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We provide a simple proof of the Lieb-Robinson bound and use it to prove the existence
of the dynamics for interactions with polynomial decay. We then use our results to
demonstrate that there is an upper bound on the rate at which correlations between
observables with separated support can accumulate as a consequence of the dynamics.
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1. INTRODUCTION

Recently, there has been increasing interest in understanding correlations in quan-
tum lattice systems prompted by applications in quantum information theory and
computation®3#19 and the study of complex networks®. The questions that arise
in the context of quantum information and computation are sufficiently close to
typical problems in statistical mechanics that the methods developed in one frame-
work are often relevant in the other. The bound on the group velocity in quantum
spin dynamics generated by a short-range Hamiltonian, which was proved by Lieb
and Robinson more than three decades ago®, is a case in point. For example, as
explained in Ref. 2, the Lieb-Robinson bound provides an upper bound on the
speed of information transmission through channels modeled by a quantum lattice
systems with short-range interactions.

The Lieb-Robinson bound plays a crucial role in the derivation of several re-
cent results. For some of these results it was useful, indeed necessary, to generalize
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and sharpen these bounds. Several such improvements have recently appeared®-®.
In this paper we provide a new proof of the Lieb-Robinson bound (Theorem 2.1)
and other estimates based on a norm-preserving property of the dynamics (see
Lemma A.1). We apply this result to give upper bounds on the rate at which
correlations can be established between two separated regions in the lattice for a
general class of models (Theorem 2.2). Moreover, our bounds allow us to prove
the existence of the dynamics (Theorem 2.2), in the sense of a strongly contin-
uous group of automorphisms on the algebra of quasi-local observables for a
larger class of interactions than was previously known":!7) In particular, the
new condition (see (1.7) with @ = 0) does not include an exponential penalty
on multi-body interactions. It is also of interest to note that existence of the dy-
namics immediately implies the equivalence of different conditions for thermal
equilibrium for this larger class of interactions, such as the KMS condition and the
variational principle (see (Ref. 1 Theorem 6.2.36)) and the KMS condition and the
auto-correlation lower bounds, also called entropy-energy inequalities (see (Ref. 1
Theorem 5.3.15)).

1.1. The Set Up

We will be considering quantum spins systems defined over a set of vertices
A equipped with a metric d. A finite dimensional Hilbert space H, is assigned
to each vertex x € A. In the most common cases A is a graph, and the metric is
given by the graph distance, d(x, y), which may be the length of the shortest path
of edges connecting x and y in the graph.

For any finite subset X C A, the Hilbert space associated with X is the tensor
product Hy = ),y Hx, and the set of corresponding observables supported in
X is denoted by Ay = B(Hy), the bounded linear operators over H x. These local
observables form an algebra, and with the natural embedding of Ay, in Ay, for
any X; C X, one can define the C*-algebra of all observables, 4, as the norm
completion of the union of all local observable algebras Ay for finite X C A.

An interaction is a map & from the set of subsets of A to .4 with the property
that ®(X) € Ay and ®(X) = O(X)* for all finite X C A. A quantum spin model
is then defined to be the Hamiltonian, expressed in terms of its interaction, given
by

He = Z D(X). (1.1)
XCA

For notational convenience, we will often drop the dependence of Hy on &.
The dynamics, or time evolution, of a quantum spin model is the one-
parameter group of automorphisms, {t;},cr, defined by

(A) =€ 4™ 4 e A, (1.2)
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which is always well defined for finite sets A. In the context of infinite systems,
a boundedness condition on the interaction is required in order for the finite-
volume dynamics to converge to a strongly continuous one-parameter group of
automorphisms on A.

To describe the interactions we wish to consider in this article, we first put a
condition on the set A; which is only relevant in the event that A is infinite. We
assume that there exists a non-increasing function F: [0, co) — (0, oo) for which:

i) F is uniformly integrable over A, i.e.,

IF Il = sup Y F(d(x.,y)) < oo, (1.3)

xeAyEA

and
ii) F satisfies

F(d(x,z)) F(d(z,y))
C = E oo. 14
x,S;lepA Zen F(d(x, y)) B (14

Given a set A equipped with a metric d, it is easy to see that if F' satisfies i)
and ii) above, then for any ¢ > 0 the function

F,(x) :=e * F(x), (1.5)

also satisfies i) and ii) with || F,|| < ||F| and C, < C.

