1) =1Mn0: 1_(12 k=0, (3.22)
0 _ ) — 0o,
pe(0) {O, 0<k < no.
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We first observe that the solution to the Cauchy problem

a4 -
&y (1) = =g (1), 323)
P (0) =1,
is p;o(t) =FE,(—ut), t>0.
In order to solve the equation
d’ v
Png—1 () = =2uppy 1 (1) + PE, 1 (—ut"), (3.24)
Pry—1(0) =0,
we resort to the Laplace transform and obtain that
ﬁ {pv } (Z) _ val 1
ro~! IR )
1 1
v—1
=z - . 3.25
(z” +u v+ 2M> (3.25)
By inverting (3.25) we extract the following result
Pro—1 () = Ey 1 (—ut”) — E, 1 (=2pt"). (3.26)
By the same technique we solve
A g2 (t) = —3uPug—2(t) + 20 [Ey 1 (—put”) — Ey 1 (—2ut")],
(3.27)
pﬂ()—z (0) = 05
thus obtaining
L [P;vlofz} ()
- 1 1 1
V+u 42n]z"+3u
bl 1 1 1 1 1 1
= ZMZ — — = — —
V+u 24+3n/) 2n V420 V+3pn /) pn
v—1 v—1 v—1
Z Z Z
= -2 + . 3.28
2Vt V+2u  zV+3u ( )
In light of (3.28), we infer that
PU_o() = Eyy (=) = 2B, (—2ut") + Ey 1 (=3u"). (3.29)
For all 1 <ny—m < ny, by similar calculations, we arrive at the general result
v . m ! v
Prg—m (1) = Z / (=D'Ei (= +Dput"), 1=<ng—m=ny. (3.30)
1=0
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Introducing the notation ny —m = k, we rewrite the state probabilities (3.30) in the following

manner

no—k

—k
pz<r>=2(”°l )(—1>1Ev.1<—(1+1)m“), 1<k <no.

1=0

For the extinction probability we must solve the following Cauchy problem

Lopo(t) = png Y020 (7 ) (D Eyy (= U+ Dty
po(0) =0

The Laplace transform of (3.32) yields

no—1 v—l
Po (2) = M”OZ( )(— )lm

The inverse Laplace transform can be written down as

no—1 .
-1 1
po (1) = uno E (nol )(—l)lm/(; E,i (—(+ Dus®) t — )" 'ds.
1=0

The integral appearing in (3.34) can be suitably evaluated as follows

/ Epi (=(+Dps”) (¢t — )"
0

—(+DHw"

sVt — )" ds
I'(vm+1) J,

—(+ D)™ 'O (vm + 1)
T'(vm+1) '(vm+v+1)

- oy
25

r) i (= + Dpe?ym+!

T (—ud+ 1) = Tm+ 1) +1)
re
=—— " [E, (= + Dut*) —1].
S [Evi (= + D"y = 1]

By inserting result (3.35) into (3.34), we obtain

no—1 I1+1
no— 1\ (=1
po(t) =ng < )— [Evi(—=(+ Dut”) —1]
0 ; 1 I+1

no—1
= (=D [Eui (= + Dut*) — 1]
> (1)

_no no ! v ST !
—g(l)(—l) Ey1(—lut )—Z(J(—l)

=1
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ng
=1+) (’;°>(—1)1Ev,1(—1m“)
=1

no

o ! v
= ( l )(—1> Eva(=lut"). (3.36)
=0

Remark 5 We check that the probabilities (3.31) and (3.36) sum up to unity. We start by
analysing the following sum:

noy ng no—k

—k
Yo=Y (”"l )(—I)IEM(—(I + Dut"). (337)
k=1 k=1 [=0

In order to evaluate (3.37), we resort to the Laplace transform

no -1 no no—k
;L{p;} ()= Z Z( )(— )! W (3.38)

k=1 1=0

By using formula (6) of [34] (see also [35], formula (5.41), p. 188), we obtain that

27N S F(ng—k+1)
f ,
Z i@ = Z( FDE+2) . (EF 1 4m—0)

& F(% + DI (no—k+1)
r(% +14n9—k)

s k=1

vl”o

= / X (1= x)y0*dx

v—1

(.
== / xr 1= (=0 ]da
0

uw
1 v—1 1 v
I Zu / X1 = x)"odx
0
v—1 o] v
1z / e (1— ) dy
< 0
()’/M—w) 1 v 1 ooe—u.z —l/-w) dw
0
no 1o 00
v—1 —z2’w—pwk
- 1 S w—pwky
z ZO< k)( ) / e w
— 1 v—1 S 1o ( )k (3 39)
Tz ¢ —\k z¥ +/Lk )
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The inverse Laplace transform of (3.39) is therefore

no

Zpk(ﬂ =1- Z @“) (—D*E, 1 (—pukt")

no

--y (’;CO)(—l)kEu,l(—uk;“). (3.40)
k=1

By putting (3.36) and (3.40) together, we conclude that

ng
=1, (3.41)
as it should be.

