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Abstract We prove an almost sure invariance principle for a random walker among i.i.d.
conductances in Z¢, d > 2. We assume conductances are bounded from above but we do not
require that they are bounded from below.
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1 Introduction

We consider continuous-time, nearest-neighbor random walks among random (i.i.d.) con-
ductances in Z%, d > 2 and prove that they satisfy an almost sure invariance principle.

1.1 Random Walks and Environments

For x, y € Z%, we write: x ~ y if x and y are neighbors in the grid Z¢ and let E; be the set
of non-oriented nearest-neighbor pairs (x, y).

An environment is a function w : E; — [0, +00[. Since edges in [E; are not oriented, i.e.
we identified the edge (x, y) with the reversed edge (y, x), it is implicit in the definition that
environments are symmetric, i.e. w(x, y) = w(y, x) for any pair of neighbors x and y.

We let (t,,z € Z¢) be the group of transformations of environments defined by
Tox,y)=w(z+x,z2+Y).

We shall always assume that our environments are uniformly bounded from above. With-
out loss of generality, we may assume that w(x, y) <1 for any edge. Thus, for the rest of
this paper, an environment will rather be a function w : E; — [0, 1]. We use the notation
Q = [0, 1]%¢ for the set of environments (endowed with the product topology and the cor-
responding Borel structure). The value of an environment @ at a given edge is called the
conductance.
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1026 P. Mathieu

Let w € Q. We are interested in the behavior of the random walk in the environment .
We denote with D(R,, Z%) the space of cad-lag Z?-valued functions on R, and let X (¢),
t € Ry, be the coordinate maps from D (R, Z%) to Z“. The space D(R,,Z%) is endowed
with the Skorokhod topology, see [6] or [12]. For a given w € [0, 1]% and for x € Z4, let P
be the probability measure on D (R, Z¢) under which the coordinate process is the Markov
chain starting at X (0) = x and with generator

1

n®(x)

LY f(x) =

Do, NG — fK), (1.1)

y~x

where n®(x) = Z)Wx w(x,y). If n®(x) =0, let L f(x) =0 for any function f.

The behavior of X (t) under P can be described as follows: starting from point x, the
random walker waits for an exponential time of parameter 1 and then chooses at random one
of its neighbors to jump to according to the probability law w(x,.)/n®(x). This procedure
is then iterated with independent hopping times.

We have allowed environments to take the value 0 and it is clear from the definition
of the random walk that X will only travel along edges with positive conductances. This
remark motivates the following definitions: call a cluster of the environment w a connected
component of the graph (Z¢, {e € E;; w(e) > 0}). By construction, our random walker never
leaves the cluster of w it started from. Since edges are not oriented, the measures with
weights n(x) on the possibly different clusters of w are reversible.

1.2 Random Environments

Let Q be a product probability measure on 2. In other words, we will now pick environ-
ments at random, in such a way that the conductances of the different edges form a family
of independent identically distributed random variables. Q is of course invariant under the
action of t, for any z € Z¢.

The random variables (1,)-0; ¢ € E;) are independent Bernoulli variables with com-
mon parameter ¢ = Q(w(e) > 0). Depending on the value of ¢, a typical environment
chosen w.r.t. Q may or may not have infinite clusters. More precisely, it is known from
percolation theory that there is a critical value p., that depends on the dimension d, such
that for ¢ < p., Q a.s. all clusters of w are finite and for ¢ > p., O a.s. there is a unique
infinite cluster. In the first case the random walk is almost surely confined to a finite set and
therefore does not satisfy the invariance principle (or satisfies a degenerate version of it with
vanishing asymptotic variance). We shall therefore assume that the law Q is super-critical,
i.e. that

q=Q(w(e) >0) > p.

Then the event ‘the origin belongs to the infinite cluster’ has a non vanishing Q probability
and we may define the conditional law:

Qo(.) = Q(.] 0 belongs to the infinite cluster).
1.3 Annealed Results
Part of the analysis of the behavior of random walks in random environments can be done

using the point of view of the particle: we consider the random walk X started at the origin
and look at the random process describing the environment shifted by the position of the
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Quenched Invariance Principles for Random Walks 1027

random walker, i.e. we let w(t) = x (. Thus (@ (¢), t € R}) is arandom process taking its
values in 2.
Let us also introduce the measure

~ n?(0)d Qo(w)

Go(a) = L2 D4 Qo(@)

[ ne0)d Qo(w)

Observe that Qy is obviously absolutely continuous with respect to Q.
We list some of the properties of the process w(.) as proved in [8]:

Proposition 1.1 (Lemmata 4.3 and 4.9 in [8]) The random process w(t) is Markovian un-
der Py. The measure Qy is reversible, invariant and ergodic with respect to w(t).

Based on this proposition, the authors of [8] could deduce that the random walk X (¢)
satisfies the invariance principle in the mean. Let us define the so-called annealed semi-
direct product measure

Q0. PYIF (@, X ()] = / PELF (@, X()]d (@),

Theorem 1.2 (Annealed invariance principle, [8]) Consider a random walk with i.i.d. super-
critical conductances. Under Qq.Py, the process (X®(t) =X (ﬁ),t € R,) converges in
law to a non-degenerate Brownian motion with covariance matrix o>Id where o is positive.

It should be pointed out that the result of [8] is in fact much more general. On one hand,
[8] deals with random walks with unbounded jumps, under a mild second moment condition.
Besides, a similar annealed invariance principle is in fact proved for any stationary law Q
rather than just product measures.

The positivity of o2 is not ensured by the general results of [8]) but it can be proved using
comparison with the Bernoulli case, see Remark 2.3.

1.4 The Almost Sure Invariance Principle

The annealed invariance principle is not enough to give a completely satisfactory description
of the long time behavior of the random walk. It is for instance clear that the annealed
measure Qq. Py retains all the symmetries of the grid. In particular it is invariant under
reflections through hyperplanes passing through the origin. This is not true anymore for the
law of the random walk in a given environment. Still, one would expect symmetries to be
restored in the large scale, for a given realization of w.

Our main result is the following almost sure version of Theorem 1.2:

Theorem 1.3 (Quenched invariance principle) Consider a random walk with i.i.d. super-
critical conductances. Qo almost surely, under Py, the process (X°(t) = sX(ELZ),t eR,)
converges in law as ¢ tends to 0 to a non-degenerate Brownian motion with covariance
matrix o2 Id where o* is positive and does not depend on w.
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1.5 The Bernoulli Case and Other Cases

The main difficulty in proving Theorem 1.3 is the lack of assumption on a lower bound
for the values of the conductances. Indeed, if one assumes that almost any environment is
bounded from below by a fixed constant i.e. there exists a § > 0 such that Q(w(e) <3) =0
then the conclusion of Theorem 1.3 was already proved in [17] using the classical ‘corrector
approach’ adapted from [13].

Another special case recently solved is the Bernoulli case: let us assume that only the
values 0 and 1 are allowed for the conductances, i.e. Q is a product of Bernoulli measures
of parameter ¢. Remember that we assume that we are in the supercritical regime ¢ > p,.
An environment can then be also thought of as a (unweighted) random sub-graph of the grid
and our random walk is the simple symmetric random walk on the clusters of the environ-
ment, i.e. jumps are performed according to the uniform law on the neighbors of the current
position in the graph w.

