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Abstract
Through first-principles investigation, two new  Mn2-based full-Heusler alloys,  Mn2HfSi and  Mn2HfGe, have been studied 
using the full-potential linearized augmented plane wave (FP-LAPW) approach as implemented in the WIEN2k code. Our 
study focuses on these compound’s stability (thermodynamic, dynamic, and mechanical), electronic, and magnetic properties. 
The  L21  (Cu2MnAl-type) structure is shown to be more energetically favorable than the XA  (Hg2CuTi-type) structure for 
both compounds,  Mn2HfX (X = Si and Ge). We demonstrate that  Mn2HfX (X = Si and Ge) are stable through the calcula-
tions of cohesive, formation energies, phonon dispersion curves, and the elastic constants, with the illustration of 3D and 
2D bulk and Young’s moduli. Using GGA and GGA-mBJ calculations show that  Mn2HfX (X = Si and Ge) are half-metallic 
ferrimagnets (HMFs), with indirect band gap through the altered Becke-Johnson (mBJ), GGA approximation: 0.689 eV for 
 Mn2HfSi and 0.520 eV for  Mn2HfGe. Furthermore, the electrons at the Fermi level (EF) were fully spin-polarized. The total 
magnetic moment in these two compounds was found to have an integer value of 2 µB per formula, which complies with 
the Slater-Pauling rule Mtot = Ztot − 24. These compounds are favorable materials for spintronic applications. It was revealed 
that  Mn2HfSi and  Mn2HfGe maintained their half-metallicity for lattice constants in the range of 5.7–6.2 Å and 5.75–6.2 Å, 
respectively.
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1 Introduction

Heusler alloys (HAs) have a more comprehensive range of 
applications, such as spintronic application, optoelectronic, 
topological insulator, and thermoelectric applications 
[1–3]. Among the essential characteristics of HAs, which 
have attracted much care in the last years, is the behavior of 
half-metallic [4]. At Fermi level (EF), we find that one spin 
direction displays a gap, while the other displays metallic 
behavior, leading to full spin polarization. Alloys with half-
metallic behavior are much required in the spintronic field, 
which is one of the most reliable and promising emerging 

technologies in magnetic (multilayer) films [5]. The half-
metallic property is not exclusive to Heusler alloys but rela-
tively recently appeared distinctively in two-dimensional 
compounds [6–8]. As an example of the application of this 
field; tunnel magnetoresistance (TMR) and giant magne-
toresistance (GMR) [2, 9, 10]. Following the Slater-Pauling 
(SP) rule [11], it is also possible to predict a feature of a 
perfect half-metal in HAs by possessing an integer mag-
netic moment. In the  L21 full-Heusler compounds, as in our 
case, the SP relation becomes Mtot = Ztot − 24 [12], where 
Mtot is the total spin magnetic in the unit cell scales and 
Ztot is the total number of valence electrons per unit cell, 
while for the half-Heusler compounds, this relation becomes 
Mtot = Ztot − 18 [13].

The HAs with the form X2YZ, crystallizing in the  L21 
structure with prototype  Cu2MnAl, and the inverse Heusler 
XA structure with prototype  Hg2CuTi are members of the 
Heusler alloy family. Half-Heusler alloys (ternary and qua-
ternary) have the XYZ (XX′YZ) formula. When one of the 
two X atoms is replaced by a different transition metal, X′, 
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a quaternary compound with the formula XX′YZ is formed. 
Here, X represents a high-valent transition or noble metal 
atom, Y is a low-valent transition metal atom, and Z is an 
sp element.

Regarding the  Mn2-based complete Heusler, the Mn 
atom’s position in the periodic table provided her the option 
to crystallize in either the regular or inverse Heusler. These 
configurational selections are made based on the valence 
electrons and electronegativity of the X and Y atoms. For 
more precise information about the  Mn2YZ, we discuss all 
possibilities. Firstly, we started with literature and the known 
variety of spin alignments [14, 15]. The compounds with 
X = Mn and Y atoms with a valence lower than Mn have 
Ferro magnetically (FM—all parallel spins) coupled Mn 
atoms or are nonmagnetic (NM)  (Mn2MoGe,  Mn2MoSn, 
 Mn2WGa,  Mn2WIn, and  Mn2WSb) in the regular stable 
phase [12]. The current trend that we highlighted in our 
study is that  Mn2YZ have ferrimagnetically (FIM-several 
spins up and some down) coupled Mn atoms with a low 
magnetic moment. Among the HAs in the half-metallic fer-
rimagnets (HMFIs) order, full Heusler based on  Mn2 that 
contains Y from a 3d, 4d, or 5d transition element and Z 
being an sp element is of particular importance. In con-
trast to the literature, which declares that the majority of 
 Mn2-based full Heusler are ferromagnetic (FM) in regu-
lar phases and the ferrimagnetic found in inverse phases, 
previous studies have discovered some compounds in the 
regular phase with ferrimagnetic states, such as  Mn2ZrSi 
and  Mn2ZrGe [16]. The anti-parallel alignment of two Mn 
magnetic moments in a ferrimagnetic structure HMFIs is a 
fascinating family of HAs that have gotten a lot of greater 
significance because this is due mainly to the system’s low 
total magnetic moment, which provides extra benefits [17]. 
They do not generate a lot of stray fields in electronics, are 
less affected by external magnetic fields, and have demon-
strated that particular materials can exhibit ferrimagnetism. 
 Mn2YZ Heusler alloys are a potential material in future spin-
tronic devices like efficient spin-transfer torque [18], because 
of strong electron-spin polarization with high Tc [19].

