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Contractive Metrics for a Boltzmann Equation
for Granular Gases: Diffusive Equilibria
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We quantify the long-time behavior of a system of (partially) inelastic particles
in a stochastic thermostat by means of the contractivity of a suitable met-
ric in the set of probability measures. Existence, uniqueness, boundedness of
moments and regularity of a steady state are derived from this basic prop-
erty. The solutions of the kinetic model are proved to converge exponentially
as t — oo to this diffusive equilibrium in this distance metrizing the weak con-
vergence of measures. Then, we prove a uniform bound in time on Sobolev
norms of the solution, provided the initial datum has a finite norm in the cor-
responding Sobolev space. These results are then combined, using interpolation
inequalities, to obtain exponential convergence to the diffusive equilibrium in
the strong L'-norm, as well as various Sobolev norms.

KEY WORDS: Inelastic interactions; Boltzmann equation; contractivity; sto-
chastic heating.

1. INTRODUCTION

This paper concerns the long-time asymptotics of the homogeneous Boltz-
mann equation for inelastic interactions in the pseudo-Maxwellian approx-
imation introduced in ref. 4. Without an energy source into the system, the
inelasticity of the collisions will homogenize the velocity of particles and
thus, the only possible steady state is the Delta Dirac distribution at the
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mean velocity of the particles.¥) Therefore, we assume that our particles
are under the influence of an external source of energy, a thermostat, that
keeps the motion of particles. A stochastic thermostat was indeed pro-
posed in different granular gases models as a candidate for keeping the
temperature of particles bounded away from zero.1:2:22 From a proba-
bilistic point of view, a stochastic thermostat means that particles follow
Brownian paths between collisions.

At the kinetic level the thermostat is represented by a linear diffu-
sion term in velocity,1? that may be temperature dependent.?? Hence, if
f(v,t) >0 denotes the density for the velocity space distribution of the
molecules of the granular gas at time ¢, the time evolution of f obeys the
equation

L —BIW QU+ FOPOAS with 0<p<3. (LD
where Q(f, f), the Boltzmann collision operator in the pseudo-Maxwellian
approximation, models the effects of inelastic binary collisions between
particles. We keep the positive constants B and F, measuring the impor-
tance ratio of inelastic collisions and stochastic thermostat to keep track
of their influences in the convergence rates. Instead of writing explicitly the
collision operator,® it is much easier (and less painful) to work in the cor-
responding weak form of the Q(f, f). Thus, we will define Q(f, f) by its
weak form given by

1
w 0= [ [ [ rorrwlee)-pw]andvan 1.2
T JR3 JR3 Js2

acting on functions ¢ € C(R?) where

l—e( )
1 v—w)+

1+e

1
v’:z(v~|—w)+ [v—w|n (1.3)

is the post-collisional velocity and 0 <e < 1 is the constant restitution
coefficient. The unit vector n in (1.3) parameterizes the set of all kine-
matically possible (i.e. those conserving mass and momentum) post-colli-
sional velocities. Without loss of generality, in what follows we will assume
that the initial datum f is a probability density. By mass conservation,
f (v, t) will remain a probability density at any subsequent time.

The existence of steady states for Eq. (1.1) has been addressed by
fixed point arguments in ref. 14 and by moment methods in ref. 5. Unique-
ness of stationary solutions was pointed out as an open problem in ref. 14
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and later addressed indirectly in ref. 5 as a consequence of the unique-
ness of the moment expansion for solutions of the initial value problem
to (1.1). Recently, the existence of homogeneous cooling states (HCS) (self-
similar solutions) without the diffusion term was established in ref. 6 and
subsequently, proved in ref. 7 that they give the intermediate asymptotic
of the solutions, that is, the difference between any solution and the HCS
measured in a suitable way vanishes as r — oco. Let us finally mention
that the mathematical properties of the IVP for the more realistic hard-
spheres model with diffusion have been studied recently in ref. 16 and its
tail behavior well described both in the stationary and the time-dependent
case.®:16:17) However, the long-time asymptotic in this case are not well
understood since even the uniqueness of steady solutions for a given mean
velocity remains an open problem.

In the rest of the paper, instead of working on the weak form (1.2),
we will equivalently use the Fourier transformed equation corresponding
to (1.1),>% that reads

af 1 . . . . .
a—f=B¢9<r)—/ {f(t,k_)f(t,k+)—f(t,O)f(t,k)}dn—FG”(t) k2 f
t 45 2
(1.4)
with
l+e
k_ = 7] (k — |k|n),
3—e 1+e
ky = ) k+ ) |k|n. (1.5)

Our convention with the Fourier transform is that
fkn= [ fone .
R3

This weak form of Eq. (1.1) is suitable to show both the existence
and uniqueness of a steady state and its regularity. A crucial role in our
analysis is played by the weak norm convergence, which is obtained by
adapting a method first used in ref. 15 to control the exponential conver-
gence for Maxwellian molecules in certain weak norms. The global asymp-
totical stability of the unique steady state can be recovered in terms of
the contractivity properties of these distances in Fourier space. From their
introduction on, these distances were subsequently used for the classical
Boltzmann equation for Maxwellian molecules in refs. 9 and 21, for the
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Fokker—Planck equation in ref. 12 and for the Kac model for inelastic
interactions recently in ref. 19. Contractivity of equivalent metrics for solu-
tions of a general family of PDE models, including simplified models of
granular media, has recently been shown in refs. 11, 13 and 18 to produce
results which are reminiscent of the main theorem in this work.