Remark 6 We observe that, in the linear and sublinear death processes, the extinction prob-
abilities coincide. This implies that although the state probabilities p;(¢) and p;(t) differ
(see Figs. 3 and 4) for all 1 <k < ng, we have that

no

Z P = Z PL). (3.42)

This can be checked by performing the following sum

0

Y {0} @

k=1
no 21
Z( )2( )(_) 2+ pulk+r)
i ng — k 1
TOZC e

< ) (o — k)!
-I—k)( +k+1)...(% +np)

—k

( ) [ng—k+ DG+ k)

e F(/7+n0+1)

, Mo
ol Z (’;{O>x"°7"(l —x)*dx
k=1

Zv—l 1 v
= / 1=—x)7 "1 =x")dx
K Jo
1 ZU 1 1 v
=-= f x"(1—x)" 'dx. (3.43)
< mJo
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Fig. 3 Plot of p{:7 (1) (in black) and p{) (1) (in grey), with ng =2
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Fig. 4 Plot of pfjbl L(#) (in black) and pgbl] (1) (in grey), with ng =2

This coincides with the fourth-to-last step of (3.39) and therefore we can conclude that
no no no no
> Pl :—Z( k)(—l)"Ev,1<—ukr“> = P (3.44)
k=1

k=1 k=1
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3.2.1 Mean Value

Theorem 3 Consider the fractional sublinear death process M (t), t > 0 defined above.
The probability generating function " (u,t) = ZZO:O ukpl (1), t > 0, |u| < 1, satisfies the
following partial differential equation:

9" 1 i)
S8 w0 = pu(n+ 1) (; - 1) [ (. ) =y (0] + i = D28 w.1) (3.45)

subject to the initial condition &" (u,0) = u", for u] <1,t > 0.

Proof Starting from (3.22), we obtain that

a4’ ng no ng—1
T R0 = =y o+ 1= RpL () + 1 Y o = Ropl (0. (3.46)
k=0 k=1 k=0
so that

a¥ d
P & (u, 1) = — plng+ 1) [&"(u, 1) — py(1)] + WE@(”’ 1)

u

3
& (u, 1) — po(t)] — ny ® )
1
= p(ng+ 1) (; - 1) [6" @, 1) — pp(1)]
+ pu — 2L & w. ). (3.47)
ou

a

Theorem 4 The mean number of individuals EON'(t), t > 0 in the fractional sublinear
death process, reads

N /n +1
EM’ (1) = Z <k°+1

k=1

>(—1)’<+1Ev,1(—ukt“), t>0, ve 1] (3.48)

Proof From (3.45) and by considering that E9U" (1) = %6”(% t)|u=1, we directly arrive at
the following initial value problem:

(3.49)

ASEMY (1) = —p(no + 1) [1 = p§ ()] + nEM” (1),
EMY (0) = ny,

which can be solved by resorting to the Laplace transform, as follows:

LAEM" (1)} (2)
v—1 o v—1 1
=t 4 g+ ) (”°><—1>" i
V= P k v+ upk V—p
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<n0+1> k|: ZU71 3 val
—\k+1 V—u V4 puk

(3.50)

In (3.50), formula (3.36) must be considered. By inverting the Laplace transform we obtain

that

o
n0+1
EM (1) = no By (ut*) + ) ( )
—\k+1

x (=D [Eva(ut’) = Epi(—pukt")]

k+1

no 1
=noEy i (ut") + Ey(ut”) Y (”0 N )(—n"
k=1

ngo
I’lo+1 &

- —D*E, | (—ukt®

§<k+l>( Y E, 1 (—pkt”)

no

o+ 1) k+1 v

= (=D E, 1 (—pkt"),
P <k+1

as desired.

