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Abstract

In this paper, we revisit a two-agent scheduling problem on a single machine. In this problem, we have two competing agents
A and B, which means that the job set of agent A and the job set of agent B are disjoint. The objective is to minimize the
total completion time of agent A, under the constraint that the total number of tardy jobs of agent B is no larger than a given
bound. The complexity of this problem was posed as open in Agnetis et al. (Oper Res 52:229-242, 2004). Leung et al. (Oper
Res 58:458-469, 2010a, b. https://doi.org/10.1287/opre.1090.0744ec) showed that the problem is binary NP-hard. However,
their NP-hardness proof has a flaw. Here, we present a new NP-hardness proof for this problem. Our research shows that the
problem is still NP-hard even if the jobs of agent A have a common processing time.

Keywords Two-agent scheduling - Total completion time - Total number of tardy jobs

1 Introduction

Suppose that there are two competing agents A and B,
which compete to perform their respective jobs on a com-
mon machine. For each X € {A, B}, we use J ) to denote
the set of jobs of agent X, and the jobs in 7X) are called
X-jobs. The assumption of “competing agents” means that
j(A) a) j(B) = 0.

Suppose that 74 = {JI(A), JZ(A), o J,ff)} and 7B =
(2. 5P 2R} For X € {A, B}, each X-job J(¥)
JX) has a processing time p;X) > 0. Each B-job J;B) also
has a due date d'?. Given a feasible schedule o, Cﬁ.X) (o) is
the completion time of J;X), X € {A, B}. U;B)(a) =1if
CcP0) > d” and UV (0) = 0if €V (0) < diP. For
X e {A, B}, let f%) be the scheduling criterion of agent
X which depends only on the completion times of the X-
jobs. Following the three-parameter notation introduced by
Graham et al. (1979), the constrained scheduling problem on
a single machine to minimize f4) under the constraint that
f® cannot exceed an upper bound Q can be denoted by

HF@ s f® < 0.
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The classical two-agent scheduling model was first intro-
duced by Baker and Smith (2003) and Agnetis et al. (2004).
Agnetis et al. (2004) considered various constrained schedul-
ing problems for competing agents. They provided an

O (nlog n)-time algorithm for problem 1| > Cj(.A) : ég; <

0, an O(nlogn)-time algorithm for problem 1| U}A) :

ég))( < @, and an 0(n3)-time algorithm for problem

I U;A) Y U;B) < Q. But the computational com-
plexity of problem 1| " C;A) Yy Uj(.B) < Q was posed as
open in Agnetis et al. (2004).

Ng et al. (2006) showed that problem 1|| Y C{"

» UJ(.B ) < (Q is NP-hard under high-multiplicity (HM)
encoding and can be solved in pseudo-polynomial time under
binary encoding. HM encoding is an encoding system which
was proposed in Hochbaum and Shamir (1991) and Clifford
and Posner (2001). Under this system, the input length of k
identical jobs of processing time p of the same type is just
O (log(k +2)+1log(p +2)). This means that the work in Ng
etal. (2006), in fact, does not solve the open problem posed in
Agnetis et al. (2004), since we usually study computational
complexity under binary encoding.

Binary NP-hardness of problem 1|| ) CEA) Yy U;B) <
Q was first presented in Leung et al. (2010), and a formal
proof was published in Leung et al. (2010b). By using the NP-
complete even—odd partition for the reduction, Leung et al.
(2010b) showed that problem 1|| Y- C{ - U < @'is
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Table 1 Job data in instance J

Job Processing time Due date

P a1 (= pai-1) Yo pak + U %k + paic

Py azi + (li — Doi (= p2i) S o4+ Ykl + pai

R L S xi+[H+ 50 (i — Doil+ L
0; Xi

binary NP-hard. Unfortunately, their proof has a logical flaw.
Thus we revisit problem 1| C;A) iy U](B) < 0.

Although the NP-hardness proof in Leung et al. (2010b)
is invalid, we happily find that the authors have in fact
provided a reasonable and wonderful procedure for the NP-
hardness proof, which is very useful in our research. In this
paper, we first show that a special version of the even—
odd partition is NP-complete. Then, by using an arbitrary
instance of the special version of the even—odd partition for
the reduction, we construct a new job instance for problem
iy C;A) Y U;B) < Q. Finally, by borrowing the proof
procedure provided in Leung et al. (2010b), we show that
problem 1]| Y- C" - " U® < @ is NP-hard even if the
jobs of agent A have a common processing time.

In Sect. 2, by constructing a counterexample, we point
out the logical flaw in the NP-hardness proof in Leung et al.
(2010b). In Sect. 3, we present the NP-hardness proof of
problem 1|p§.A) =pWI C;A) 2y U;B) < Q.

2 The logical flaw and a counterexample

The following is the well-known even—odd partition prob-
lem. By Garey and Johnson (1979), the even—odd partition
is binary NP-complete.

Even—Odd Partition Given a set of 2n + 1 positive integers
ai,as, ...,a, and H such that H = % Ziil aj, does there
exist a partition (/1, I7) of the index set {1, 2, ..., 2n} such
that |11 N {2j —1,2j}| =1land |LbN{2j — 1,2/} =1 for
each j =1,2,...,n,and Zjell aj = Zjelz aj=H?

By using the even—odd partition for the reduction, Leung
et al. (2010b) showed that problem 1] Y CJ(.A) Yy U;B) <
Q is binary NP-hard. Let us recall some related discussions
in Leung et al. (2010b).

Let o; = ayi — azi—1,1 = 1,2,...,n. Since each pair
of integers {ay;_1, az;} must be put into two different sets,
Leung et al. (2010b) assumed that the given instance of the
even—odd partition satisfies the following three properties:

Property 1 a; > (2n + 2) max(oy, ..., 0,).

Property 2 a;_; > Z?’:_f aj.
Property 3 a;/j is an integer foreach 1 <i <2nand 1 <

Jj=<n

@ Springer

For a given instance of the even—odd partition, Leung et al.
(2010b) constructed an instance J of the scheduling problem
IS Ul < @ with 3n + 1 jobs: 2 P-jobs and
a large R-job for agent B, and n Q-jobs for agent A. The
processing times and due dates for these jobs are shown in
Table 1.

e L is an integer larger than 2H.
Z:;iéazi_g fori =2,...,n— 1, and
X, = %azn_3 + ap,_s5. Note that x; < x5 < ---
and they are all integers.

® [io;

o X| = l,x,- =
< Xn,

1 i
= ordi-ni =12, 0.

