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Abstract This paper studies a generalization of the Curie-Weiss model (the Ising model
on a complete graph) to quantum mechanics. Using a natural probabilistic representation of
this model, we give a complete picture of the phase diagram of the model in the parameters
of inverse temperature and transverse field strength. Further analysis computes the critical
exponent for the vanishing of the order parameter in the approach to the critical curve and
gives useful stability properties for a variational problem associated with the representation.
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deviations · Random current representation · Ising model · Feynman-Kac transformation

1 Introduction

One of the simplest classical systems exhibiting phase transition is the Curie-Weiss model.
In this model, N Ising spins σ = {σi = ±1; i = 1, . . . ,N}, interact via the Hamiltonian

HN(σ) = − 1

2N

N∑

i,j=1

σiσj , (1.1)
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where the normalization by 1/N makes HN a quantity of order N . (Generalizations to
multiple-spin interactions may also be considered; cf. Sect. 3. However, for the time be-
ing, (1.1) will suffice.)

As is well known for the spins distributed according to the measure μN,β({σ }) ∝
e−βHN (σ), i.e., in the canonical ensemble, as N → ∞ the law of the empirical mean
mN(σ) = N−1

∑
i σi converges to a mixture of point masses at ±m� where m� = m�(β)

is the so called spontaneous magnetization. The phase transition in this model is manifestly
seen from the observation that m�(β) ≡ 0 for β ≤ βc while m�(β) > 0 for β > βc. The
function β �→ m�(β) is in fact the maximal non-negative solution of the equation

m = tanh(βm), (1.2)

while βc = 1 is the so called critical temperature.
The main reason why the Curie-Weiss model is so approachable is the fact that the Hamil-

tonian is, to within an additive constant, equal to − 1
2NmN(σ)2. This permits a very explicit

expression for the law of mN whose concentration properties are then readily controlled by
straightforward large-deviation arguments. However, this simple strategy breaks down once
inhomogeneous terms (i.e., those not invariant under exchanges of the spins) are added to
the Hamiltonian. One example where this happens is the Curie-Weiss system in random ex-
ternal field where the term

∑
i hiσi , with hi sampled from an i.i.d. law with zero mean, is

added to HN . While rigorous analysis is still possible in this case, the technical difficulties
involved are more substantial. Significantly more complex is the Sherrington-Kirkpatrick
version of (1.1), where the term σiσj is weighed by a (fixed) random number Jx,y that has
been sampled from a symmetric distribution on R. This model possesses a beautiful under-
lying structure [16, 19] which has been harnessed mathematically only very recently [13,
20, 21].

The goal of this paper is to study another natural generalization of the Curie-Weiss model,
namely to the realm of quantum mechanics. Here the classical spin variables σi are under-
stood as eigenvalues of z-component of the triplet of Pauli matrices (σ̂ (x), σ̂ (y), σ̂ (z))—the
generators of su(2)—acting on the one-particle Hilbert space X1 = SPAN{|+〉, |−〉}. The
configuration space is replaced by the product space XN =⊗N

i=1 X1. Classical Ising config-
urations σ ∈ {±1}N generate an orthonormal basis |σ 〉 = ⊗|σi〉 of XN . If A is an operator
on X1 (e.g. A = σ̂ (x) or A = σ̂ (z)) then its copy Ai acts on i-th spin component of a product
vector |ϕ〉 = ⊗N

i=1|ϕi〉 ∈ XN via

Ai |ϕ〉 = |ϕ1〉 ⊗ · · · ⊗ A|ϕi〉 ⊗ · · · ⊗ |ϕN 〉. (1.3)

There are at least two natural ways to introduce quantum effects into the Curie-Weiss
model. Either one may make the interaction term isotropic—this corresponds to the quan-
tum Heisenberg model—or one may consider an external transverse field. Here we focus on
the latter situation: The Hamiltonian is now an operator on XN defined by

ĤN = − 1

2N

N∑

i,j=1

σ̂
(z)
i σ̂

(z)
j −

N∑

i=1

(hσ̂
(z)
i + λσ̂

(x)
i ). (1.4)

Instead of Gibbs probability measures one studies a KMS state 〈−〉N,β

λ,h which is a positive
linear functional on the C�-algebra of operators on XN defined by

〈A〉N,β

λ,h = Tr(A e−βHN )

Tr(e−βHN )
. (1.5)
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As before, the parameter β plays the role of inverse temperature while λ, which corresponds
to the strength of an external field, determines the overall strength of the quantum perturba-
tion.

In particular, (1.5) gives rise to a probability distribution μ
N,β

λ,h on classical spin configu-
rations σ ∈ {±1}N ,

μ
N,β

λ,h [σ ] = 〈σ |e−βHN |σ 〉
Tr(e−βHN )

, (1.6)

and one can try to read a signature of phase transition in terms of concentration properties
of the latter as N tends to infinity.

Despite this relatively clean formulation, the quantum nature makes this model very dif-
ferent from the classical one. Indeed, the Hamiltonian is not simultaneously diagonalizable
with the σ̂

(z)
i ’s for λ �= 0, so the very notion of “value of spin at i” is apparently lost. In fact,

as we explain below, a path integral approach or, equivalently, a stochastic geometric repre-
sentation of μ

N,β

λ,h reveals that relevant large deviation and measure concentration analysis in
the genuine quantum case λ > 0 should be lifted to infinite dimensions.