In the Bernoulli case, quenched invariance principles have been obtained by various au-
thors in [4, 14] and [17]. These three works develop different approaches to handle the lack
of a positive lower bound for the conductances. They have in common the use of quantitative
bounds on the transition probabilities of the random walk. It is indeed known from [2] that
the kernel of the simple random walk on an infinite percolation cluster satisfies Gaussian
bounds. A careful analysis of the proofs shows that a necessary condition to obtain the in-
variance principle using any of the three approaches in [4, 14] or [17] is a Poincaré inequality
of the correct scaling (and in fact [14] shows that the Poincaré inequality is ‘almost’ suffi-
cient). To be more precise, let A, be the Poincaré constant on a box of size n centered at
the origin. In other words, A, is the inverse spectral gap of the operator £ restricted to the
connected component at the origin of the graph @ N [—n, n]¢ and with reflection boundary
conditions. Then one needs know that Q, almost surely,

lim supnsz,l < 00. (1.2)

Such a statement was originally proved in [15] for the Bernoulli case.

It turns out that (1.2) is false in the general case of i.i.d. conductances, even if one assumes
that conductances are always positive. We can choose for instance a product law with a
polynomial tail at the origin, i.e. we assume that there exists a positive parameter y such
that Q(w(e) < a) ~ a” as a tends to 0. Then it is not difficult to prove that, for small values
of y,

log A,

liminf > 2.
logn

In [10], we considered a slightly different model of symmetric random walks with random
conductances with a polynomial tail but non i.i.d. (although with finite range dependency
only) and we proved that

log A, d

— 2V —,
logn y

showing that, at least in the case y < d/2, the Poincaré constant is too big to be directly
used to prove the diffusive behavior of the random walk and one needs some new ingredient
to prove Theorem 1.3.
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Quenched Invariance Principles for Random Walks 1029

Remark 1.4 In [10], we derived annealed estimates on the decay of the return probability
of the random walk. More interestingly, in the very recent work [5], the authors could also
obtain quenched bounds on the decay of the return probability for quite general random
walks with random conductances. Their results in particular show that anomalous decays do
occur in high dimension. In such situations, although the almost sure invariance principle
holds, see Theorem 1.3, the local CLT fails.

Our proof of Theorem 1.3 uses a time change argument that we describe in the next part
of the paper.!

2 A Time Changed Process

In this section, we introduce a time changed process, X¢, and state an invariance principle
for it (Theorem 2.2).

Choose a threshold parameter & > 0 such that Q(w(e) > &) > p.. For Q almost any
environment o, the percolation graph (Z¢, {e € E;; w(e) > £}) has a unique infinite cluster
that we denote with C? (w).

By construction C¢ (w) is a subset of C(w). We will refer to the connected components of
the complement of C* (w) in C(w) as holes. By definition, holes are connected sub-graphs of
the grid. Let 1 () be the collection of all holes. Note that holes may contain edges such
that w(e) > £.

We also define the conditioned measure

05() = 010 € C* ().

Consider the following additive functional of the random walk:

t
AE(¢)=/ 1x(5yect @95,
0

its inverse (A%)~!(¢) = inf{s; A%(s) > t} and define the corresponding time changed process
XE(1) = X ((A5) 71 @)).

Thus the process X¢ is obtained by suppressing in the trajectory of X all the visits to the
holes. Note that, unlike X, the process X¢ may perform long jumps when straddling holes.

As X performs the random walk in the environment w, the behavior of the random
process X¢ is described in the following proposition:

Proposition 2.1 Assume that the origin belongs to C*(w). Then, under P?, the random
process X¢ is a symmetric Markov process on C¢ (w).

The Markov property, which is not difficult to prove, follows from a very general argu-
ment about time changed Markov processes. The reversibility of X¢ is a consequence of the
reversibility of X itself as will be discussed after equation (2.2).

INote: after this paper was posted on the Arxiv, M. Biskup and T. Prescott wrote a preprint with a different
proof of Theorem 1.3, see [7]. Their approach is based on ideas from [4] when we prefer to invoke [14]. They
also need a time change argument, as here, and percolation results like Lemma 5.3.
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1030 P. Mathieu

The generator of the process X* has the form

1
L0 = s et D) = G, @.1)
3
where
@Oy
o) —}L%tPX X°(=y)

= PZ(y is the next point in C¢ (w) visited by the random walk X), (2.2)

if both x and y belong to C¢ (w) and wf (x, y) = 0 otherwise.

The function @f is symmetric: o (x,y) = o’ (y, x) as follows from the reversibility
of X and (2.2), but it is no longer of nearest-neighbor type, i.e. it might happen that
® (x,y) # 0 although x and y are not neighbors. More precisely, one has the following
picture: % (x, y) =0 unless either x and y are neighbors and w(x, y) > &, or there exists a
hole, &, such that both x and y have neighbors in /. (Both conditions may be fulfilled by the
same pair (x, y).)

Consider a pair of neighboring points x and y, both of them belonging to the infinite
cluster C¢ (w) and such that w(x, y) > £, then

o (x,y) = &. (2.3)

This simple remark will play an important role. It implies, in a sense to be made precise
later, that the parts of the trajectory of X* that consist in nearest-neighbors jumps are similar
to what the simple symmetric random walk on C? () does.

Finally observe that the environment «® is stationary, i.e. the law of »® under Q is in-
variant with respect to 7, for all z € Z¢ as can be immediately seen from (2.2).

Theorem 2.2 (Quenched invariance principle for X¢) There exists a value & > 0 such that
for any 0 < & < & the following holds. For Q. almost any environment, under Pg’, the
process (X5 (t) = SXE(SLZ),Z € R,) converges in law as ¢ tends to 0 to a non-degenerate
Brownian motion with covariance matrix o*(&)Id where o*(&) is positive and does not
depend on w.

The proof of Theorem 2.2 will be given in Sect. 4. It very closely mimics the arguments
of [14]. Indeed, one uses the lower bound (2.3) to bound the Dirichlet form of the process
X¢ in terms of the Dirichlet form of the simple symmetric random walk on C¢ (w) and thus
get the Poincaré inequality of the correct order. It is then not difficult to adapt the approach
of [15] and [2] to derive the tightness of the family X%¢ and the invariance principle follows
asin [14].

Remark 2.3 The positivity of o in Theorem 1.3 and the positivity of o?(£) in Theorem 2.2
can be checked using comparison arguments from [8]. Indeed it follows from the expression
of the effective diffusivity, see Theorem 4.5 part (iii) of [8], and from the discussion on
monotonicity in part 3 of [8] that o2 is an increasing function of the probability law Q (up
to some multiplicative factor). Therefore, if Q stochastically dominates Q” and the effective
diffusivity under Q' is positive, then the effective diffusivity under Q is also positive. Here
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Quenched Invariance Principles for Random Walks 1031

Q stochastically dominates the law of the environment with conductances w’(e) = £1,¢)>¢-
The random walk in the environment «’ is the simple random walk on a percolation cluster
which is known to have a positive asymptotic diffusivity, see [2] or the references in [14].
The same argument shows that o2(£) > 0 for any & such that Q(w(e) > &) > p..