As a concrete example, take A = Z¢ and d(x, y) = |x — y|. In this case, one
may take the function F(x) = (1 4+ x)~9~¢ forany € > 0. Clearly, (1.3) is satisfied,
and a short calculation demonstrates that (1.4) holds with

1
d+e+1 E
C S 2 € W. (1.6)
ez!

ax

We also observe that, although the purely exponential function G(x) = e~ is
integrable for a > 0, i.e., it satisfies i), it does not satisfy ii). This is evident from
the fact that the cardinality of the set {z € Z : |x —z| + |z — y| — |x — y| = 0}
is proportional to |x — y|, and therefore, there exists no constant C uniform in
Ix =yl

To any set A for which there exists a function F satisfying i) and ii) above,
we define the set 5,(A) to be those interactions ® on A which satisfy

[Pl
[®@lla := sup P TE

< oo. (1.7)
X, yeEA Xox,y Fa (d(xv y))
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2. LIEB-ROBINSON ESTIMATES AND EXISTENCE THE DYNAMICS
2.1. Lieb-Robinson Bounds

We present a variant of the Lieb-Robinson result which was first proven
in Refs. 6 and 9. An important difference of the new bound with respect to
the original bound in Refs. 1 and 8 and the one in Ref. 9 is that the norm on
the interaction previously used required a uniform bound on the dimension of
the single-site Hilbert space. Another derivation of this result can be found in ©.
For the convenience of the reader we provide a proof here.

Theorem 2.1. (Lieb-Robinson Bound) Leta > 0 and take A1 C A a finite sub-
set. Denote by r,A' the time evolution corresponding to a Hamiltonian

H:= )" oX) 2.1)
XCA

defined in terms of an interaction ® € B,(A). There exists a function g, : R —
[0, o0) with the property that, given any pair of local observable A € Ay and
B € Ay with X, Y C A4, one may estimate

2141 | B
e8] = g S ey, @2
4 xeX yeY

for any t € R. Here the function

(2Pl Caltl _ 1y ifd(X,Y) > 0,

) = 2.3
ga(?) 2191 Cltl otherwise. @

Proof: Consider the function f : R — A defined by

f@) :=[t(4), B]. (1.4)
Clearly, f satisfies the following differential equation
L@ =i[f@), o (H)] +i[5) (4, [7* (Hy), B]], (1.5)
where we have used the notation
Hy =Y &(Z), (1.6)
Znv e

for any subset ¥ C A,. The first term in (1.5) above is norm-preserving, and
therefore the inequality

t]
I [t (4), B] I < I[4. BIll + 2[l4] /0 I [z (Hy), B] Il ds 2.7)
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follows immediately from Lemma A.1 and the automorphism property of 7,'. If
we further define the quantity

Ay
7, '(A), B
Cy(X, 1) := sup M= (. BJ1 2.8)
AeAx 4l
then (2.7) implies that
7]
Cp(X,1) < Cp(X,0)+2 Z |<I>(Z)||/ Cp(Z, s)ds. (2.9)
v
Clearly, one has that
Cp(Z,0) = 2Bl éy(2), (2.10)

where y(Z) = 0if ZN Y = Pand §y(Z) = 1 otherwise. Using this fact, one may
iterate (2.9) and find that

(2|t|)”

Cp(X,1) < 2|B| Z @.11)

where

Yoo > Tie@olsv(z. (2.12)
ZICAy:  ZpcAp: ZncAp: Q=1
ZINX#D ZyNZ1 70 Z,NZy 170
For an interaction ® € B,(A), one may estimate that
a <Y I NP = 1Pl YD Fald(x, ). (2.13)

xeX yeY Zsx,y xeX yeY

In addition,

;<Y Y)Y el Y 192

xeX yeY zeAy ZjcAy: ZyCAy:
Z135x,z Zy3z,y
<112 D2 Fa(d(x.2)) Fa(d(z. )
xeX yeY zeA
< I®IZCa DY Fad(x. y)). (2.14)
xeX yeY

using (1.4). With analogous arguments, one finds that

a, < @15 C7 Y Y Fa(d(x, y)). (2.15)

xeX yeY
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Inserting (2.15) into (2.11) we see that
2Bl
Co(X,1) = == expR211Pla Cal1 3 Y Fald(x, ), (2.16)

xeX yeY

from which (2.2) immediately follows.