We refer to [4, 5, 7, 17, 18] where the ideas of stochastic geometric representation in
question were originally developed, as well as to a recent review [14]. The bottom line is the
representation μ

N,β

λ,h : Let Sβ be the circle of circumference β . There exists a shift invariant

probability measure μ
β

λ on piece-wise constant trajectories σ : Sβ �→ {±1}, such that

μ
N,β

λ,h [σ ] ∝
N⊗

i=1

μ
β

λ

[
eN

∫ β
0 [ 1

2 mN (t)2+hmN (t)]dt 1{σ(0)=σ }
]
, (1.7)

where σ(t) = (σ1(t), . . . , σN(t)) and mN(t) = N−1
∑

i σi(t).
With such a representation in place, we then apply methods of large-deviation theory

to derive the leading-order N → ∞ asymptotic of these expectations. As can be expected,
many physical properties of the quantum system may be gleaned from the properties of the
minimizer of the corresponding variational problem.

The variational problem (or rather dual thereof) turns out to have intrinsic features which
allow us bring methods of FK percolation to bear. Many quantitative characteristics of the
system will be determined explicitly (at least in the limit N → ∞). In particular, we obtain
full control of the phase diagram and the stability near optimizers for variational problem.
Moreover we give an explicit characterization of the critical exponent for the decay of the
optimizer as one approaches the critical curve.

Let us mention existing work on issues encompassing aspects of the present paper. The
paper [10] addresses general mean field quantum spin systems in their C∗ algebraic repre-
sentation. Relying on an operator theoretic version of deFinetti’s Theorem (i.e. Störmer’s
Theorem), they derive a ‘mean field equation’ for the extremal states of the system and for-
mulate variational problem which these states must solve. More recently, the preprint [9]
uses a slightly different path integral representation from ours to derive a qualitative prob-
abilistic description of the solutions to these ‘mean field equations’. However, neither work
attempts a detailed analysis of the Quantum Curie-Weiss Model.

The remainder of this paper is organized as follows. In Sect. 2 we review the probabilistic
formulation of our problem and use this opportunity to set notation. In Sect. 3 we formulate
the main results of this paper. Subsequent sections are devoted to the proof of these results.
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2 Stochastic Geometry of the Mean Field Transverse Ising Model

Let us explicitely describe the one-circle measure μλ
β in (1.7). It should be noted that a

natural approach, exploited in the papers Aizenman-Klein-Newman [4] and Campanino-
Klein-Perez [7] among others is to realize the Gibbs state μλ

β = 〈·〉βλ,c, which we construct
directly here, as the strong coupling limit of a sequence discrete Ising systems on Z/nZ. As
a result of this approximation we get a weak form of ferromagnetic correlation inequalities
for 〈·〉βλ,c for free. We will rely on this below without further mention.

We begin by introducing a convenient notation for expectation values. Given a probability
measure P on a sample space � and an integrable function f : � → R, let us denote the
expectation value of f by P(f ).

Let P
β

λ be the distribution of the Poisson point process ξ ⊂ Sβ of marks (which we visu-
alize as punctures) on the circle Sβ with arrival intensity λ. Given a realization of ξ let us say
that a classical piece-wise constant trajectory σ : Sβ �→ {±1} is compatible with ξ ; σ ∼ ξ ,
if jumps of σ(·) occur only at arrival times of ξi . Note that we do not require that σ changes
sign at each arrival of ξ . Consider now a joint probability distribution,

	
β

λ,h[dξ,dσ ] ∝ P
β

λ [dξ ]eh
∫ β

0 σ(t)dt δ{σ∼ξ}. (2.1)

Here δ{σ∼ξ} gives mass one to σ if it is compatible with ξ and gives zero mass otherwise. In
the sequel we shall suppress the sub-index h whenever h = 0. Our one-circle measure μ

β

λ

is just the σ -marginal of 	λ
β . Clearly, for h �= 0, σ -marginals μ

β

λ,h of 	
β

λ,h can be recovered

from μ
β

λ as exponential tilts by a constant magnetic field h,

μ
β

λ,h[dσ ] ∝ μ
β

λ

[
eh
∫ β

0 σ(t)dtdσ
]
.

Summing with respect to compatible σ -trajectories in (2.1) we recover the ξ -marginal Q
β

λ,h

of 	
β

λ : For each realization of ξ the punctured circle Sβ \ ξ is a disjoint union of finite
number #(ξ) of connected components,

Sβ \ ξ =
#(ξ)⋃

j=1

Ij .

Then,

Q
β

λ,h[dξ ] ∝
#(ξ)∏

j=1

[
eh|Ij | + e−h|Ij |

]
P

β

λ [dξ ].

Note that in the case h = 0,

Q
β

λ [dξi] = 2#(ξi )P
β

λ [dξi]
P

β

λ [2#(ξi )] . (2.2)

In general, {Qβ

λ,h} can be viewed as a family of Fortuin-Kasteleyn type random cluster mea-
sures on a graph augmented by a ghost site which represents the coupling to the external
field. In particular, they possess two specific properties which we would like to stress:
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1) Stochastic domination. For each h there exists an intensity η = η(h,λ) of the Poisson
process of arrivals ξ on Sβ , such that

Q
β

λ,h ≺ P
β
η . (2.3)

We refer to [2, 4] for a strategy of proving statements like (2.3), which is based on a
comparison with independent Bernoulli percolation via the strong FKG inequality.

2) Edwards-Sokal representation. The spin marginal μ
β

λ,h could be recovered from Q
β

λ,h by

the following two step procedure: First sample ξ from Q
β

λ,h, and then independently paint
each connected component I of Sβ \ξ into ±1 with probabilities eh|I |/(eh|I | +e−h|I |) and
e−h|I |/(eh|I | + e−h|I |) respectively.

In the sequel we shall repeatedly rely on the following consequence of the two properties
above: Fluctuations of σ under μ

β

λ,h are stochastically controlled on all possible scales by
arrivals of ξ under the afore mentioned Poisson measure P

β
η .