Ruben Weht and Warren E. Pickett theoretically and 
experimentally explored one of the HMFIs,  Mn2Val [19, 
20], and then K. Ozdogan and I. Galanakis demonstrated 
the HMFIs behavior of  Mn2VZ (Z = Al, Ga, In, Si, Ge, Sn) 
with several sp elements [21]. In this regard, Hongzhi et al. 
predicted half-metallic characteristics for the HAs  Mn2CrZ 
(Z = Al, Ga, Si, Ge, Sb) [22] and added more compounds to  
the list of HMFIs. Subsequently, Li et al. and Wei et al. 
[23, 24] examined the electronic structure and magnetism 
of  Mn2CuAl and  Mn2CuGe. Further, lately, Meinert et al. 
[17] researched several  Mn2TiZ compounds using simula-
tion studies that illustrated the behavior of HMFIs. While 
Liu et al. investigated the  Mn2NbSi full-Heusler combination 
[25], new HMFIs  Mn2ZrSi and  Mn2ZrGe were investigated 

by Abada et al. [16]. In addition, Benaddi et al. studied the 
rise of the HMFIs full-Heusler combination in  Mn2IrGe [26]; 
in addition, new Heusler alloys  Mn2ScZ (Z = Si, Ge, Sn) were 
investigated by Ram et al. [27]. Also, Ram et al. studied 
structural and mechanical properties in the inverse Heusler 
alloy  Mn2ZnSi(1-x)  Gex [28]. Sokolovskiy et al. have demon-
strated the ferrimagnetic nature of  Mn2NiZ (Z = Ga, In, Sn, 
Sb) alloys [29]. Predictions of the half-metallic, mechanical, 
and acoustic properties of  Hg2CuTi-type in  Mn2LiZ (Z = As, 
Sb) compounds were investigated by Jiang et al. [30] as well 
as the electronic structure, magnetism, and thermoelectricity 
of new  Mn2(Y, Zn)Sn Heusler compounds by Yousuf and 
Gupta [31]. Huijun et al. studied the structural, elastic, elec-
trical, and magnetic characteristics of the new full-Heusler 
 Mn2MgGe alloy [32], while Maizia et al. researched the new 
full-Heusler  Mn2OsGe HMFIs alloy [33].

Until recently, the bulk of  Mn2YZ Heusler alloys that 
have been studied had 4d transition metal components in 
the Y position. Much study has not been done on  Mn2-based 
Heusler compounds containing 5d transition metal compo-
nents. This study’s main objective is to utilize first-principles 
calculations to compute the electronic structures and mag-
netic characteristics of  Mn2HfSi and  Mn2HfGe Heusler com-
pounds with  AlCu2Mn-type structures and employ them to 
forecast new HMFIs compounds. There are no comparable 
experimental studies or theoretical data to our knowledge.

2  Calculation Method

The structural, electronic, and magnetic properties of full-Heusler 
 Mn2HfX (X = Si, Ge) have been investigated using first-principles 
FP-LAPW (full-potential linearized augmented plane wave) [33] 
as employed in the WIEN2k code [34]. We have adopted the gen-
eralized gradient approximation in the Perdew-Burke-Ernzerhof 
form (GGA-PBE) [35, 36]. The threshold energy between core 
states and valence states was − 7.0 Ry. The RmtKmax is chosen 
equal to 9, which determines the matrix size (convergence), 
where Kmax is the plane wave cut-off, Rmt is the smallest of all 
atomic sphere radii, and the Gmax = 14 (a.u-1). The choice of 
muffin-tin radii (RMT) is made so that the interstitial region 
between the different spheres is the smallest to ensure the accu-
racy of our calculations. Selected RMT values are 2.30 for Mn 
and 2.38 for Hf, and for Si and Ge, 2.16 and 2.25. The irreduc-
ible Brillouin zone (IBZ) k-point number has been set at 4000. 
The Mn:(Ar)  3d54s2, Hf:(Xe)  5d26s2, Si:(Ne)  3s23p2, and finally, 
Ge:(Ne)3s23p2 electrons are presented as valence electrons. Also, 
Tran and Blaha-modified Becke-Johnson (TB-mBJ) potential 
was used to predict the band gap results with more accuracy [37]. 
The convergence criteria for the total energy have been taken as 
 10−4 eV. Phonon spectra are calculated by the pseudo-potential-
based Quantum Espresso package [38] within the framework of 
GGA-PBE.
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3  Results and Discussion

3.1  Structural and Thermodynamic Properties

3.1.1  Structural Properties

Full-Heusler alloys have two possibilities to crystalize first in 
the  L21 with  Cu2MnAl prototype (space group: Fm3m N°:225) 
or in the XA with  Hg2CuTi prototype (space group: F43m 
N°:216) structure. Four interpenetrating fcc sub-lattices make 
up the cubic  L21 structure. X atoms occupy two of them at 
Wyckoff position 8c (0.25, 0.25, 0.25), while Y and Z atoms 
occupy the other two at places 4b (0.5, 0.5, 0.5) and 4a (0, 0, 
0), respectively. However, it was employed in all four locations 
for the XA structure: 4a (0, 0, 0), 4b (0.25, 0.25, 0.25), 4c (0.5, 
0.5, 0.5), and 4d (0.5, 0.5, 0.5) (0.75, 0.75, 0.75). Mn atoms 
occupy sites B (0.25, 0.25, 0.25) and D (0.75, 0.75, 0.75) in the 
 L21 structure, while Hf/Si-Ge atoms occupy sites C (0.5, 0.5, 
0.5) and A (0, 0, 0), respectively (Table 1). Together, inequiva-
lent Mn atoms (as named  Mn1/Mn2) occupy A (0, 0, 0) and 
B (0.25, 0.25, 0.25), while Hf/Si-Ge occupy C (0.5, 0.5, 0.5) 
and D (0.75, 0.75, 0.75) sites in the XA structure (see Fig. 1).