Let the threshold for the total completion time of agent A
be T C, where

TC =) (n—ilay+ U — Doil+ Y (n—i+x

i=1 i=1
1 & 1 &
+§;ziai = H+§;‘(zi — 1o,
1= 1=

and let the threshold for the number of tardy jobs of agent
B be n. The decision problem asks whether there is a fea-
sible schedule for instance 7 such that ) C](.A> < TC and

U <n
Observation 2.1 A partition (11, o) of {1,2,...,2n} with
[[1 N{2i — 1,2i}| = 1 and |I, N {2i — 1, 2i}| = 1 for each

i =1,2,...,nisasolution for the instance of the even—odd
partition if and only if the following condition (C1) holds.

n
Z o; = Z 0,'2%20,'.
i=1

2i—lely 2i—1elp

(ch

Proof Let (I, I>) be a partition of {1, 2, ..., 2n} such that
[I1 N {2i — 1,2i}] = 1 and |[L N {2i — 1,2i}] = 1 for
eachi = 1,2,...,n. Then, (I1, I») is a solution for the
instance of the even—odd partition if and only if jen @4j =
3 jen, @j = H, which is equivalent to the weakened version
Zjeh aj

have

— Csi = ly2n o
= Y jendj, since H = 335" a;. Now, we
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dai=) 4

jeh jeh
< Z azi-1 + Z az = Z azi-1 + Z ai
i2i—1el iiel iRi—leh idiel
& Z ai—1+ Z az = Z ai—1+ Z i
i2i—lel i2i-leh iRi—leh i2i—lel
< Z @i-1 — Z Wi = Z @j-1 — Z azi
i2i—1el i2i—1el i2i—leh iRi—leh
oY o= Y o
i2i—lel i2i—l€lh
1 n
oY a= ¥ a=3ya
ii—1el i2i—leh i=1
as required in the observation. O

Observation 2.2 Leung et al. (2010b) presented the binary
NP-hardness proof of problem 1||_ C;-A) Y U](-B) <0
by proving that the instance of the even—odd partition has a
solution if and only if instance [J has a feasible schedule
such that ¥ Cj.A)(n) <TCandy U]V”(n) < n. If their
Lemma 1 (pp. 3—4) and Lemma 10 (p. 15) are correct, then
the following statement holds.

Statement 1 For every partition (1, I) of the index set
{1,2,...,2n} with |I1 N {2i — 1,2i}| = 1 and |I, N {2i —
1,2i}| = 1 foreachi = 1,2,...,n, the above condition
(C1) and the following condition (C2) are equivalent.

1 n
Z l,‘Oi = Z liG,' = E Zli(f,'. (C2)
i2i—lel i2i—lelh i=1
Proof See “Appendix”. O

However, Statement 1 is invalid. We illustrate this by the
following instance Z of the even—odd partition with n = 4.

The instance 7 = (ay, aa, ..., ag, H) is obtained by set-
ting a1 = 264, a, = 288, a3 = 576, as = 600, as = 1848,
ae = 1872, a7 = 5544, ag = 5568, and H = 8280.

We can easily observe that instance Z satisfies the above
three properties and has a solution (I, ;) with I} =
{1,3,6,8}) and I, = {2,4,5,7} such that Zjeh aj =
Zjelz aj = 8280 = H. Recall that 0; = ap; — asi—1 and
lio; = ﬁaz,'_l foreachi = 1,2, ..., n. We then have
0] =02 =03 =04 = 24, 110’1 = %al = 66, 120’2 = %a3 =
192, l303 = %as = 924, and l404 = a7 = 5544. Thus

n
Z o; = Z (7,':%20}:48,
i=l1

2i—1el 2i—1elp

Z lioi = 101 + lhoy = 66 + 192 = 258
2i71611

and

Z lio; = 1303 + lyos = 924 + 5544 = 6468.
2i—le€l

It follows that } 5, |, lioi # D 5 1, lioi. This means
that Statement 1 is invalid.

The above discussion shows that the NP-hardness proof
in Leung et al. (2010b) has a logical flaw (in their Lemmas
1 and 10). Moreover, on p. 5, lines 6-8, the authors wrote:
“Thus, a feasible schedule with C? < TC is obtained
when the total processing time of the on-time P-jobs is exactly
A+ % Y'_ (i — 1)o;. But this occurs only when there is a
solution for the instance of the even—odd partition problem.”
By checking the context in Leung et al. (2010b), we find that
the second sentence is confusing.

From Observations 2.1 and 2.2, we guess (or conclude)
that the authors in Leung et al. (2010b) have mistakenly
assumed that condition (C1) is equivalent to (C2). This may
be the reason for the logical flaw in Leung et al. (2010b).

We cannot find a method to amend this flaw directly.
The computational complexity of problem 1|| Y C ](.A)

> U](B) < Q should then be restudied.

3 NP-hardness proof

The following is the well-known partition problem. By Garey
and Johnson (1979), the partition is binary NP-complete.
Fartition Given a set of n positive integers x1, x2, . . ., X, and
a positive integer E such that £ = % 27:1 X, does there
exist a partition (I1, I>) of the index set {1, 2, ..., n}, such
that 3 jep xj =2 jep, ¥j = E?

From the NP-completeness proof of the partition in Garey
and Johnson (1979), the following result is observed.

Lemma 3.1 The partition is also binary NP-complete for the
instances (x1, X2, . . ., Xn, E) in which the n positive integers
X1, X2, ..., Xy are mutually distinct.

By using the partition for the reduction, we now show
that a special version of the even—odd partition is also binary
NP-complete.

Lemma 3.2 The even—odd partition is also binary NP-
complete for the instances (ay, as, . . ., azn, H) in which the
n integers |ay—ai|, las—as|, ..., |axy —azn—1| are mutually
distinct.

Proof SupposethatZ = (x1, x2, ..., x,, E) is aninstance of
the partition. From Lemma 3.1, we may assume that xp, x2,
..., x, are mutually distinct. We construct an instance Z' =

(ay,as, ..., az,, H) of the even—odd partition in the follow-
ing way:
ayi—1=1l,aj =x;+1fori =1,2,...,n,
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and H =F +n.
Since ap; — api—1 = x; fori = 1,2,...,n, instance Z’
guarantees that |ay — ail, |as — a3|, ..., |aon — az,—1| are
mutually distinct.
For each partition (17, I) of the index set {1, 2, ..., n},
we define

II=_2i—1:ieh, 1<i<n}U{i:iel, 1<i<n}
and
L={2i—1:ieh, 1<i<nlU{2i:ie€h, 1<i<n}.

