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ABSTRACT

Baker and Smith [J. Scheduling, 6, 7-16, 2003] introduced a new model of scheduling in which there are two or
more distinct families of jobs pursuing different objectives. Their contributions include two polynomial-time
dynamic programming recursions, respectively, for the single machine scheduling with two families of jobs to
minimize a positive combination of total weighted completion time, or maximum lateness, of the first family
of jobs and maximum lateness of the second family of jobs. Unfortunately, these dynamic programming
recursions are incorrect. In this paper, we solve the same problems by an O(nn,(n; + n,)) time algorithm.

1. PROBLEM FORMULATION AND DISCUSSIONS

The following scheduling problem was studied by Baker and Smith (2003). We are given two
families of jobs J) = {Jl(l), JO J} and 7@ = {J,(Z), JP J2} to be processed in a
single machine. Let x € {1, 2} be given. The processing time of a job J™ € J® is denoted by
. Suppose that each job J™ € 7™ has a due date d and a nonnegative weight w'™. For a
given schedule 7 for the jobs in 70 U 7@, we use C™(rr) to denote the completion time of a job
J™ € 79 The lateness of a job J™ € 7 under 7 is denoted by L (7). The maximum lateness
of the jobs in J™ under = is denoted by Lf{fgx(n). The maximum completion time of the jobs in

J@ under  is denoted by Cox (). /() is used to denote the objective of the jobs in 7 under
7. In the paper, we assume

AR CENVEER SRS
Let 6 be a given positive number. For a given schedule 7, we define

f) = V@) + 6,2 ).

The objective of the considered problem is to find a schedule 7 for the jobs in 7 U 7@ such
that f(rr) is as small as possible. We will denote this problem by 1| /") 4 6 1.
The following three properties are established in [1].

Property 1. If. for some x € {1,2}, O = C)y, then there is an optimal schedule for the jobs in
TDU T such that all jobs belonging to J) are processed consecutively.
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Property 2. If, for some x € {1,2}, f = LY, then there is an optimal schedule for the jobs in

TV U TO such that all jobs belonging to J™ are processed in nondecreasing order of d, that is,
in EDD order.

Property 3. If, for some x € {1,2}, f® = sw™c™, and p® < pgx) whenever p™ jw <
v) / w(v) then there is an optimal schedule for the jobs in JY U TP such that all jobs belong-
zng to j ) are processed in nondecreasing order of p; ) / wfx) , that is, in SWPT order.

The properties 1 and 2 can be easily verified. But, Property 3 is incorrect. Consider the following
instance of 1] f® + 6@ with /O = $w!"Cc" and /@ = L)

n =2, n2=1 and 6 = 1000;
V=10, pP=9 pP=10;
wi =11, w’ =10, and ¥ =20

One can easily verify that the only optimal schedule is (J(l), Jl(z), Jz(l)) Since p(ll)/w(l) > pzl)/w(l)
and p1 > pgl) , this instance is indeed a counterexample for Property 3.

The following is a weakened version of Property 3.

Property 3. If, for some x € {1,2}, f® =% w,(»x) Cfx), andp,(» < p ) \henever w( KR / ), then
there is an optimal schedule for the jobs in JWU T such that all jobs belonging to J 8 are processed

in nondecreasing order of p,@, that is, in SPT order.

Proof. Suppose that there is an optimal schedule for the problem 1| /¥ + 6 /® such that jobs
belonging to j ) are not processed in SPT order. Then there must be two jobs J, “) S TN
such that pl < p ; ) but J ) is processed before J . By exchanging the positions of J and
JJ(U n the schedule we obtamed a new schedule such that the compleuon time of every job other
than J ) and J ) is not increased. By noting the fact that pl p “ and w( V> wi Y > 0, the new
schedule is still optlmal Continuing this procedure, we eventually obtaln an optimal schedule with
the required property. |

As a consequence of Property 3*, we have

Property 4. If, for some x € {1,2}, f® =" C(X) then there is an optimal schedule for the jobs

in IO U TP such that all jobs belonging to JY) are processed in nondecreasing order of p( Y that
is, in SPT order.