Remark 7 The mean value (3.48) can also be directly derived as follows.

no

EM' (1) = > kpy (1)

k=0

ng  no—k
—k
=> kz ( )(_I)IEU.I(_(Z+1)/'LZV)
k=1

ng  no+l—k

=k Y <"l° _1k>(—1)’—1Ev,1(—ulr”>
k=1 =1
no no+1-1

—Z( D' Ey (—plt?) Z ( )

It is now sufficient to show that

”Oi" . (ng - k) B (no + 1)
— -1 I+1

Indeed,

no+1-1 n no—1
.
2 (l—l) Z(”"_k)( 1)

k=1 k=l—1

no—1
Z(n0+1— —1)( _1>

k=l—1

(3.51)

(3.52)

(3.53)
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no—1 no—1
k k+1
:(”"“)2(1—1)_12( T)
k=Il—1 1

_ k=I—
Sk=1\ W k-1

=0 (0202 ()
k=l k=l+1

_ noy\ no+1

_(”OH)(l) l(z+1>

= <”° + 1). (3.54)

[+1
The crucial step of (3.54) is justified by the following formula

(k-1 J ) (no—l) <n0>
_q — (™). 3.55
§<j—1> (2 (720 =() (333

Figure 5 shows that in the sublinear case, the mean number of individuals in the popula-
tion, decays more slowly than in the linear case, as expected.

Note that (3.48) satisfies the initial condition E9t” (0) = ng. In order to check this, it is
sufficient to show that

ng n0+l k+l_n0+1 I’lo-l-] .
Z(k+1>(_l) —Z( . )(—1)

k=1 r=2
no+1
_ [Z (”O:r 1)(_1)’} 1+ (”01“) = np. (3.56)
r=0

The details in (3.56) explain also the last step of (3.51).

2 T T T T

0 2 4 6 8 10
Time (arb.units)

Fig. 5 Plot of EM%7(¢) (in black) and EOIO7 (1) (in grey), ng =2
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Table 1 State probabilities

pl‘; (¢) for the fractional linear
death process MY (t),t > 0, and
p(¢) for the fractional sublinear p;io (1) = E, 1 (—pnot")
death process 9" (¢)

State probabilities

pzo(t) =E,1(—ut")
no 1) =ng [Ey,1(—(ng — Dut¥) — Ey 1 (—ngut”)]
”071 )= E\),] (_/'Ltv) - Ev,l (_2/'”‘))

pk(z)—("O)z”O F OO D By (— (K + D)
pko)—z”o OO ) By (— A+ 1 )

pl(r)—noz"" LY D Ey 1 (—(1 + DY)
PUO =10 (Y (D Ey g (= + D ut?)
po@ =300 () (D Ey y (12"
Py = Y100 (") (— 1) Eyy y (—lut?)

Table 2 Mean values for the N N
fractional linear birth NV (¢), ENY(1) = E,,1 (A7)
fractional linear death MV (t) and ~ EMV (1) =noE, 1(—pt")

fractional sublinear death 901" (1) no
— 0+1 k+1
processes EMY (1) =342 (k+l Y(—D*E, { (—pkt™)

3.2.2 Comparison of 9" (t) with the Fractional Linear Death Process M" (t) and the
Fractional Linear Birth Process NV (t)

The distributions of the fractional linear and sublinear processes examined above display a
behaviour which is illustrated in Table 1 (see also Table 2 for the mean values).

The most striking fact about the models dealt with above, is that the linear probabilities
decay faster than the corresponding sublinear ones, for small values of k; whereas, for large
values of k, the sublinear probabilities take over and the extinction probabilities in both
cases coincide. The reader should also compare the state probabilities of the death models
examined here with those of the fractional linear pure birth process (with birth rate A and
one progenitor). These read

k
Z( )( D/7VE,  (—AjtY), k>1. (3.57)

Note that p;(r) = E, 1(—At") is of the same form as p;o(t) = E, (—ut”). We now show
that

Z v =1- Z HO)

k=np+1

4-22( )( DT E i (=4jt")

k=1 j=1
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SN e (k=1
=1=> (=) E(=2jt") ) ( - 1)
j=1 k=

no
=1-) (=" ("f’) Eui(=2jt")
Jj=1 J
=(3.36) with A replacing u. (3.58)

Note that in the above step we used formula (3.55).
By comparing formulae (3.4) of [24] and (3.31) above, we arrive at the conclusion that
(for A =p)

Pr{N"(t) =k | N*(0) = 1}

k—1 .
> (j ~ 1)(—1>J*1Ev,1(—sz”>

Jj=1

Pr’(t)=no+1—k|9MO)=ne}, 1<k<ny. (3.59)

The probability of extinction p; () corresponds to the probability of the event {NV(¢) > no}
for the fractional linear birth process.
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