First, we study the structural stability to find the most 
stable geometry because all the physical parameters depend 
on its crystal structure. It is best characterized for use in 
the industry based on experimental studies that validate 
what we found in the calculation. Since the Hf atom is less 
electronegative than Mn and Hafnium has fewer valence 
electrons than manganese atoms, the  L21  AlCu2Mn-type 
structure is projected to be more advantageous than the XA 
 Hg2CuTi-type structure for the two compounds  Mn2HfSi 
and  Mn2HfGe. In 5d transition metals, it has been discovered 
that elements with more valence electrons are more likely 
to occupy the Wyckoff position 8c (0.25, 0.25, 0.25) in the 
L21 structure. In contrast, those with less are more likely 
to occupy 4b (0.5, 0.5, 0.5) and 4a (0, 0, 0), respectively. 
In both  Cu2MnAl- and  Hg2CuTi-type structures of the full-
Heusler alloys  Mn2HfSi and  Mn2HfGe, we estimated the 
total energy as a function of the cell volume per formula unit 
for the nonmagnetic (NM) and ferromagnetic (FM) states 
(see Fig. 2a–b).

Secondly, we notice that our results concern the magnetic 
stability for the  Mn2HfX since X = Si-Ge. The results show 
that the FM phases have lower energies than the NM phases 

in these systems, according to our findings. As a result, Mn 
atoms prefer to occupy the C sites, whereas Hf and Si-Ge 
atoms prefer to occupy the B sites and A sites, respectively.

By fitting the total energy as a function of volume to the 
Birch-Murnaghan equation of state, the equilibrium lattice 
constants a0, bulk modulus B, and its pressure derivative 
B are achieved [39]. The projected results are shown in 
Table 2.  Mn2HfSi and  Mn2HfGe have equilibrium lattice 
constants of 5.9853 Å and 6.0685 Å, respectively, in  L21 
 AlCu2Mn-type. Due to the lower atomic radius of Si than 
that of Ge, the estimated lattice constant of  Mn2HfSi is less 
than that of  Mn2HfGe. There are no experimental or theo-
retical data available for comparison to our knowledge.

3.1.2  Thermodynamic Properties

Third, two energy parameters—cohesive energy and forma-
tion enthalpy—are used to evaluate the chemical and ther-
modynamic stabilities of all the compounds. To ascertain 
chemical stability and investigate if it is possible to create 
these half-metals in the experiment, these two energy values 
are defined in Eqs. (1) and (2):

We start by the cohesive energy Ecoh, where Etotal refers to 
the total energy of  Mn2HfX since the X = Si-Ge compound 
of one formula unit at equilibrium volume, and Eiso(Mn), 
Eiso(Hf), and Eiso(X) are the total energy of isolated atoms. 
ΔHr  (Mn2HfX) is the formation enthalpy of  Mn2HfX since 
X = Si-Ge compound; Ecoh(Mn2HfX) is the cohesive energy 

(1)
Ecoh

(

Mn2HfX
)

= (E
Mn2HfX

total
− 2 × Eiso(Mn) − Eiso(Hf ) − Eiso(X))

(2)ΔHr

(

Mn2HfX
)

= (Ecoh

(

Mn2HfX
)

− 2Ecoh(Mn) − Ecoh(Hf ) − Ecoh(X))

Table 1  Structural order of regular  L21  (Cu2MnAl) and inverse XA  (Hg2CuTi) types for the  Mn2HfX (X = Si, Ge), where A, B, C and D are the 
available Wyckoff sites: (0, 0, 0), (0.25, 0.25, 0.25), (0.5, 0.5, 0.5), and (0.75, 0.75, 0.75), respectively

Mn2HfX (X = Si, Ge) A (0,0,0) B (0.25,0.25,0.25) C (0.5,0.5,0.5) D 
(0.75,0.75,0.75)

L21 Si-Ge Mn Hf Mn
XA Mn Hf Mn Si-Ge

Fig. 1  Regular structures  L21 with  Cu2MnAl prototype and XA with 
 Hg2CuTi prototype for  Mn2HfX (X = Si, Ge)

133Journal of Superconductivity and Novel Magnetism (2023) 36:131–146



1 3

of  Mn2HfX since X = Si-Ge per formula; Ecoh(Mn), Ecoh(Hf), 
and Ecoh(X) are the cohesive energy of Mn, Hf, and X = (Si 
and Ge). The calculated cohesion energy and formation 
enthalpy of all the compounds in the cubic phase are given 
in Table 3. The negative values of Ecoh(Mn2HfX) and ΔHr 
 (Mn2HfX) ensure the chemical and thermodynamic stability 
of  Mn2HfX since X = Si-Ge compounds. As a result, these 
compounds,  Mn2HfSi and  Mn2HfGe, could be synthesized 
experimentally.

3.2  Electronic Properties

3.2.1  Band Structure and Density of States

In the  AlCu2Mn-type compounds  Mn2HfSi and  Mn2HfGe, 
we provide the spin-polarized band structures at equilibrium 
lattice constants in the  L21 phase, along the high-symmetry 
directions of the first Brillouin zone. To predict the band gap 
results with more accuracy with the experimental, GGA + U 
and TB-mBJ are well positioned. The researchers’ investiga-
tion revealed that GGA-mBJ functional possesses similar 
accuracy to GGA + U, with small detail’s differences [40, 

41]. For this reason, our study is focused on GGA-mBJ 
methods.

We agree with some studies [42, 43] that spin–orbit 
coupling (SOC) can be of crucial importance for the half-
metallic property of some 3d materials, and also, 2d materi-
als are affected by the SOC [44, 45]. For Heusler alloys, the 
spin–orbit coupling can induce states within the gap, but 
the alloys keep a very high degree of spin polarization at 
the Fermi level. Galanakis et al. [46] confirm in their calcu-
lation of spin (mspin) and orbital (morb) magnetic moments 
for some half- and full-Heusler compounds that the orbital 
moments in Heusler alloys are expected to be small. For this 
reason, this study has not considered the effect of spin–orbit 
coupling (SOC).