Let P, (R?) be the set of probability measures with bounded s-moment.
The Fourier-based metrics dy, for any s >0, are defined as

. Fk) — 8 (k
dy(f, )= sup LB -8B (1.6)

keR3 Ik|*

for any pair of probability measures in P;(R3). This distance is well-
defined and finite by simple Taylor expansion for any pair of probability
measures with equal moments up to order [s], where [s] denotes the inte-
ger part of s. Moreover, in case s > 1 be an integer, it suffices equality of
moments up to order s — 1 for being d; finite.

In fact, d» topology is equivalent to the weak-star topology for mea-
sures plus boundedness of second moments,*!) and can be related to the
well-known Wasserstein distance between probability measures. The main
results of this work can be summarized as follows:

Theorem 1.1. Equation (1.1) has a unique steady state fo, in the
set of probability measures with a given mean velocity u. Moreover, fo, is
smooth and fast decaying at co. Furthermore, given any probability mea-
sure solution f(,v) of (I.I1) with mean velocity u and finite temperature,
d( f (1), foo) tends exponentially to 0. The rate A of exponential conver-
gence is explicitly computable.

The key idea to prove this theorem is based on the observation that
the d» distance is a contraction for the flow map of (1.1) restricted to ini-
tial data with equal temperature. This property will enable us to show the
existence and uniqueness of the steady states by simple arguments invok-
ing Banach fixed point theorem. The first step in our analysis will be
the study of the time evolution of moments. We recover briefly the exact
general moment equation of second order, and prove that the isotropic
moments of any order satisfy a differential inequality which implies a uni-
form bound in time. These arguments will be described in Section 2. Sec-
tion 3 deals with the existence of moments and regularity of the steady
state. These properties are addressed directly on the integral equation
in Fourier representation verified by the steady state itself. Section 4 is
devoted to prove the exponential convergence towards steady state for any
solution of (1.1). This is achieved by a careful estimate of the convergence
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of the temperature to the asymptotic steady value and using a variation
of the argument proving the contractivity of the d» distance. Section 5
deals with the problem of obtaining strong convergence towards the steady
state. This goal will be reached by establishing a propagation of smooth-
ness result for (1.1). To state the result concisely, we introduce the Sobolev
space norms || - || gr g3y, r =0 by

2 _ 2| £y 2
A1l '.(R3)_/R3 k|17 f ()|~ dk,

then we prove

Theorem 1.2. Let fy be any initial datum for Eq. (1.1) with
I foll gy 3y finite. Then, any probability density solution f(z, v) of (1.1) is
bounded in H", and there is a universal constant C, so that, for all >0,

IIf () ”H'(R3) gmax{”fO”Hr(RS)» C.}.

The results of Theorems 1.1 and 1.2 will then be combined, using
interpolation inequalities,® to obtain exponential convergence to fs in
the strong L!-norm, as well as in various Sobolev norms.

Theorem 1.3. Let f; be any initial datum for Eq. (1.1). Let € >0 be
given. Then, there is a number r depending only on € so that whenever

f Ivlzrfo(v)dv+/ k1" | fo(k)|? dk < o0
R3 R3
then it holds that

1FCot) = fooll gy < Ce expl—(1 — At

Here, A is the rate of exponential convergence in d, distance, and C. is
explicitly computable in terms of the integrals specified above. Moreover,
increasing r, we obtain the same result if the L'-norm is replaced by any
H™-norm.

2. EVOLUTION OF MOMENTS

Let us denote by p(z), u(t), 6(t) and p;;(¢) the density, mean veloc-
ity, temperature and pressure tensor components of the distribution func-
tion f. Since mass and mean velocity are preserved clearly by the collision
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operator (1.2) and we deal with the homogeneous problem, without loss
of generality we assume in the rest of the paper that p(f)=1 and u(#)=0
for all r>0. Following,®® we compute the general moment equations of
second order.

Lemma 2.1. [Evolution of moments, ref. 5 and 10] Let f be a solu-
tion to (1.4) with unit mass, zero mean velocity and initial second order
moments bounded, then f has finite second order moments for any ¢ >0,

d@_ 1—e?
dr

BO> +2F 6P, 2.1

and

9 (1+e)(3—e)
§A3f(v)vivjdv = —%B\/@cﬁ/}R3 Fyvivjdv

52 (179 B(o,0) 4527070 @2
+35i (T) (0r0) +8,2F 070 (22)

for any ¢ >0. As a consequence, we have the following asymptotically sta-
ble steady value of the temperature

2

8F \¥=
= (a) =

Proof. By multiplying (1.1) by v;v; and integrating we get

a B /.7
E/Wf(v)vivjdv = E\/%/]R@ /11@ /Szf(v)f(w)[vivj_Uivj]dndvdw

+F9j}(t)/ viv; Ay fdv.
R3

Since

, 3—ev+1+e +l+e|v |
V= w —wln
4 4 4
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we have

0 B 3_e 2
E/H@f(v)vivjdv:E\/%/RS/RS,/SZf(U)f(w)H:( 1 ) —l]vivj

1+e 2 2
+ | — (wiwj+|v—w| nin;

4
(B—e)1+e)
16

+ v —w|(w;n; —l—wjn,-)) +(

X (v,-wj+w,-vj+|v—w|(v,-nj+vjn,-))}dndvdw
+8ij 2 F67(1).