Aremark on 1| Ly L +6 L) The following dynamic programming recursion for 1| Ly, L +6 L8
is established in Baker and Smlth (2003). Sorting the jobs in 7V and the jobs in 7 by EDD
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rule, respectively. Let (u, v) represent the partial schedule consisting of the first « jobs from J1
and the first v jobs from J®. Write

T, v)y= {7, g0 g2 TP

Let F(u, v) denote the minimum performance measure for the jobs in the set 7 (u, v) correspond-
ing to (1, v). Define L™¥(u, v) to be the maximum lateness of the jobs in 7™ N J(u, v), x = 1, 2.
Then the dynamic programming recursion is:

o F(i—1, )+ max{r—d”, LOG =1, j)} = LOG — 1, j),
F@G, j)= { { J

F(i,j— D +0(max {r—d? LG, j - D} — LD, j - 1)),
wheret =), O+ D i<i<y p). Furthermore, for each of these computations, if we set F(i, j)
according to the first term, we define
LOG, )=max{r—d", LV —1,/)} and LG, j)= LG -1, )),
and otherwise, we define
LY, jy=LVG, j—1) and LG, j)=max {r—d?, L?G, j - 1)}.

The initial condition can be naturally defined (see [1]). The optimal value of the scheduling
problem will be calculated by F(n, ny).

Unfortunately, the above dynamic programming recursion for 1|| W+ 0 LS is incorrect. In
fact, if the value of F(i, j) is minimized by the x-th term, it is possible to shlft some processed jobs
to J™ right and some processed jobs to 7@ left so that the objective value is further reduced.
For example, consider the following instance of 1| dx +0 (2) :

n=1, np=2 and 6=1;
(1) =20, p(z) s, (2) = 30;
d(l) =0, d(2) =0, d(20)
The above dynamic programming recursion returns F(1, 2) = 78 corresponding to the schedule
(J(z), Jl(l), Jz(z)). But, the objective value under the schedule (J(l), Jl(z), Jz(z)) is73 < F(1, 2).

Aremark on 1| Y Cfl) +06 (ﬁlx The following dynamic programming recursion for 1| > C(l)

0 L'\, is established in [1]. Sorting the jobs in 7 by SPT rule and the jobs in 7@ by EDD rule.
Let (u, v) represent the partial schedule consisting of the first u jobs from 7V and the first u jobs
from J®@. Write

T, v)y={J", ..., JO g2 IO

Let F(u, v) denote the minimum performance measure for the jobs in the set J(u, v) corre-
sponding to (u,v). Define L®(u, v) to be the maximum lateness of the jobs in J® N J(u, v) =
{(J?, ..., J®}. Then the dynamic programming recursion is:

F(u,v) = min{F(u — 1,v) + t, F(u,v — 1) + 0 (max {t — d?, L, v — 1)} — L(u,v — 1))},
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where t = 3, _,_, pi + 30\, P\ Furthermore, L(u, v) = max{r — d®, L(u, v — 1)} if F(u, v)

is minimized by the second term, and L(u, v) = L(u — 1, v)} otherwise. The initial condition is

F(0, 0) = 0. The optimal value of the scheduling problem will be calculated by F(ni, n,).
Unfortunately, the above dynamic programming recursion for 1| > C; + 0 L2, is incorrect.

In fact, if the value of F(u, v) is minimized by the second term, it is possible to shift some jobs

Ji € JW(i < u) to left and some jobs JJQ) e J?(j < v — 1) to right so that the objective value is

further reduced. For example, consider the following instance of 1| > C; + 6 (23,(;

1 2 2
P’ =20 p” =5 py =30,

The above dynamic programming recursion returns F(1, 2) = 78 corresponding to the schedule
(J(z), J(l), Jz(z)). But, the objective value under the schedule (J(l), Jl(z), Jz(z)) 1873 < F(1, 2).
In the next section, we will give a polynomial-time algorithm for the above two problems.

2. ALGORITHMS

Consider the general problem 1] £ 40 £@_ If, for some x € {1, 2}, /@ = L$, then, by Property
2, there is an optimal schedule for the jobs in 7 U 7 such that all jobs belonging to J©
are processed in EDD order. An easy observation is that, for two jobs Ji(x) and Jj(-x) in 7% with

di(x) = d;x), there must be an optimal schedule 7 for 1]| f( 4+ 6/® such that Ji(x) and J/(x) are

processed consecutively. Such two jobs Ji(x) and J](x) can be merged into a bigjob J,»_(/ix) with processing

time pt

D+ pfix) and due date d™. Hence, we suppose in the following that the jobs in 7 have
distinct due dates when f® = L.