In the event that d(X, Y) > 0, one has that C(X, 0) = 0. For this reason the
term corresponding to ag = 0, and therefore, the bound derived in (2.16) above
holds with eI®l«Calfl replaced by eI ®laCalfl — 1, o

We note that, for fixed local observables 4 and B, the bounds above are
independent of the volume A; C A.

In the event that ® € B,(A) for some a > 0, then the bound in (2.2) implies
that

201 AIL1BIl . —a _ 2laCa
[z . B]| = === IF I min(x], |y]) e LEn=500 - .17
which corresponds to a velocity of propagation given by
2||®|,C,
Ve := inf & (2.18)
a>0 a

We further note that the bounds in (2.2) and (2.17) above only require that one
of the observables have finite support; in particular, if | X| < coand d(X, ¥) > 0,
then the bounds are valid irrespective of the support of B.

One can also view the Lieb-Robinson bound as a means of localizing the
dynamics. Let A be finite and take X C A. Denote by X¢ = A \ X. For any
observable 4 € A, set

(A) e = / U* AU u(dU), (2.19)
U(X®)

where U(X°) denotes the group of unitary operators over the Hilbert space H y-
and u is the associated normalized Haar measure. It is easy to see that for any
A € Ay, the quantity (A4) ye € Ay and the difference

(Ayye — A = / U*[4, U] w(dU). (2.20)
UX®)

We can now combine these observations with the Lieb-Robinson bounds we
have proven. Let 4 € Ay be a local observable, and choose € > 0, a > 0, and an
interaction ® € B,(A). We will denote by

2|1 @)l C

B/e) = B(A,t,€) = {x €A :dix,X) < Lt + e}, (2.21)
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the ball centered at X with radius as specified above. For any U € U(B;(€)), we
clearly have that

2| @]l

aCa
d(X,supp(U)) > —— |t] +¢, (2.22)
a

and therefore, using (2.20) above, we immediately conclude that
o) = tahmo | < [ 1. U1 u@w)
U(B(€))
_ 240X
==
where for the final estimate we used (2.17).

| F]l e, (2.23)

2.2. Existence of the Dynamics

As is demonstrated in Ref. 1, one can use a Lieb-Robinson bound to establish
the existence of the dynamics for interactions ® € B,(A). In the following we
consider the thermodynamic limit over a increasing exhausting sequence of finite
subsets A, C A.

Theorem 2.2. Leta > 0, and ® € B,(A). The dynamics {t;};cr corresponding
to ® exists as a strongly continuous, one-parameter group of automorphisms on
A. In particular,

lim |7 (4) = n (4] =0 (2.24)

forall A € A. The convergence is uniform for t in compact sets and independent
of the choice of exhausting sequence {\,}.

Proof: Letn > m.Then, A,, C A,.Itis easy to verify that for any local observ-
able 4 € .Ay,

A A ! d A, A
tM(A) — T(A) = / - (rs "rt_”;(A)> ds, (2.25)
0 S
and therefore
£
EEA =N DS / | [®(X), T2 (4)]] ds.  (2.26)
XeAN\Ay Xox 0

Applying Theorem 2.1, we see that the right hand side of (2.26) is bounded from
above by

7]
2114l /0 g()ds Y D IS YD Fa(d y). (227)

xeA,\Ay Xox zeX yeY
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Rewriting the sumon X > x and y € X asthe sumony € Aand X > x, y,
one finds that

7]
) = 200101 [ ads 3 YR @)

xeA,\A,y z€Y

I
=2 4| Pl Ca/ ga(s)ds Y| sup Y F,(d(x,z).
0

€Y ven\A,

(2.28)

As m,n — 00, the above sum goes to zero. This proves that the sequence is
Cauchy and hence convergent. The remaining claims follow as in Theorem 6.2.11
of Ref. 1. O

3. GROWTH OF SPATIAL CORRELATIONS

The goal of this section is to prove Theorem 3.1 below which bounds the
rate at which correlations can accumulate, under the influence of the dynamics,
starting from a product state.