To derive Theorem 1.3 from Theorem 2.2, we will compare the processes X and X £
for small values of &. The large time asymptotic of the time change A¢ is easily deduced
from the ergodic theorem, as shown in Lemma 2.4 below and it implies that the asymptotic
variance o2(£) is continuous at £ = 0, see Lemma 2.5.

Let

(&) = 0o(0 € C* (w)).

Lemma 2.4

A5 (1)
— —c(&) Qqpa.s.,

as t tends to oo and
c)—1, 2.4)

as & tends to 0.

Proof Remember the notation w(t) = tx—)w. The additive functional Af(t) can also be
written in the form A% (1) = [ Locce (o (s dS-
From Proposition 1.1, we know that Qg is an invariant and ergodic measure for the

process w(t) = Tx—) and that it is absolutely continuous with respect to Q.
AL
t
limit is ¢(£) = Q(0 € C¢ (w)). To check (2.4), note that 1ycct (o) almost surely converges to

loec(w) as & tends to 0. Since QO(O € C(w)) =1, we get that c(§) converges to 1. O

Thus the existence of the limit lim,_, follows from the ergodic theorem and the

Lemma 2.5 The asymptotic variances o> in Theorem 1.2 and o*(£) from Theorem 2.2, and
the constant c(§) from Lemma 2.4 satisfy the equality

c(§)o?(§) =0’ (2.5)

As a consequence, o (£) converges to * as £ tends to 0.

Proof Formula (2.5) is deduced from Lemma 2.4. One can, for instance, compute the law
of the exit times from a large slab for both processes X and X¢. Let t(r) (resp. T°(r))
be the exit time of X (resp. X¢) from the set [—r, 7] x R"!. Under the annealed mea-
sure, the Laplace transform of 7(r)/r* converges to E(exp(—AT /o?)) where T is the exit
time of [—1, 1] by a Brownian motion. This is a consequence of the invariance principle
of Theorem 1.2. Theorem 2.2 implies that the Laplace transform of t¢(r)/r? converges
to E(exp(—=AT /o%(£))). (The convergence holds for Q¢ almost any environment and, by
dominated convergence, under the annealed measure.)

On the other hand, we have ¢ (r) = A% (z(r)) and therefore Lemma 2.4 implies that the
Laplace transform of 7% (r)/r? has the same limit as the Laplace transform of c¢(£)7é (r)/r?
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1032 P. Mathieu

and therefore converges to E (exp(—Ac(£)T/c%)). We deduce from these computations that
E(exp(=ic(§)T /o)) = E(exp(=AT /0> (§))),

and, since this is true for any A > 0, we must have ¢(£)o2(¢) = o>,
The continuity of o2(£) for £ = 0 is ensured by the continuity of c(&). O

3 How to Deduce Theorem 1.3 from Theorem 2.2

We start stating a percolation lemma that will be useful to control the contribution of holes
to the behavior of the random walk.

Lemma 3.1 There exists a value & > 0 such that for any 0 < & < &, the following holds.
There exists a constant a such that, Q almost surely, for large enough n, the volume of any
hole h € H® (w) intersecting the box [—n,n]? is bounded from above by (logn)®. (a =7
would do.)

The proof of Lemma 3.1 is postponed to Sect. 5.
3.1 Tightness
In this section, we derive the tightness of the sequence of processes X* from Theorem 2.2.

Lemma 3.2 Under the assumptions of Theorem 1.3, Q¢ almost surely, under Py, the family
of processes (X*(t) = SX(ELZ), t € Ry) is tight in the Skorokhod topology.

Proof We read from [12], Sect. 3.26, p. 315 that a sequence of processes x° is tight if and
only if the following two estimates hold:

(i) for any T, any 6 > O, there exist &y and K such that for any ¢ < gy

P(sup [x* ()] = K) <3, (3.1

t<T

(ii) for any T, any é > 0, any n > 0, there exist &y and 6 such that for any ¢ < g

P( sup () — x°(v)| > n) <s. (3.2)

v<u<T,u—v<6y

Choose £ as in Theorem 2.2. The sequence X converges; therefore it is tight and sat-
isfies (3.1) and (3.2). By definition,

X5 (1) = X°© (EZ(AE)_I <i2>>
&

Proof of condition (i): Let us first check that X* satisfies (3.1).

Assume that sup, .y |X52(t)| < K. Given ty < T, let xo = X(1), i.e. X(;%) = %xo and
define 5o = szAg(é%). Since A%(t) <t, we have sy < 1.

If Lxo belongs to C* (), then 7o = &?(A%)~! (%) and X5 (s0) = X°(ty) = xo and there-
fore |xo| < K.
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Quenched Invariance Principles for Random Walks 1033

Now suppose that 1xy does not belong to C*(w) and let 1, = 82(A5)‘1(:%) and x; =
X%(t;). Then t; <ty and %xl belongs to C(w). The same argument as before shows that
|x1| < K. On the other hand, by definition of the time changed process X £ éxl is the last
point in C* (w) visited by X before time fy. Thus éxo belongs to a hole on the boundary of
which sits Lx;. It then follows from Lemma 3.1 that

K a
< <log —) .
£

K a
|xo] < K —|—£(log —) .
&

1
—X1— —Xo
& &

Thus we have proved that

We can choose ¢, small enough so that ¢(log g)“ < K and therefore we have

sup | XS5 ()| <K = sup|X°(r)| <2K.

t<T t<T

Since the sequence X*- satisfies (3.1), the event ‘sup, |X%¢(¢)] < K has a large probabil-
ity; therefore sup, . | X°(#)| < 2K has alarge probabil_ity and the sequence X satisfies (3.1).

Proof of condition (ii): As before, we will deduce that the sequence X° satisfies (3.2)
from the fact that the sequence X**¢ satisfies (3.1) and (3.2). Assume that

sup X5 () — X5 ()] < .

v=<u<T;u—v=<6y
We further assume that sup, ., | X5¢(t)| < K.

Given vg < ug < T such that ug — vy < 0y, let xo = X°(up), yo = X*(vp) and define sy =
SZAE(Z—S), o= 82A5(:—3), U= 82(A5)*1(;—2) and v, = sz(As)*'(;%). Also let x; = X (uy),
yi=X(v1).

Since Af(r) — Af(s) <t — s whenever s <, we have 1, < sy < T and sg — #o < 6.
Besides, by definition of A%, we have x; = X5°(sq) and y; = X¥*(#y). We conclude that

lxr — y1l < 7.

On the other hand, the same argument as in the proof of condition (i) based on Lemma 3.1
shows that

K a
X1 —Xol + |yt — yol = 28<10g ?> .

We have proved that

K a
sup IXE(u)—XE(v)Ifn—i-Zs(log—) .
3

v<u<T;u—v<6y

Since both events ‘sup, -, <7, <4, | X5 (u)— X5 (v)| < n’ and ‘sup,_; | X5*(1)| < K have
large probabilities, we deduce that the processes X° satisfy condition (ii). 0
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3.2 Convergence

To conclude the derivation of Theorem 1.3 from Theorem 2.2, it only remains to argue that,
for any given time ¢, the two random variables X¢(t) and X%¢(¢) are close to each other in
probability.