3 Main Results

A slight generalization of our Hamiltonian of interest is given by

−HN = N P

(
1

N

N∑

i=1

σ
(z)
i

)
+

N∑

i=1

[
λσ

(x)
i + hσ

(z)
i

]
, (3.1)

where P(·) is some polynomial function from [−1,1] to R.
As is apparent from (1.7), an analysis of the phase diagram of the corresponding gener-

alized CW model in transverse field boils down to an investigation of asymptotic properties
of the sequence of measures

W
N,β

λ (dσ) = ⊗μ
β

λ [exp{N ∫ β

0 P(mN(t))dt};dσ ]
⊗μ

β

λ [exp{N ∫ β

0 P(mN(t))dt}] , (3.2)

where

mN(t) = 1

N

∑

i

σi(t).

This problem may be addressed with the theory of large deviations.

Theorem 3.1 For every h ≥ 0 and λ ≥ 0 the law of the average mN(·) under the product
measures ⊗μ

β

λ,h is exponentially tight on L2(Sβ), and, furthermore it satisfies on the latter

space a LD principle with a good rate function I
β

λ,h.

This follows from fairly standard methods and will be proved in the next section. Con-
sequently, the measures (3.2) are also exponentially tight on L2(Sβ) and they satisfy a LD
principle with a good rate function maxm G

β

λ,h(m) − G
β

λ,h(·), where,

G
β

λ,h(m) =
∫ β

0
P(m(t))dt − I

β

λ,h(m).



136 L. Chayes et al.

In particular, in the zero magnetic field case of h = 0, measures (3.2) are asymptotically
concentrated around solutions of

sup
m

{∫ β

0
P(m(t))dt − I

β

λ (m)

}
≡ sup

m

G
β

λ(m). (3.3)

Below we shall use (·, ·)β to denote the scalar product in L2(Sβ) and ‖ · ‖β to denote the
corresponding norm. Then, since we formulate our large deviation principle in L2(Sβ),

I
β

λ,h(m) = sup
g

{
(g,m)β − �

β

λ,h(g)
}

, (3.4)

where

�
β

λ,h(g) = logμ
β

λ,h

[
e(g,σ )β

]
. (3.5)

For the solution of the variational problem and, in the computation of the corresponding tran-
sitional curve, one must proceed on a case by case basis. Let us specialize to the quadratic
problem.

In order to study phase coexistence in this model, we must consider the case of zero
magnetic field in z-direction, h = 0. Let us define

f(λ,β) = 1

β
Varβλ [(σ,1)β ], (3.6)

where Varβλ is the variance under the one-circle spin measure μ
β

λ . A straightforward calcu-
lation (which we present in Sect. 6) shows that

f(λ,β) = 1

λ
tanh(λβ). (3.7)

For the statement of our main theorem, let

sh
4 (λ,β) = − d4

dh4
�

β

λ(h · 1) and s4(λ,β) = s0
4 (λ,β). (3.8)

Our analysis below will show that there exists C = C(λ,β) > 0 so that

d3

dh3

∣∣∣
h=h0

�
β

λ(h · 1) ≤ −Ch0 (3.9)

for h0 close to zero. Thus, in view of the spin-flip symmetry and continuity of semi-
invariants sh

4 (λ,β) in h, s4(λ,β) is strictly positive.
The results of our analysis are summarized as follows:

Theorem 3.2 Let P(x) = 1
2x2. The variational problem (3.3) at zero magnetic field h = 0

has constant maximizers ±m∗(λ,β) · 1, where the spontaneous z-magnetization m∗ satis-
fies:

(1) If f(λ,β) ≤ 1, then m∗ = 0.
(2) If f(λ,β) > 1, then m∗ > 0, and, consequently there are two distinct solutions to (3.3).
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Furthermore, away from the critical curve the solutions ±m∗ · 1 are stable in the follow-
ing sense: There exists c = c(λ,β) > 0 and a strictly convex symmetric function U with a
U(r) ∼ r log r growth at infinity, such that

G
β

λ(±m∗ · 1) − G
β

λ(m) ≥ c max

{
‖m ± m∗ · 1‖2

β,

∫ β

0
U(m′(t))dt

}
, (3.10)

where,

‖m ± m∗ · 1‖2
β = min

{‖m − m∗ · 1‖2
β,‖m + m∗ · 1‖2

β

}
.

As a result, the variational problem (3.3) is also stable in the supremum norm ‖ · ‖sup.
Namely, there exists a constant csup = csup(λ,β) < ∞, such that

G
β

λ(±m∗ · 1) − G
β

λ(m) ≥ exp

{
− csup

‖m ± m∗ · 1‖sup

}
. (3.11)

Finally we have the following expression for the decay of m∗ > 0 in the super-critical region
near the critical curve:

m∗ = m∗(λ,β) =
√

6β(f(λ,β) − 1)

s4(λ,β)
(1 + o(1)), (3.12)

where the implicit constants depend on β and λ but are bounded below in compact regions
of the parameter space.

Remark 1 We remark that the second term of (3.10) is particularly important in the super-
critical regime (f(λ,β) > 1) since it rules out trajectories of mN(·) with rapid transitions
between the optimal values ±m∗.

Remark 2 We remark that there are alternate approaches to quantum Ising systems in which
the random cluster representation (and percolation therein) play a more central role, e.g. as
in [14, 15] and [12]. While these ideas will provide a backdrop for our derivation, at the core
we shall adhere to a more traditional thermodynamic/large deviations approach: Various
results, e.g. stability, are stronger in this context. As a bit of foreshadowing to future work,
we remark that the spin system formulation is at present essential for the extension to finite
dimensional systems. On the other hand we would like to stress that our results automatically
imply, as it was claimed in [15] and later on conjectured in [12], that f(λ,β) = 1, is the
equation of the critical curve for the q = 2 quantum FK-percolation on complete graphs.

In Sect. 4 we shall prove Theorem 3.1. Then the remainder of this paper develops our
proof of Theorem 3.2.