It is obviously apparent in Fig. 3a–c. The majority-spin 
channel has an energy gap GMaj at the Fermi level (EF), sug-
gesting semiconducting property, as opposed to the minority-
spin channel, which is metallic and has intersections at the 
Fermi level (EF) (Fig. 3b–d). The band structures of the two 
materials are similar, as can be seen for these compounds. 
The indirect band gaps for  Mn2HfSi and  Mn2HfGe, respec-
tively, are 0.689 eV and 0.520 eV at approximately EF along 
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Fig. 2  The total energies as a function of unit cell volumes in the two magnetic phases (FM and NM) in regular structures  L21 with the 
 Cu2MnAl prototype and XA with the  Hg2CuTi prototype using the GGA approach. a  Mn2HfSi and b  Mn2HfGe

Table 2  Equilibrium lattice 
constant a, bulk modulus 
B, its derivative B′, and the 
total energy E for  Mn2HfSi 
and  Mn2HfGe in  L21 and XA 
structures

a0 (Å) V(Å)3 B (GPa) (B') E (in eV)

Mn2HfSi L21-FM 5.9853 214.42 196.2877 4.2121  − 481784.17194
L21-NM 5.9664 212.39 199.1557 4.2167  − 481783.95067
XA-FM 6.1542 233.08 115.8988 5.5200  − 481783.01936
XA-NM 6.0363 219.94 184.6276 4.1945  − 481782.58664

Mn2HfGe L21-FM 6.0685 223.48 183.6331 4.4116  − 531010.65182
L21-NM 6.0547 221.96 186.7927 4.2284  − 531010.39771
XA-FM 6.2596 245.27 102.4922 5.9220  − 531009.80465
XA-NM 6.1254 229.83 174.1128 4.3875  − 531009.15084
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the G-X symmetry, according to Fig. 3a–c, in the majority-
spin channel. These gaps result in an equilibrium-state HM 
character due to 100% spin polarization at EF caused by these 
gaps. Additionally, we can observe that each compound’s 
spin-up and spin-down band structures are not superposed, 
indicating that they are magnetic, with a value determined by 
the difference between the spin-up and the spin-down densi-
ties (see the density of state).

In both majority- and minority-spin channels, it is note-
worthy that, as shown in Fig. 3a–c, three energy bands of 
p electrons from Si or Ge atoms cover the majority of the 

energy region between − 6.2 and − 3.8 eV. The s band is well 
separated from other bands and has a very low energy level, 
so we do not display it. The Si (Ge) s and p electronic states 
that give rise to the low-lying bands have the same char-
acteristics in both directions. Si (Ge) atoms give s-p states 
that may be hybridized with transition metal d electrons to 
control how occupied the p-d orbitals are. This hybridization 
affects on the energy gap’s breadth.

According to Galanakis et al. [12], hybridization occurs 
in the  L21 structure, between the Mn 3d orbitals and their 
second nearest neighbors, Mn 3d orbitals, and between 
the Mn 3d orbitals and their first nearest neighbors, Hf 5d 
orbitals or Si (Ge) sp states; the hybridization between these 
atoms is qualitatively very important. The five d orbitals are 
divided into two doubly degenerate states, d4 and d5 (z2, 
x2 − y2), and three triply degenerate states, d1, d2, and d3 (xy, 
yz, zx) (Fig. 5a). The eg orbitals (the t2g orbitals) can only 
couples with the eg orbitals (the t2g orbitals) of the other Mn 
atom forming bonding hybrids, denoted by eg (or t2g) and 
antibonding orbitals, denoted by eu ( or t1u).

Table 3  Cohesive energy (Ecoh) and formation enthalpy ΔHr calcu-
lated by GGA, in the most stable magnetic phase  L21, for both com-
pounds  Mn2HfX (X = Si, Ge)

Structure System energy (eV) Ecoh (eV/atom) ΔHr (eV/atom)

Mn2HfSi  − 481784.17194  − 7.86440  − 0.64204
Mn2HfGe  − 531010.65182  − 7.49017  − 0.44163
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Fig. 3  The calculated GGA-mBJ band structures spin-polarized along 
the principal high-symmetry directions in the Brillouin zone for the 
FM phase  L21-  Mn2HfX (X = Si, Ge) at their predicted equilibrium 

lattice constants: a and b spin-up and down of  Mn2HfSi. c and d 
Spin-up and down of  Mn2HfGe
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In the second step, we consider the hybridization of the 
Mn–Mn orbitals with the d orbitals of Hf (Fig. 5b). The 
doubly degenerate eg orbitals hybridize with the d4 and d5 
orbitals of Hf, which transform according to the same irre-
ducible representation of the symmetry group. They create 
doubly degenerate bonding states (eg), which are very low in 
energy, and antibonding states unoccupied above the Fermi 
level. The  3t2g orbitals of Mn couple with d1, d2, and d3 of 
Hf create six new orbitals, of which three are bonding, and 
the other three are high energy antibonding. Finally, the two 
eu and three t1u orbitals of Mn cannot couples with any of 
the d orbitals of Hf since these do not transform with the 
u representations, and they are orthogonal to the eu and t1u 
states of Mn.

Therefore, these states are antibonding concerning the Hf 
atoms and the Si (or Ge) atoms. The t1u states are occupied 
below the Fermi level, while the eu states are just above the 
Fermi level. The absence of hybridization between the eu 
and t1u states of Mn and the d orbitals of the Hf atoms will 
result in splitting. The energy gap in the majority spin states 

is attributed to this eu − t1u difference. Thus, there are eight 
filled minority d bands.