Lemma 3.3 Under the assumptions of Theorem 1.3, Q¢ almost surely, for any t, any § > 0,
any n > 0, then, for small enough &,

limsup P (|X5 (1) — X5 (1)| > n) <.

e—0

Proof We shall rely on Lemma 2.4. If | X®(¢) — X5¢(¢)| > 1, then one of the following two
events must hold:

(I)z{ sup |X$f8(s)—xé-f(r>|>g},

Océ)r=s=<t

— : E.e & n
an = lec(sl)lrl;fssr | X5 (s) — X°(2)| > > }
Here 0 is a parameter in ]0, 1[.

The invariance principle for X%, see Theorem 2.2, implies that the probability of (I)
converges as ¢ tends to 0 to the probability P (Supy.(),<;<, 0 (§)|B(s) — B(t)| > %), where
B is a Brownian motion. Since o (£) is bounded away from 0, see Lemma 2.5, and since
c(&) — 1 as £ — 0, we deduce that there exists a value for  such that

limsuplimsup Py’ (I) < 4. 3.3)
£E—0 e—0

We now assume that 6 has been chosen so that (3.3) holds. We shall end the proof of the
Lemma by showing that

limsup Py’ (1) = 0. (34

e—0

Since, from the tightness of the processes X°, see Lemma 3.2, we have

lim sup Pow(sup X (s)| > s*') —0,

e—0 s<t
we will estimate the probability that both events (II) and ‘sup,, | X*(s)| < e~ hold.

Let u = 82A‘5(:—2) and note that ¥ < t. From Lemma 2.4, we know that u > 6¢(&)t for
small enough ¢ depending on w.

If X?(¢) belongs to C* (w), then X?(¢t) = X%¢(u) and therefore (II) does not hold.

Otherwise X*(t) belongs to a hole on the boundary of which sits X% (u). Using the
condition sup, , | X*(s)| < &~! and Lemma 3.1, we get that

1 a
|XE(r) — X5 ()| < £<log E) )

For sufficiently small ¢ we have e(log1/¢)? < % and therefore (IT) fails. The proof of (3.4)
is complete. O
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Quenched Invariance Principles for Random Walks 1035

End of the proof of Theorem 1.3: Choose times 0 < t; < --- < ;. Use Lemma 3.3, to
deduce that for small enough &, as ¢ tends to 0, the law of (X*(#;), ..., X®(#;)) comes close
to the law of (X%¢(t;), ..., X*(#)), which in turn, according to Theorem 2.2, converges to
the law of (o (§)B(t1),...,0(§)B(t;)), where B is a Brownian motion. We now let £ tend
to 0: since o (§) converges to o, see Lemma 2.5, the limiting law of (X®(#,), ..., X°(%)) is
the law of (o B(ty), ..., 0 B(#)), i.e. we have proved that X converges in law to a Brown-
ian motion with variance o2 in the sense of finite dimensional marginals. The tightness
Lemma 3.2 implies that the convergence in fact holds in the Skorokhod topology.

4 Proof of Theorem 2.2

We will outline here a proof of Theorem 2.2. Our strategy is quite similar to the one recently
used in [2, 15] and [14] to study the simple symmetric random walk on a percolation cluster.
No new idea is required.

Step 0: Notation ~As before, we use the notation w to denote a typical environment under
the measure Q. For a given edge e € E; (and a given choice of w), we define

a(e) =1,)>0; o' (€) = 1oy -

As in Sect. 2, let C¢ (w) be the infinite cluster of the percolation graph «'. For x, y € C¢ (w),
we define the chemical distance df) (x, y) as the minimal number of jumps required for the
process X¢ to go from x to y, see Sect. 5.3.

We recall the definition of the generator £5°“ from (2.1). Since the function ® is sym-
metric, the operator £5 is reversible with respect to the measure 1, = Y__ et () 1 (2)3:.

Let C"(w) be the connected component of C¢ (w) N [—n, n]? that contains the origin. Let
(X5 (1), t = 0) be the random walk X? restricted to the set C" (w). The definition of X" is
the same as for X% except that jumps outside C" are now forbidden. Its Dirichlet form is

1
XS, ) = 3 x~y;(w> @ (e, V() = FO)™.

We use the notation t” for the exit time of the process X% from the box [—2n + 1,
2n — 114, ie. t" =inf{t; X5 (1) ¢ [-2n + 1, 2n — 114}

Step 1: Carne-Varopoulos Bound The measure 1, being reversible for the process X¢,
the transition probabilities satisfy a Carne-Varopoulos bound: for x € C*(w) and y € Z¢, we

have
PY(X5(t)=y) <2 ““’_(y)e—diu,y)z/(m e,
' Ho(X)

where ¢ =log4 — 1 (see [15], Appendix C). Observe that p,(y)/ie(x) < 2d/& since we
are assuming that x € C* ().
By Lemma 5.4, we can replace the chemical distance d® (x, y) by the Euclidean distance

|x — y|, provided that x € [—n, n]? and n is large enough. We get that, QE almost surely, for
large enough 7, for any x € C"(w) and any y € Z¢ such that |x — y| > (logn)?, then
x—y 2 .
POXE() =y) <Ce™ T 47, @.1)

where C is a deterministic constant which does not depend on x, y, ¢ or n.
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The same reasoning as in [15], Appendix C (using Lemma 5.4 again) then leads to upper
bounds for the exit time t”: Qg almost surely, for large enough n, for any x € C"(w) and
any ¢, we have

Ilz
P?[t" <t] < Ctnle™ci 47, (4.2)

Indeed, let N (¢) be the number of jumps the random walk performs until time ¢ and let 6" be
the number of jumps of the walk until it exits the box [—2n+1, 2n—1]7, so that 6" = N (").
Note that the process (N (), ¢ € R;) is a Poisson process of rate 1. With probability larger
than 1 — e, we have N(¢) <2¢t. If N(¢t) <2t and t" <, then 0" < 2t and there are at
most 2¢ choices for the value of ¢”. Let y be the position of the walk at the exit time and
let z be the last point visited before exiting. Note that d,i(z, y) = 1. Due to Lemma 5.4, we
have

[ 1. ct ct
lx —yl < c—_dw(x,y) < c—_(dw(x,z) +D =< c—_(l +lx—zP) < c—_(l +2n).

Note that our use of Lemma 5.4 here is legitimate. Indeed |x — y| is of order n and, since
dé(z,y) =1, Lemma 3.1 implies that |y — z| is at most of order (logn)’. Therefore |x — z|
is of order n and thus certainly larger that (logn)?.

Thus we see that there are at most of order n? possible choices for y. Finally, due to (4.1),

n2
PO(Xf(s)=y) <Ce ©7,

for any s <2f, x € C*(w) and y ¢ [—2n + 1,2n — 1]¢. Putting everything together, we
get (4.2).

Step 2: Nash Inequalities and On-diagonal Decay

Lemma 4.1 For any 0 > 0, there exists a constant c,(0) such that, Qg a.s. for large
enough t, we have

cu(9)
td/2 ’

PO[X5()=y] < 4.3)

for any x € C5(w) and y € Z4 such that |x| < 1°.