Then, (I{, I}) is a partition of the index set {1,2, ..., 2n}
such that [I] N {2j — 1,2j}| = [I; N {2j —1,2j}| = 1 for
each j = 1,2, ..., n. Moreover, we have that Zjell’ aj =

221'—1611’ azi—1 +22iell’ azi = Zielz 1+Ziell (xi+1) =
Yien Xi + 1+ || = Y ;¢;, xi + n. For I, we have a
similar result. We then have

Zaj =in+nand Zaj =in~|—n.

Jjel i€l jel; ieh

First, suppose that (I, I») is a solution for instance Z of
the partition. We then have that 3., x; = >, xj = E.
From the definition of (I{, I}), (I{, I;) is a partition of the
index set {1, 2, ..., 2n} such that [I] N{2; — 1,2/} = [I;N
{2j — 1,2/} = 1 foreach j = 1,2, ..., n. Furthermore,
we have that Zje],’ aj = YiepXi+n=E+n=H
and Zjelz/aj = D jenXi +n = E+n = H. Thatis,
Yjer @j = X jeryaj = H.Hence, (I}, I) is a solution for
instance Z’ of the even—odd partition.

Conversely, suppose that (/{, 1;) is a solution for instance
T’ of the even—odd partition. We then have that (I{, I;) is a
partition of the index set {1, 2, ..., 2n} such that Z,/el{ aj =
Zje]éaj = Hand|I{N{2j—1,2/}| = [I5N{2j—1,2j}| =
1 for each j = 1,2, ..., n. From the definition of (I{, I),
(11, I>) is a partition of the index set {1,2,...,n}. And we
have that } ;e xi = 3 jepaj —n = H—n = E and
YienXi =Djeyyaj—n=H—n=E.Thatis,} ;. xi =
Zielz x; = E. Hence, (I, I) is a solution for instance Z of
partition.

From the above discussion, (/1, I;) is a solution for
instance Z of the partition if and only if (/{, I}) is a solu-
tion for instance Z’ of the even—odd partition. Consequently,
this special version of the even—odd partition is binary NP-
complete. The lemma follows. O

For the above special version of the even—odd partition in
Lemma 3.2, we have the following observations:

@ Springer

e Deleting a pair {az;_1,az;} with azj_1 = ap; (if any)
will resultin an equivalent instance. Then we may assume
thatazj 1 # az;.

e Exchanging (if necessary) the indices of az;—1 and ay;
will not affect the problem. Then we may assume that
axj—1 < azj.

e Renumbering (if necessary) the n pairs {az;_1, a2}, j =

1,2, ..., n,willnotaffect the problem. From Lemma 3.2,
we may assume thatay —a) <ags —az < -+ < axyy —
axp—1-

e Replacing (if necessary) each pair {az;—1,az;} with a
new pair {az;—1 + Kj,a2; + K;}, j = 1,2,...,n,
and replacing H with H + 27:1 K; will result in a
new equivalent instance, where K1, K>, ..., K, are n
nonnegative integers with polynomial size in that of

(ar,az, ...,axy, H).Bychoosingsuitable K1, K7, ..., K,,

we can guarantee thata; + K1 <ax+ K; < a3+ K> <
as+ Ky < -+ < app—1 + K, < ap, + K,,. Then we
may assume that a; < ap < --- < ap,. Note that, if
necessary, we may also assume that a; is suitably large.
e Instance (aj, az,...,az,, H) is equivalent to instance
(2a1,2ay, ..., 2ar,, 2H). Thus, we may assume that all
the integers in instance (ay, az, .. ., az,, H) are even.

Based on the above discussion, in the remainder of this
paper we consider only the instance (a1, a2, ..., az,, H) of
the even—odd partition such that all the 2n + 1 integers are
even, and moreover,

n(ag — ap-1) <ay < ay <--- < agy, ()
and
2<ay—ay<ag—az <---<day — ay—1. 2)

We are ready to show the NP-hardness of problem 1| pE.A) =
A B
PPy U < 0.

Theorem 3.1 Problem IIpE.A) = pW| ZCE.A) iy Uj(.B) <
Q is binary NP-hard.

Proof For a given instance Z = (ay, az, - - - , aa,, H) of the
even—odd partition with all the 2n + 1 integers in the instance
being even and with the two properties in (1) and (2), we
construct a job instance 7 as follows: there are 3n+ 1 jobs of
two types, n A-jobs Jl(A), Jz(A), e, J,EA) and 2n + 1 B-jobs

IO 5P ) D, where each P with 1 < j <

2n is called a normal B-job, and J I(eB) is called the restricted

B-job. The processing times and due dates are displayed in
Table 2.

e M; =3H(azj—azj—1)+n—j)azj—azj—1)—azj_1
fori=1,2,...,n.
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Table2 The scheduling

. Job Processing time Due date
instance J
J]FA) p;.A) =p®W =14 Y72 (ax — az-1)
(B) B B i—1 (B) . (B)
hit péjll =M;+ay- déjil =Yicip + G = DpP +py
B B B j—1 B . B
Jz(j) P;_/‘) =M;j +aj d;j) =i Pék)+JP(A)+P§j)
7P P =L Ay =" Mj+np™ + H+ L
0 L dP A a4 &2, PN o
(B) (B) (B)
pi Py | Pan=1 L-¢
7 1
pA 4 plP) pA) 4 p(P p(A) + pB)
Fig.1 The due dates for B-jobs in instance J
o L =n2pW4n Z?’;l p;B) isasufficiently large number.  indices in o, i.e.,
.. L (A) (A) (A)
Note that the definitions of processing times and due dates S =0 Sy <e <o Sy (©6)

for normal B-jobs can be rewritten together as

B

Py =M +ay. 3)
B i—1 (B . B

AP =0 py + 1200 + plP

forevery j' € (2j — 1, 2j},j=1,2,...,n.
Let the upper bound of U}B) be defined by O = n, and

the threshold value of ) C;A) be given by

UCERVINVINE - o (B)
Y=—"—p +j;<n—1>p2,- +3Hs, “)

where § = % 27:1 (a2j —azj—1). Itis not hard to verify that
L>Y.

The decision asks whether there is a feasible schedule o
on the above job instance such that

Y @) < vand Y U (o) <n. (5)

Clearly, the above construction can be done in polynomial
time.
Note that p» < a; and Pé?),] < pé?) for j =

1,2, ...,n. We then have déf) — dz(fll = p(A) + (azj —
azj—1) for j =1,2,...,n. Figure 1 shows the structure of
the due dates for all B-jobs in instance 7.