Evolution Egs. (2.1) and (2.2) are then obtained imposing zero mean
velocity and unit mass, while boundedness of second moments is an easy
consequence of (2.1). |1

Remark 2.2. [Temperature for the case p=1] If p=1, the evolution
Eq. (2.1) for the temperature can be solved in analytic way. In fact, if we
put z=0¢2F*, we have

dz_ 1—eé?

3
— = BeFl 51
dt 4 ¢

from which with trivial calculations it follows:

-2
-1 1-¢*B
z<r>=[z02+ 3 f(e”—l)}

namely the analytic expression of the temperature is

2

eFt

1
b "+ 155 F (e~ 1)

o(t)= (2.4)

For future reference we include here the computation:

t _ 2
/(;w/e(t)drleog 142 ‘ B(e“—l) : 2.5)

(1—e))B -1 F
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The exact evolution equations for moments of order higher than two
has been done in ref. 5 only for the third order. Evolution of higher order
moments has been studied in ref. 5 only in the relatively simple case of
isotropic solutions. We obtain here an explicit inequality for the time evo-
lution of isotropic moments of any order for general solutions, which leads
to prove a uniform bound in time of these moments, in terms of the
moments of the initial value. To simplify notations, in what follows we
denote

Mzr(t)=/ f@. D> dv,
R3

for any r € N. Moreover, we will take advantage of the weak form of the
collision integral

1
wotr =g [ [ [ rorwlee)+ow) -0 - |indudv
7 Jr3Jr3Js2
(2.6)

acting on functions ¢ € C(R?). Here (v/, w’) represent the post-collisional
velocities, v’ is given by (1.3), and

1+e
4

, 1 l—e
w —z(v—i-w)—T(v—w)— v —wln. 2.7

The weak form (2.6) has been considered in ref. 4 and is equivalent to
(1.2). We prove

Lemma 2.3. [Uniform in time moment estimates] Let f(z, v) be the
solution to Eq. (1.1), where the initial distribution fy(v) is such that

/R3 fo)v dv=c, <+o0 (2.8)

for some r >2. Then, M, (t) satisfies the following differential inequality

d
— M, (t)<—B
dt 2r() 3

M 1— 2r
20) [ O (Mar () + Moy () M (1))

4

r—1
1
) Z:l (;) MZ(r—m)(t)MZm(t):|
+F Ma(t)? 2r 4 4r2) My, _1)(2). (2.9)

Consequently, M»,(t) is uniformly bounded in time.
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Proof. Elementary computations show that

0> )2+ W) — > +w?)
1— 2

=— 46 [(v—w)2—|v—w|(v—w)'n],

and
W)+ W) =é? <v2 + w2> )
Inequality (2.11) follows from (2.10). In fact, since
0<[w=w? v —wlw-w)-n] <20 -w)?,
we obtain

"2 "2 2 2 1—¢? 2
)" +@) =W +w )_T(U_W)

2

—1(+ )%+
T LlTwrT s

Choosing ¢(v)=|v|?", r>2, we obtain

i ot =g [ [ [ s

x[|v’|2’ 'Y =¥ + |w|2f]dn dvdw

1
=8—///f(v)f(w)
7 Jr3 Jr3 Js2

x [P+ 1w/ BY = (P + [l Jdndvduw

(v— w)2 262 <v2+w2) .

309

(2.10)

2.11)

r—1
. L 2(r—m) 2m

—|v/|2(’_m)|w’|2’”]dndvdw

1
o [ L[ rosw
T Jr3 JRr3 Js2

N

x [P+ 1w/ BY = (P + [l Jdndvduw

1 r—1 -
+§ Zl <m> MZ(r—m)MZm'
m=

(2.12)
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Taking into account (2.11), we obtain

1 / r r
o= L0+ 1wy = o+t Jan
T Js2
_ 1 N2 2 2 02
—gfsz[m /P = (P + )]

r—1
r—m—1 m
x> [P P [P+ ] dn
m=0

1 st r—1
<Q/z["“'2+lw’lz—(lv|2+|w|2>] )] [N
N

m=0
_2r

1—e* r—1
=——— [P+l e-w?

(2.13)

Thus, inserting (2.13) into (2.12) we obtain the inequality

_ e2r

1
(¥, Q(f, ) <— g

~

//f(v)f(w)[|v|2+lez]r_l(v—w)zdvdw
R3 JR3
1 1

;
+§ Z (m) Mo —my Mo, .

m=1

Finally, since

[/f(v>f<w>[|v|2+|w|2]’*]<v—w>2dvdw
R3 JR3

2/ / f(v)f(w)[|v|2("”+|w|2<"“](u—w)2dvdw
R3 JR3
=2My, +2M>o—1)M>.

2r

1_
(W, O(f, /) < — (Ma, + Ma_1yM3)

4
1 r—1 -
= Z<m>Mz<,_m>Mzm. (2.14)

m=1
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To conclude the proof, consider that
/ ¥ Ay f do=Q2r +4r}) My, ). (2.15)
R3

Then, in order to show that M»,(z) is uniformly bounded in time, one
rewrites inequality (2.9) as

d
EMZr(t) <A [-Mo (1) + B (1],

where both A,(r) and B,(t) depend on moments up to the order 2(r — 1).
Thanks to Lemma 2.1, M>(¢) is uniformly bounded in time. This implies
that B,(¢) is uniformly bounded in time, B»(t) < B, and, consequently,
My(t) is uniformly bounded,

My(t) <max {M4(0), B>} .