Proof We use the notation o'(e) = 1,(,)>¢. Note that the random variables («'(e); e € E;)
are independent Bernoulli variables with common parameter Q(a’(e) > 0) = Q(w(e) > &).
Since we have assumed that Q(w(e) > &) > p., the environment o’ is a typical realization
of super-critical bond percolation.

The following Nash inequality is proved in [15], (5): there exists a constant 8 such that
Qg a.s. for large enough n, for any function f : C" (w) — R one has

Var(f)! i < pnP @ (g, £y £,

where

/ 1
ENL N =5 Y d@NFE - fO)

x~yeC(w)
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The variance and the L, norms are computed with respect to the counting measure on
C"(w) and e(n) =d + 2d 1"1301%. (Note that there is a typo in [15] where it is claimed that
(5) holds for the uniform probability on C"(w) instead of the counting measure.)

Inequality (2.3) implies that o (x, y) < £ 'w¥ (x, y). Therefore £ and 5" satisfy
the inequality

’ 1
ENLN = 555’””’(f, - (4.4)

Using inequality (4.4) in the previous Nash inequality, we deduce that there exists a
constant § (that depends on &) such that Qf) a.s. for large enough n, for any function f :
C"(w) — R one has

2 _d e(n
Var(f)' i < P Em gben g | £ (4.5)

As shown in [15], Sect. 4, the Carne-Varopoulos inequality (4.1), inequality (4.2) and the
Nash inequality (4.5) can be combined to prove upper bounds on the transition probabilities.
‘We thus obtain that: there exists a constant ¢, such that, Qg a.s. for large enough 7, we have

Ctt

PYIXE (0 =y1 = 775,

(4.6)
for any y € Z¢.

Using the translation invariance of Q, it is clear that estimate (4.6) in fact holds if we
choose another point x € Z“ to play the role of the origin. Thus, for any x € Z¢, Q a.s. on
the set x € C¢ (w), for ¢t larger than some random value fy(x), we have

PUXS(0) =1 = 5. @)
for any y € Z¢.

In order to deduce the lemma from the upper bound (4.7), one needs control the tail of
the law of #,(0).

Looking at the proofs in [15], one sees that all the error probabilities decay faster than any
polynomial. More precisely, the Qf) probability that inequality (4.5) fails for some n > n
decays faster than any polynomial in ny. From the proof of Lemma 5.4, we also know that the
Qg probability that inequality (4.1) fails for some n > n( decays faster than any polynomial
in ny. As a consequence, a similar bound holds for inequality (4.2).

To deduce error bounds for (4.6), one then needs to go to part 4 of [15]. Since the proof
of the upper bound (4.6) is deduced from (4.1, 4.2) and (4.5) by choosing ¢ log t = bn? for an
appropriate constant b, we get that QE (inequality (4.6) fails for some ¢ > 1) decays faster
than any polynomial in fy. By translation invariance, the same holds for (4.7), i.e. for any
A > 0, there exists T such that

O(x € C¥ () and fo(x) = o) < 157,
for any fy > T. Therefore,
A

Q(3x € C¥(); |x| <15 and 1y(x) = 1o) < 15" .

One then chooses A larger than d6 + 1 and the Borel-Cantelli lemma gives the end of the
proof of (4.3). 0
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Step 3: Exit Times Estimates and Tightness We denote with t(x,r) the exit time of the
random walk from the ball of center x and Euclidean radius r.

Lemma 4.2 For any 0 > 0, there exists a constant c, such that, QS a.s. for large enough t,
we have

t
Pf’[f(x,r)<t]§Ce£, (4.8)
r
for any x € Z¢ and r such that |x| <t° and r <1°.

Proof The argument is the same as in [2], Sect. 3. We define
M, (t) = E¢[d} (x, X*(1))]

and

0. (1) = —E{[logq? (x, X*(1))],
where ¢® (x, y) = P®(X%(t) = y)/ 1o (x). Then, for large enough ¢ and for |x| < #¥, one has:

0.(t) = —loge, + % log?,

M, (1) > 2 exp(Q. (1) /d),
1

0,2 S (M0

The first inequality is obtained as an immediate consequence of Lemma 4.1. The second
one is proved as in [2], Lemma 3.3 and the third one as in [2], (3.10), using ideas from [3]
and [16]. Note that, in the proof of the second inequality, we used Lemma 5.4 to control the
volume growth in the chemical distance d%. One now integrates these inequalities to deduce
that

et < M (1) < e/t (4.9)

Once again the proof is the same as in [2], Proposition 3.4. Note that, in the notation of [2],
Ts = |x|'/? so that (4.9) holds for ¢ > %lel/g log |x|. The end of the proof is identical to the
proof of (3.13) in [2]. |

Lemma 4.3 Qg a.s. for large enough t, we have

3
Pllt(x,r) <t] < 27(ce)3<$) , (4.10)

for any x € Z¢ and r such that |x| <t° and r <1°.

Proof Let x’ = X% (v (x,r/3)), x" = X5(¢'(x',r/3)) where v/ (x’, r/3) is the exit time from
the ball of center x” and radius r/3 after time t(x, r/3) and let t”(x”, r/3) be the exit time
from the ball of center x” and radius r/3 after time t’(x, r/3). In order that 7 (x, r) < ¢ under
P? we must have t(x,r/3) <t and /(x’,r/3) <t and t”(x",r/3) < t. We can then use
Lemma 4.2 to estimate the probabilities of these 3 events and conclude that (4.10) holds. [J
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Lemma 4.4 For small enough &, Qo almost surely, under Py, the family of processes
(X58(t) =eX® (ELZ), t e R,) is tight in the Skorokhod topology (as € goes to 0).

Proof We shall prove that, for any 7" > 0, for any > 0 and for small enough 6, then
oo\ 3
lim sup sup Pg)( sup [XEF(u) — X4 (v)| > n) < 27(c¢,)3<—“)> @1
& v<T u<T;v<u<v+6y n

Indeed inequality (4.11) implies that

1
lim sup ™ lim sup sup P(g”( sup 1X5% () — X5 (v)| > 77) =0. (4.12)

6o 0 € v<T u<T;v<u<v+0y

According to Theorem 8.3 in Billingsley’s book [6], this last inequality is sufficient to ensure
the tightness.
We use Lemma 4.2 with 6 = 1 to check that

Pé”(suplXE’s(tﬂ > K) = P(;”(r (0, g) < 1) < ceﬁ.

t<T

(We could use Lemma 4.2 since £ < I for small ¢.)
Next choose 1 > 0 and use Lemma 4.3 with 6 = 3 and the Markov property to get that

Pe( swpIXE) = X )] > )

v=u<T;u—v<6y

o ge o n\ _ %
<Py(supX**)=K)+ sup PYlz|y.=)<5)
& &

t<T yilyl<K/e ~

If we choose K of order 1/¢ and pass to the limit as € tends to 0, then, due to the previous
inequality, the contribution of the first term vanishes. As for the second term, by Lemma 4.3,
it is bounded by 27(cg)3(@)3. Note that we could use Lemma 4.3 since § < (%)3 and

g < (5—2)3 for small ¢. Thus the proof of (4.11) is complete. ]

Step 4: Poincaré Inequalities and End of the Proof of Theorem 2.2  Applied to a centered
function f, Nash inequality (4.5) reads:

25 2(1— -4 4/e
Il @ < pr®tmwmgsencr, py| £y,

Holder’s inequality implies that

£ < [1f lla2n + D2

since #C" (w) < (2n 4 1)¢. We deduce that any centered function on C" () satisfies

I£15 < BR*ES"(f, ),

for some constant 8. Equivalently, any (not necessarily centered) function on C" () satisfies
Var(f) < Bn*E5“"(f, £).
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Thus we have proved the following Poincaré inequality on C"(w): there is a constant
such that, Qg a.s. for large enough n, for any function f : C"(w) — R then

Yoo Y o () = FO)) (4.13)

xeC"(w) x~yeC"(w)

Our second Poincaré inequality is derived from [2], see Definition 1.7, Theorem 2.18,
Lemma 2.13(a) and Proposition 2.17(b): there exist constants M < 1 and § such that Qg
a.s. for any § > 0, for large enough n, for any z € Z¢ s.t. |z| < n and for any function
f:7¢ — R then

> f0)? < Bs’n’ > of (x, ) (f () = F())
xeCé (w)N(z+[—Msn,Mén]?) x~yeCt (0)N(z+[—dn,8n19)
(4.14)
In [2], inequality (4.14) is in fact proved for the Dirichlet form £ but the comparison
inequality (4.4) implies that it also holds for the Dirichlet form £5®-".
One can now conclude the proof of the theorem following the argument in [14] line by
line starting from Sect. 2.2. 0

5 Percolation Results
5.1 Prerequisites on Site Percolation

We shall use some properties of site percolation that we state below.

By site percolation of parameter r on Z¢, we mean the product Bernoulli measure of
parameter r on the set of applications ¢ : Z¢ — {0, 1}. We identify any such application
with the sub-graph of the grid whose vertices are the points x € Z¢ such that ¢(x) = 1 and
equipped with the edges of the grid linking two points x, y such that {(x) = ¢ (y) = 1.

Let [ > 1. Call a sub-set of Z¢ I-connected if it is connected for the graph structure
defined by: two points are neighbors when the Euclidean distance between them is less
than /.

We recall our notation |x — y| for the Euclidean distance between x and y.

A path is a sequence of vertices of Z¢ such that two successive vertices in 7 are neigh-
bors. We mostly consider injective paths. With some abuse of vocabulary, a sequence of
vertices of Z¢ in which two successive vertices are at distance not more than / will be called
a [-nearest-neighbor path. Let m = (xo, ..., X;) be a sequence of vertices. We define its
length

k
="l — x5,
Jj=1

and its cardinality #7 = #{x¢, ..., x;}. (#7 =k + 1 for an injective path.) When convenient,
we identify an injective path with a set (its range).

Lemma 5.1 Let | > 1. There exists p; > 0 such that for r < py, almost any realization
of site percolation of parameter r has only finite l-connected components and, for large
enough n, any l-connected component that intersects the box [—n,n]? has volume smaller
than (logn)®/.
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Proof the number of [-connected sets that contain a fixed vertex and of volume m is smaller
than e¢“®™ for some constant a(l), see [11]. Thus the number of /-connected sets of vol-
ume m that intersect the box [—n, n]? is smaller than (2n + 1)4e4®™ . But the probability
that a given set of volume m contains only opened sites is ¥ < p}'. We now choose p;
small enough so that Y, 3°, - o5 (21 +1)?e?™ pi" < 00 and the Borel-Cantelli lemma
yields the conclusion of Lemma 5.1. |

As in the case of bond percolation discussed in the introduction, it is well known that for r
larger than some critical value then almost any realization of site percolation of parameter r
has a unique infinite connected component—the infinite cluster—that we will denote with C.

Lemma 5.2 There exists p, < 1 such that for r > p,, for almost any realization of site
percolation of parameter r and for large enough n, any connected component of the com-
plement of the infinite cluster C that intersects the box [—n,n]? has volume smaller than
(logn)>/2.

Proof let ¢ be a typical realization of site percolation of parameter r. We assume that r
is above the critical value so that there is a unique infinite cluster, C. We also assume that
1 —r < p; where p; is the value provided by Lemma 5.1 for / =d.

Let A be a connected component of the complement of C. Define the interior boundary
of A: 0;yA ={x € A;Jy s.t. (x,y) € E;and y ¢ A}. It is known that 9;,,A is d-connected,
see [9], Lemma 2.1. By construction any x € 9;,,A satisfies ¢ (x) = 0. Since the application
x — 1 —¢(x) is a typical realization of site percolation of parameter 1 —r and 1 —r < py,
as an application of Lemma 5.1 we get that 9,,,A is finite. Because we already know that the
complement of A is infinite (since it contains C), it implies that A itself is finite.

We now assume that A intersects the box [—n,n]?. Choose n large enough so that
CN[—n,n]? # @ so that [—n, n]? is not a sub-set of A. Then it must be that 9;,,A inter-
sects [—n,n]?. Applying Lemma 5.1 again, we get that, for large n, the volume of 3, A
is smaller than (logn)%°. The classical isoperimetric inequality in Z¢ implies that, for
any finite connected set B, one has (#9,,,B)?/“~" > T#B for some constant Z. Therefore
#A < T~ '(logn)%/>¥=D _Since 6d/5(d — 1) < 5/2, the proof is complete. O

Lemma 5.3 There exists ps < 1 and a constant c3 such that for r > p3, for almost any
realization of site percolation of parameter r and for large enough n, for any two points
X,y in the box [—n, n]¢ such that |x — y| > (logn)*? we have

(i) for any injective d-nearest-neighbor path w from x to y then
#zem; {(z) =1} = c3lx — yl,
(ii) for any injective (1-nearest-neighbor) path  from x to y then

#CNm) > cslx — yl.

Proof We assume that r is close enough to 1 so that there is a unique infinite cluster C. We
also assume that 1 — r < p;, where p; is the constant appearing in Lemma 5.1 for [ = 1.
Then the complement of C only has finite connected components.

Part (i) of the lemma is proved by a classical Borel-Cantelli argument based on the fol-
lowing simple observations: the number of injective d-nearest-neighbor paths 7 from x
of length L is bounded by (c;)’ for some constant ¢, that depends on the dimension d

@ Springer



1042 P. Mathieu

only; the probability that a given set of cardinality L contains less than dc;L sites where
¢ =1 is bounded by exp(Adc3;L)(re™ + 1 — r)L for all A > 0. We choose ¢3 < 5 and A
such that cge~1=99* < 1 and p; such that y = cse*3(p3e™ + 1 — p3) < 1. Let now x
and y be as in the lemma. Note that any injective d-nearest-neighbor path 7 from x to y
satisfies #m > 1|x — y| > 1 (logn)¥/?. Therefore the probability that there is an injective
d-nearest-neighbor path 7 from x to y such that #{z € 7; {(z) = 1} < c3|x — y| is smaller
than ;. 1 (logm)2 v’ and the probability that (i) fails for some x and y in the box [—n, n]?

is smaller than (21 +1)*' 37; 1 g3 ¥'©- Since 30, Qn+ 12 37, 1 g2 ¥ < 00, the
Borel-Cantelli lemma then yields that, for large enough #n, part (i) of Lemma 5.3 holds.