4 Large Deviations under Product Measures

In this section we study asymptotic properties of the average mN(·) under the sequence of
product measures ⊗μ

β

λ,h. Let us begin with the proof of Theorem 3.1.
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Proof of Theorem 3.1 Let us start with the exponential tightness on L2(Sβ). Recall the
following realization of compact subsets of L2(Sβ): Let a : [0, β/2] �→ R+ be a continuous
non-decreasing function with a(0) = 0. Then,

Ka = {g ∈ L2(Sβ) : ‖g‖β ≤ 1 and ‖g(s + ·) − g(·)‖β ≤ a(s) ∀ s ∈ [0, β/2]} (4.1)

is compact. Now, in view of the Edwards-Sokal representation,

‖mN(s + ·) − mN(·)‖β ≤ 2s
1

N

N∑

i=1

ξi(Sβ).

The latter expression is increasing in ξ = (ξ1, . . . , ξN), hence it is exponentially bounded in
view of stochastic domination by product Poisson measures ⊗P

β
η .

Large deviations with good rate function Iλ,h defined in (3.4) is a standard conse-
quence [6]. �

In the sequel we shall need the following stability estimate which implies that product
measures ⊗μ

β

λ,h are sharply concentrated around constant functions.

Theorem 4.1 Let λ,h ≥ 0 be fixed, and let η be an intensity of the Poisson process of
arrivals on Sβ such that (2.3) holds. Then,

I
β

λ,h(m) ≥
⎧
⎨

⎩
∞, if m is not absolutely continuous
∫ β

0 Uη(m
′(t))dt, otherwise,

(4.2)

where Uη is an even smooth strictly convex function with a superlinear growth at infinity.

Remark 3 The function Uη is defined in (4.6) below. Note that it is negative in a neighbour-
hood of the origin. What is important, however, is a super-linear growth at infinity which, as
we shall see in the concluding Sect. 7, controls rapid oscillations for the original variational
problem (3.3).

Proof Let R = {0 < t1 < t2 < · · · < tn = t0 < β} be a partition of Sβ . Consider an n-
dimensional random vector

zR
N = [mN(t1) − mN(t0),mN(t2) − mN(t1), . . . ,mN(tn) − mN(tn−1)].

Evidently, zR
N satisfies a LD principle with rate function I R ,

I R(z1, . . . , zn) = max
g1,...,gn

{
∑

i

gizi − �R(g1, . . . , gn)

}
, (4.3)

where

�R(g1, . . . , gn) = logμ
β

λ,h

[
e
∑

i gi (σ (ti )−σ(ti−1))
]
. (4.4)

By contraction1

I
β

λ,h(m) ≥ I R[m(t1) − m(t0), . . . ,m(tn) − m(tn−1)]. (4.5)

1While this argument is somewhat formal, it is easily made precise by using a standard mollifying procedure.
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It, therefore, remains to derive an appropriate lower bound on I R . Alternatively, we may
seek for an upper bound on �R. Notice that in view of the Edwards-Sokal representation,

e
∑

i gi (σ (ti )−σ(ti−1)) ≤
∏

i

[
1 + 1{ξ([ti−1,ti ])>0}(e2gi + e−2gi )

]
.

At this stage we are delighted since the latter expression is monotone in ξ . Hence, by virtue
of (2.3),

μ
β

λ,h

[
e
∑

i gi (σ (ti )−σ(ti−1))
]

≤
∏

i

[
1 + (1 − eη(ti−1−ti ))(e2gi + e−2gi )

]
.

Consequently,

�R(g1, . . . , gn) ≤ η
∑

i

|ti − ti−1|H(gi),

where H(g) = (e2g + e−2g). By duality,

I R(z1, . . . , zn) ≥
∑

i

|ti − ti−1|Uη

[
zi

|ti − ti−1|
]
,

with,

Uη(z) = ηH ∗
[

z

η

]
, (4.6)

with H ∗ being the Legendre transform of H (and is of course explicitly computable, as
was kindly pointed out to us by an anonymous referee). Thus, Uη is an even smooth strictly
convex function. Furthermore Uη(m) ∼ |m| log |m| at infinity. Note, however, that Uη is
negative in a neighbourhood of the origin, in particular Uη(0) = −2η. Going back to (4.5)
we obtain that the rate function I

β

λ,h satisfies

I
β

λ,h(m) ≥
∑

i

|ti − ti−1|Uη

[
m(ti) − m(ti−1)

|ti − ti−1|
]

,

for every partition R of Sβ . Taking supremum over R-s we recover (4.2) �

5 Duality and Reduction to One-Dimensional Variational Problem

Recall that we are restricting attention to the case of quadratic interaction P(x) = x2/2. In
particular, the functional


(m) = 1

2

∫ β

0
m2(t)dt = 1

2
‖m‖2

β

is convex and Gateaux differentiable on L2(Sβ,dt). Since, as we already know, Iλ has com-
pact level sets, the supremum in (3.3) is attained. Let m̄ be a solution,


(m̄) − I
β

λ (m̄) = max
m

{
(m) − I
β

λ (m)}.
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Then,

I
β

λ (m) − I
β

λ (m̄) ≥ 
(m) − 
(m̄) ≥ (m − m̄, m̄)β,

for every m ∈ L2(Sβ). It follows that I
β

λ is sub-differential at m̄ and, moreover, m̄ ∈ ∂I
β

λ (m̄).
But that means �

β

λ(m̄) + I
β

λ (m̄) = ‖m̄‖2
β . Hence, for every m and h,

�
β

λ(m̄) − 1

2
‖m̄‖2

β ≥ 
(m) − I
β

λ (m) = {(h,m)β − I
β

λ (m)} − {(h,m)β − 
(m)}.