To further demonstrate the nature of electronic structures, 
as a function of energy for the lattice constant of  Mn2HfSi  
and  Mn2HfGe, and understand the band structure, we have 
shown the spin-polarized band structures, total density of states 
(TDOS), and the partial density of states (PDOS) of 3d-Mn, 
5d-Hf, and 3p-Si and Ge. According to the approximations of 
GGA-mBJ as shown in Fig. 6a–b, we have also represented 
the variation of deg-Mn,  dt2g-Mn,  deg-Hf, and  dt2g-Hf; where 
the eg states have lower energies than the t2g states in the two 
compounds. The dashed line represents the Fermi level.

From Fig. 6a and b, the partial DOSs of the 3d orbitals 
of Mn for the two materials show the same behavior. One 
can also notice that the DOS around and below EF is mainly 
associated with the 3d states of Mn, which confirms that 
the bonding states come mostly from the transition metal 
of higher valence (the Mn atom), while the partial DOSs of 
the 5d orbitals of Hf is mostly found above the Fermi level, 
i.e., the unoccupied antibonding bands are due mainly to the 
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Fig. 4  The calculated GGA-mBJ band structures Spin-polarized 
along the principal high-symmetry directions in the Brillouin zone for 
the FM phase XA-  Mn2HfX (X = Si, Ge) at their predicted equilib-

rium lattice constants: a and b spin-up and down of  Mn2HfSi. c and d 
Spin-up and down of  Mn2HfGe
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lower valence transition metal (the Hf atom) [13]. Accord-
ing to the partial DOSs, we notice that the gap, at the Fermi 
level, between the Hf atoms and the sp atoms is somewhat 
larger than that of the Mn atom. The peaks above EF are 
due to the t2g states. The actual gap is determined by the 
Mn–Mn interaction or, more precisely, by the t1u − eu split-
ting. This also explains why the gaps are relatively small for 
the  Mn2HfSi and  Mn2HfGe compounds (Table 4).

It is clear that the majority states in these alloys have no 
DOS at EF, but the minority states have crossings at the Fermi 
level, indicating that  Mn2HfSi and  Mn2HfGe compounds are 
real HMFIs. The range of energy from − 6 to − 3 eV is related 
to the p bands of the Si or Ge atoms, as seen in Fig. 6a–b. 
As can be seen, the partial DOSs of Mn 3d orbitals in the 
two materials exhibit similar conformation. We see that the 
bonding states predominately reside at the higher valence 
transition metal Mn atom and that the DOS around and below 
EF is connected mainly with the Mn 3d states.

In the inverse XA  (Hg2CuTi) types for  Mn2HfX (X = Si, 
Ge) (Fig. 4a-d), we have shown the the spin-polarized band 
structures total density of states (TDOS) and the partial density 
of states (PDOS) of 3d-Mn, 5d-Hf, and 3p-Si and Ge accord-
ing to the approximations mBJ-GGA Fig. 7a–b. According to 
the last figure, it is clear that the metallic behavior in the two 
channels of spin has intersections at the Fermi level (EF) in two  
directions, even though the total magnetic moment per cell 
remains approximately integer (see Table 4). According to 
the density morphological results, the electronic structures 
depend on the atoms’  L21 and XA ordering rather than the  
GGA or GGA-mBJ method.

3.3  Magnetic Properties

At the equilibrium lattice constants of two compounds, 
the calculated total magnetic moment is 2.00 µB per unit 
cell. The HM character of these alloys is revealed by the 
integer value of the magnetic moment. For  Mn2HfSi and 
 Mn2HfGe, Table 4 displays the computed total, atom-
resolved magnetic moments, to which is the contribu-
tion of the interstitial regions in the unit cell (interstitial 
moments).

The Mn atoms contribute the majority of the overall mag-
netic moment. The significant exchange splitting between 
the majority and minority spin states of the Mn atom is to 
blame for this. We also observed that the Hf and sp atoms’ 
partial moments were anti-parallel to the Mn moments in 
two systems, which results in the ferrimagnetic character.

It is recalled that for full-Heusler alloys, the total mag-
netic moment of spin satisfies rule 24, which is the analog 
of the Slater-Pauling rule. In this rule, the total magnetic 
moment Mtot, per formula unit, is related to the total number 
Ztot of valence electrons in the unit cell by:

However, for half-metallic in full-Heusler alloys with less 
than 24 electrons per unit cell, such as the alloys studied 
in this work, the energy gap is in the majority spin band 
and not in the minority spin band. In this case, the Slater-
Pauling role given by Eq.  (3) has been generalized by 
Skaftouros et al. for inverse Heusler alloys [15], even for 

(3)Mtot =
(

Ztot − 24
)

�B.

Fig. 5  Schematic diagram at 
equilibrium lattice constant 
of possible d–d hybridization 
spin-up band structures in the 
 Mn2HfX (X = Si, Ge) alloy, 
between the transition-metal 
elements a Mn-3d -Mn—3d and 
b Hf-5d—Mn-3d
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Fig. 6  Spin-up and spin-down total and partial densities of states for the cubic-Mn2HfX (X = Si, Ge) compound in the  L21- FM phase calculated 
by GGA-mBJ approach. a  Mn2HfSi and b  Mn2HfGe
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full-Heusler alloys containing less than 24 electrons, such 
as  Mn2ZrSi and  Mn2ZrGe [16]. Therefore, the appropriate 
(adequate) Slater-Pauling rule for  Mn2HfSi and  Mn2HfGe 
is Mtot = Ztot − 24.

Indeed, the total spin magnetic moment Mtot is just the 
number of uncompensated spin magnetic moments, so:

Zmaj and Zmin are the numbers of occupied majority and 
minority spin states, respectively, with Ztot = Zmaj + Zmin. In 
both,  Mn2HfSi and  Mn2HfGe, the majority-spin bands are 
occupied by a total of twelve electrons per unit cell [47, 48]: 
1 s, 3p, 2, 3t2g, and 3t1u (see Fig. 3a–c). Then, with Zmaj, the 
appropriate relation for such compounds is:

According to this rule, the total magnetic moment of 
 Mn2HfSi and  Mn2HfGe alloys with 22 valence electrons 

(4)Mtot =
(

Zmaj − Zmin
)

�B = (2Zmaj − Ztot)�B

(5)Mtot = (24 − Ztot)�B

should be around 2.00 µB. Abada et al. derived the same 
relationship for  Mn2ZrZ (Z = Si, Ge) [16].