Recursively, the proof can be extended to any r >2. |

3. NON EXPANSIVITY OF THE d, DISTANCE:
DIFFUSIVE EQUILIBRIA

The results of the previous section guarantee that the isotropic
moments which are initially bounded, remain bounded in time. Here we
concentrate on the time evolution of the d» distance.

Proposition 3.1. [Uniform contraction of the d, distance] Let f1
and f> be two solutions to (1.4) corresponding to initial values fi(0),
f2(0) with unit mass, zero mean velocity and equal temperature. Then
dr( fl (0), fz(O)) < oo and there exists a constant C; >0 such that

dy(f1(0), f(1) <dar(F1(0), f(0)) e~ 17WCIL 3.1

for any £ >0. In (3.1), yo=(e2+3)/4 <1, C; = Bmin{6y, O0}'/%. In the par-
ticular case p=1 the more precise estimate holds

-2
A A s 1-e> B 1-¢* B
d(f1 (). fr) <dr(f1(0), fr(0)) | 1-—5 =+ ‘ -
80, 2 80, 2
0 0

eFt

(3.2)

for any 7 >0.
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Proof. Since the evolution of the temperature is governed by the law
given in Lemma 2.1 and the initial temperature of both solutions is equal,
it follows that 6y (t) =65, (t) =6(t) for all t > 0. By the definition of the
metric dp, da( fl 0), fg(O)) < oo and we can subtract the equations satisfied
by fi(t) and f>(¢) respectively to get

T 4x k|2

ot k|2 47
ﬁ@ﬁ@—ﬁ@ﬁ@]d
— n
k|2
5 fik) = fa(k)
k2

) fitk)— k) B A frlky) = foko) falky)
— \/O(I)/Sz |:

—FOP (1) |k| (3.3)

In the first term of the right-hand side, we do the usual splitting

Filko) filky) — fatk=) fatky)
k|2

k=) — Hk)] Tk—)>  »
| f1( |)k_|{2( )| ||k||2 FAG)]

< sup | 10 = 2O (k- + ke 2
Trem | WP k2 |

It is easy to check that

1 2
k_|? =k (%) 2 (1 —cos 19)
) s (3—e 2 1+e\? 3—e¢ l+e
lky|” =1k 1 + 2 +2 2 1 cos? |,

(3.4)

| f1lks) = falp)] ks

<1 fiky)] N P

where ¢ is the angle between the unit vectors k/|k| and n. Therefore

1
47

ﬂmﬁwwﬁm%&hn

- |fik) = k)|
© |k|2 S Yo sup

keR3 IkI?
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where yy, for each restitution coefficient e #1, denotes the constant
1 [~ 14¢\?
VO_E/O {( 1 ) 2(1—cosﬁ>
+ 3-e 2+ I+e 2+2 3-e I+e cos? ¢ sin dv
4 4 4 4

1 [e2+3 @ 1- 243
25/0 {e:— +( +e)4( ) cosz?}sinﬁdﬁ‘:e:_ <1. 3.5)

Let us set

fik) — fak)

h(t, k)= e

Since fl (0)=f2(0)= 1, equation (3.3) becomes

orh(t, k) + (B\/G(t) + FOP () |k|2)h(t, k)’ <yBvO@) |h(t, )oo- (3.6)

This is equivalent to

t t
) [h(t,k) exp (B/ ,/e(s)ds+F|k|2f Hp(s)ds)]’
0 0
t t
<yBVO() ||h(z, -)IlooeXp<B/ \/9(5)515+F|k|2/ GP(S)dS).
0 0

Integrating from 0 to ¢ we get

< R0, k)|

t t
‘h(t,k)exp <B/ \/Q(S)dS+F|k|2/ 9”(s)ds)
0 0
t T T
+)/OB/ VO(T) ||h(T, )]lco €XP <B/ \/O(S)dS+F|k|2f Op(s)ds)dr,
0 0 0

namely

t
exp (B/ \/G(S)ds> |h(t, k)|
0
13 T
Slh(O,k)l-FVoB/O VO(T) |Ih(z, ~)||ooeXp<B/0 VO(S)dS>dT.
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Since the above inequality holds for all values of the variable %,

t
exp (B/o VQ(S)dS> 172, oo <120, ) oo
t T
+y03/ V@) |h(t, oo exp (B/ J@(s)ds) dr.
0 0

t
Hence, if we put w(z) =exp <B/ VQ(S)dS) 1A, )loo
0

t
w(t) < w(0)+yoB/ V(@) w(r)dr.
0

By the generalized Gronwall inequality, this implies

t
w(t) <w(0)exp ()/OB/ V@(‘L’)d‘[),
0

namely
t
1A, oo < 17(0, ) lloo €Xp <—(1—Vo)3/0 G(T)df>~ (3.7)

Now, let us remark that the evolution Eq.(2.1) implies 6(¢) >0, where
6 =min {80, 900}

and thus (3.1) is proved. In the particular case p =1 one can use the
explicit expression of the integral in (2.5) to obtain (3.2). |

An important consequence of the uniform contraction of the dp dis-
tance through the flow of the Fourier version of the inelastic BE with ther-
mal bath, is that we conclude both with the existence and uniqueness of
the steady state (cf. refs. 5 and 14).

Let us denote by X, the subset of P,(R%) given by all probability
densities with zero mean velocity and temperature § e R*. Let us consider

H®([R3) = ﬂ H™([RY).
m=0
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Theorem 3.2. [Existence, uniqueness and regularity of the steady
state] Equation (1.1) has a unique steady state fo, in the set of probabil-
ity measures with zero mean velocity. Moreover, all the moments of fo
are finite and fo is regular, i.e. foo € H®(RY).