We say a schedule 7 for 1|| (12“ + Qr(nza)lx is regular if 7 sequence jobs in J® in EDD order for
any x € {1, 2}. By property 2, there is an optimal schedule for the problem 1| W +682), such that
7 1s regular.

We say a schedule 7 for 1] 32 C"++6 L), is regular if  sequences jobs in 7! in SPT order and
the jobs in 7 in EDD order. By property 2 and 4, there is an optimal schedule for the problem
> C+6 2 such that 7 is regular.

In the following we consider the problem 1] /0 + 0 L3}, where /) e (L, 3= C™V}. We re-
label the jobs in J® such that d{z) < df) <--- < dP. Furthermore, if /) = IV we re-label
the jobs in 7 such that d{" < d5? < --- < dV, andif /= 3" C!", we re-label the jobs in 7"
such that pﬁl) < pgl) <..-
optimally.

Let =", A J0 02 02,09 and = (P, B, IO a0 D

J). Define UB = L2 (1) and LB = LE) (). Then, for any regular schedule 7 for 1] /O +
6 Lﬁ;x, we must have

< p'V). The remaining question is how to interleave the two sequences

LB<IL? (1)< UB.
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For0 <u <n; and 1 < v < np, write
1 2
H(u,v) = Z Y+ Z p?
1<i<u I<i<v
and define
y(u, v) = t(u, v) — d?.

By noting that, in any regular schedule = for 1] 1 + 0L, the completion time of each job
J® must be of the form #(u, v) for some u with 0 < u < n;, we must have

L2 (m) e (y(u,v):0<u<ny,1<v<n)

max

For each y € {y(u,v): 0 <u <nj,1 <v <ny} with LB < y < UB, we consider the problem
11 O + 6 LE under the restriction that L2 = y. The restricted version will be denoted by
11L& = y| fD. There may be some y such that the problem 1 | L& = y| /O is infeasible. Hence,
we prefer to consider the relaxed version 1 | Lﬁ;x <yl f M,

In an optimal regular schedule for 1 | LY < y| £, suppose (by the regular property) that the
set of the first u + v jobs is {JI, Jz(]), ey I, Jz(z), ooy JP), where | <u <npand 1 <v <ns.
If t(u, v) — d? > y, then the u + v-th job under a certain optimal regular schedule 7 is the job
JWIf t(u, v) — dP < y, then the u + v-th job under a certain optimal regular schedule 7 is J©.

Consequently, the problem 1 | 12, < y1 £ can be solved by the following linear-time algorithm.
Linear-time algorithm for 1L\, < y| /O

Step 1. Set u :=ny, v := ny and
b [0 A0 = L
“lo, i =30
Step 2. If u = 0, then define 7 (i) = Ji(z), 1 <i < v, and stop. Otherwise, turn to Step 4.
Step 3. If v = 0, then define 7 (i) = J,-(l), 1 <i<u,set
max { F, max {1(i, 0) — d}l) l<i<u}}, iffV= s
F=0F+ S 1(,0), it/® =3¢

I<i<u
and stop. Otherwise, turn to Step 4.
Step 4. If t(u, v) — d'P > y, then define 7 (u + v) = JV and set
p {max {F, {t(u,v) —dD}, iffO = L,
 F 41w, ity =3¢
and u := u — 1; return to Step 2.

If t(u, v) — d® < y, then define 7 (u + v) = J@ and set v := v — 1; return to Step 3.

Denote by F, the F-value returned by the above algorithm for a given y. Our final observation

is that the optimal objective value of the problem 1] /0 + 6 L), must be

min{F, +60,: LB<y<UB,ye{yu,v):0<u<n;1<v<mnj}
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Since the complexity of the algorithm for 1|LEk < y| /) is O(n; + n») and we have at most
nn> choices for y, we conclude that the problem 1]| £+ L&) can be solved in O(n1n2(ny + 1))
time.

REFERENCES

Baker, K. R. and J. C. Smith, “A multiple-criterion model for machine scheduling,” Journal of Scheduling, 6, 7-16, (2003).



