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On the Spectrum of an Hamiltonian in Fock Space.
Discrete Spectrum Asymptotics
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A model operator H associated with the energy operator of a system describing three
particles in interaction, without conservation of the number of particles, is considered.
The location of the essential spectrum of H is described. The existence of infinitely
many eigenvalues (resp. the finiteness of eigenvalues) below the bottom tess(#) of the
essential spectrum of H is proved for the case where the associated Friedrichs model
has a threshold energy resonance (resp. a threshold eigenvalue). For the number N(z)
of eigenvalues of H lying below z < 7.5 (H) the following asymptotics is found
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1. INTRODUCTION

The main goal of the present paper is to give a thorough mathematical treatment of
the spectral properties for a model operator H with emphasis on the asymptotics
for the number of infinitely many eigenvalues (Efimov’s effect case). The model
operator H is associated with a system describing three particles in interaction,
without conservation of the number of particles.
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The Efimov effect is one of the more remarkable results in the spectral anal-
ysis for continuous three-particle Schrodinger operators: if none of the three two-
particle Schrédinger operators (corresponding to the two-particle subsystems) has
negative eigenvalues, but at least two of them have a zero energy resonance, then
this three-particle Schrodinger operator has an infinite number of discrete eigen-
values, accumulating at zero.

Since its discovery by Efimov in 19701® many works have been devoted to
this subject. See, for example Refs. 2, 8, 10, 15, 32, 37-39, 41.

The main result obtained by Sobolev @7 (see also Ref. 39). is an asymptotics
of the form | log ||| for the number of eigenvalues on the left of A, 1 < 0,
where the coefficient {4, does not depend on the two-particle potentials v, and is a
positive function of the ratios m /m,, m,/m3 of the masses of the three-particles.

Recently the existence of the Efimov effect for N-body quantum systems
with N > 4 has been proved by X.P. Wang in Ref. 40.

In fact in Ref. 40 a lower bound on the number of eigenvalues of the total
(reduced) Hamiltonian of the form

Collog(Eo — M)l

is given, when X tends to £, where Cj is a positive constant and E is the bottom
of the essential spectrum.

The kinematics of the quantum systems describing three quasi-particles on
lattices has peculiar features. For instance, due to the fact that the discrete ana-
logue of the Laplacian (or its generalizations) is not rotationally invariant, the
Hamiltonian of a system does not separate into two parts, one relating to the
center-of-mass motion and the other one to the internal degrees of freedom. In
particular, the Efimov effect exists only for the zero value of the three-particle
quasi-momentum K € T3 = (—m, 7]’ (see, e.g., Refs. 3, 5, 7, 20, 23, 24, 28) for
relevant discussions and Refs. 11, 12, 19, 28, 29, 31, 34, 42, 44 for the general
study of the low-lying excitation spectrum for quantum systems on lattices).

In statistical physics,?3? solid-state physics®" and the theory of quantum
fields'® some important problems arise where the number of quasi-particles is
bounded, but not fixed. In Ref. 36 geometric and commutator techniques have
been developed in order to find the location of the spectrum and to prove absence
of singular continuous spectrum for Hamiltonians without conservation of the
particle number.

The study of systems describing » particles in interaction, without conser-
vation of the number of particles is reduced to the investigation of the spectral
properties of self-adjoint operators acting in the cut subspace H™ of the Fock
space, consisting of » < n particles. (18-30-31.3643)

The perturbation problem of an operator (the Friedrichs model), with point
and continuous spectrum (which acts in H®) has played a considerable role in
the study of spectral problems connected with the quantum theory of fields. 1®
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In the present paper we consider the perturbation problem with a particu-
lar attention to the two- and three-particle essential and point spectrum. Under
some smoothness assumptions on the parameters of a family of Friedrichs mod-
els 4(p), p € T3, we obtain the following results:

(i) We describe the location of the essential spectrum of H via the spectrum
of h(p), p € T.

(ii)) We prove that the operator H has infinitely many eigenvalues below
the bottom of the essential spectrum o (H), if the operator 4(0) has a
threshold energy resonance. Moreover, we establish the following asymp-
totic formula for the number N(z) of eigenvalues of H lying below
z <m = inf oe5(H)

N(z)

m ———— =U (0 <Uy < 0).
z—m—0 |10g |z — m||

(iii)) We prove the finiteness of eigenvalues of H below the bottom of oss(H),
if 41(0) has a threshold eigenvalue.

We remark that the presence of a zero energy resonance for the Schrédinger
operators is due to the two-particle interaction operators V', in particular, the cou-
pling constant (if 7 has in front of it a coupling constant) (see, e.g., Refs. 1, 22,
23,41)

It is remarkable that for the Friedrichs model 4(0) the presence of a threshold
energy resonance (consequently the existence of infinitely many eigenvalues of
H) is due to the annihilation and creation operators acting in the symmetric Fock
space.

We pointout that the assertion (iii) is surprising and similar assertions have
not yet been proved for the three-particle Schrodinger operators on Z3.

We remark that the operator H has been considered before, but only the ex-
istence of infinitely many eigenvalues below the bottom of the essential spectrum
of H has been announced in Ref. 25 and only the location of the essential spec-
trum of H has been described in terms of zeroes of the Friedholm determinant in
Ref. 26, in the case where the functions «, v and w are analytic.

The organization of the present paper is as follows. Section 1 is an introduc-
tion to the whole work. In Sec. 2 the model operator is described as a bounded
self-adjoint operator H in H® and the main results of the present paper are for-
mulated. Some spectral properties of 4(p), p € T?, are studied in Sec. 3. In Sec. 4
the location and structure of the essential spectrum of H is studied. In Sec. 5 we
prove the Birman-Schwinger principle for the operator H. In Sec. 6 the finiteness
of the number of eigenvalues of the operator H is established. In Sec. 7 an asymp-
totic formula for the number of eigenvalues is proved. Some technical material is
collected in Appendix A.
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Throughout the present paper we adopt the following conventions: Denote by
T3 the three-dimensional torus, the cube (—, 7]® with appropriately identified
sides. The torus T3 will always be considered as an abelian group with respect
to the addition and multiplication by real numbers regarded as operations on the
three-dimensional space R* modulo (27 Z)>.

For each § > 0 the notation Us(0) = {p € T> : |p| < 8} stands for a §-
neighborhood of the origin.

Foranyn = 1,2, ...let B, (T?)") with 1/2 < 6 < 1, be the Banach spaces
of Holder continuous functions on (T?)" with exponent 6 obtained by the clo-
sure of the space of smooth (periodic) functions f on (T?)" with respect to the
norm

1flle = sup [/ +1€17°1 /¢ +€) = fO)I].