We prove part (ii) by reducing it to an application of part (i). Assume that, for some points
x and y as in the lemma, there exists an injective nearest-neighbor path 7 from x to y such
that #(C N 1) < c3]|x — y|. We first modify the path 7 into a d-nearest-neighbor path from x
to y, say 7/, in the following way: the parts of 7 that lie in C remain unchanged but the parts
of 7 that visit the complement of C are modified so that they only visit points where ¢ = 0.
Such a modified path 7’ exists because the interior boundary of a connected component of
the complement of C is d connected (as we already mentioned in the proof of Lemma 5.2)
and only contains points where ¢ = 0.

Observe that CNz’ =CNm and that CN7’ = {z € n’; £ (z) = 1} so that

#zen' (@) =1} <cslx —yl.

Next turn 7/ into an injective d-nearest-neighbor path, say 7", by suppressing loops in 7’.
Clearly {z € 7"; ¢(z) = 1} C {z € n’; £ (z) = 1} and therefore

#Hzen"; ¢ =1} <cslx —yl,

a contradiction with part (i) of the lemma. 0

5.2 Proof of Lemma 3.1

Lemma 3.1 only deals with the geometry of percolation clusters, with no reference to ran-
dom walks. We will restate it as a percolation lemma at the cost of changing a little our
notation. In order to make a distinction with a typical realization of an environment for
which we used the notation w, we will use the letters « or &’ to denote typical realizations
of a percolation graphs. Thus one switches from the notation of the following proof back to
the notation of part 3 using the following dictionary:

O((e) = 1w(e)>0’ Of,(e) = lw(e)zéy
qg=Qw(e) >0), p=Q0(w(e) >&lw(e) > 0).

This way taking & close to O is equivalent to taking p close to 1.

We very much rely on renormalization technics, see Proposition 2.1 in [1].

As in the introduction, we identify a sub-graph of Z¢ with an application « : E; — {0, 1},
writing a(x, y) = 1 if the edge (x, y) is present in o and «(x, y) = 0 otherwise. Thus A =
{0, 1} is identified with the set of sub-graphs of Z¢. Edges pertaining to « are then called
open. Connected components of such a sub-graph will be called clusters.

Define now Q to be the probability measure on {0, 1}¥¢ under which the random vari-
ables (a(e), e € E;) are Bernoulli (¢) independent variables with

q > De-

Then, Q almost surely, the graph « has a unique infinite cluster denoted with C(«).
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For a typical realization of the percolation graph under Q, say «, let Q% be the law
of bond percolation on C(«) with parameter p. We shall denote & a typical realization
under Q% i.e. &’ is a random subgraph of C(«) obtained by keeping (resp. deleting) edges
with probability p independently of each other. We always assume that p is close enough
to 1 so that Q” almost surely there is a unique infinite cluster in ' that we denote C*(«’). By
construction C%(a’) C C(«). Connected components of the complement of C*(«’) in C(w)
are called holes.

We now restate Lemma 3.1:

There exists po < 1 such that for p > po, for Q almost any «, for Q% almost any o',
for large enough n, then any hole intersecting the box [—n,n]¢ has volume smaller than
(logn)“.

Renormalization: Let « be a typical realization of percolation under Q.

Let N be an integer. We chop Z in a disjoint union of boxes of side length 2N + 1. Say
7 = Uiz« Bi» where B; is the box of center (2N + 1)i. Following [1], let B be the box of
center (2N + 1)i and side length %N + 1. From now on, the word box will mean one of the
boxes B;, i€ Z°.

We say that a box B; is white if B; contains at least one edge from « and the event Ri(N) in
(2.9) of [1] is satisfied. Otherwise, B; is a black box. We recall that the event Ri(N) is defined
by: there is a unique cluster of « in B{, say Kj; all open paths contained in B; and of radius
larger than 1_loN intersect K; within B; Kj is crossing for each subbox B C B; of side larger
than TloN (see [1] for details). We call K; the crossing cluster of « in the box Bj. Note the
following consequences of this definition.

Fact (i) If x and y belong to the same white box B; and both x and y belong to the infinite
cluster of «, then there is a path in C(«) connecting x and y within B;.

Fact (ii) Choose two neighboring indices i and j with |i — j| = 1 and such that both boxes B;
and Bj are white. As before, let K; and K be the crossing clusters in B; and Bj; respectively.
Letx € Kj and y € Kj. Then there exists a path in o connecting x and y within B{ U B;.

We call renormalized process the random subsets of Z¢ obtained by taking the image of
the initial percolation model by the application ¢y, see equation (2.11) in [1]. A site i € Z¢
is thus declared white if the box B; is white.

Let Q be the law of the renormalized process. The comparison result of Proposition 2.1
in [1] states that Q stochastically dominates the law of site percolation with parameter p(N)
with p(N) — 1 as N tends to oo.

We now introduce the extra percolation Q“. Let us call grey a white box B; that contains
an edge e € C(w) such that o’ (e) = 0. We call pure white white boxes that are not grey.

Let Q' be the law on subsets of the renormalized grid obtained by keeping pure white
boxes, and deleting both black and grey boxes. We claim that Q' dominates the law of
site percolation with parameter p'(N) = p(N)p¥@ where ey (d) is the number of edges
in a box of side length 2N + 1. (Remember that p is the parameter of Q“.) This claim
is a consequence of the three following facts. We already indicated that Q stochastically
dominates the law of site percolation with parameter p(/N). The conditional probability that
abox B; is pure white given it is white is larger or equal than p°¥ (@ Besides, still under the
condition that B; is white, the event ‘B; is pure white’ is independent of the colors of the
other boxes.

We further call immaculate a pure white box B; such that any box Bj intersecting B is
also pure white. Call Q” the law on subsets of the renormalized grid obtained by keeping
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only immaculate boxes. Since the event °B; is immaculate’ is an increasing function with re-
spect to the percolation process of pure white boxes, we get that Q" stochastically dominates
the law of site percolation with parameter p”(N) = p’(N )3[[.

End of the proof of Lemma 3.1: Choose py and N such that p”(N) is close enough to 1
so that, Q” almost surely, there is an infinite cluster of immaculate boxes that we call C.

For i € C, let K; be the crossing cluster in the box B; and let K = | ;¢ Ki. Then K is
connected (this follows from the definition of white boxes, see Fact (i) and Fact (ii) above)
and infinite (because C is infinite). Thus we have K C C*(«).

Let A be a hole and let A be the set of indices i such that B; intersects A. Observe that A
is connected. We claim that

ANC=09.

Indeed, assume there exists x € B; such thati e C and x € A. By definition A is a subset
of C(«) and therefore x € C(«). Let y € Kj, y # x. As we already noted y € C%(«’). Since
x € C(a) and y € C(«) there is a path, 7, connecting x and y within B, see Fact (i) above.
But B; is immaculate and therefore B; only contains edges e with o’(e) = 1. Therefore all
edges along the path 7 belong to o’ which imply that x € C*(«’). This is in contradiction
with the assumptions that x € A. We have proved that AN C = 0.

To conclude the proof of Lemma 3.1, it only remains to choose py and N such that
p"(N) > p, and apply Lemma 5.2. We deduce that the volume of A is bounded by (log )3/
and therefore the volume of A is smaller than (2N + 1) (logn)>/2.