We conclude: If m̄ is a solution of (3.3), then

�
β

λ(m̄) − 1

2
‖m̄‖2

β = max
h

{
�

β

λ(h) − 1

2
‖h‖2

β

}
. (5.1)

Since �
β

λ is Gateaux differentiable and, in particular, it is everywhere sub-differentiable the
reverse conclusion is equally true: if m̄ is a solution to (5.1) then it is a solution of (3.3).
Note that far reaching generalizations of the above arguments may be found in [22]. An
application for general interactions P will be attended elsewhere. Here we continue to stick
to the quadratic case. Also, since some of the computations below will be done in a greater
generality, we shall casually rely on the fact that m̄ is a solution to (3.3) if and only if it is a
solution of the dual problem (5.1). The latter happens to be more susceptible to analysis.

Our next step is to assemble facts which reduce (5.1) to a study of constant fields h = c ·1
for c ∈ R. In what follows we rely only on the fact that the polynomial function P has
a super-linear growth at infinity. In particular, classical Legendre transform P ∗ is a well
defined function on R. Let integral functional 
 : L2(Sβ) → R be defined by


(m) =
∫ β

0
P(mt )dt, (5.2)

and for h ∈ L2(Sβ,dt) let


∗(h) = sup
m∈B

{(h,m)β − 
(m)} =
∫ β

0
P ∗(ht )dt (5.3)

be its Fenchel transform.

Lemma 5.1 For any polynomial P(x) of a super-linear growth at infinity, let 
 and 
∗ be
defined as above. Then we have

sup
h∈L2(Sβ )

{
�

β

λ(h) − 
∗(h)
}

= sup
c∈R

{
�

β

λ(c · 1) − βP ∗(c)
}

. (5.4)

In particular this lemma implies that the constant function c · 1 optimizes the left hand
side if and only if c optimizes the right hand side.

To prove Lemma 5.1, we need the following observation: For any h ∈ L2(Sβ), let hl and
hr be the pair functions obtained by reflecting h about 0 and β

2 . That is let

hl(t) =
⎧
⎨

⎩
h(t) if t ∈ [0,

β

2 ]
h(β − t) if t ∈ [ β

2 , β]
(5.5)

and hr be defined analogously.
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Lemma 5.2 Let h ∈ L2(Sβ) and hl, hr be as above. Then we have

�
β

λ(h) ≤ 1

2

[
�

β

λ(hl) + �
β

λ(hr)
]
. (5.6)

Consequently, for every h ∈ L2(Sβ),

�
β

λ(h) ≤ 1

β

∫ β

0
�

β

λ(h(t) · 1)dt. (5.7)

We note that Lemma 5.2 was originally proved in a somewhat more general (but completely
analogous) context in [9].

Proof Inequality (5.6) follows from reflection positivity of classical ferromagnetic Ising
systems: Recall that μ

β

λ is the continuum limit of a sequence of discrete Ising models with
asymptotically singular interactions. Let M ∈ N be fixed and suppose that the field h ∈ D,
that is h is piecewise constant on the dyadic intervals [ k

2M β, k+1
2M β). Expressing the discrete

Ising model on a circle via transfer matrices and using the generalized Cauchy-Schwartz
inequality [11], one obtains (5.6) directly whenever the field h ∈ D. Passing to limits with
respect to the discrete Ising models, we immediately have (5.6) for any dyadic piecewise
constant function h. Standard approximation arguments extend the bound to the general
case. Finally, (5.7) follows from repeated applications of (5.6) �

Let us go back to the proof of Lemma 5.1. By (5.3) and (5.7),

�
β

λ(h) − 
∗(h) ≤
∫ β

0

(
1

β
�

β

λ(h(t)·1) − P ∗(h(t))

)
dt (5.8)

(5.4) follows. �

6 Analysis and Stability of the One-Dimensional Problem

Following (5.4) we need to analyze the following one-dimensional problem,

sup
c

g
β

λ(c) ≡ sup
c∈R

{
�

β

λ(c · 1) − βc2

2

}
. (6.1)

Evidently, |�β

λ(c·1)| ≤ β|c|. Hence,

lim|c|→∞�
β

λ(c · 1) − βc2

2
= −∞ (6.2)

so that solutions to (6.1) always exist. Any such solution c is a critical point satisfying

c = 1

β

d

dc
�

β

λ(c · 1) = 1

β
μ

β

λ,c[(σ,1)β] ≡ M(c). (6.3)

By the FKG and GHS inequalities (cf. the discussion at the beginning of Sect. 2) the function
d
dc

M(c) = 1
β
Varβλ,c((σ,1)β) is positive and decreasing in c. In fact, as we see below, it is
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strictly decreasing on [0,∞). Therefore (6.3) has nontrivial solutions if and only if

d

dc
M(c)

∣∣
c=0

= 1

β
Varβλ

[
(σ,1)β

]
> 1. (6.4)

As 〈(σ,1)β〉βλ = 0 by spin flip symmetry, Varβλ [(σ,1)β ] = μ
β

λ((σ,1)2
β).

We are reduced to computing

μ
β

λ

(
(σ,1)2

β

)= β

∫ β

0
μ

β

λ(σ0σt )dt, (6.5)

where we have used rotational invariance in the equality. In view of the Edwards-Sokal
representation, the ±1 symmetry implies

μ
β

λ(σ0σt ) = P
β

λ [0 ↔ t;2#(ξ)]
P

β

λ [2#(ξ)] , (6.6)

where, as in (2.2) before, #(ξ) denotes the number of connected components determined by
the underlying Poisson process and {0 ↔ t} denotes the event the 0 and t are in the same
connected component of the complement of the arrival points.