3.1. The Main Result

Let Q be a normalized product state, i.e. 2 = @), ., 2, where for each x,
2, is a state (not necessarily pure) for the systems at site x. We will denote by (-)
the expectation with respect to €2, and prove

Theorem 3.1. Leta >0, ® € B,(A), and take Q2 to be a normalized product
state as described above. Given X, Y C Awithd(X, Y) > 0and local observables
A € Ay and B € Ay, one has that

| (7 (AB)) — (m(AD) (w(B) | < 414 IBINFI (IX] + [Y]) Ga(t) e D,

3.1
Here

Co + £l

I
Gt = <=L o, [ gss (32)

and g, is the function which arises in the Lieb-Robinson estimate Theorem 2.1.

Inthe event thata = 0, the bound above does not decay. However, the estimate
(3.24) below, which does decay, is valid. Moreover, a straight forward application of
the techniques used below also provides estimates on the increase of correlations,
due to the dynamics, for non-product states.
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We begin by writing the interaction @ as the sum of two terms, one of which
decouples the interactions between observables supported near X and Y.

3.1.1. Decoupling the Interaction

Consider two separated local observables, i.e., 4 € Ay and B € Ay with
d(X,Y)> 0. Let

d(X,Y)
> }, (3.3)

SA,B = {yEA : d()/,X) <

denote the ball centered at X with distance d(X, Y)/2 from Y. Forany ® € 5,(A),
write

® = Ol — x4.8) + Pxuap =P+ P, 3.4
where forany Z C A

1ifZNSyp#Pand ZN S5 5 # 9,

3.5
0 otherwise. (3-5)

Xx4,.8(Z) = {

In this case, one has
Lemma 3.2 Let a >0, ® € B,(A), and consider any two separated local

observables A € Ay and B € Ay with d(X,Y) > 0. Writing ® = & + ®,, as
in (3.4), one may show that

I#]
fo [[# =P O] ds < 2101Ga) 35 32 Fald,o),

OSSUPP(O) ) 4 VX
(3.6)
is valid for observables O € {A, B}. One may take
Co + [IFall 4
Gut) = T oy, [ eas, 6.7
a 0
where g, is the function from Theorem 2.1.
Proof: For O € {4, B}ands > 0,
| [, xP(O)]] < Yoo [e@. O], (38

ZCA:
ZNS4, 50, ZNSG 570
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as is clear from the definition of x4 p; see (3.5). Applying Theorem 2.1 to each
term above, we find that

” [(IJ(Z), rs(l)(O)] ” < 284(5) O] |P(2)|l Z Z F,(d(z,0)). (3.9)

Ca z€Z 0eSUPP(0)

One may estimate the sums which appear above as follows:

X 2= X |LtX

zeZ ZCA:
ZNS45h, ZmSj4 »E0 ZNS4 570, ZNSG 570 St zESA R

202222 2. (o

z€8S4,5 X€SY p Z3z,x  z€S84 p XES4p Z3z,x

IA

and therefore, we have the bound

¢ I1]
/ I[ H. =P0) ]| ds < ” ” (S +S)/ 2a(s)ds, (3.11)
0

where

o3 S e@l Y F@eo)  (.12)

z€S B xeSq g Z3z,x 0eSUpp(0)

and

Y3 S e@l Y F@zop. (13

ZES/CLB xe€Syp Z3z,x 0eSUPP(0)

In the event that the observable O = A, then one may bound S| by

Si<l®le Y Y. Faldzx) Y Fa(d(z, ) (3.14)

z€S4,5 XESY p vex
<Cl®lla Y Y Fa(d(x,y))
xeS§ p yeX

and similarly,

S <Pl Y, Y. Faldzx) ) Fa(dz, ) (3.15)

ZESZ,B x€S4B yeX
<IF @l Y. > Fa(dz. )
ze85 p YEX

An analogous bound holds in the case that O = B. We have proven (3.6). O
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3.1.2. Proof of Theorem 3.1

To prove Theorem 3.1, we will first provide an estimate which measures the
effect on the dynamics resulting from dropping certain interaction terms.