Proof. We split the proof into several steps.

Step 1: Existence and uniqueness of steady state. Thanks to (ref. 21,
Theorem 1) the set Xy, of P>(R3) is closed with the distance d». There-
fore, (Xp,,,d>) is a Banach metric space. Let us consider the flow map of
(1.4),

for any time ¢ >0, given by T;(fy) = f(t) with f(¢) the unique solution at
time ¢ of (1.4) with initial datum fpe Xg_,.

Proposition (3.1) proves that 7; is a uniform contraction from the
Banach space (Xg_, d>) into itself with contraction constant e~ U—rCt 1,
Therefore, Banach fixed point theorem ensures the existence and unique-
ness of a unique steady state in (X4, ,d>) and thus the first assertion of
the theorem.

Step 2: Boundedness of all moments. Thanks to Lemma 2.3, we know
that the m-th isotropic moment remains uniformly bounded if the same
moment is bounded initially. We can repeat the same argument of Proposi-
tion 3.1, by computing now the evolution of the distance with index 2+ m
between any two solutions. One proves the following assertion: given any
natural m > 1, let fl (0) and fz(O) be two initial data to (1.4) with equal
moments up to order m + 1 and finite moments of order m + 2, then
dyym ( fl 0), fg(O)) < oo and there exists a constant C >0 such that

dyim (f1(0), Hr(1)) <daim (F1(0), f2(0)) e~ L=rm)CT (3.8)

for any ¢ >0, with

24m

1 [m 1+e\? 2
Ym _E/(; |:< 7 > 2(1—cosﬂ>:|
5 3 Z-Em
3—e¢ 1+e 3—e 1+e .
2 .
+|:< n > +< 7 ) + ( 1 )( 1 )cosz?:| sind dd

(3.9)
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Let us remark that the constant C is the same for all m and that y,, <
yp < 1 by definition. Let us also point out that (3.8) implies that moments
of the solutions remain equal up to order m + 1, m > 1, since initially
they are equal, and thus, the distance dp4,( fl(t) fz(t)) < oo, for all
t>0.

Now, we proceed by induction. We already know that the steady state
has temperature 6. Let us assume that fo, has moments bounded up to
order m + 1. Take the set X’” defined as the subset of Py, (R3) with
equal moments to those of foo up to order m + 1. This set is a com-
plete metric space endowed with the distance d»,, being a closed subset
of 7?2+m(R3). Proceeding as in the first step, the flow map 7; is a uni-
form contraction from (Xg ,drym) into itself with contraction constant
less than 1. Therefore, T; has a unique steady state g€ Xy' and thus, by
uniqueness of steady state in Xy, we conclude fo=g¢€ (Xe ,dyrm) and
thus, fx has finite moments of order m +2.

Step 3: Regularity. In Fourier variables, the steady state f, satisfies
the equation

1 r r o ~ A
=) {foo<k)foo<k+)—foo<0>foo<k)}dn—Feé’o kP fra ()=0.
T Js2
(3.10)

that, by virtue of (2.3), simplifies to

/S X foo<k_>foo<k+>dn=4n< ) foolk). (3.11)

Multiplying (3.11) by the conjugate of foo (denoted by fgo) and integrat-
ing over a ball B of radius R >0 centered at zero, we get

/ / Foolko) foo (ks ) £S (k) dn dk
Br JS?

4 /BR(

) | foo k) |* dk.
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Hence, the left-hand side is real, positive and finite for any R>0. On the
other hand, we may directly estimate this left-hand side.

/ /foo(k—)foo(k-;-)fo%(k)dndk
Bg JS2
</ f | foo kN foo k)11 £5 (k)| dn dk
Bgr JS2

<f f | ok 1 S, ()] dn dk
B J §?

. 3 . :
<[/ / |foo<k+>|2dndk] [471/ |foo<k>|2dk}
Br JS? Bg

Now, we can change variables from k to k4. The equality

n ~ dk
/f|foo<k+)|2dndk</ / ol 25 dn iy,
Bg S2 Bgr S2 dk+

thanks to the formula

dky (3—e\*(3—e 1+ek-n 3—e\2[/1—e
—I= + — )= ,
dk 4 4 4 k| 4 2

implies

2 2 L / ; 2
/BR /52 | foo (k) |”dndk < G- oXl_o 4r . | foo (k)% dk.

Collecting previous estimates, we finally obtain
/ =) 1 (k>|2dk<( 32 )[ | o)1 dk,
Bk g > “\B-92-e *
(3.12)

for any R >0, that we may write as

/ |foo )P dk < [ (A1 — Aslk|?) | foo (k)| dk,
Bgr Bg
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with

1

A —( 32 )2 and A= =%¢
=\ G302 -0 2Ty e

Since the function (A; — As|k|?) | foo(k)|2 is non-negative only in the ball
of radius R, = (A1/A»)'/2, we have

A|fm(k>|2dk<L (Al—A2|k|2>|.fm<k>|2dk<A1L oo ()2 dk

Letting R — oo proves that fo, € LZ2(RY).
Let us consider (3.12) again. It implies

1
1—e? 2

SR .
3 eoo/BR k17| foo (K| dk<<(3_e)2(l_g)) | ol dk.

for any R >0, and thus fs € H'(R3).