There are two cases to consider: either there is an arrival in [t, β] or there is not. Taking
this under consideration, we have

P
β

λ

[
0 ↔ t;2#(ξ)

]= eλ(β−2t) + e−λ(β−2t). (6.7)

A simple computation shows

P
β

λ

[
2#(ξ)

]= e−λβ + eλβ . (6.8)

Upon integrating, we find

1

β
Varβλ

(
(σ,1)β

)= 1

λ
tanh(λβ). (6.9)

Conclusions (1) and (2) of Theorem 3.2 follow as soon as we show that

v
β

λ(c) ≡ 1

β
Varβλ,c

(
(σ,1)β

)

is indeed strictly decreasing on [0,∞). To this end, note that,

dv
β

λ(c)

dc
=
∫ β

0

∫ β

0

∫ β

0
U

β

λ,c(r, s, t)drdsdt, (6.10)

where,

U
β

λ,c(r, s, t) = 〈
σ(r)σ (s)σ (t)

〉β
λ,c

− 〈
σ(r)σ (s)

〉β
λ,c

〈
σ(t)

〉β
λ,c

− 〈
σ(s)σ (t)

〉β
λ,c

〈
σ(r)

〉β
λ,c

− 〈
σ(r)σ (t)

〉β
λ,c

〈
σ(s)

〉β
λ,c

+ 2
〈
σ(r)

〉β
λ,c

〈
σ(s)

〉β
λ,c

〈
σ(t)

〉β
λ,c

(6.11)

the third Ursell function for μ
β

λ,c. In view of the above mentioned identification of μ
β

λ,c as a
limit of one-dimensional ferromagnetic Ising models, we state the following result without
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proof: For any c ≥ 0,

U
β

λ,c(r, s, t) ≤ 0 for all r, s, t ∈ Sβ . (6.12)

In order to derive a strict bound we shall employ a similar approximation, which will al-
low us to transfer the random current representation used by Aizenman [1] and Aizenman-
Fernandez [3] to this continuous time setting. We obtain the following lemma, whose proof
is relegated to the Appendix:

Lemma 6.1 (Random Current Bound) For every λ ≥ 0 and β < ∞ there exists C1 =
C1(λ,β) > 0 such that for any positive constant field c and any triplet of points r, s, t ∈ Sβ ,
we have the following bound:

U
β

λ,c(r, s, t) ≤ −C1(λ,β)e−2cβ . (6.13)

Thereby, the phase diagram (6.4) is justified.
Let us turn to the stability issue: As follows from (6.10) and (6.13), there exists χ =

χ(λ,β), such that for any c ≥ 0,

dv
β

λ(c)

dc
≤ −χ〈σ0〉βλ,c. (6.14)

Remark 4 Actually, the bound (6.14) could have been obtained by direct computation (with
2 × 2 matrices). Nevertheless, we found it instructive to derive (6.14) using stochastic geo-
metric methods behind Lemma 6.1, as these tools may be brought to bare in more general
systems (e.g. see [8] for a formulation of the ‘Switching Lemma’ for quantum Ising sys-
tems.)

This way or another, inequality (6.14) implies: For any 0 ≤ c1 < c2,

χ〈σ0〉βλ,c1
(c2 − c1) ≤ v

β

λ(c1) − v
β

λ(c2) ≤ χ〈σ0〉βλ,c2
(c2 − c1). (6.15)

Assume that (6.4) holds, and let c∗ = m∗ > 0 be the positive maximizer of g
β

λ . Then, of
course, 0 = d

dc
g

β

λ(c∗). Let us derive an upper bound on

d

dc
g

β

λ(c) = βc

[
1

c

∫ c

0
v

β

λ(τ )dτ − 1

]
.

For c > c∗,

1

c

∫ c

0
v

β

λ(τ )dτ = 1

c∗

∫ c∗

0
v

β

λ

[
τ

c

c∗
]

dτ = 1 + 1

c∗

∫ c∗

0

{
v

β

λ

[
τ

c

c∗
]
− v

β

λ(τ )
}

dτ.

By (6.15) the second term is bounded above by

−χ

∫ c∗

0
〈σ0〉βλ,τ

[ c

c∗ − 1
]
τdτ

= −χ(c − c∗)
1

c∗

∫ c∗

0
〈σ0〉βλ,τ τdτ ≤ −χ(c∗)2

3
(c − c∗), (6.16)

where at the last step we have relied on 〈σ0〉λ,τ ≥ τ for every τ ≤ c∗.
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In a completely similar fashion we deduce that,

1

c

∫ c

0
v

β

λ(τ )dτ − 1 ≥ χ(c∗)2

3
(c∗ − c), (6.17)

whenever, c ≤ c∗. We have proved:

Lemma 6.2 Assume (6.4). The positive maximizer m∗ = c∗ > 0 of g
β

λ is stable in the follow-
ing sense: For every c ∈ [0,∞),

g
β

λ(c∗) − g
β

λ(c) ≥ χβ(c∗)3

24
(c − c∗)2 ≡ d(c − c∗). (6.18)

7 Conclusion of the Proof of Theorem 3.2: Claims (3.10) and (3.12)

Let us return first to the infinite dimensional variational problem (5.1). The FKG property
of μ

β

λ (inherited in a limit of ferromagnetic Ising models) evidently implies that �
β

λ(h) ≤
�

β

λ(|h|). Since by (5.8),

�
β

λ(|h|) − 1

2
‖h‖2

β ≤ 1

β

∫ β

0
g

β

λ(|h(t)|)dt,

we readily recover from (6.18) the following L2-stability bound:

{
�

β

λ(m∗ · 1) − β(m∗)2

2

}
−
{
�

β

λ(|h|) − 1

2
‖h‖2

2;β

}

≥ 1

β

∫ β

0
d(|h(t)| − m∗)dt ≡ D(h). (7.1)

In order to transfer this bound to the original variational problem (3.3) we shall again rely
on duality considerations of Sect. 5. Recall that

�
β

λ(m∗ · 1) − β(m∗)2/2 = β(m∗)2/2 − I
β

λ (m∗ · 1). (7.2)

Therefore, by (7.1)

β(m∗)2/2 − I
β

λ (m∗ · 1) ≥ {
(h,m)β − ‖h‖2

β/2
}− I

β

λ (m) + D(h).