1,Le(T3y"
140
The set of functions f : T> — R having continuous partial derivatives up to
order n inclusive will be denoted C(T%). In particular CO(T*) = C(T?) by our
convention that fO(x) = f(x).

2. THE MODEL OPERATOR AND STATEMENT OF RESULTS

Let us introduce some notations used in this work. Let C = C! be the field
of complex numbers and let L,(T*) be the Hilbert space of square-integrable
(complex) functions defined on T* and L;((?l“3 )?) be the Hilbert space of square-
integrable symmetric (complex) functions on (T>)2.

Denote by H® the direct sum of spaces Ho = C', H; = Lo(T*) and H, =
L5((T?)?), that is, H® = Ho @ H; & Ha.

Let H be the operator in H® with the entries H; i H; = M i, j =
0,1,2,:

(Hoo foo = o fo.  (How fi)o = / w(@)fi(@)dq'. Ho =0,

T3

Hy = Hyy,  (Hif)i(p) = u(p) filp), (Hifoi(p) = / v(g") fa(p. q)dq’,
T3
Hyy =0, Hy=H),, (Hnf)(p,q)=w(p,q)fr(p.q)
where Hi’; :H; — H;,(j=i+1,i =0,1) denotes the adjoint operator to H;;
and f; € H;,i =0,1,2.
Here u is a real number, u is a real-valued essentially bounded function

on T°, v is a real-valued function belonging to L,(T?) and w is a real-valued
essentially bounded symmetric function on (T%)?.
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Under these assumptions the operator H is bounded and self-adjoint in H®).

We remark that the operators Hjy and H,; resp. Hy; and H, defined in the
Fock space are called creation resp. annihilation operators.

Throughout this paper we assume the following additional assumptions.

Assumption 2.1. (i) The symmetric function w on (T>)? is even with respect to
(p. q), and has a unique non-degenerate minimum at the point (0, 0) € (T*)? and
all third order partial derivatives of w belong to B(6, (T3)?).

(ii) There exist positive definite matrix W and real numbers 1, (I > 0,1, # 0)

such that
92w(0, 0)\’ 92w(0,0)\’
<L> =1L, W, <L) =LW.
Opidp; /- Opidg; /-

Remark 2.2. [t is easy to check that Assumption 2.1 implies the inequality
h>hL].

Assumption 2.3. The function u € CP(T?) is even on T° and u has a unique
non-degenerate minimum at the point 0 € T>. The function v € C®(T?) is either
even or odd on T>.

Remark 2.4. If the function v is equivalent to zero then the operator H will be
direct sum of the operators H;;,i =0, 1, 2, and hence in this case the spectrum
of H is only the union of the spectra of Hyy, Hi1 and H»,. Therefore throughout
the present paper we assume that v # 0.

Remark 2.5. The function w resp. u is even and has a unique non-degenerate
minimum on T3 and hence without loss of generality we assume that the function
w resp. u has a unique minimum at the point (0, 0) € (T?)? resp. 0 € T>.

Set
m = min w(p,q), M= max w(p,q)
p.qeT’ pqeT
and
v2(t)dt
Ap.z)= | —————, peT’, zeC\[m(p), M(p)],
w(p,t)—z
T3

where the numbers m(p) and M(p) are defined by

m(p) =minw(p,q) and M(p)=maxw(p,q).
q€eT qeT?



196 Albeverio, Lakaev, and Rasulov

For any p € T3 the function A(p, -) is increasing in (—oo, m(p)) and hence there
exists a finite or infinite positive limit

lim A(p,z) = A(p, m(p)).
z—m(p)—0

For any p € Us(0), § > O-sufficiently small, the function w,(:) = w(p, -)
has a unique non-degenerate minimum on T and by Lebesgue’s dominated con-
vergence theorem the following equality holds

v2(t)dt

_ Us(0).
w0 —mpy P VO

A = [
T3
Assumption 2.6. (i) The function A(-, m(-)) has a unique maximum at p = 0 €

T3. (ii) There exist positive numbers 8 and c such that for all nonzero p € Us(0)
the following inequality holds

A0, m) — A(p, m) > cp*.

We recall (see, e.g., Refs. 4, 35) that a complex-valued bounded function
e:T¢ — C,d > 1, is called conditionally negative definite if (p) = &(—p) and
> e(pi — pj)ziz; <0

ij=1
forany n € N, for all py, ps, ..., pu € T¢ and all z = (z1,22,...,2,) € C" sat-
isfying Y ", z; = 0.

Remark 2.7. Let ¢ be a real-analytic conditionally negative definite function
on T with a unique non-degenerate minimum at the origin and such that all
third order partial derivatives of & belong to B(0, T*). The function v e C*(T?)
(entering Ho1, H12) is either even or odd on T? and the functions u (entering Hi)
and w (entering Hy,) satisfy

u(p) = e(p) + ¢, w(p,q) = e(p) +e(p +q) + &(q) 2.0
for some real c. Then v, u and w satisfy Assumptions 2.1, 2.3 and 2.6 (see

Lemma A.l).

To formulate the main results of the paper we introduce a family of Friedrichs
model A(p), p € T3, which acts in H® = H, @ H; with the entries

(hoo(p) fo)o = u(p) fo. ho1 = %Hm, (2.2)

hio = hgy, (hu(p)f)i(q) = wp(q) f1(q).
where w,(q) = w(p, 9).
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Let the operator 4(p), p € T3, acts in H® as

fo \ _ 0
ho(p) (ﬁ(q)> = (wp(q)ﬁ(q)) '

The perturbation /(p) — ho(p) of the operator hy(p) is a self-adjoint operator
of rank 2. Therefore in accordance with the invariance of the essential spectrum
under finite rank perturbations the essential spectrum oess(#(p)) of h(p) fills the
following interval on the real axis:

Gess(h(p)) = [m(p), M(p)]

Remark 2.8. We remark that for some p € T? the essential spectrum of h(p)
may degenerate to the set consisting of the unique point [m(p), m(p)] and hence
we can not state that the essential spectrum of h(p) is absolutely continuous for
any p € T3. For example, this is the case if the function w is of the form 2.1,
where p = (m,m, ) € T? and

£(q) =3 —cosq) —cosgy —cosqs, ¢ =(q1,92,93) € T°
The following theorem describes the essential spectrum of the operator H.

Theorem 2.9. For the essential spectrum cess(H) of the operator H the equality
Oess(H) = U ,cpsoq(h(p)) U [m, M]
holds, where o4(h(p)) is the discrete spectrum of the operator h(p), p € T>.

For any p € T° we define an analytic function A(p, z) (the Fredholm deter-
minant associated with the operator 4(p)) in C \ [m(p), M(p)] by

1
A(p,z) =u(p)—z — EA(p, z). (2.3)
Let o be the set of all complex numbers z € C \ [m(p), M(p)] such that the
equality A(p, z) = 0 holds for some p € T>.