Higher order regularity follows by a recursive argument. Assuming
foo € H" 1 (R3), m >2, let us prove that f, € H™(R3). To this aim, mul-
tiply (3.11) by |k|2<m—1)f;;> and integrate on Bg. One gets

1—¢? 2m p 2
40 / K12 | Foo () dk
Bpr

<[P | fro frtkn F 0] dn
Bg /52

Proceeding as before and taking into account that |k |> %|k|, one shows
that there exists a constant C(m, e) such that

[ w0t i S0 anak
Bg /52

<Cm,e) | k2D foo ) |* dk, (3.13)
Bpg

for any R > 0. By induction, the right-hand side is uniformly bounded
in R > 0. Collecting previous estimates, one proves as before that there
exists a constant C(m, e, 05) such that

/ k1™ | foo ()2 dk < C(m, e, 000) | k12D foo ()| dk,
Bpr Bpg

for any R >0, proving the assertion. ||
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4. EXPONENTIAL DECAY OF THE d> DISTANCE. GENERAL CASE

In the previous section, we proved exponential decay of the dp dis-
tance of any two solutions corresponding to initial data with the same
temperature. Since the temperature 6, of the steady state is a con-
stant which does not depend on the temperature of the initial datum,
this result only shows that there is exponential decay towards the steady
state for initial values that have the same temperature of the steady
state. Thus, Proposition 3.1 does not answer to the natural question of
the decay towards the steady state of any solution, whatever the ini-
tial temperature could be. Here, we show that this question can be
answered positively. Indeed, the result of Proposition 3.1 can be extended
to estimate explicitly the rate of convergence towards the unique equi-
librium fo, in terms of dp for general initial data without the restric-
tion on the second moment. First, we reckon the time decay of the
ratio 6(t) /6.

Lemma 4.1. [Equilibration of temperature] Let z(¢) denote the ratio
0(t)/0s.Then, for any constant y >0 it holds

3 _
V() —1<c(y) exp{—(z—p)2F950 lt}, 4.1)
if zo> 1, while
3 p—1_3
1-z7()<c(y) exp}— 7P 2F 65 5t 4.2)
if zg < 1. The constant c=c(y) is given by
v+p—3

2y
C(J/)=mmax{1,zo }

3_
2 ”—1'. 4.3)
Proof. From equation (2.1) it follows
3
d (6 1—e2 176\ 1/ 0\’
—(=) =- B | — 2FOL | —
dr(eoo> 4 °°<9oo)+ ~ (900)

s ()]
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Hence z(¢) satisfies the equation

dz =1 _p[.3-p
Lk [ZZ —1], (4.4)

from which we obtain easily

I S

Case zp > 1.

Since %— p >0, Eq. (4.4) shows that if zo> 1, z(¢) is non-increasing and
moreover z(¢t) > 1 for all times. Consequently (4.5) implies the inequal-

1ty
e Gor)pret [ ]

which after integration gives
3_ 3 _
z%‘p—lg(zg p—l)exp{—<§—p>2F6£o lt}.

é—p 3 -1 33517
Z(I)S{l-i-(zé —1>exp{—<§—p>2F9§O t” —1, (4.6

and, for any power y >0

2y
3_ 3 _ k=
z”(t)—lg{l—i—(zé p—l)exp{—<§—p>2F9§olt” p.

The right hand side of this last inequality is a function of the form

Hence

y)=1+ax)? -1,

where

_ 5-p _ 3 p—1
., a=z5 -1, x=exp|— E—p 2F 65 tp. (4.7)
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By Taylor formula y(x) =g (1 +a%)?'ax; since in our case 0 <x <1 it
holds

(1+ax)?™! <1 if ¢g—1<0
(I+a0)?™" <U+a)?™! if g—1>0.

Thus
y(x)<gq max[l, (1+a)q_1]ax. (4.8)

By inserting expressions (4.7) into (4.8), we find inequality (4.1) which
shows the exponential decay of z” () — 1 for all values of y > 0.

Case zo < 1.
The proof is very similar to the previous one. If zp <1, Eq. (4.4) implies

that z(¢) is non-decreasing, so that z(¢) >z for all times. Thus, Eq. (4.5)
implies

o (S R e

from which it follows

3 3_ 3 . L
I—ZZ—P<<1—z§ p)exp{—(z—p>2FG§o lzgt}.

Hence

_2
z2(1) > {1 — (1 —zé"’) exp {— @ —p> 2F oL zé z””p . (4.9

from which it follows

2y
3 3 1 k=)
I—ZV(;)gl—{l—<l—zé p)exp{—<§—p>2F9(folz§t” p.

The function on the right hand side is of the form

yx)=1—(1—-ax)?,
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with

2 3_ 3 1 4
q=3 Y , a:l—zé p, x:exp{—<§—p>2FO§olz§t}.

—2p
(4.10)
Taylor formula gives y(x) =¢ (1 —ax)? lax. Since 0< 3 <1,
(1—ax)?™' <(1—a)?' if ¢g—1<0,
(1—ax)?™' <1 if g—1>0.
Finally
y(x)<gq max{l, (l—a)q_l}ax, (4.11)

and by inserting expressions (4.10) into (4.11) we find inequality (4.2). We
remark that in this second case the decay is slower, and it depends on
0< 1. I

Theorem 4.2. [Exponential decay of the d» distance] Any solu-
tion f(z,v) of (1.1) corresponding to an initial density with unit mass,
zero mean velocity and finite initial temperature, converges exponentially
towards the steady state foo(v) in dp distance. More precisely, there exist
constants Cy, Cp, C3 >0 such that

dry(f (1), foo) <da(fo, foo) e~ ITWCI L Cre=C3, (4.12)

for all +>0, with yy=(e?+3)/4<1.