For convenience, we call Z = (aj,an,---,axy,, H)
the partition instance in the sequel. We set J A =
WA DAY ang g @~ B B
Jz(f ), J I(QB)}. Since the n jobs in J (A) are indistinguishable,
in the sequel we consider only the schedules o for instance
J, in which the A-jobs are scheduled in the order of their

)

Foreach schedule o of J (orof 7)), we use O(o) to denote
the set of on-time B-jobs in o.

Outline of our proof According to the principle of NP-
hardness, we need to show that the partition instance 7 =
(a1, as, -+, azy, H) has a solution if and only if there is a
feasible schedule o of the scheduling instance 7 such that
the two inequalities in Eq. (5) are satisfied. To this end, the
following work will be done in the sequel:

e Some useful inequalities are established in Egs. (7)—(11).

e Two important inequalities related to the due dates for
B-jobs are established in Lemma 3.3.

e Nice sequences are introduced, followed by the establish-
ment of some useful inequalities related to nice sequences
in Lemma 3.4.

e Some useful properties of the optimal schedules of prob-
lem 1(1) Uj(.B) are established in Lemma 3.5. From
Lemma 3.5, we see that ) Uj(.B)(a) < nin (5) is equiv-
alentto ) U](B)(a) =n.

e From the previous equations and from Lemmas 3.3—
3.5, some useful properties of the efficient schedules
(which are feasible schedules of problem 1] ) C;.A) :
> UJ(B) = n with ) C;A) < Y) are established in
Lemma 3.6.

e The schedules corresponding to the nice sequences are
introduced, followed by the establishment of an exact
expression for the value > C;A) (o) in Eq. (19) for every
such schedule o.

e Finally, by using Lemma 3.6 and Eq.(19), we can show
that the partition instance 7 = (ay, a2, ..., az,, H) hasa
solution if and only if the job instance [J has an efficient
schedule. The result then follows.
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Now let us begin our proof. From the definition of M, for
j=1,2,...,n—1, we have

Mjr1— M;
=3H(a2j+2 —azj+1) +(n—j—1)
(@2j+2 — a2j+1) — azj+1
=3H(azj —azj—1) — (n — j)(agj —azj—1) +azj—1
> 3H(azj4+2 —azj+1) — azj+1
—3H(apj —azj—1) —n(azj —azj—1)
> 6H —n(azj —azj—1) —azj+1 (From (2))

> 6H —a; — ay, (From (1) and (2))

>4H >0, (Since2H =ai+---+ ay,)
that is,
Mjt1—M; >4H > 0. )

Consequently, we have

My <My <--- < M,. ®)
From the definitions of the due dates and processing times
for B-jobs, we further have

B B B B
3H<p§)<p§)<---<p§n)<p§e), ®
and

dP <d® <. . <dlP <all. (10)
From (1) and (2), we have that np(A) < n2(a2n —axy—1) <
nay <y ;_,ax—1 < H, thatis,

H > np™W. (11)

The following lemma establishes two important inequal-
ities related to the due dates for B-jobs.

Lemma3.3 (i) déf) < 3H+p§B)+P§B)+“'+P§?)—1’ for
j=12,...,n and

(B)

(i) 4P < 3H + p| (B) B) (B

TPy TPy T PR
Proof For j = 1,2,...,n, we have

(B)

3H + p! (B) (B)

LD I Y AN
J

=2H+ H + Z(Mk +axy—1)

k=1

J
> Y (Mi + axy—1) +2H +np™  (From (11))

k=1
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J
> > (M + ax) +np™
k=1

(B)
> dzj .

This proves (i).
Note that we also have

(B)

3H + p! (B) B) L (B)

T3 A Py T PR

n
=H+2H + Z(Mk +axy-1)+ L
k=1

n
. np(A) + ZM" +2H + L (From (11))
k=1

n
>np(A)+ZMk+H+L
k=1

_ (B
=dy .
This proves (ii). The lemma follows. O

Foranindex j € {1,2,...,n},asequence (1',2/,..., j")
ofindicesin {1, 2, ...,2; }is called a j-nice sequence if k' €
{2k — 1,2k} fork = 1,2, ..., j. An n-nice sequence is also
called a nice sequence. It is easy to see thatif (1’,2/,...,n’)
is a nice sequence, then (1’,2/, ..., j’) is a j-nice sequence
for j = 1,2, ..., n. The following lemma establishes some
useful inequalities related to nice sequences.

Lemma3.4 Ler (1',2, ...
jel{l,2,...,n}. Then we have the following inequalities:

, j)) be a j-nice sequence, where

. . j B B
M L'/21pW + X4 pp” = dyf;
(i) np™ + Yp_y pi + i) < d if and only if
Yo aw < H;
. j B B) ...
(i) G+ Dp™D + X0 pi” > dPifj<n—1.

Proof The proof will follow from Egs. (3), (9), and (10) and
the definition of d'{>.

The result in (i) holds, since | j'/2| pA + ZI{:] P,(f) <
. i—1 (B B B
L'/20p™ + 30 pi) + 3 =diP.

The resultin (ii) follows by noting that np ™ +3"7_| P,(f) +
PR = np™ + YR My + L+ Y ap and dy) =
np™ £ M+ L+ H.

The result in (iii) holds, since (j 4+ 1) p™) + ZIJ(:1 P/(f)
ir™ 41 + Zz;ll(azk — azg—1) + gy (Mg + ax—1)
jp(A)-l-le(:](Mk'FaZk)"'l = dg.})q-l > déf).The lemma
follows.

=
=

O

To proceed with our proof, we next establish two lemmas
which will be used in our discussion.
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Lemma 3.5 For problem 1|y U](-B) on B-jobs JB) (with-
out considering A-jobs), every optimal schedule w has the
following properties:

(i) the (optimal) value of 7 is given by U](.B)(n) =n;

(ii) exactly one job of each pair {Jz(f_)l, J2(f

is on time in 7w;

(iii) JI(QB) is on time in w and is scheduled after all the other
on-time B-jobs in 1;

@iv) all on-time B-jobs are scheduled in the EDD order in

W1<j<n,

Ty
(v) alltardy B-jobs are scheduled after the restricted B-job
Jg lin.

Proof Property (i) can be proved by applying the algorithm

presented by Moore (1968) for the problem 1| )~ U ;. In what

follows, we will prove it in a different way to save space.
We first prove the following weakened version of property

@):

(i’) the optimal value of problem 1|| Z U}B)

on the instance of B-jobs is at most n.