Taking h = m we arrive at

G
β

λ(m∗ · 1) − G
β

λ(m) ≥ D(m). (7.3)

Obviously, there exists c1 = c1(λ,β), such that

D(m) ≥ c1‖m ± m∗ · 1‖2
β . (7.4)

Thereby, the first term in (3.10) is recovered. In order to recover the second term in (3.10),
set m̄ = m∗ · 1 and just compute:

G
β

λ(m̄) − G
β

λ(m) =
{

1

2
‖m̄‖2

β − 1

2
‖m‖2

β

}
−
{
I

β

λ (m̄) − I
β

λ (m)
}
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= 1

2
‖m̄‖2

β − 1

2
‖m‖2

β + (m̄,m − m̄)β

+ I
β

λ (m) − I
β

λ (m̄) − (m̄,m − m̄)β

= −1

2
‖m − m̄‖2

β + I
β

λ,m∗(m).

Repeating the same computation with −m̄, we infer:

G
β

λ(m̄) − G
β

λ(m) ≥ −1

2
‖m ± m̄‖2

β + min
{
I

β

λ,m∗(m), I
β

λ,−m∗(m)
}

≥ −1

2
‖m ± m̄‖2

β +
∫ β

0
Uη(λ,m∗)(m

′(t))dt,

as follows from (4.2). At this point we recall (7.4), and the full statement of (3.10) becomes
an easy exercise (with U = Uη).

Let now m be such that ‖m ± m̄‖sup = 2δ. Let us consider only the case when
maxt m(t) = m∗ + 2δ. If mint m(t) > δ, then ‖m ± m̄‖2

β ≥ δ2β . Otherwise, without loss
of generality, we may assume that m(0) = m∗ + 2δ and let r = min{t > 0 : m(t) = m∗ + δ}.
Obviously, in such circumstances,

‖m ± m̄‖2
β ≥ rδ2 whereas

∫ β

0
U(m′(t))dt ≥

∫ r

0
U(m′(t))dt − 2ηβ.

However, by convexity,

∫ r

0
U(m′(t))dt ≥ rU(δ/r) ∼ δ log(1/r)

for r � δ. Therefore, the
∫ β

0 U(m′(t))dt -term in max{‖m ± m̄‖2
β,
∫ β

0 U(m′(t))dt} becomes
dominant for r ∼ e−1/δ . Hence (3.11).

Finally, consider the claim (3.12). As we have seen in Sect. 5, m∗ · 1 solves the dual
variational problem (5.1). In particular,

m∗ = 1

β
μ

β

λ,m∗
(
(σ,1)β

)
. (7.5)

Via the Taylor expansion we may write

m∗ = m∗

β
Varβλ,0

(
(σ,1)β

)− s4(λ,β)(m∗)3

6β
+ o

(
(m∗)4

)
(7.6)

noting that odd derivatives of �
β

λ vanish at zero by spin flip symmetry. As we have already
mentioned, Lemma 6.1 implies that s4(λ,β) > 0. Claim (3.12) follows easily. �

Appendix

Proof of Lemma 6.1 We begin by recalling the random current representation of the third
Ursell function for a discrete Ising model, see [3].
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Following the notation of [3], consider a general finite graph Ising model on a vertex
set V (also called sites), elements of which we denote with i, and with bonds b in some
fixed subset E ⊂ V × V . Let us denote the coupling constants by Jb and local fields by hi .
It is useful to interpret the local fields hi as the coupling constants between the site i and a
‘ghost’ site g. We augment the graph V, E by including g along with an edge set connecting
g to each vertex in V . Let us denote the augmented edge set by E ′.

Let n = (nb)b∈E ′ denote a sequence of integer valued ‘fluxes’ attached to the bonds of
the underlying graph. We say that a site i ∈ V is a source if

∑
i∈b nb is odd and denote the

collection of sources other than the ghost site by ∂n.
We say that x ↔ y if there exists a path of non-zero fluxes connecting x to y using bonds

in E ′. Moreover, x � g means that whenever x ↔ y, ny,g = 0. For any subset of bonds
B ⊂ E , let 〈·〉B denote the Gibbs state for the Ising model with the constants (Jb)b∈B set to 0.
Further, let

W(n) =
∏

b

Jb
nb

nb! (8.1)

and

Z =
∑

∂n=∅

W(n). (8.2)

Suppose r, s, t ∈ V are fixed sites in the Ising model under consideration. To avoid ex-
cessive provisos hereafter we shall assume that all three points are distinct. For a collection
of fluxes n, let us say that b ∈ Cn(r) if r ↔ i for some i ∈ b. Let Cc

n(r) be the sub-graph of
(V ∪ g, E ′) obtained by deleting all the bonds from Cn(r).

Then we have (the reader should consult Corollary 3.7 in [3] for a derivation)

U
β

λ,c(r, s, t) =
{

∑

∂n1={r,s},∂n2=∅

W(n1)

Z

W(n2)

Z
1n1+n2:r�g × [〈σt 〉Cc

n1+n2
(r) − 〈σt 〉

]
}

+ {s ⇔ t}, (8.3)

where {s ⇔ t} represents the first term with the roles of s and t interchanged. Here n1 and
n2 are independent copies of fluxes.

Clearly, the weights W(n) are proportional to the probability that a family of independent
Poisson random variables indexed by (generalized) bonds take a collection of values deter-
mined by n. We need to differentiate between the random variables associated to the bonds
of the graph and the bonds with the ghost site g. Specifically, let {Nb, Mi}b∈E,i∈V denote a
collection of independent Poisson variables with respective parameters {Jb,hi}b∈E,i∈V and
let P denote the joint probability measure associated to these processes.