Proof. We proceed exactly as in the proof of Proposition 3.1.
Therefore we will only sketch the proof, and put the emphasis on
the differences. In agreement with the notations introduced in Lemma 4.1,
the variable 6(¢) will be replaced by 6. z(¢). Since the temperatures of
the two solutions are different, with respect to the computations of Prop-
osition 3.1, we have an additional term that we may write using the
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Eq. (3.10) satisfied by foo. We have

4 e

ot k|2 T 4g
F©) fk) - foo<0>foo<k>] .,
— n
k|2

_Fgé’o Zp(l‘) |k|2 S k) |;|{oo(k)

+FOL (z%(t)—zl’(t)) Fro ). 4.13)

9 fl)—folk) _ B 5 z%(t)/z |:f(k—)f(k+)_foo(k—)foo(k+)
S

Equation (3.6) becomes in our case

1
ah(t, k) + (B 0% z2(t)+ F 0L zP (1) |k|2>h(t, k)‘

<10BOL 2 (1) (1, oo+ 0(0), (4.14)
where
[ = foolk)
h(t,k)_—lk|2 ,
and
o) =FoL |z2()— 2P ()] (4.15)

Proceeding as in Proposition 3.1, we obtain

t
exp <39céo/0 Zé(S)dS> A, oo < N7(0, )lloo + P (1)

1 roy 1 1
+V039<>2<>/ 22(7) [|h(z, *) oo €XP <B9020/ zz(s)ds)dr,
0 0

where

t T
<I>(t)=/ @(T)exp (Beéo/ z5(s)ds) dr.
0 0
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By the generalized Gronwall lemma ?!), denoting by w(r) the same quan-
tity as in Proposition 3.1, we finally conclude that

t
w(r) <w(0)exp <y039éof zé(r)dr>
0

t 1 t 1 T
+/ exp <y0 BOOZO/ z%(s) ds) () exp <B 0 / Zé(s)ds) dr.
0 T 0

(4.16)
Hence
t
(2. oo < IO, oo exp (—(1—y0)3920/0 z%mds)wm, @.17)
where
Lot t
v =exp<—<1—yo)Beéo/ z2(S)dS>/ o(0)
0 0
X exXp ((I_VO)BGO%o/IZ;(S)dS> dr. (4.18)
0

To finish the proof, it suffices to show that W(r) vanishes for
t—oo. First of all, notice that definition (4.15) implies that if p :%
the function ¢(tr) vanishes (thus no further proof is needed), while for

P#3

o <Fok (

Z%(r)—l‘—l—‘z”(r)—l’).

Therefore ¢(r) can be estimated using inequalities (4.1)—(4.2).

Case zp> 1.
The function W(¢) can be bounded in the following way:

t
W(r) =exp (—(l—yoweéo/ [zhs)—l]ds—(l—yo)Beéor)
0
t T
x/ (1) exp((l—yo)BQéO/ [Zé(s)—l]ds—i-(l—yo)Beéor>dr
0 0

t
<exp (—(1 —v)B 90%0 t) / @(7) exp ((1 —v)B 90%0 t) dr.
0
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We used the bounds z% (s)—1>0 and t <¢. Now, taking into account for-
mula (4.1),

1
() < Cexp(—(l —19)B 6% t)
t 3 . 1
x/ exp{[— (5_17) 2F6% +(1—y0)30§o:|r}dt
0
1
exp (— (% —p) 2F0<§’Q_l t) —exp (—(1 —0)B 0% t>
=C

1
_ (% —p) 2FO (1 -y BO2,

)

where
p 1
C =Fbx|cC 7 +c(p)
FQé’o -1 2,,_2 é_p
:3_2p{max{l,zg }+2pmax[l,z0 2} z5 -1
Hence

W(t) decays exponentially and the exponential decay of dp is
proved. Depending on the sign of

3 _ 1
- (5 —p) 2P0 (1 — ) BOL

(which vanishes for p= %), we conclude that

(%—p)ZFng_l, if p>%
Cy= | . |
(1=y0)B 0%, if p<5

Case zo < 1. The proof is a bit more complicated than the previous

one, because now z2(s) — 1 <0. To estimate W(¢), using (4.2) we recover
the bound

t
exp ((1—;/0)39050/ [1—z%(s)]ds>
0

13

1 B -1 3, 1 3, .
<exp{(1—yo)mﬁz029§o max{l,zg }(1—13 >}=.IC.
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Precisely we have

t
W) = exp((l—yo)Beéo/ [1—zi(s)]ds—(1—yo)39§ot)
0
t T
x/ gp(r)exp(—(l—yo)BBéo/ [1—zé(s)]ds—l—(l—yo)B@éor)dt
0 0

1 1 1
< ICexp(—(l—yo)BGOQOt>/ <p(r)exp<(l—y0)B«9§or>dr.
0

Applying again formula (4.2) to the function ¢(t), it follows

1
W(t) <CKexp (-(1 —)B62 t)

t 3 1 1
x/ exp{[— (E—p> 2F6L lzé + —yo)BGOZO] ‘L'}d‘[
0
1
exp <—( >2F9£o lzé )—exp (—(1 —%)B 9§Ot>

—cK . :
- (g —p) 2FOL lzg +(1=y9)B62

where C is the same constant obtained in the previous case. Also in this
case W(r) decreases at an exponential rate. Let us remark again that the
previous decay holds if

3 1 1
_ <§ —p> 2FOL ‘zg +(1—yy)BOL

does not vanish. Depending on the sign of this factor then one obtains the
value of C3 similarly to the case zo>1. |

Remark 4.3. Theorems 3.2-4.2 can be stated also for the inelastic
one-dimensional Kac model introduced in ref. 19:

8f «/e(r 2

[ (k) fk) — f(k)f(())}dz?—mp(znkﬁf,
where

k, =k sin® |sin9|? ky =k cos® |cos?|”.
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Remark 4.4. The theorems proved in this section imply the con-
vergence of other probability metrics that turn out to be equivalent
to dy, that is metrics which define the same weak*-uniformity on the
class of probability distributions having bounded the moment of
order s(15:2D).