To prove (i'), we consider the schedule o = (JI(B), J3(B), R
Jz(fll, JI(QB), JZ(B), 14(3), R Jz(f)). Since JIgB) has a very
large processing time L, the n B-jobs JZ(B), JiB), e, Jz(;f)
are tardy in o. We will show that the other n + 1 B-jobs
JI(B), ]3(3), el Jz(fil, JI(QB) are on time in o.

From Lemma 3.4(i), by setting ;' = 2 j —1 for each j with
1 < j < n, we have Céf)_l(cr) =3I, péf)_l < déf)_l.
This implies that JI(B), J3(B), e, 2(511 are on time in 0.

Note that C;B)(O') = Y i péfil + pgeB) < np" +
- péfil + pﬁf). Since Y j_;ax—1 < H, from
Lemma 3.4(ii), we have C;B)(o) < dl(eB). Thus, JI(QB) is on
time in o. This proves property (i).

Now we consider an optimal schedule m for problem
inp» Uj(.B) on B-jobs JB) Let O() be the set of on-time
B-jobs in 7.

By contradiction, suppose that property (ii) does not hold
for . Let j be the smallest index in {1, 2, ..., n} so that
{J;fl], Jz(f)} violates property (ii). Then, for each k with

1 <k < j— 1, exactly one job of each pair {Jz(fll, Jz(,f)} is

on time in 77, and moreover, 12(;3_)1 and Jéf) are either both
tardy or both on time in 5.

From property (i’), there are at least n on-time jobs
among {JI(B), JZ(B), e, Jz(f)} in 7, or equivalently, |O(r) N
{JI(B), JZ(B), R Jz(f)}| > n. Let v be the smallest index in
{j, j+1,...,n}suchthat |OG)N{J B, ISP 1B >
v.

If v = j, by the choices of j and v, |O(r) N
B B . B B
Uy Iy = 1fork = 1.2, ..., j—land (1,7 i}
C O(r). Thus, from (9), (10), and Lemma 3.3(i), we have

4y =max{d® :i=1,2,...,2j}

> max{C” (m) : J\P e Oy 0 (P, 5P P

j—1
. B B B B
> min{p$y) L pS Y+ PSS + b

~
—_ =

~

(B) (B) (B)
Pauc1 T Paj Py

k

j
B
> 3H + Z pékll
k=1

Il
-

-,
a contradiction. Consequently, we have
v > jand O(1) N {Jz(fj], Jz(f)} = 0. (12)

From the definition of v, we further have

0@ NP, 1P = . (13)
Now we suppose that O(r) N {Jl(B), Jz(B), R 2(5)} =

{Jl(,B), JZ(,B), R JIE,B)} sothat I’ <2’ < --- < v'. From the
choices of j and v, together with (12) and (13), we have

IE e P i, fork=1,2,...,j—1,
I e el D) fork = j+ 1, v =2,
Jéi)w = ‘]2(5—)1’

7B =nP.

Consequently, from the definitions of Jz(f_) , and Jz(f) and
(9), we have

B B
P,E/ ) > Pékll = My + ax—1,

P = pSihy = Miet + axepr, fork =j.j+1,...,v =2,

B B
pgv_)])/ = pév)_l =M, + azy-1,

B B
1()’ ) = ng) = M, + azy.

fork=1,2,...,j—1,

(14)

Note that v > j + 1. From (7), we have péf) =M, +ap, >
Mj+ay i +4H = py? | +4H > pi% | +3H.From (9),
(10), (14), and Lemma 3.3(i), we have

déf) max{d,E,B) k=1,2,...,v}

max{C\ () 1k =1,2,...,v)

v
(B)
Py
2.7

v

v

@ Springer
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j—1 v—2
— (B) (B) (B) (B)
= Z Pyt Zpk, t Py TPy
k=1 k=j

j—1 v—1

(B) (B) (B) (B)

z Zp2k71 + Z Po—1t P11t Py
k=1 k=j+1

v
B
>3H+) oy
k=1

> déf) ,

a contradiction. Property (ii) follows.

From properties (i) and (ii), the restricted B-job J IgB) must
be ontimein . Since p}f) = Lisasufficiently large integer,
all the other on-time B-jobs must be scheduled before J I(QB).
This proves property (iii).

From properties (i), (ii), and (iii), we certainly have
> U](B)(n) = n, and so property (i) follows.

The above three properties enable us to define J;,B

j < n, to be the unique job in O(xr) N {Jz(fll, Jz(f)}. Note

1<

that, from property (iii), J IgB) is the last on-time job in 7.

To prove property (iv), by contradiction, we suppose that
there are two indices i and j with dl.(/B) < d](.{g) such that Ji(/B)
is scheduled after /) in . For our purpose, we may choose
such a pair (i, j) so that i is as small as possible. From (10),
we have 1 <i < j < n. By the choice of (i, j), all the jobs
Jk(,B), 1 <k<i,and J;,B ) are completed by time Ci(,B)(rr) in
7. We then have

i
(B) (B) (B)
C, () = Zpk/ +Pj/
k=1

i
>3H+Y py), (From (9)
k=1

> dgg) (From Lemma 3.3(1))
>d®.  (From (10))

This contradicts our assumption that Jl.(/B) is on time in 7.
Property (iv) follows.

Finally, if property (v) is violated, there must be a tardy
B-job J,EB) which is scheduled before the restricted B-job
I in . Then all the jobs J\”, 1 < k < n, J*® and 73

are completed by time C I(QB)(JT) in . As aresult, we have

n
B B B
Cﬁg)(ﬂ) > E p,((/)+p§g)+19§63)
k=1

n
B B
>3H+ Y p + )
k=1
(From Lemma 3.3(i1))

(From (9))

(B)
>dp .

@ Springer

This contradicts property (iii). The lemma follows. O

From Lemma 3.5, ) U;B) (o) < nin (5) is equivalent to

U ;B) (0) = n. Thus, we define an efficient schedule to be
a feasible schedule o for instance 7 such that

Y P <vand Y UP(0) =n. (15)

Lemma 3.6 Suppose that instance J has efficient schedules,
and let o be an efficient schedule for instance J such that
> C;A)(o) is as small as possible. Then o has the following
properties:

(1) the properties (ii)—(v) in Lemma 3.5 are still valid for
o
(ii) all the A-jobs are scheduled before J I(QB) ino;

(iif) ler 77,
(B) (B) (B) (A) (A) (B)
{sz.,], J5; ). Then Sy <o i and J;™" <o Jiit1y
forj=1,2,....n—1;
@iv) for each j = 1,2,...,n, there are only two possible

configurations for the triple {]2(;52 I J;A), JZ(JI.;)} ino:

1 < j < n, be the on-time B-job in

— either Jz(fll is on time, Jz(f) is tardy, and Jz(fll and
I are scheduled consecutively in this order,

— or Jz(fll is tardy, Jz(]l‘?) is on time, and J;A) and Jz(f)
are scheduled consecutively in this order.