Calculations were approved for lattice parameters rang-
ing from 5.6 to 6.3 Å for this determination in phase  L21. 
Figure 8a–b shows the half-metallicity character above the 
constant lattice values of 5.98 Å and 6.07 Å for  Mn2HfSi 
and  Mn2HfGe, respectively. Ferrimagnetic behavior 
results in both compounds over 5.7–6.2 for  Mn2HfSi and 
5.75–6.2 for  Mn2HfGe. The total magnetic moments for 
both compounds have integer values. The atoms of Mn 
have positive magnetic moments, while the two atoms of  
Hf and Si-Ge have negative magnetic moments. In addition, 
our compounds have a significant area of half-metallicity,  
due to their stability at both positive and negative 
pressures. When the lattice constants are modified in 
this interval, as we mentioned before,  Mn2HfSi and 
 Mn2HfGe keep their half-metallicity. This study demon-
strates that the half-metallicity is more stable in constant  
lattice fluctuation.

Table 4  The calculated 
magnetic moments in the unit 
of (µB), the Mn atom moment 
(MMn), the Hf atom moment 
(MHf), the Si atom moment 
(MSi), the interstitial moment 
(Mint), and the unit cell total 
magnetic moment (Mtot) for 
 Mn2HfSi and  Mn2HfGe

MMn1 MMn2 MHf MSi 𝐌𝐓𝐨𝐭 Mint

Mn2HSi L21- GGA 1.102 –  − 0.138  − 0.045 1.999  − 0.019
L21- GGA-mBJ 1.123 –  − 0.162  − 0.050 2.000  − 0.034
XA- GGA 2.011 1.882 0.006  − 0.040 3.988 0.128
XA- GGA-mBJ 2.269 1.915  − 0.030  − 0.057 4.166 0.068

Mn2HGe L21- GGA 1.129 –  − 0.169  − 0.042 2  − 0.047
L21- GGA-mBJ 1.173 –  − 0.211  − 0.05 2  − 0.085
XA- GGA 2.782 2.328  − 0.01  − 0.041 5.04 0.072
XA- GGA-mBJ 2.875 2.319  − 0.116  − 0.052 5.036 0.01
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Fig. 7  Spin-up and spin-down total and partial densities of states for the cubic-Mn2HfX (X = Si, Ge) compound in the XA- FM phase calculated 
by GGA-mBJ approach. The left panel  Mn2HfSi and the right panel  Mn2HfGe
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Table 4 shows no difference in the magnetic moment 
between the two mentioned approximations: GGA-mBJ and 
GGA-PBE, and they give identical values of 2.00 µB. This 
integer number (Mtot = 2 µB) for total magnetic moment con-
firms that  Mn2HfSi and  Mn2HfGe compounds follow the 
Slater-Pauling rule Mtot = Ztot − 24 [49, 50]. Furthermore, 
our full-Heusler alloys  Mn2HfSi and  Mn2HfGe are distin-
guished by 100% spin polarization at the Fermi level, as 
determined by a simple calculation based on the polariza-
tion rule [51]:

where n↑(EF) and n↓(EF) are the state densities for spins up 
and down, and before all this, they exhibit a half-metallicity 
(see Fig. 6a–b). All these results reveal that these compounds 
are potential materials for spintronic applications. We can 
see that Mn contributes the majority of the overall magnetic 
moment, while interstitial magnetic moments (Minter) and sp 
element (MX) are neglected.

3.4  Mechanical Properties

3.4.1  Elastic Properties

We studied the mechanical stability of the alloys  Mn2HfSi and 
 Mn2HfGe to confirm this stability by calculating the elastic 
constants, which describe many features such as the crystal’s 
response to applied forces, mechanical properties, structural 
stability, anisotropy, and bond indexes of solids. The elastic 
constants for cubic structures are simplified to three independ-
ent constants, C11, C12, and C44 because of the symmetry of 
this system. Due to this system’s symmetry and for cubic struc-
tures, the elastic constants C11, C12, and C44 are simplified to 
three independent constants. So we have calculated the elastic 
constants C11, C12, and C44 by fitting the total energy of the 
strained crystal. The results obtained are given in Table 5. The 
determined elastic constants in the  L21 phase are favorable and 
support the stability criterion, demonstrating the mechanical 
stability of the two compounds,  Mn2HfSi and  Mn2HfGe:

(6)p =
n ↑

(

EF

)

− n ↓ (EF)

n ↑
(

EF

)

+ n ↓ (EF)
× 100

Table 5  The calculated elastic constants Cij (in GPa), bulk, Young’s, 
and shear modulus (in GPa), the anisotropy factor (A), Cauchy pres-
sure (CP), Pugh’s ratio (B/G), Poisson’s ratio (ν), and Debye tempera-
ture θD (K) for  Mn2HfX (X = Si, Ge) in  L21 phase

Mn2HfSi Mn2HfGe

C11 314.46 224.80
C12 170.19 116.67
C44 86.65 53.67
C11-C12 144.24 108.13
C11 + 2C12 654.84 458.14
B 218.28 152.71
A 1.20 0.83
CP 83.54 63.67
E 215.19 154.26
G 80.55 57.62
B/G 2.71 2.76
ʋ 0.335 0.34
θD 425.34 379.823

Fig. 8  The calculated total and partial magnetic moment of Mn, Hf, and the sp element as functions of lattice constant: a  Mn2HfSi and b 
 Mn2HfGe. The dotted lines indicate the equilibrium lattice constants
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Phase  L21 (see Table 5) shows the results collected until 
now.