Remark 2.10. We remark that in Ref. 26 the essential spectrum of the operator
H has been described by means of zeroes of the Fredholm determinant defined in
(2.3) and by the spectrum o (Hy,) of the multiplication operator Hy, as follows:

Oess(H) = 0 Uao(Hy) =0 U[m, M].
We point out that the equality
o =U,cp0a(h(p))
holds (see Lemma 4.2).
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Definition 2.11. The set o resp. o (Hy) = [m, M] is called two- resp. three-
particle branch of the essential spectrum oess(H) of the operator H, which will
be denoted by ovyo(H) resp. oinree(H).

Since A(0, -) is continuous in z < m the following finite limit exists

AQ.m)= lim A(,z).

Definition 2.12. Let part (i) of Assumption 2.1 be fulfilled, v € B, T) and
u(0) # m. The compact operator h(0) on C(T?) is said to have a threshold energy
resonance if the number 1 is an eigenvalue of the operator

wo(t) —m

e[ e :
@) = 50 | Y e
']1‘3

and the associated eigenfunction W (up to a constant factor) satisfies the condition

¥(0) # 0.

Remark 2.13. Let part (i) of Assumption 2.1 be fulfilled and v € B(6, T?),
1/2 <6 < 1. (i) If u(0) < m, then the equation h(0)f = mf has only the triv-
ial solution f € C' @ L(T?), where L|(T?) is the Banach space of integrable
functions. (ii) Assume that u(0) > m and A(0, m) = 0. a) If v(0) # 0, then the op-
erator h(0) has a threshold energy resonance and the vector f = (fo, f1), where
@S
V2(wo(g) — m)
obeys the equation h(0)f = mf (see Lemma 3.2). b) If v(0) = 0, then the oper-
ator h(0) has a threshold eigenvalue and the vector | = (fy, f1), where fy € C!

and f| € Ly(T3) are defined by (2.4), obeys the equation h(0)f = mf (see
Lemma 3.3).

fo = const £0, fi(g) = e LT\ Ly(T?,  (24)

Let us denote by t.(H) the bottom of the essential spectrum oes(H)
(Tess(H) = inf 0e55s(H)) of the operator H and by N(z) the number of eigenval-
ues of H lying below z < 7. (H).

The main result of this paper is the following

Theorem 2.14. Let Assumptions 2.1 and 2.3 be fulfilled. (i) Assume that the
operator h(0) has a threshold eigenvalue at the bottom z = tess(H) and Assump-
tion 2.6 is fulfilled. Then the operator H has a finite number of eigenvalues lying
below te(H). (ii) Assume that the operator h(0) has a threshold energy reso-
nance and part (i) of Assumption 2.6 is fulfilled. Then the operator H has in-
finitely many eigenvalues lying below tess(H) = m and accumulating at Tess(H).
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Moreover the function N(-) obeys the relation

N(z)

im ——— =Uy(0 < Uy < ). (2.5)
z—>m—0 | log |Z — m||

Remark 2.15. The constant Uy does not depend on the function v and is given
as a positive function depending only on the ratio % (with Iy, I as in Assump-
tion2.1).

Remark 2.16. We remark that if the conditions of Theorem 2.14 are fulfilled,
then tess(H) = m (see Lemma A.3).

Remark 2.17.  We remark that in Ref. 5 a result which is an analogue of part (ii)
of Theorem 2.14, has been proven for the three-particle Schrodinger operators
associated with a system of three-particles on lattices interacting via zero-range
pair potentials.

Remark 2.18. Clearly, the infinite cardinality of the discrete spectrum of H
lying on the L.h.s. of m follows automatically from the positivity of Uy.

3. SPECTRAL PROPERTIES OF THE OPERATORS /(p), p € T?

In this section we study some spectral properties of the family of Friedrichs
models 4(p), p € T3, given by (2.2), which plays a crucial role in the study of
the spectral properties of H. We notice that the spectrum and resonances of the
Friedrichs model have been studied in detail in Refs. 6, 14, 17, 21.

In particular, the following statement has been proven there.

Lemma 3.1. For any p € T the operator h(p) has an eigenvalue z € C\
[m(p), M(p)] if and only if A(p, z) = 0.

The following two lemmas establish in which cases the bottom of the essen-
tial spectrum is a threshold energy resonance or eigenvalue.

Lemma 3.2. Let part (i) of Assumption 2.1 be fulfilled and v € B(6, T3). The
operator h(0) has a threshold energy resonance if and only if A0, m) =0 and

v(0) # 0.
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Proof. “Only If Part.” Suppose that the operator /(0) has a threshold energy res-
onance. Then by Definition 2.12 the inequality #(0) £ m holds and the equation

v(q) / V()Y (1)dt 3
= , e C(T 3.1
VD= 500w | e —m ¥ €T G.1)
T}
has a nontrivial solution ¥ € C(T?) which satisfies the condition y(0) # 0.
This solution is equal to the function v (up to a constant factor) and hence

1 v2(1)dt
AO,m)y=ul0)—m— = | ——— =
O.m) = (o) —m — 5 [ L0
T3
“If Part.” Let the equality A(0, m) = 0 hold and let v(0) # 0. Then the inequality
u(0) % m holds and the function v € C(T?) is a solution of the Eq. 3.1, that is, by
Definition 2.12 the operator /(0) has a threshold energy resonance. O

Lemma3.3. Let part (i) of Assumption 2.1 be fulfilled and assume v € B(6, T?),
1/2 <6 < 1. The operator h(0) has a threshold eigenvalue if and only if
A0, m) =0 and v(0) = 0.

Proof.  “Only If Part.” Suppose f = (fo, f1) is an eigenvector of the operator
h(0) associated with the eigenvalue z = m. Then f; and f] satisfy the following
system of equations

@(0) = m) fo+ =5 [ v(g) fi(g")dg' =0
T}

@) fo + (wolg) —m) filg) = 0.

From (3.2) we find that f; and f; are given by (2.4) and from the first equation of
(3.2) we derive the equality A(0, m) = 0.

Since wy(-) € CA(T3) and v(-) € B(@, T3) and the function wy(-) has a
unique non-degenerate minimum at the origin we conclude that f; € L,(T?) iff
v(0) = 0.