5.3 Deviation of the Chemical Distance

We use the same notation as in the preceding section. For given realizations of the perco-
lations o and o', we define the corresponding chemical distance d2, on C*(a’): two points
x #yin C%(a) satisfy d,(x, y) = 1 if and only if one (at least) of the following two con-
ditions is satisfied: either x and y are neighbors in Z¢ and &’'(x, y) = 1 or both x and y are
at the boundary of a hole 4 i.e. there is a hole 4 and x’, ¥y’ € h such that x’ is a neighbor
of x and y’ is a neighbor of y. In general, d% (x, y) is defined as the smaller integer k such
that there exists a sequence of points xo, ..., x; in C* () with xo = x, x; = y and such that
dy (xj,xj41)=1forall j.

Lemma 5.4 There exists py < | such that for p > p,, there exist constants ¢ and ¢~ such
that for Q almost any o, for Q% almost any o', for large enough n, then

¢l =yl <dg(x,y) <cFlx =yl 5.1
forany x,y € C¥(a') such that x € [—n,n)? and |x — y| > (logn)>.

Proof let d*(x, y) be the chemical distance between x and y within C() i.e. d*(x, y) is the
minimal length of a path from x to y, say m, such that any edge e € 7 satisfies a(e) = 1.

Applying Theorem 1.1 in [1] together with the Borel-Cantelli lemma, we deduce that
there exists a constant ¢ such that d%(x, y) < ¢t|x — y| for any x,y € C() such that
x € [-n,n]? and |x — y| > (logn)?. Since d%(x, y) < d*(x,y), it gives the upper bound
in (5.1).

We now give a proof of the lower bound. As for Lemma 3.1, we use a renormalization
argument. The notation used below is borrowed from the proof of Lemma 3.1 except that
the role of py is now played by py.
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We wish to be able to apply Lemma 5.3(ii) to the renormalized site percolation model
with law Q” (i.e. the percolation model of immaculate boxes): therefore we choose p4 and N
such that p”(N) > p; and observe that the event considered in Lemma 5.3(ii) is increasing.

Consider two points x and y as in Lemma 5.4 and let 7 be an injective path from x to y
within C(«). We shall prove that

#or = cslx — yl, (5.2)

where £; = {z,7' e 7 NC*(a'); &'(z, ') = 1}. By construction of the chemical distance d_,,
(5.2) implies the lower bound in (5.1) with ¢~ = c¢s.

Let IT’ be the sequence of the indices of the boxes B; that 7 intersects. At the level of the
renormalized grid, IT" is a nearest-neighbor path from iy to iy with x € B;; and y € B;, . Let
IT = (ip, . . ., i) be the injective path obtained by suppressing loops in I1". We may, and will,
assume that n is large enough so that iy # iy and so that [ip — i | and [x — y| are comparable.
Applying Lemma 5.3(ii) to Q”, we get that

#(CNTD) > cslio — x| = chlx — yl, (5.3)

for some constant c5.

Leti e CNII and choose z € B; N z. Since the path 7 is not entirely contained in one
box, it must be that 7w connects z to some point z’ ¢ B;. Since z’ € 7, we also have 7z’ € C(«).
By definition of a white box, it implies that z € K;. Since i € C, it implies that actually z € K
and therefore z € C¥(«’). As a matter of fact, since the box B; is pure white, we must have
a’ =1 on all the edges of 7w from z to z'. In particular z has a neighbor in C(x), say z”,
such that «'(z, z”") = 1. Therefore (z, z”) € £,. We conclude that any index in C N IT gives
a contribution of at least 1 to #&,,. Therefore (5.3) implies that

#E > c4lx — yl. |

Acknowledgements The author would like to thank the referees of the first version of the paper for their
careful reading and comments that lead to an improvement of the paper.

References

1. Antal, P, Pisztora, A.: On the chemical distance for supercritical Bernoulli percolation. Ann. Probab. 24,
1036-1048 (1996)

2. Barlow, M.T.: Random walks on supercritical percolation clusters. Ann. Probab. 32, 3024-3084 (2004)

3. Bass, R.F.: On Aronson’s upper bounds for heat kernels. Bull. Lond. Math. Soc. 34, 415-419 (2002)

4. Berger, N., Biskup, M.: Quenched invariance principle for simple random walk on percolation clusters.
Probab. Theory Relat. Fields 137, 83-120 (2007)

5. Berger, N., Biskup, M., Hoffman, C., Kozma, G.: Anomalous heat kernel decay for random walk among
bounded random conductances. Ann. Inst. Henri Poincaré (2007, to appear)

6. Billingsley, P.: The convergence of probability measures. Wiley, New York (1968)

7. Biskup, M., Prescott, T.M.: Functional CLT for random walk among bounded random conductances.
Preprint (2007)

8. De Masi, A., Ferrari, P., Goldstein, S., Wick, W.D.: An invariance principle for reversible Markov
processes. Applications to random motions in random environments. J. Stat. Phys. 55(3/4), 787-855
(1989)

9. Deuschel, J.-D., Pisztora, A.: Surface order deviations for high density percolation. Probab. Theory Relat.
Fields 104, 467-482 (1996)

10. Fontes, L.R.G., Mathieu, P.: On symmetric random walks with random conductances on 74 . Probab.
Theory Relat. Fields 134, 565-602 (2006)
11. Grimmett, G.: Percolation, 2nd edn. Springer, Berlin (1999)

@ Springer



1046 P. Mathieu

12.
13.

14.

15.

16.
17.

Jacod, J., Shiryaev, A.N.: Limit Theorems for Stochastic Processes. Springer, Berlin (1987)

Kozlov, S.M.: The method of averaging and walks in inhomogeneous environments. Russ. Math. Surv.
40(2), 73-145 (1985)

Mathieu, P., Piatnitski, A.L.: Quenched invariance principles for random walks on percolation clusters.
Proc. R. Soc. A 463, 2287-2307 (2007)

Mathieu, P., Remy, E.: Isoperimetry and heat kernel decay on percolations clusters. Ann. Probab. 32,
100-128 (2004)

Nash, J.: Continuity of solutions of parabolic and elliptic equations. Am. J. Math. 80, 931-954 (1958)
Sidoravicius, V., Sznitman, A.-S.: Quenched invariance principles for walks on clusters of percolation or
among random conductances. Probab. Theory Relat. Fields 129, 219-244 (2004)

@ Springer



	Quenched Invariance Principles for Random Walks with Random Conductances
	Abstract
	Introduction
	Random Walks and Environments
	Random Environments
	Annealed Results
	The Almost Sure Invariance Principle
	The Bernoulli Case and Other Cases

	A Time Changed Process
	How to Deduce Theorem 1.3 from Theorem 2.2
	Tightness
	Convergence

	Proof of Theorem 2.2
	Step 0: Notation
	Step 1: Carne-Varopoulos Bound
	Step 2: Nash Inequalities and On-diagonal Decay
	Step 3: Exit Times Estimates and Tightness
	Step 4: Poincaré Inequalities and End of the Proof of Theorem 2.2

	Percolation Results
	Prerequisites on Site Percolation
	Proof of Lemma 3.1
	Deviation of the Chemical Distance

	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