Lemma 3.3 Let &y = &; + O, be an interaction on A for which each of the
dynamics {rt(l)},ER, fori € {0, 1,2}, exists as a strongly continuous group of *-
automorphisms on A. Let { A,},cr be a differentiable family of quasi-local observ-
ables on A. The estimate

17740 = Ul < fo " [ s + 1206 A) - 2@ A] ds,
(3.16)
holds for all t € R. Here, for eachi € {0, 1, 2}, we denote by H; the Hamiltonian
corresponding to P;.
Proof: Define the function f : R — A by
£@) = 24, — tVA,). (3.17)
A simple calculation shows that f satisfies the following differential equation:
f1(6) = i[Ho, fO1 + i[Ho, 1 0(4)] + 700 4) — 7@, 4),  (3.18)

subject to the boundary condition f(0) = 0. The first term appearing on the right
hand side of (3.18) above is norm preserving, and therefore, Lemma A.1 implies
that

t]
I f) ] < fo I[F. 2P| + |20 4,) — 1@, 4| ds.  (3.19)

as claimed. O

We will now prove Theorem 3.1. Denote by B, := B — (t,(B)), and observe
that proving (3.1) is equivalent to bounding |(7,(4 B,))|. Write ® = &; + &,, as
is done in (3.4). One easily sees that ®; decouples 4 from B, i.e.,

(500)) = (£"00) (" (8)). 620)

Here, again, we have denoted by t,(l) the time evolution corresponding to ®;. It is
clear that

(4B < |(e"(4B)) (3.21)

+ |lm(4B) — 4B

< |4 w(AB,) — v (4B,)| .

w(B) - "(8)| +
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Moreover, the second term on the right hand side above can be further estimated
by

w(B) — 7 (By)] -
(3.22)
Applying Lemma 3.3 to the bounds we have found in (3.21) and (3.22) yields

©(AB;) — 7\ (AB,)

< 2||Bl

w(d) = o) + 14

|¢] [#]
() < 2041 [ [ @) ds + 2080 [ [ w00 d.
0 0
(3.23)
In fact, we are only using (3.16) in trivial situations where the second term,
i.e., 75(dy45) — r}l)(asAS) is identically zero. Finally, using Lemma 3.2, we find
an upper bound on |(7;(A4 B;))| of the form

AANIBIG.) | Y > Fa@e,y)+Y, Y. F.dx,y)

x€e Y€

X yeA: Y YEA:
2d(x,y)zd(X.Y) 2d(x,y)=d(X.Y)

(3.24)
Theorem 3.1 readily follows from (3.24) above.

APPENDIX A

In this appendix, we recall a basic lemma about the growth of the solutions
of first order, inhomogeneous differential equations.

Let B be a Banach space. For each ¢ € R, let A(z) : B — B be a linear
operator, and denote by X(¢) the solution of the differential equation

9X(t) = A(t) X(t) (A.1)

with boundary condition X(0) = x¢ € B.We say that the family of operators A4(t)
is norm-preserving if for every x( € B, the mapping y, : B — B which associates
xo = X(1), i.e., ys(x0) = X(¢), satisfies

lyiGo) Il = llxo Il foralls € R. (A2)

Some obvious examples are the case where 5 is a Hilbert space and A(z)
is anti-hermitian for each ¢, or when B is an *-algebra of operators on a Hilbert
space with a spectral norm and, for each ¢, A(¢) is a derivation commuting with
the *x-operation.

Lemma A.1  Let A(¢), for t € R, be a family of norm preserving opeartors in
some Banach space B. For any function B : R — B, the solution of

3Y(t) = ADY(t) + B(), (A3)
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with boundary condition Y (0) = yy, satisfies the bound
t
1Y) — vl = / I B(') |l dt'. (A4)
0

Proof: Forany ¢ € R, let X(#) be the solution of
9 X(t) = A@) X() (A.5)

with boundary condition X(0) = x¢, and let y; be the linear mapping which takes
Xo to X(t). By variation of constants, the solution of the inhomogeneous equation
(A.3) may be expressed as

t
Yt) =y (yo + / (v (B(S))dS>- (A.6)
0
The estimate (A.4) follows from (A.6) as 4(¢) is norm preserving. O
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