“If Part.” Let v(0) =0 and A(0,m) = 0. Then the vector f = (fo, f1),
where fy and f; are defined by (2.4), obeys the equation #(0)f = mf and
fi € Lo(T?), O

(3.2)

Lemma 3.4. Let part (i) of Assumption 2.1 and Assumptions 2.3, 2.6 be fulfilled.
Let the operator h(0) have a threshold eigenvalue. Then there exist numbers § > 0
and ¢ > 0 such that

|A(p, m)| > cp* forany p e Us(0),
|A(p,m)| = ¢ forall p e T\ Us0).
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Proof. By Lemma 3.3 we have A(0, m) = 0 and v(0) = 0. Then the function
A(-, m) can be represented in the form

1
Ap.m) = u(p) = u(0) + (A0, m) = A(p. m)).
Using Assumptions 2.3 and 2.6 we complete then the proof of the lemma. O

Since the function w(-, -) has a unique non-degenerate minimum at the point
(0, 0) € (T3)? the following integral is finite

/ V(1) dt
wy(t) —m '
TS
Lebesgue’s dominated convergence theorem yields the equality

A0, m) = lim A(p, m)
p—0

and hence the function A(-, m) is continuous on T3.
Set

Cy={z€C:Rez>0}, Ri={xeR:x>0}, R, =R, U{0}.
Let wy(-, -) be the function defined on Us(0) x T3, § > 0 sufficiently small,
as
wo(p. q) = wp(q + qo(p)) — m(p),

where ¢o(-) € C®(Us(0)) and for any p € Us(0) the point go(p) is the non-
degenerate minimum of the function w,(-) (see Lemma A.2). Here C 0 (Us(0))
can be defined similarly to C®(T?).

For any p € U;(0) we define an analytic function D(p, ¢) in C; by

[ v3(q + 90(p)) dg.

1
D(p.¢) = - R
(p. &) =u(p) —m(p)+¢ wo(p.q) + 2

2
T

The following decomposition plays an important role in the proof of the main
result, that is, the asymptotics (2.5).

Lemma 3.5. Let Assumptions 2.1 and 2.3 be fulfilled. Then there exists a num-
ber § > 0 such that

i) For any ¢ € C, the function D(-,¢) is of class C®(Us(0)) and the fol-
lowing decomposition

D(p, &)= D(0,5)+ D"*(p. ¢),
holds, where D" (p, ¢) = O(p?) as p — 0 uniformly in ¢ € Rg_.
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ii) The right-hand derivative of D(0,-) at { = 0 exists and the following
decomposition

D(0, £) = D(0, 0) 4 2+/27 2% (0)], %(det WY 1¢ 4+ D(¢), ¢ e RY,
holds, where D"*(¢) = O as ¢ — 0.

Remark 3.6. An analogue of Lemma 3.5 has been proven in Ref. 5 in the case
where the functions u(-), v(-) and w(-, -) are analytic on T> and (T>)?, respec-
tively.

Proof. i) Since m(-) € C®(U;(0)) by definition of the function D(-, -) and As-
sumptions 2.1 and 2.3 we obtain that the function D(-, ¢) is of class C®(Us(0))
forany ¢ € C,.

Using

)
wo(p.4) = 5 (Wq.q) +o(lpllg) + o(lgI*) as |pl. lg| — 0

we obtain that there exists C > 0 such that for any ¢ € Ri and i, j = 1,2, 3 the
inequalities

‘ 3> v3(q +qo(p))
dpidp; wo(p, q) + ¢*

C
=2 P e GO (3.3)

and

’ 3> v3(q + qo(p))
apidp; wo(p,q) +¢2

]s&pe%@qu\M® (3.4)

hold.
Lebesgue’s dominated convergence theorem implies that

2 2

D(p,0) = lim
op;idp; (29 ¢—~0+ dp;dp;

D(p, ¢).

Repeated application of the Hadamard lemma (see Ref. 45, v. 1, p. 512)
enables us to write

3 3
0
D(p.{)=D(O0,5)+ ) P DO, O)pi + Y Hij(p, O)pip)
i=1 i j=1

where for any ¢ € Rﬂ the functions H;;(-, ¢), i, j = 1,2, 3, are continuous in
Us(0) and

1 1 1 82
Hi(p, o)== D , C)dxdx,.
(P, ¢) 2/0 /0 S (x1x2p, §)dx1dxy
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The estimates (3.3) and (3.4) give
1 1 1

topon=s [ |

0o Jo

<Cl|1l+

Us(0)

9 2
apidp;

D(x1x2p, ¢)|dx1dx;

vi(q + qo(p))dg
q2

for any p € Us(0) uniformly in ¢ € ]RSL.
Since for any ¢ € C; the function D(-, ¢) is even in Us(0) we have

ad
[B—D(p, {)} =0, i=1,2,3.
Di p=0

ii) Now we prove that the right-hand derivative of D(0, -) at ¢ = 0 exists and
the following inequalities

|D(0,¢) — D(0,0)] < C¢, ¢ eRY, (3.5)

9 _9 6 0
a{D(O, 7) agD(O, 0| <ce?, ¢eR) (3.6)

hold for some positive C.
Indeed, the function D(0, -) can be represented as

D(0, ¢) = Di(§) + Da2(8)

with
! v3(q)
D =—= ————dg, C
I(C) 2 / wo(O,q)—I—Cz q é‘ € +
Us(0)
and
1 2
Do) =u®-m+ci -3 [ ﬁd% {eC,.
T3\ Us(0) ’

Since the function wy(0, -) is continuous on the compact set T \ Us(0) and
has a unique minimum at ¢ = 0 there exists M; > 0 such that |wy(0, ¢)| > M,
forall g € T3\ Us(0).

Then by v(-) € B(#, T3) we have

1D2(6) — Dy(0)] < C¢2, ¢ € RY 3.7)
for some C = C(8) > 0.
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Applying the Morse lemma and computing some integrals we obtain that
(see Lemma A.4 there exists a right-hand derivative of D;(-) at { = 0 and

D) =DiO) _, 5
¢

_3
e D10 = lim. 217202 (0)(det W)~

a¢
and hence
|Di(¢) = Di(0)| < CZ, ¢ eRY (3.8)

holds for some positive C.
Then from (3.7) and (3.8) it follows that the right-hand derivative of D(0, -)
at ¢ = 0 exists and

%D(O, 0) = 232721 v (0)(det W)+

Comparing (3.7) and (3.8) we obtain (3.5).
In the same way one can prove the inequality (3.6). ]

Corollary 3.7. Let the operator h(0) have an m energy resonance. Then for any
p € Us(0), 8 > 0 sufficiently small, and z < m(p) the following decomposition

_3
A(p. z) = 227203 (0), > (det W) ™% \/m(p) — =
+ AOn(p) = 2)+ A®(p, 2)
holds, where A®?(m(p) — z) (resp. A®(p, z)) is a function behaving like
O((m(p) — z)#) (resp. O(|p|?)) as |m(p) — z| — 0 (resp. p — 0 uniformly in
z = m(p)).