Proof Suppose that o is an efficient schedule for instance
J such that ZC;A)(U) is as small as possible. Then

ZU}B)(O') = n. This means that the schedule obtained
from o by deleting the A-jobs is also an optimal schedule
for problem 1| > U](-B) on B-jobs 7B Consequently, the
properties (ii)—(v) in Lemma 3.5 are still valid for o.

Since pge = L > Y is a sufficiently large integer, all
A-jobs must be scheduled before J I(QB) in o. Property (ii)
follows.

Recall that O(o) is the set of on-time B-jobs in o. The
above discussion enables us to define J f,B ), 1 <j<n,tobe

the unique job in O(@) {57 . J3'}. Then (1, 2/, -+ . )
is a nice sequence. From property (i) and Lemma 3.5, in
schedule o, the on-time B-jobs are scheduled in the order

IP <o I <4 <5 1P (16)

Recall that A-jobs are scheduled in the order as (6), i.e.,

A A
Jl( )<(I 12( )<g~-~<a J,gA).

To prove property (iii), by contradiction, we suppose that

there is some j € {1,2,...,n — 1} so that either J/(ﬁ)l <

(B) (B) (A)
Jj, or J(j+1), <o Jj .
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IfJ(Jrl <o J( , from (6) and (16), wehave{J(A),~~- , JZ M+ an)+14 G — 1p®

B B B k T a2k J—p

T <o IS ), and P I <o TP Thus, -
from Lemma 3.4(iii), we have C;fg)(a) > (G + DHpW + +M +azj—
Zk | p(B) dj(.f?). This contradicts our assumption that d(l‘?)1 +1
Jj/ isontimeino. . déf) N

Now, by the choice of j, we must have J((jBJ: 1y <o J (A).
From (6) and (16), again, there must be a pair of indices x . . . (B) (B) . .

. (B) (A) (8  This contradicts our assumption that J,” | = J;,”" is on time

andy(vzthl < x <y < n such that Jy, <g Jy - )d Jy, o j—
and J;" are consecutively scheduled in o, i.e., C ;" (0) = From (17) and the choice of j, the above discussion

Y
S)(CA) (0), where S)(CA)(O‘) is the starting time of JJEA) in o.
Let o’ be the new schedule obtained from o by exchang-
ing the positions of Jf,/B ) and JJEA). From Lemma 3.4(i),
we have CP (o) = c?(0) = Ti_y pi” + xp™ <
S p(B) +(y—1HpW < d;fg). This implies that Jy(,B) is
i B)( .y _ (B) —

also on time in o”, and so ZUJ. (¢/) = ZU./ (o) =n.
But 3 €V (0") < Y- " (o). This contradicts the defini-
tion of o. Property (iii) follows.

To prove property (iv), we note from property (iii) that

®) “A)
Tty <o Jj

(B)

Gty and J(A)1 < JQB) < JgA)

J Jj+1
(17)

<o J

By contradiction, suppose that there is some index j €
{1,2,...,n} such that the triple {12(]3) N J;A), 12(;”} violates
property (iv).

Let SUV) (o) = min{Sé?)_l, S(.A), S(B)} be the earliest start-

ing time for the three jobs Jz(f)l’ J: (A) .y (B)

(17, JP and IV, 1 < k < j — 1, are just all the
jobs completed by time SV) (), implying that SV (o) =
Zk 1Pk/ +(] 1)p™. Thus, we have

in o. From

j—1
NP = 8V(0) =Y pi+Gi—1p™.

k=1

szk 1+(J

(18)

Suppose that j/ = 2j — 1 and J;A) is scheduled before

Jz(le- Then we have

Cit1(0) =89 @) + p™ + i
j—1
B
=Y Pyl + G = Dp® - pt
k=1
+Mj+az;—1 (From (18))
j—1
=) (Mg +ax—1) + p® + (j — Dp™
k=1
+ Mj +azji

implies that j* = 2j and J ;A) is scheduled after Jz(f). Let
o’ be the new schedule obtained from o by exchanging the
positions of J ;A) and Jz(f). From property (iii), the com-

pletion times for other jobs except J;A) and Jz(f) in o’ are
the same as they are in o. From (18), we have Céf) (¢ =
S () + p™W + pi® <3 pi + jp™ = a}?). Then
J(B) isstillontimeino’, andso ) Uj(.B)(a/) => U](.B) (o).

But then ) C;A)(U/ ) < > C;A) (6). This contradicts the
choice of o. Property (iv) follows. O

Givenanice sequence (1’,2, ..., n),let(17,2",...,n")
be the sequence such that {j’, j”} = {2j — 1,2} for j =
1,2, ..., n. Wethen define a schedule o of J corresponding
to the nice sequence (17,2, ..., n’) in the following way:

A
R R /e A

TP < UP =120 ),
n, we have

where, for j = 1,2, ...,

IV <o 1P it =2,
J(B) <o SV i j =2j— 1.

For j =1,2,...,n, we have

(B)

. j B) ... .
CW oy = | IPY iy p it =2) =1,
/ PN+ i =2

Hence, we have

>
_ ZJP(A) 4 Z ZP(B)