The structures of  Mn2HfSi and  Mn2HfGe have positive 
values for the Cauchy pressure (CP), defined as the difference 
between C12 and C44 that indicates a ductile nature, while the 
negative value indicates brittleness. Additionally, the material 
is described as ductile if the Pugh’s ratio (PR), also known as 
the B/G ratio, is larger than 1.75 and brittle if the PR is lower 
than 1.75. [52]. Our PR value demonstrates that  Mn2HfSi and 
 Mn2HfGe are ductile. Furthermore, the Poisson ratio (ʋ) con-
firmed these conclusions. Brittle materials have a value of ʋ 
˂ 0.26, while ductile materials have a value of ʋ > 0.26 [53].

3.4.2  Polycrystalline Elastic Moduli

The terms “bulk modulus,” “shear modulus,” and “Young’s 
modulus” indicate the materials’ resistance to volume 
change, their tolerance for shape change, and their stiffness, 
respectively.

We employed the widely known Voigt-Reuss-Hill (VRH) 
[54]. The isotropic bulk modulus B and the shear modulus G 
are defined as follows in this approximation:

where V and R subscript denotes Voigt and Reuss bound, 
respectively.

Young’s modulus is a mathematical term that refers to 
the modulus of the ratio of linear stress to strain, which is 
defined as E.

A material with a high B and G value implies a high 
resistance to the relevant changes, but a stiffer material has 
a higher E value.

For both compounds, the shear modulus G is lower 
than the bulk modulus B; therefore, we deduce that they 

(7)
C11 > 0; C12 > 0; C44 > 0; C11 − C12 > 0; C11 + 2C12 > 0; C11 > B > C12.

(8)B = BV = BR = (C11 + 2C12)∕3

(9)G = (GV + GR)∕2

(10)GV = (C11 − C12 + 3C44)∕5

(11)GR = 5C44(C11 − C12)∕(4C44 + 3(C11 − C12))

(12)E = 9BG∕(3B + G)

(13)A = 2C44∕(C11 − C12)

(14)CP = C12 − C44

(15)v = (3B − 2G)∕2(3B + G)

are more resistive to hydrostatic pressure than shear. 
Young’s E and shear modulus G of  Mn2HfSi are larger 
than  Mn2HfGe, so  Mn2HfSi is more tensile (stiffer) than 
 Mn2HfGe. Furthermore, a perfect isotropic material 
has an anisotropic factor A = 1, but any other value of 
A causes the material to be anisotropic. As a result, the 
Zener anisotropy factor A is 1.20 for  Mn2HfSi and 0.83 
for  Mn2HfGe. Based on these values, our compounds are 
closer to the isotropic materials.

Our compounds are ductile, as evidenced by the pre-
dicted B/G ratios of 2.71 for  Mn2HfSi and 2.76 for 
 Mn2HfGe. In addition, the alloy  Mn2HfSi displays a CP of 
83.54 GPa and 63.67 GPa for  Mn2HfGe. The positive value 
of this measure validates the alloy’s ductility, resulting in 
an appropriate B/G ratio. Finally, the Poisson’s ratio is 0.33 
for  Mn2HfSi and 0.34 for  Mn2HfGe. Lewandowski et al. 
[55] examined a very different class of materials. They con-
cluded that a drastic change in failure behavior correlates 
with the change in Poisson’s ratio, and the apparent signal 
change occurs somewhere between ν = 0.26 and ν = 0.31. 
Higher values of ν signal ductility and lower values signify 
brittle behavior.

So based on this result, the conclusion, demonstrating 
that our materials have the behavior of metallic ductility 
in their equilibrium states, this result shows that these two 
compounds have a promising future in spintronics, espe-
cially in terms of the hardness of the slices.

3.4.3  Debye Temperature

The Debye temperature, which is linked to several physi-
cal characteristics of solids, including specific heat, elastic 
constants, and melting temperature, is a crucial metric in the 
study of material properties. A more considerable Debye 
temperature means a bigger bonding strength, and vice versa 
[56]. From Table 5, one can note that the studied compounds 
 Mn2HfX (X = Si, Ge) possess a relatively low Debye tem-
perature (Figs. 9 and 10). At low temperatures (below ΘD), 
when T < ΘD, only low-frequency vibrations are excited [57, 
58]. That is what we can see in the phonon dispersion curves 
(Fig. 11a–b), whereas at higher temperatures (above ΘD), 
the movement is more disordered, and all vibration modes 
are excited.

Based on the calculated density and elastic constants data, 
we can calculate the Debye temperature ΘD using the fol-
lowing formula [59]:

h is the Planck constant, k is Boltzmann’s constant, n is 
the number of atoms in the molecule, NA is the Avogadro 

(16)ΘD =
h

k

[

3n

4�

(

NA�

M

)]1∕3

vm
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number, ρ is the density, M is the molar mass, and vm is the 
average sound velocity, which can be calculated as follows:

Here, vt and vl are the transverse and longitudinal elastic 
wave velocity, respectively, obtained using the bulk modulus 
B and the shear modulus G in the following equations:

(17)vm =

[

1

3

(

2

v3t
+

1

v3
l

)]−1∕3

(18)vt =

(

G

�

)1∕2

and vl =

(

B +
4

3
G

�

)1∕2

3.4.4  Anisotropy of Mechanical Behavior

To illustrate the anisotropy of the polycrystalline bulk (B) and 
Young modulus (E) is to plot them on the two-dimensional 
surface (and/or three-dimensional) as a function of direction. 
We plotted Young’s (E) and bulk (B) modulus in different 
directions using spherical coordinates for  Mn2HfX (X = Si, 
Ge). Regarding the cubic crystal class, the directional depend-
ence of Young modulus (E) and bulk modulus (B) can be 
expressed as follows [60]:

(19)1∕B =
(

S11 + 2S12
)

(l2
1
+ l2

2
+ l2

3
)

Fig. 9  3D surface expressing the directional dependence: a and c bulk modulus (B) for  Mn2HfSi; b and d Young’s (E) modulus for  Mn2HfGe
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In the equations above, Sij represents the compliance 
matrix, and l1, l2, and l3 are the direction cosines, which are 
given as l1 = sinθ cosϕ, l2 = sinθ sinϕ, and  l3 = cosθ in the 
spherical coordinates.