Proof. By Lemma 3.2 we have that A(0, m) = 0 and v(0) # 0 and hence the
proof of Corollary 3.7 immediately follows from Lemma 3.5 and the equality

A(p,z) = D(p, ym(p) — z), z < m(p). 0

Lemma 3.8. Let the operator h(0) have an m energy resonance. Then there exist
positive numbers ¢, C and § such that

clpl < A(p,m) < Clp| forany p € Us(0) (3.9)
and

A(p,m)>c forany peT>\ Us(0). (3.10)

Proof.  Corollary 3.7 and the asymptotics (see part (ii) of Lemma A.2)
2_ 72

I
m(p)=m + 121 2(Wp,.p)+o(p’) as p—0 (3.11)
1

yields (3.9) for some positive numbers ¢, C.
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The inequality (3.10) follows from the positivity (see proof of Lemma A.3)
and continuity of the function A(-, m) on the compact set T3 \ Us(0). O

4. THE ESSENTIAL SPECTRUM OF THE OPERATOR H
4.1. The Spectrum of the Operator A
We consider the operator H acting in H= L(T?) & Lr((T?)?) as
1 ’ , da’
4 ( () ) _ u(p) fi(p) + ﬁsz v(g) f2(p.q") dg
(P q) 0@ fip) + wy(@) (P, @)

The operator H commutes with any multiplication operator Uy by the bounded
function Y on T?

Np) Y\ Silp) N .
Ur (fz(p,q)) =) (fz(p,q)> ’ (fz) <7t

Therefore the decomposition of the space H into the direct integral
H = f eHPdp
T3
yield the decomposition into the direct integral
H =/eah(p)dp, (4.1)
T3

where the fiber operators 4(p), p € T3, are defined by (2.2).

Lemma 4.1. For the spectrum O'([:I ) of H the equality
o(H) = U,epoa(h(p) U m, M]
holds.

Proof.  The assertion of the lemma follows from the representation (4.1) of the
operator H and the theorem on decomposable operators (see Ref. 35). O

Lemma 4.2. The essential spectrum oess(H) of the operator H coincides with
the spectrum of H, that is,

Oess(H) = o' (H). (4.2)
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Proof. Let o be the set of complex numbers z € C such that the equality
A(p, z) = 0 holds for some p € T>. In Ref. 26 it has been proved that the essential
spectrum oss( H ) of the operator H coincides with o U [m, M]. By Lemma 3.1
we have that

0 =Upep0a(h(p))
and hence by Lemma 4.1 we obtain (4.2). U]

5. THE BIRMAN-SCHWINGER PRINCIPLE
For a bounded self-adjoint operator 4, we define n(A, A) as
n(k, A) = sup{dim F : (Au,u) > A, u € F, ||u|| = 1}.

The number n(A, A) is equal to the infinity if A is in the essential spectrum of 4
and if n(A, A4) is finite, it is equal to the number of the eigenvalues of A4 bigger
than ). By the definition of N(z) we have

NEz)=n(—z,—H), —z > —T5(H).

Since the function A(-,-) is positive on T x (—00, Tess(H)) the positive
square root of A(p, z) exists for any p € T> and z < Tegs(H).

In our analysis of the spectrum of H the crucial role is played by the compact
operator T(z), z < Tes(H) in the space H? with the entries

v(q) f(g")dq’
VA, 2)

v(p) v(g)f(q)dq' _
2/A(p.2) VA D)w(p.4) - 2)

(Too @) fodo = (1 — o — 2 for (Ton(2)fi)o = — /
T3

Tio(z) = Ty (2), (Tu@)finlp) =

The following lemma is a realization of the well known Birman-Schwinger
principle for the operator H (see Ref. 5, 37, 39).

Lemma 5.1. For z < t.s(H) the operator T(z) is compact and continuous in z
and

N(z) = n(1, T(2)). (.1)

Proof. 'The operator H can be decomposed as

Hy O 0 0 Hy 0
H=1 0 Hy O |+|Ho 0 Hp
0 0 sz 0 H21 0
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Denote by /;, i =0, 1, 2, the identity operator on the Hilbert space H;, i =
0,1,2, and by I =diag {ly, I} resp. J = diag {ly, 1, I} the identity operator
on H® resp. H®.

For any z < 7.(H) the operator H;; — z1;,i = 1, 2, is positive and invert-

1

ible and hence the square root R?(z) of the resolvent R;(z) = (H;; — zI)7! of
H;, i =1,2, exists.
Let M(z), z < t.ss(H) be the operator with entries

1
Moyo(z) = (1 +2)1g — Hyy, Moi(z) = —Hoi R} (2),

I 1
M (z) = =R} (2)H2R; (2),  Mio(2) = My,(z), My (z) = Mi,(2),
otherwise
Mas(z) = 0,0, =0, 1,2.

One has (H — z3)f, f) <0, f € M if and only if (M(z) — J)g, ) > 0, g =

(20, g1, &2), where go = fo, g = (Hiy —zL)7 fi,i = 1,2.
It follows that

N(z) =n(1, M(2)). 5.2)
Let V(2), z < Tess(H) be the operator in H® with the entries
Vii1(z) = Mi2(2)Ma1(z), otherwise Vyg(z) = Myp(2), o, B =0, 1.
Denote by F = Fy @ F; C Ho ® Hi = H® a subspace for which the equality
dim F =n(1, V(2))
holds. Then
(M(2)g.g) = (VG) /. f) forall [ =(fo. fi) e F
and g = (fo, /1, M21(2) /1)
Moreover
(M(2) =g, 2) = (V@) = DL =S

forall f = (fo, f1) € F and g = (fo, /i, Ma1(2) /1 + f3), f5- LMo (2) fi.
Therefore

n(1, M(2)) = n(1, V(z)). (5.3)

One has (V(z) —Dgp,¢) >0, ¢ = (¢, ¢1) € H? if and only if the
inequality

(Yo, Yo)o + (Hiy — zh)¥, ¥t < (Moo(2)o, Yoo
— (Ho1¥1, Yo)o — (Hio(@)¥o, Y1 + (HoRo(@)Hor i, Y1 (5.4)
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holds for ¥y = ¢g, ¥ = RI% (2)¢1. This means that
n(ls V(Z)) = n(—z, G(Z))7 (55)

where

G(z) = <—H00 —Hy )
—Hyy HpRo(z)Hy — Hi )

Now we represent the operator Hy; as a sum of two operators Hz(}) and Hz(f)
acting from L,(T?) to L,((T?)?) as

1 1
(H' /)P 9) = 5v()fi@). (Hy) fi)(p.9) = 3v@)i(p).