]]/ 2j—1k=1

F ¥ T

Jij'=2j k=1

@ Springer



590 Journal of Scheduling (2019) 22:581-593
— H(HT-i-l)p(A) + Z n+1-— ])pg/g)_l Zj;j/zzj_l(aZj - a2j71) + Zj;j/=2j(612j - aijl) and
jiji=2j—1 ’ %‘:j’:2j—l(a2jn_ aijl) - j;j/zzj(QZj - aijl) =
®) Y j—1aj — > i—yay = H — H = 0. Therefore, we have
+ Y. (= j)py;
=2
= b= ) (@ —ay-). 1)
n(n+1) p (B) ji=2j—1
=——rV+ Z(n NP3
J=l Let o be the schedule of [J corresponding to the nice
+ Z pé?)_l sequence (1’,2,...,n'). A
jijim2j—1 From (19) and (21), we have Y~ C{" (o) = ¥.
Z (n— ) (p(B) p(B) ) For each j € {1, 2, ..., n}, from Lemma 3.4(i), we have
- - - B
[ trya v cP0) = Ti_, pP + Lj'/21pD = dP. Hence, the
n B-jobs 7P ,1 < j < n, are on time in o. For the
_ntn+D p@ (B) . g (B) .
=75 + Z(” J )p restricted B-job Jp , from Lemma 3.4(ii) and from the fact
J=1 that >y, ap = H, we have C(B)(U) = Y i lp(B) +
+ Z (M +azj—1) np® + p < dP. Thus, 7P is also on time in 0. Since
Jij'=2j=1 J 1(3 )hasa sufficiently large processing time, it is easy to ver-
- Z (n — jazj —azj—1) ify that all the B-jobs in {J(,l,g) :j=1,2,...,n} are tardy
Ji'=2=1 in o. It follows that U(B)(a) = n. Thus, o is an efficient
n(n+1) B schedule for instance 7.
= P+ Z(n py; i i
2 1 Conversely, suppose that o is an efficient schedule for
/= instance 7. Then, ZC;-A)(O') < Yand ) U;B)(a) = n.
+ Z 3H(azj — azj-1). For our purpose, we may assume that ¢ is chosen such that
Jij'=2j-1 3 C](A)(O') is as small as possible. Recall that O(o) is the

From the definition of Y in (4), we have

n
Y M) =Y —3Hs+ Y 3H(ay —az1).
j=I jii'=2j—1

19)

Now let us return to the NP-hardness proof. We need
to show in the following that the partition instance Z =
(a1, az,...,ax, H) has a solution if and only if the job
instance J has an efficient schedule. Note that M; =

3H(azj —azj—1) + (n — j)(azj — azj—1) — azj—1. Then
we have

Mj+axj1 — (n— j)ayj —azj—1) =3H(azj —azj—1)

forj=1,2,...,n. (20)

Suppose first that the partition instance Z has a solu-
tion. Then there is a partition (/1, I>) of the index set
{1,2,...,2n} such that |I; N {2j — 1,25} = | N
{2j — 1,25} = 1 for j = 1,2,...,n, and ZJEII =
Zjelz aj = H. For our purpose, we write [} = {1',2/, ...,
n'}and I, = {1”7,2”,...,n"} such that {j/, j'} = {2j -
1,2j}for j =1,2,...,n. Then Y j_jap = Y y_  apr =
H. Recall that § = 53%_ (az; — azj—1). Then 28 =

@ Springer

set of on-time B-jobs in o. According to Lemma 3.6, J ;QB)
is on time in o. Then |O(o) N {J(B) J(B), e Jz(f)}l =n.
Assume that O(o) N {J(B) J(B),. J(B)} = {J;,B) 1<

j <n}suchthat 1’ <2 < ... < n'. From Lemma 3.6, we
have j/ € {2j — 1,2j} for j = 1,2,...,n, and moreover,
(1,2, ..., n") is a nice sequence and o is the schedule of J
corresponding to (1/,2/,...,n).

Setly ={j': 1 <j<n}andl, ={1,2,...,2n}\I;.We
will show that (I1, I) is a solution for the partition instance
T.

Since JIgB) is on time in o, we have d(B) > C(B) =

np + Z;‘_ (B) + p(B) From Lemma 3.4(ii), we have
n

Zaj=2aj/§H. (22)

Jjeh Jj=

Since ZC;A)(O') < Y, from (19), we have Y >

Y CM0) =Y = 3HS + 3. mp; 1 3H(azj — azj 1),
implying that }_ ;. _5; j(a2; — azj—1) =< 8. Note that

_ 1y e n L
§=>5 Zj:l(al/ azj—1). Then we have.zj:jlzzj_l(agl,
azj—1) < Zj:j’:Zj (a2j — azj—1), or equivalently,

ZajSZaj. (23)

JED Jj€h
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Since Zjell aj + Zje[z aj = 2H, from (22) and (23), we
conclude that };; a; = 3¢, a; = H. Consequently,
(I1, I) is a solution for the partition instance Z. The result
follows. O

We use 1]|Lex (y1, y2) to denote the single machine hier-
archical optimization problem, where y; is the primary
criterion and y; is the secondary criterion. The objective is
to minimize the secondary criterion y» under the constraint
that the primary criterion y; is optimized.

From the above discussion, we have the following corol-
lary.

Corollary 3.1 Problem 1| pﬁA
is binary NP-hard.

B A
'=pWiLex (LU 3 V)
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Appendix: Proof of Observation 2.2

Proof The proof of Lemma 1 in Leung et al. (2010b) is
based on the assumption that there exists a solution for
the given instance of the even—odd partition, that is, there
is a partition (I1, Io) of the index set {1,2,...,2n} with
[Iy N {2i —1,2i}] = 1 and |I, N {2i — 1, 2i}| = 1 for each
i=12,...,nsuchthat} ; ; a; =3 ;. a; = H.From
Observation 2.1, the condition 3,/ a; = > ;o aj = H
is equivalent to condition (C1). The aim of their Lemma 1 is
to show that there is a schedule such that )" C{ <TCand

U ]l.’ < n. This is achieved by constructing a schedule 7.

To guarantee that their constructed schedule m satisfies
S>U }’ () < n, the R-job must be on time in the schedule.
Then we have

Z P2i— 1+ZP2I+ZXZ+L

i2i—lel i2iely
= > @i+ Y (@i+U—Doy)
i2i—lel iiel

n
+ in +L
i=1

n
=> xi+H+L+ Y (i—Do

i=1 i2iel
_Zx,+H+L+ Z ljo;
i:2iel
Yt Yo Y e
i:2iel i2i—1el i2i—lely

n n
=in+H+L+ZliGi
i=l i=1
DI EED o

i2i—lel iniel

n n
=Y xi+H+L+Y lio;
i=1 1l:nl
— Z llU,‘—EZO’[

i=1

ini—lel

n n
1
SdRZE xi+|:H+§E(li_l)Ui:|+L
i=I i=1

1
Thus, we have Y ;; 1cp, Lioi = 5 21— Lioi.
On the other hand, to guarantee that the total completion
time of agent A is no more than 7T C, we should have

Y. =i+ Dpui+ Y. (n—i)py

i2i—lel ii2iel
n
+ Z(n — i+ D)x;
i=1
Z (n—i+ Dag_1+ Z (n — i) (az;

i2i—lel) i2iel)

+Ui—Do)+ Y (n—i+1x

i=1

+ ) (n—i)a + U — Doy
i2i—lel;
— > (n—i)ay + (i — Doy)
i2i—lel;