5. PROPAGATION OF SMOOTHNESS FOR THE
BOLTZMANN EQUATION

The goal of this section is to show that the smoothness of the initial
data of the Boltzmann equation is propagated so that we have bounds on
the smoothness uniform in time. Using the same computations of step 3
of Theorem 3.2, we obtain the inequality

Fko) Fky) f€ )| dndk

d o 1
— / k1> | f (k) |*dk < 2B\/6(1) | — / / k|2
dt Jr3 4 Js2 JR3

—/ |k|2m|f(k>|2dk}
R3

—2F9(t)”/3|k|2’"+2|f(k)|2dk. (5.1)
R

Let us remark that, thanks to the bound (3.13)

1 A A A A
[ o [LPm [ foen o] anar<cano [ w1 faor ax.
R3 47T Js2 R3

where C(m,e) > 1 is a constant which depends only on m and on the
coefficient of restitution e, and can be explicitly computable. Hence, if
Zn (@)= fOlI3m, Zm(t) satisfies the inequality

dZn (1)

- <2BVO) [C(m, e) — 1) Z(t) —2FO(t)P Zyps1 (8). (5.2)

The desired result follows from (5.2) by virtue of the following
Nash-type inequality.

Lemma 5.1. Let f e H"T!(R?) be a probability density function.
Then, f e H”(R?) and the following bound holds

2m+5)/(2m+3
1 et 3y = €m (1 W g sy ) &2 G4 (5.3)
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where

2 @m3) 9, 4 3N Qm+5)/Cm3)-2
m=\12x 2m+5 '

Proof. For any constant R >0, we obtain the bound
A~ " 1 "
[owemiworaes [ wPmifeoRdke s [ kR ar.
R3 kI<R R= Jik>r

Since f is a probability density, | f (k)| < 1. Hence

2m+3

K27 £ k) 2 dk < f k2" dk =4
/IkléR kISR 2m+3

By hypothesis, f belongs to H”*!(R3). This implies the inequality
2m+3 1
LIl g 3y < 4”m t22 I W rme1 w3)- (5.4)

Optimizing in R now yields the result. |

We use inequality (5.3) into (5.2) to obtain

) 2B ADIC O, €)1 Zun(t) = 2P0 S, (Zin(1) 2/,
(5.5
Inequality (5.5) can be written as
1Zn®) g G ICme)— 1200 |1 = FOO 2 ) ajome)
ar e B[C(m,e)—1] """ ’
that gives the bound
B[C(m, e) —1]]@"+9/2

Considering that the temperature 6(¢) is bounded uniformly in time both
from below and above, we conclude that Z, (¢) is uniformly bounded in
time.
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Theorem 5.2. [Propagation of smoothness] Let fp be any initial
datum for Eq. (1.1) with || foll ym g3, finite. Then, any probability density
solution f(r,v) of (1.1) is bounded in H™(R?), and there is a universal
constant C,, so that, for all >0,

ILf @O gm 3y < Max {||f0||H"1(R3)’ Cm} .

6. STRONG CONVERGENCE TO EQUILIBRIUM

This section is very short. To prove Theorem 1.3, we only need to
collect results and to explain how to compute the constants involved in
it. The key point are some interpolation inequalities, recently considered
in ref. 9 to obtain a result similar to Theorem 1.3 but for the elastic
Boltzmann equation for Maxwell molecules. The first of these inequalities
reads

Lemma 6.1. [Control of the H™-distance (ref. 9, Theorem 4.1)] Let
m>0, and B, 82 >0, 0< By <1 be given. Then

— 2 2
1/ =813 gy < CBr B S 02 7 (I 107 oy 18150 ) )

with

L 2m+ 8+ B1+N)(1—B)
B 26, ’

1-p
cer p=(1BY1a+N/B0)

and where |B"| denotes the volume of the unit ball in RV.

This result shows that the weak d, distance coupled with | - | gr
smoothness, controls the H™ distance for r sufficiently larger than m. The
next inequality shows that control of sufficiently many moments and con-
trol of the L2 norm together, control the L' norm.

Lemma 6.2. [Control of the L'-distance (ref. 9, Theorem 4.2)] Let
f be an integrable function on RY. Then, for all r >0

2/ (N+4r)
/ |f(v)|dv<c<N,r><f |f<v>|2dv>
RN ]RN

N/(N+4r)
x (/R Ivlz’lf(v)ldv)
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with

N 4r/(N+4r) 4r N/(N+4r)
C(N, r)= _ + _ |BN|ZV/(N+4}”)
4r N

Proof of Theorem 1.3. Since we have established Lemma 2.3 in Section 2,
Theorem 5.2 in Section 5, Theorem 1.3 follows from the interpolation
inequalities, Lemmas 6.1 and 6.2 above.
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