The operator D(z) = Hyy —z — H12R2(Z)H2(?, Z < Tegs(H) is the multipli-
cation operator by the positive function A(-, z) defined on T? by (2.3) and hence
it is invertible. It is clear, that the positive square root D’%(z) of D7!(z) is the
multiplication operator by the function A’%(~, z).

Thus we can conclude that (G(z)g, ¢) > —z(p, ¢) holds if and only if
(T(z)n, n) > (n, n) holds for ny = ¢y, n1 = D’%(z)q)l and hence

n(—z, G(z)) = n(1, T(2)). (5.6)

The equalities (5.2), (5.3), (5.5) and (5.6) give (5.1).
Finally we note that the operator 7'(z), z < Tess(H) is compact and continu-
ous in z. O

6. THE FINITENESS OF THE NUMBER OF EIGENVALUES
OF THE OPERATOR H

We starts the proof of the finiteness of the number of eigenvalues lying below
Tess(H) (part (i) of Theorem 2.14) with the following two lemmas.

Lemma 6.1. Let Assumption 2.1 be fulfilled. Then there exist numbers
Cy, Cy, C3 > 0 and § > 0 such that the following inequalities hold

@ CipPP+191?) < w(p.q) —m < C(Ipl* + Iq1*) forall p,q € Us(0),
(i) w(p,q) —m = Cs forall (p,q) ¢ Us(0) x Us(0).

Proof. By Assumption 2.1 the point (0,0) € (T*)> is the unique non-
degenerated minimum point of the function w(, -). Then by (7.1) there exist pos-
itive numbers C,, C,, C3 and a §—neighborhood of p = 0 € T? so that (i) and (ii)
hold true. |
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Lemma 6.2. Let the conditions in part (i) of Theorem 2.14 be fulfilled. Then for
any z < m the operator T(z) is compact and continuous from the left up to z = m.

Proof. Denote by Q(p, ¢; z) the kernel of the operator 711(z), z < m, that is,
v(p)v(g)

2J/A(p. 2)(w(p. q) — 2)y/Ag,2)

Since the function v € C?(T?) is even and v(0) = 0 we have |v(p)| =< C|p| for
some C > 0 and for any p € T°. By virtue of Lemmas 3.4 and 6.1 the kernel
O(p, q;z) is estimated by

C(m(p) 4 1) <|P||Q|X5(P)Xa(f1) +1) (Xa(fI) +1)’
1p] P> +q? lq1

where x;(p) is the characteristic function of Us(0).

The latter function is square-integrable on (T?)? and hence for any z < m the
operator 77;(z) is Hilbert-Schmidt.

The kernel function of 7y;(z), z < m is continuous in p,q € T>. There-
fore the continuity of the operator 77;(z) from the left up to z = m follows from
Lebesgue’s dominated convergence theorem.

Since for all z < m the operators Tyy(z), Tp1(z) and Tj¢(z) are of rank 1 and
continuous from the left up to z = m one concludes that 7'(z) is compact and
continuous from the left up to z = m. 0

O(p.q;2) =

We are now ready for the
Proof of (i) of Theorem 2.14. Let the conditions in part (i) of Theorem 2.14
be fulfilled. By Lemma 5.1 we have

N(iz)=n(1,T(z)), asz <m

and by Lemma 6.2 for any y € [0, 1) the number n(1 — y, T'(m)) is finite. Then
we have

n(1, T(z)) < n(l =y, T(m)) + n(y, T(z) = T(m))
for all z < m and y € (0, 1). This relation can easily be obtained by using of
Weyl’s inequality
n(h + o, A1+ A2) < n(hy, A1) +n(ha, 4)

for the sum of compact operators 4| and A, and for any positive numbers A; and
Az.
Since T'(z) is continuous from the left up to z = m, we obtain

1in10 N(iz)= N@m) <n(l —y, T(m)) forall y € (0, 1).
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Thus
N(m) <n(l —y, T(m)) < oo. 6.1)

The inequality (6.1) proves the assertion (i) of Theorem 2.14.

7. ASYMPTOTICS FOR THE NUMBER OF EIGENVALUES
OF THE OPERATOR H

In this section we shall derive the asymptotics (2.5) for the number of eigen-
values of H, that is, we prove part (ii) of Theorem 2.14.
By Assumption 2.1 we get

1
w(p,q)=m+ 5(11(Wp, p)+2L(Wp,q)+11(Wq,q))
+O0(pI* + 1q1>*%) as p,q — 0. (7.1)

By the representation (3.11) and Corollary 3.7 we get

2.2
A (0)% U(Wp. p) — 2 — m)]t + OpP + |z — m's")

A s = =
(p,z) lf/z(det W)
(7.2)

as p — 0, |z —m| — 0, where [ = (I? — 13)/1,.

Denote by xs(-) the characteristic function of (75(0) ={peT: |W% pl
< 6}

Let T(8; |z — m|) be the operator in H® defined by

0 0

where T11(8; |z — m]) is the integral operator in 7| with the kernel

3 1. R _
13 (det W)z %5(p)Rs(@)I(Wq, q) + 2|1z — m|)~'/*
22(I(Wp, p) + 2|z — m)VAL(Wp, p)+2L(Wp, q) + L(Wq, q) + 2|z — m|)’

Lemma 7.1. Let the conditions in part (ii) of Theorem 2.14 be fulfilled. Then
the operator T(8; |z — m|) resp. T(z) — T'(8; |z — m]) is compact and continuous
inz<mresp.inz < m.

Proof. The kernel of T'(§; |z — m|), z < m is square-integrable and continuous
in p,q € T3 and hence the operator 7'(8; |z — m|) is compact and continuous in
z < m.
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Applying the asymptotics (7.1), (7.2) and Lemmas 3.8 and 6.1 one can esti-
mate the kernel of the operator 71,(z) — 711(6; |z — m|) by

]
c ( 1"+ + Ig]"** m—zf P2 +g 1)
IpI2 (2 +g®)lgl7  (Ipl2+1m —z)i(lg|? + Im — z[)¥

and hence the operator 77;(z) — 711(8; |z — m|) belongs to the Hilbert-Schmidt
class for all z < m. In combination with the continuity of the kernel of the opera-
tor in z < m this gives the continuity of 71,(z) — 771(5; |z — m|)inz < m.

It is easy to see that Tyo(z), Tp1(z) and Tio(z) are rank 1 operators and they
are continuous from the left up to z = m. Consequently 7'(z) — T(3; |z — m]) is
compact and continuous in z < m. O

Let
Sy : L2((0, 1), 09) = L((0, 1), 00), r > 0,
00 = Ly(S?), S? being the unit sphere in R?,
be the integral operator with the kernel

i

—_—, 7.3
coshy + syt (7.3)

S(t;y) = Qn)~?
y=x—x,xx€r), t=<&n> EneS
1
Lo =(I1/(IF = B))?. si2 =L/l
and let
S(A) 1 09 = 09, A€ (—00,400),

be the integral operator with the kernel
+00
S’A(t) = / exp {—iar}S(t;r)dr = Qn) 7y,

—0Q

sinh[A(arc cossiat)]

(1- slzztz)% sinh(n)»).