= Z(n —i)(az + (l; — D)oy)

i=1
n
+ Z(ﬂ —i+ Dx; + Z ari—1

i=1 i2i—lely
— Y (n—i)ay —ax—1 + ;i — oy)
i2i—lely
=Y (n—i)az + i = Do) + Y _(n—i+ Dx;
i=1 i=1
+ ) (@i — (= Dloy)

i2i—lel

= Z(n — ) (ay + (I; — )oy)

i=l1
n
+Y m—i+x+ Y o

i=1 i2i—lel)
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<TC =) (n—i)ay + (i — Doy)

i=1

n n
1
+ .El(n_i+1)Xi +§ ElliO'i.
1= 1=

1 n
Thus, we have } ;o 1y lioi < 5 31 lioi.
From the above discussion, we can see that the correct-
ness of their Lemma 1 needs the correctness of condition

(C2), 1e., Zi:Zi—lell lioj = Zi:Zi—leIz lioj = %Z?:l lioj.
Consequently, the correctness of their Lemma 1 requires that
Condition (C1) implies condition (C2). (A)

The proof of Lemma 10 in Leung et al. (2010b) is based
on the assumption that there exists a solution for problem
Y Ci=TC:} Uﬁ’ < n on the constructed scheduling
instance. The aim is to show that there exists a solution for
the instance of the even—odd partition.

Their proof also uses the results in their Lemmas 2-9. We
do not need to state all of the steps, but the R-job must be on
time, and the total completion time for agent A is no more
than 7 C. Then, from Lemmas 2-9, we have

n n
ZP2i+2xz‘+L— Z lio
i=1 i=1

i:Py_y is early

=Y (ay+Ui—Do)+) xi+L

i=1 i=I

— Z ll'di

i:Pi—q is early

1 & n n
=H+§X;Ui+,21:(li_l)ai+_2]:xi+L
1= 1= =

— Z l,-ai

i:Py_y is early
n n l n
:in-f—H—i-L—f—Zlim —EZm’
i=1 i=1 i=1
- Y e

i:Py_y s early
n 1 n
<dp = in + |:H+ EZ(li - I)Uij| + L,
i=1 i=1

and

n n
D n—ipri+ Y (n—i+Dxi
i=1 i=1

+ Z lio;

i:Py_y is early

@ Springer

= Z(n — i)(azi + (l; — Doy)

i=1

n
+Y =i+ Dxi+ Y o

i=1 i:Py—y s early

<TC =) (n—i)ay + (i — Doy)

i=1

n n
. 1
+ E (n—z~|—1)xi+§.gllio,’.
1=

i=1

Hence, we have that

1< 1 &
Z lioj > 5 Zlio‘i and Z lio; < 5 Zlio‘i.
i:Py_y is early i=1 i:Py_y is early i=l1

That is,

Y o= ¥

1 n
l,’O‘,‘ = 5 Zl,‘O‘,‘. (C2/)
i:Py_; 1s early i:Py_y 1s tardy i=1

Note that condition (C2') is potentially implied in the proof
of their Lemma 10. After this, the authors of Leung et al.
(2010b) directly conclude that the instance of the even—odd
partition has a solution. In the normal deduction, we should
add the following procedure.

Let I} = {2i —1: Py isearly}U{2i : Py; is early} and
I, = {1,2,...,2n} \ I;. The results in their Lemmas 2-9
imply that | [1N{2i —1, 2i}| = land |LN{2i —1, 2i}| = 1for
eachi = 1,2, ..., n. Now condition (C2') can be rewritten
as condition (C2), i.e., Zi:Zi—lell lio; = Zi:2i—1elz lio; =
% Z:’: 1 lio;. Thus, from Observation 2.1, the correctness of
their Lemma 10 requires that

Condition (C2) implies condition (C1). (A)

From equations (A) and (B), we conclude that if their
Lemmas 1 and 10 are correct, then for every partition (11, I5)
of the index set {1,2,...,2n} with [I; N {2i — 1,2i}] =1
and [l N{2i —1,2i}| = 1foreachi = 1,2, ..., n, the two
conditions (C1) and (C2) are equivalent. O

References

Agnetis, A., Mirchandani, P. B., Pacciarelli, D., & Pacifici, A. (2004).
Scheduling problems with two competing agents. Operations
Research, 52, 229-242.

Baker, K. R., & Smith, J. C. (2003). A multiple-criterion model for
machine scheduling. Journal of Scheduling, 6, 7-16.

Clifford, J. J., & Posner, M. E. (2001). Parallel machine scheduling with
high multiplicity. Mathematical Programming, 89, 359-383.



Journal of Scheduling (2019) 22:581-593

593

Garey, M. R., & Johnson, D. S. (1979). Computers and intractability: A
guide to the theory of NP-completeness. San Francisco: Freeman.

Graham, R. L., Lawler, E. L., Lenstra, J. K., & Rinnooy Kan, A. H. G.
(1979). Optimization and approximation in deterministic sequenc-
ing and scheduling: A survey. Annals of Discrete Mathematics, 5,
287-326.

Hochbaum, D. S., & Shamir, R. (1991). Strongly polynomial algo-
rithms for the high multiplicity scheduling problem. Operations
Research, 39, 648—653.

Leung, J. Y. T., Pinedo, M., & Wan, G. H. (2010a). Competitive two-
agent scheduling and its applications. Operations Research, 58,
458-469.

Leung, J. Y. T., Pinedo, M., & Wan, G. H. (2010b). Electronic
Companion—*“Competitive two-agent scheduling and its applica-
tions”. Operations Research, https://doi.org/10.1287/opre.1090.
0744ec.

Moore, J. M. (1968). An n job, one machine sequencing algorithm
for minimizing the number of late jobs. Management Science, 15,
102-109.

Ng, C. T., Cheng, T. C. E., & Yuan, J. J. (2006). A note on the complex-
ity of the problem of two-agent scheduling on a single machine.
Journal of Combinatorial Optimization, 12, 387-394.

Publisher’s Note Springer Nature remains neutral with regard to juris-
dictional claims in published maps and institutional affiliations.

@ Springer


https://doi.org/10.1287/opre.1090.0744ec
https://doi.org/10.1287/opre.1090.0744ec

	The complexity of CO-agent scheduling to minimize the total completion time and total number of tardy jobs
	Abstract
	1 Introduction
	2 The logical flaw and a counterexample
	3 NP-hardness proof
	Acknowledgements
	Appendix: Proof of Observation 2.2
	References