It is well known that if h ≥ 0, spin correlations are increasing with respect to coupling
strengths, so each summand on the right-hand side of (8.3) must be non-positive. Therefore,
neglecting summands we obtain

U
β

λ,c(r, s, t)

≤
∑

∂n1={r,s},∂n2=∅

W(n1)

Z

W(n2)

Z
1{n1+n2:r�g}1{n1+n2:r↔t} × [〈σt 〉Cc

n1+n2
(r) − 〈σt 〉

]

+ {s ⇔ t}, (8.4)

where we drop analogous terms in the expression {s ⇔ t}.
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Let us concentrate on the first term on the right-hand side of the inequality as the second
may be treated by symmetric considerations. Note that on the set {n1 + n2 : r ↔ t} the point
t is isolated, and hence we have

〈
σt

〉
Cc

n1+n2
(r)

= 0 (8.5)

by spin flip symmetry. Set

Er,s,t = {∂n1 = {r, s}} ∩ {∂n2 = ∅} ∩ {n1 + n2 : r � g} ∩ {n1 + n2 : r ↔ t}.
After the reduction made above (8.4) may be expressed as

U
β

λ,c(r, s, t) ≤ −〈σt 〉 P ⊗ P(Er,s,t )

(P(∂n1 = ∅))2
+ {s ⇔ t}. (8.6)

Let us now specialize to Ising models on the circle with 2N vertices. We take coupling
and field strengths given by

e−2Jb = λβ

2N
,

hi = hβ

2N
.

Without loss of generality we may assume the orientation

0 < r < s < t < β. (8.7)

Continuity arguments imply that it is sufficient for us prove the bound (6.13) assuming each
point is of the form βj/2k for some j, k ∈ N fixed.

It turns out to be useful to normalize the probabilities associated with the variables
{Nb,1, Nb,2}b so that the event {Nb,i = even} has weight 1. Let the symbol e∗e∗ denote the
event that the pair of Poisson variables n1,b, n2,b are even and one of the two is non-zero.
The outcomes of interest can be characterized by an ordered pair 00, e∗e∗, eo, oe, oo. Then,
at the discrete level

W(eo) ∼ 1 − 2λ�, (8.8)

W(oo) ∼ 1 − 4λ�, (8.9)

W(e∗e∗) ∼ 1 − 4λ�, (8.10)

W(00) ∼ 4λ�, (8.11)

where � is the time step 1
2N . We may normalize these weights by e−4λ� so that the ‘arrivals’

of weights corresponding to the event 00 becomes a Poisson process of rate 4λ in the limit
as � → 0. We also have two independent copies of Mi to consider. For these, we leave the
corresponding probabilities normalized.

We pass to the limit as N → ∞ for

P ⊗ P(Er,s,t )

(P(∂n1 = ∅))2
(8.12)

using the weights (8.8)–(8.11) in place of the corresponding probabilities to obtain a sto-
chastic integration described as follows:
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Let {ςg} denote a Poisson process with rate 2h, which superposes the pair of Poisson
processes associated to arrivals of bonds with g into a single process. In addition, let φ

denote a Poisson process of holes with rate 4λ, associated to Sβ . The entire collection of
Poisson processes is taken to be jointly independent.

This process of bonds and holes partition the disjoint pair Sβ into a collection of intervals.
Each interval comes labeled with one of the four symbols e∗e∗, eo, oe, oo. Also, each label
comes with a weight; according to (8.8)–(8.10), if the length of the interval is denote by |I |
then

WI (eo) = WI (oe) = e−2λ|I |−4λβ, (8.13)

WI (e
∗e∗) = WI (oo) = e−4λ|I |−4λβ . (8.14)

Moreover these labels must satisfy a consistency condition defined as follows. With ν a
configuration of labels on Sβ , let ν ∼ (ςg, φ) the condition that the labels of intervals ad-
jacent to arrivals of ςg consist of one taken from {e∗e∗, oo} and one taken from {eo, oe}.
Further, both intervals adjacent to an arrival of φ are labeled with e∗e∗. We also introduce a
modified consistency ν

r,s∼ (ςg, φ) containing the additional requirement that ν is discontin-
uous at {r, s} with the labels of intervals adjacent to these points given by the pair {e∗e∗, oe}
or the pair {oo, eo}. Finally, let W(ν) denote the product of the weights associated to the
labels as defined in the previous paragraph.

With these preparations, we evidently have

lim
N→∞

PN ⊗ PN(Er,s,t )

(PN(n1 = ∅))2
≥

E[1{ςg(C(r))=0}∩{φ([r,t])=0}
∑

ν
r,s∼(ςg,φ)

W(ν)]
E[∑ν∼(ςg,φ) W(ν)] , (8.15)

where C(r) denotes the connected component of r in Sβ\φ(Sβ).
Since for any label ν, e−4λβ ≤ e4λβ

W(ν) ≤ e−2λβ , one can bound below the right hand
side in (8.15) as,

e−2λβ
E[1{ςg(C(r))=0}∩{φ([r,t])=0}

∑
ν
r,s∼(ςg,φ)

1]
E[∑ν∼(ςg,φ) 1] .

In each integrand the sum can consist of at most two terms, so in particular, the latter ex-
pression is further bounded below by

e−2λβ

2
E

[
1{ςg(C(r))=0}∩{φ([r,t])=0}

∑

ν
r,s∼(ςg,φ)

1

]
.

It remains to notice that if ςg(Sβ) = 0 and φ(Sβ) = 0 then there are exactly two compatible

labels ν
r,s∼ (ςg, φ). Consequently,

E

[
1{ςg(C(r))=0}∩{φ([r,t])=0}

∑

ν
r,s∼(ςg,φ)

1

]
≥ 2P

(
ςg(Sβ) = 0, φ(Sβ) = 0

)= 2e−β(2h+4λ).

�
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