For i > 0, define

+00

UG) = (4)”! / n(u. $0))dy.

—00
Lemma 7.2. The function U(1) is continuous in jt > 0, the following limit
1
lim —r~'n(, Se) = U(u)

exists and U(1) > 0.
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Remark 7.3. This lemma can be proven quite similarly to the corresponding
results of Ref. 37. In particular, the continuity of U(u) in u > 0 is a result of
Lemma 3.2, Theorem 4.5 states the existence of the limit

1
lim ~r~'n(u, $) = U(n)
r—oo 2

and the inequality U(1) > 0 follows from Lemma 3.2.

Part (ii) of Theorem 2.14 will be deduced by a perturbation argument based
on Lemma 4.7, which has been proven in Ref. 37. For completenees, we here
reproduce the lemma.

Lemma 74. Let A(z) = Ao(z) + A1(z), where Ay(z) (resp.Ai(z)) is com-
pact and continuous in z <m (resp.z < m). Assume that for some function
f(¢), f(z) > 0, z— m — 0 one has

lim 0f(z)n()», Ao(2)) = 1),
and I(A\) is continuous in ). > 0. Then the same limit exists for A(z) and

lim /(. A@) = 1(4).

Remark 7.5. Since U(+) is continuous in v > 0, according to Lemma 7.4 any
perturbations of the operator Ay(z) defined in Lemma 7.4, which is compact and
continuous up to z = m do not contribute to the asymptotics (2.5). Throughout the
proof of the following theorem we shall use this fact without further comments.

Theorem 7.6. Let the conditions in part (ii) of Theorem 2.14 be fulfilled. Then
the equality

lim |log|z — m|| 'n(n, T(8; |z — m|)) = U(u), n > 0,

|z—m|—0

holds.

Proof.  The space of functions having support in 05(0) is an invariant subspace
for the operator 71,(8; |z — m]|).

Let 7, 1(? )(5; |z — m|) be the restriction of the operator 71,(3; |z — m]) to the
subspace L 2((7(; (0)). By the unitary dilation

Y : Ly(Us(0) = La(Us(0)).  (YS)p) = f(W 2 p),
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where W is defined in Assumption 2.1, one verifies that the operator T, 1(?)(8 sz —
m|) is unitary equivalent to the following operator T 1(?) (8;]z — m|) acting in
L1(Us(0)) as

(1812 — m1) f)(p)

LB (pE 420z — m) VAR 20z — m)

e Lp? +2bL(p, q) + g% + 2|z — m|
Us(0)

f(@)dq.

The operator 7, 1(?)(6; |z — m|) is unitary equivalent to the integral operator
T\ 81z = ml) : La(Un(0)) = La(U,(0))
with the kernel

ﬁ (Ip* + 2)"V4(1g? +2)~ 14
2m2 L p* +2b(p. q) + hig? +2°

where r = |z — m|_% and U,(0) = {p e R} : |p| < r}.
The equivalence of the operators T’ 1(?)(8 31z —m|)and T, 1(11 )(8 ; |z — m|) is per-
formed by the unitary dilation

r\—3/2 1)
B, : Ly(Us(0) > La(U:0). B NP =(5)  f (;p) :
Let x;(-) be characteristic function of the ball U;(0). We may replace the functions
Ip*+2)"4 (1g*+2)"Y* and 11 p* +2L(p.q)+1ig* +2
by
Ip») (1 = xap). Ug>) (1= x1(q)) and L 1p* +2L(p.q) + hiq®,

respectively, since the error will be a Hilbert-Schmidt operator continuous up to
z = m. Then we get the integral operator 7| 1(12)(1”) on L,(U,(0)\ U;(0)) with the
kernel
PR N . s VI
272 11 p* 4+ 2b(p. q) + hiq?

By the dilation
M : Ly(U.(0)\ U1(0)) — L2((0,r) x 0p), r = 1/2|log |z — m|,

where (M f)(x, w) = /% f(e*w), x € (0,r), w € S?, one sees that the opera-
tor 7, 1(12)(”) is unitary equivalent with the integral operator S, defined by (7.3).
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The difference of the operators S, and 7'(8; |z — m|) is compact (up to unitarily
equivalence) and hence we obtain

lim [log|z — m||~'n(u, T(8; |z — m|)) = U(u), p > 0.

|z—m|—0

Theorem 7.6 is proved. O

Proof of part (ii) of Theorem 2.14. Let the conditions in part (ii) of
Theorem 2.14 be fulfilled. Then the equality
lim |log|z —m||"'n(1, T(z)) = U(1) > 0 (7.4)

|z—m|—0

follows from Lemmas 7.1, 7.2, 7.4, and Theorem 7.6. Taking into account
the equality (7.4) and using Lemma 5.1 we complete the proof of part (ii) of
Theorem 2.14.

APPENDIX A

Lemma A.1. Let the function v as in Assumption 2.3 and the function w be
defined by (2.1) and ¢ be a real-analytic conditionally negative definite function
on T with a unique non-degenerate minimum at the origin. Then Assumption 2.6
is fulfilled.

Proof. It is known that the real-valued (even) conditionally negative definite
function & admits the (Lévy-Khinchin) representation (see, e.g., Refs. 4 and 9)

e(p)=e(0)+ Y (cos(p,s)— Dés), peT, (A1)
s€Z4\{0}
which is equivalent to the requirement that the Fourier coefficients &(s) withs # 0
are non-positive, that is,
&(s) <0, s#0, (A2)

and the series ) 7\ (0} £(s) converges absolutely.
Since w and v are even the function A(-) is also even. Then using the equality

wy(t) + wy(—t) _

> D &)+ cos(t, ))(1 — cos(p, 5))

s€Z3\{0}

wo(t) —

we have

1
AQ.m) = Alp.m) = > D (&)1 = cos(p, ))

seZ3\{0}

x / (1 + cos(t, s))F(p, )dt + B(p),  (A.3)

T3
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where
[w,() + w_p(-) — 2m] :
F(p,-) = .
P = G = m)w—y () — mywe) —m)”
and
S [w, () — w_, () )
Bp) =3 / w0 = m)w_p(0) — my o) —m)” 4"
r]r3
Set