2D directional dependence would give rise to a circle 
shape for an isotropic system, which we see for the bulk and 
Young modulus in the two compounds  Mn2HfX (X = Si, Ge), 

(20)
1

E
= S11 −

(

S11 − S12 −
1

2
S44

)

(l2
1
l2
2
+ l2

2
l2
3
+ l2

3
l2
1
)

except for the Young’s modulus for  Mn2HfSi, which present 
a small degree of anisotropy due to the deviation degree 
from the circle shape.

Since the system is cubic, the 3D illustration plot and 
the projections on XY (XY = XZ = YZ) planes of the bulk and 
Young’s modulus are shown in Figs. 9a–d and 10a–b. This 
figure shows that along the X-, Y-, and Z-axis, the compres-
sion is the same for all studied compounds. For Young’s 
modulus, we note that the maximum values occur when the 
stress is applied along the crystallographic bisector direction 
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Fig. 10  2D surface expressing the directional dependence of a bulk modulus (B) and b Young’s (E) modulus (in GPa) for  Mn2HfX (X = Si, Ge)

Fig. 11  The phonon dispersion curve for the cubic  Mn2HfX (X = Si and Ge) in the FM state using GGA. a  Mn2HfSi and b  Mn2HfGe
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axe in the XY coordinate plane. In contrast, the minimum 
values are realized when the stress is applied along the X 
(X = Y = Z) crystallographic axe.

3.5  Dynamical Properties

Finally, to ensure the stability of  Mn2HfX (X = Si and 
Ge) compounds in the cubic structure  L21- with proto-
type  Cu2MnAl, we need to compute the dynamic stability 
through the phonon dispersion curves. So the character-
istics of phonons have significant importance in studying 
crystalline materials; they show the material’s response 
to atomic vibration. Various physical properties of mate-
rials can be determined directly or indirectly from the 
phonon dispersion spectra and phonon DOS [22]. With 
the help of phonon dispersion spectra (PDS), the struc-
tural stability, the phase transition, and the contribution 
of vibrations in a material’s thermal and charge transport 
properties can be explained [23]. The phonon disper-
sion curves of  Mn2HfX (X = Si and Ge) in the ground 
state have been calculated by the pseudo-potential-based 
Quantum Espresso package within the framework of 
GGA-PBE [5].

Unlike the supercell method, the approach used to cal-
culate the phonon dispersion is based on linear response 
theory. This fact is used in the linear response density func-
tional calculations to construct the dynamical matrix using 
Density-Functional Perturbation Theory (DFPT) [61–69], 
which gives access to phonon frequency, group velocity, and 
phonon interaction.

The phonon dispersion curves (PDC) of  Mn2HfX 
(X = Si and Ge) along the high symmetry directions of the 
Brillouin zone (BZ) at zero pressure are illustrated in 
Fig. 11a–b. It can be seen that they are no imaginary 
modes, which means no negative frequency at the gamma 
point in PDC. However, the PDC of  Mn2HfX (X = Si and 
Ge) exhibits positive phonon frequencies in the Brillouin 
zone’s whole region, indicating that the two structures are 
dynamically stable. The acoustic modes are null at point 
G in these two compounds and up to 100  cm−1 at point W. 
There is a clear spectral gap between the acoustic and 
optical phonon branches in the PDC of  Mn2HfX (X = Si 
and Ge). The formation of this gap is essentially due to the 
difference in the mass of atoms. Indeed, the phonon vibra-
tional frequencies have a dependence in 

√

k

m
 , k is the force 

constants, and m is the masses of atoms. The optical pho-
nons of  Mn2HfSi are coupled, on the contrary for 
 Mn2HfGe. So our materials under investigation are 
dynamically stable.

4  Conclusion

In conclusion, the first-principles research of the new 
full-Heusler alloys  Mn2HfSi and  Mn2HfGe was carried 
out, using GGA and GGA-mBJ in the Density Functional 
Theory with the code Wien2k. The  Cu2MnAl-type and 
 Hg2CuTi-type alloys’ energies in the NM and FM states 
were calculated using the  L21 and XA structures, respec-
tively. We discovered that these compounds are stable with 
a spin polarization of 100% at EF in the  AlCu2Mn-type with 
 L21 structure. Furthermore, the optimized lattice constants 
in the ideal structure  L21 for  Mn2HfSi and  Mn2HfGe are 
predicted to be 5.98 Å and 6.07 Å. Additionally, the partial  
moments of Hf and Si-Ge atoms in two alloys have nega-
tive values. They are anti-parallel to the positive moments 
of Mn atoms, confirming that our compounds,  Mn2HfSi 
and  Mn2HfGe, are HMFIs with indirect band gaps that are,  
respectively, 0.689 eV and 0.520 eV in the majority-spin 
channel. A total magnetic moment is an integer number of  
2.00 µB per formula unit, which follows the Slater-Pauling  
rule of Mtot = Ztot − 24. It is confirmed that there is no change  
in magnetic moment between the two specified approxima-
tions, GGA-mBJ and GGA-PBE. The half-metallicity of 
these structures is maintained for lattice constants in the 
range of 5.70–6.20 Å for  Mn2HfSi and 5.75–6.20 Å for 
 Mn2HfGe, respectively, resulting in stability against con-
stant lattice changes due to the vast half-metallicity area in 
these compounds. According to the elastic constant calcu-
lated anisotropic properties, both materials,  Mn2HfSi and 
 Mn2HfGe, are almost isotropic.
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