B(p,s) = /(1 + cos(¢, 8))F(p, t)dt.
T
Let xs(-) be the characteristic function of Us(0). Choose § > 0 such that
mes{(T*\ Us(0)) Nsupp v} > 0.
Set Fs(p, ) = (1 — xs(-))F(p, -). Then for all p € T and a.e.
t € (T>\ Us(0)) Nsupp (")

the function Fj(-, -) is strictly positive. Since the function # has a unique minimum
at (0,0) and v € B(#, T?) we have, for any p € T?, that Fs(p, -) belongs to the
Banach space L!(T?). Then for some (sufficiently large)R > 0 and (sufficiently
small) ¢;(8) > 0 and for all |s| < R, p € T?, we have the inequality

Bgl)(p, s) = /(1 + cos(t, 8))Fs(p, t)dt > ¢1(8) > 0.
r]IG

The Riemann-Lebesgue lemma yields

B (p.s) = /(1 + cos(t, s))Fy(p. 1) dt

TS

— /F(;(p,t)dt>0, peT® as s— oco.
TB
The continuity of the function fT; Fs(p, t)dt on the compact set T yields that
all p € T3 and |s| > R the inequality B\"(p, s) > ¢»(8) holds.
Thus for ¢(8) = min{c(8), c2(8)} the inequality B"(p,s) > ¢ holds for
all s € Z3, p e T2 So BP(p.s) =0, s € Z3, p € T? yields B(p,s) > c, s €

73, p e T>. Taking into account the inequalities B(p) > 0, p € T, and &(s) <
0, s € Z* \ {0} (see (A.2)) from the representations (A.1) and (A.3) we have

A0, m) — A(p,m = c(e(p) — £(0)).
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This together with the assumptions on &(-), completes the proof of
Lemma A.1. |

Lemma A.2. Let Assumption 2.1 be fulfilled. Then there exists a J-
neighborhood Us(0) C T? of the point p =0 and an odd function qo(-) €
CO(Us(0)) such that: (i) for any peUs(0) the point qo(p) is a unique non-
degenerate minimum of w,(-) and

/
q0(p) = —fp +O(Ip**®) as p — 0. (A4)

(ii) the function m(p) = mingem w(p, q) = w(p, go(p)) is even and its all the
second order partial derivatives are belong to B(0, T3). One has the asymptotics

12 _ 12
m(p) =m + 1211 2(Wp, p)+ O(IpI*™®) as p— 0. (A.5)

Proof. (i) By the implicit function theorem there exist § > 0 and a function
go(-) € C®(Us(0)) such that for any peUs(0) the point ¢o(p) is the unique non-
degenerate minimum point of w,(-) (see Lemma 3 in Ref. 22).

Since w(-, -) is even with respect to (p, ¢) € (T?)? for all p € T we obtain

m(—p) = mlnw—p(q)—mmwp( g) = min w,(g) = minw,(q) = m(p)
eT? qeT? —q€eT? qeT?

and hence

wy(qo(p)) = m(p) = m(—p) = w_p(qo(—p)), p € Us(0), (A.6)

since w,(¢o(p)) = minger: wy(g). p € Us(0).
According to the fact that w(-,-) is even we get w_,(go(—p)) =
w,(—qo(—p)). Then from (A.6) we have

wy(qo(p)) = wp(=qo(=p)),  p € Us(0). (A7)

Since for each p € Us(0) the point go(p) is the unique non-degenerate minimum
of the function w,(-) the equality (A.7) yields go(—p) = —qo(p), p € Us(0).
The asymptotics (A.4) follows from the fact that g¢(-) is an odd function and
its coefficient — l is calculated using the identity yw(p, go(p)) = 0, p € Us(0).
(ii) By the asymptotics (7.1), (A.4) and the equality m(p) = w,(qo(p)) we
obtain the asymptotics (A.5). O

Lemma A.3. If the conditions of Theorem 2.14 are fulfilled, then the oper-
ator h(p), p € T2, has no eigenvalues lying below m. Therefore, Tes(H) =
inf o1pree(H) = inf 0100 (H) = m.

Proof. Tt suffices to prove that infoy,,(H)=m. Let the conditions of
Lemma A.3 be fulfilled. Since the function A(0, -) is decreasing on (—oo, m) and
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the function u(-) (resp. A(-)) has a unique minimum (resp. maximum) at p = 0
forall z < m and p € T? we have

1 1
A(p,z) =u(p)—z — EA(p, z) > u(0) —m — EA(O’ m). (A.8)

If the operator 4(0) has either a threshold energy resonance or a thresh-
old eigenvalue, then by Lemmas 3.2 and 3.3 we have A(0, m) = 0. Hence by
inequality (A.8) we conclude that A(p,z) > 0 for all p € T and z < m. By
Lemma 3.1 the operator 4(p), p € T?, has no eigenvalues lying below m.Thus,
inf o,,0(H) = m. O

Lemma A.4. The right-hand derivative of D;(-) at ¢ = 0 exists and the follow-
ing equality holds

%DI(O) = 2ﬁn21[% v2(0)(det W) 2. (A.9)

Proof. Let us consider the following difference

o vi(q)dq
Di(¢) = Di(0) = _TUA (wo(0, ¢) + ¢)wo(0, ¢)

(A.10)

The function wy(0, -) has a unique non-degenerate minimum at g = 0.
Therefore, by virtue of the Morse lemma (see Ref. 16) there exists a one-to-one
mapping g = ¢(t) of a certain ball ,,(0) of radius y > 0 with the center atz = 0
to a neighborhood #(0) of the point ¢ = 0 such that:

wo(0, (1)) = 1 (A.11)

with ¢(0) = 0 and for the Jacobian J,(t) € B(6, Us(0)) of the mapping ¢ = ¢(¢)
the equality

T, (0) = V217 (det W)~}

holds, where B(8, Us(0)) can be defined similarly to B(8, T?).
In the integral in (A.10) making a change of variable ¢ = ¢(¢) and using the
equality (A.11) we obtain

.2
Di(¢) — Di(0) = ——-

S (A.12)

/ V3 (@()) Jp(2)
P2+t
Wy(0)
Going over in the integral in (A.12) to spherical coordinates t = rw, we
reduce it to the form
¢ [r_F)
D) — Di(0) = —=-

—d7
2 0 i’2+§2r
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with
F(r) :/ vz((p(ra)))J(/,(rw)dw,
SZ

where S? is the unit sphere in R3 and dw is the element of the unit sphere in this
space.
Using v € CA(T?), J, € B(9, Us(0)) we see that

|[F(r)— F(0)| < Cr’. (A.13)
Applying the inequality (A.13) it easy to see that The function D;(¢) —
D) (0) can be rewritten in the form

Di(¢) —

Di(0 3
lim O _ 5 i w20y det )+

—>0+ ;

Hence we have that there exists a right-hand derivative of D;(-) at { = 0 and
the equality (A.9) holds. O
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