
Vol.:(0123456789)1 3

https://doi.org/10.1007/s10948-022-06412-4

ORIGINAL PAPER

On the Critical Temperature of Superconductivity of La
2−x

Sr
x
CuO

4
 Thin 

Films

A.S. Jalekeshov1   · D.G‘. Khajibaev1 · E.Kh. Karimbaev2 · O.K. Ganiev3,4,5 · B.Ya. Yavidov1

Received: 15 July 2022 / Accepted: 20 September 2022 
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2022

Abstract
Superconductivity of the cuprate La

2−x
Sr

x
CuO

4
 thin films is considered within the concept of the preformed pairs (bipo-

larons). Taking the extended Holstein-Hubbard model as a basis for a strongly interacting hole-lattice system of the cuprate 
films, a relation between the temperature of Bose-Einstein condensation ( T

BEC
 ) of an ideal gas of the intersite bipolarons 

and the strains in the thin films is established. In doing that (relation), the chain model of cuprates, proposed by Alexandrov 
and Kornilovitch in ref. (Phys Rev Lett 82(4):807, 1999), is used. It is shown that the calculated values of the temperature 
of Bose-Einstein condensation of the bipolarons in the cuprate La

2−x
Sr

x
CuO

4
 thin films grown on LaSrAlO

4
 and SrTiO

3
 

substrates correlate (and at certain values of doping level x satisfactorily agree) with the experimental values of the critical 
temperature of superconductivity ( T

c
 ) of the above systems. The T

BEC
 versus x dependence obtained within the approach is 

very similar to the dome-shape type T
c
 versus x phase diagram of La

2−x
Sr

x
CuO

4
 thin films. The obtained phase diagram has 

a feature of “1/8”-anomaly which is a common for both bulk and film samples of La
2−x

Sr
x
CuO

4
.

Keywords  Cuprate thin films · Uniaxial strain · Bipolaronic superconductivity · Bose-Einstein condensation

1  Introduction

Despite the intensive experimental and theoretical studies, 
for almost four decades now, the mechanism of high-Tc 
superconductivity of the cuprates remains not entirely clear. 
Although, a huge amount of experimental data has been 
accumulated so far on various aspects of the phenomenon, 

there is no theoretical understanding of these data within the 
framework of a single concept [2]. The existing theoretical 
models are unable to explain all aspects of high-Tc super-
conductivity of cuprates. Even the high-Tc superconductivity 
of La

2−xSrxCuO
4
 (LSCO) cuprate with the simplest crystal 

structure is not fully understood, although there is progress 
in understanding of some particular aspects of this complex 
phenomenon. One may say that LSCO cuprate is a testing 
playground for the models of high-Tc superconductivity. The 
same is true for thin films of LSCO cuprate whose supercon-
ducting properties differ from that of bulk counterparts [3].

Study of superconducting properties of the LSCO thin 
films was started by the works [4–7]. Since then, a number 
of papers have been published on the superconductivity of 
the LSCO thin films [8–21]. A more detailed information 
about the recent achievements in the field of superconductiv-
ity of the LSCO thin films can be found in the review [3]. 
The main conclusion of the works [8–21] is that the super-
conductivity of LSCO thin films depends on several factors. 
These factors, in addition to the doping level (x), include 
the growing and annealing conditions of the thin films, the 
thickness of the thin film itself, and the type of substrate for 
the thin film. All of the above factors affect the properties 
of the thin films, determining, in particular, the value of its 
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critical temperature of superconductivity ( Tc ). Early stud-
ies showed that Tc of LSCO thin films depends, at constant 
doping level and under the same thin film growth condi-
tions, on the strains induced by lattice mismatch between the 
film and the substrate. It was established that for the (001) 
oriented thin film of LSCO the compressive strain of the 
ab-plane lattice constants enhances Tc while the compres-
sive strain of the lattice period along c- direction reduces Tc 
[9]. Two substrates are often used for the LSCO thin film 
growth. They are LaSrAlO

4
 (LSAO) and SrTiO

3
 (STO) with 

the lattice periods of 3.756 Å and 3.905 Å, respectively. It 
turns out that for the LSCO thin film grown on LSAO (STO) 
substrate the ab- plane periods are compressed (elongated) 
and the period in the perpendicular c- direction is elongated 
(compressed). While a research community has a common 
view of point of the reasons of enhancement and/or reduc-
tion of Tc of the thin films which is due to the structural 
changes of the lattice constants of the film, it is worth to do 
some notes on the issue. First of all, one must recognize that 
the study of superconducting properties of the cuprate thin 
films, in particular LSCO thin films, has become actual due 
to the possibility of the potential application of the cuprate 
thin films in the different superconducting devices [22–25]. 
Secondly, there are conflicting quantitative reports on the 
values of Tc of the LSCO thin films obtained at the different 
doping levels, film thicknesses and other conditions [3, 10, 
13]. Thirdly, in the literature, one may come to across to the 
variety of qualitative approaches (theoretical models) to the 
strain(pressure)-induced high-Tc phenomena in the LSCO 
thin films [11, 26–29].

Although these models claim to be able to explain the 
numerical values of Tc of the LSCO thin films, one can-
not say that they take into account all features of the phe-
nomenon under consideration. This concerns the role of the 
electron-phonon interaction (EPI) in the cuprates which 
implies a possibility of polaron/bipolaron formation in the 
strong coupling limit, while quasiparticle tunneling spectra 
study of La

1.84
Sr

0.16
CuO

4
 films gave clear evidence that the 

phonons are the relevant bosons involved in quasiparticle-
boson interactions [17]. In addition, in the above papers, the 
phenomenon is considered as a purely two-dimensional one. 
While the cuprates have a quasi-two-dimensional crystal 
structure, it is well understood that EPI plays an important 
role in the cuprates [30, 31], in particular, EPI that involves 
apical oxygen atoms determines dynamics of charge car-
rier in copper-oxygen (CuO

2
 ) plane [32]. And EPI is strong 

enough for favouring (bi)polaron formation [33]. The strong 
EPI manifests itself as polaronic nature of charge carriers 
in the cuprates [34]. The results of many experiments are 
also in satisfactory agreement with a (bi)polaronic approach 
to cuprate superconductivity [35–37]. One may conclude 
that the above theoretical models consider the LSCO thin 
films totally ignoring the strong electron-phonon interaction, 

and consequently ignoring the possibility of polaron and/or 
bipolaron formation. They ignore, in particular, the interac-
tion of in-plane (CuO

2
 ) charge carriers with the c- polarized 

vibrations of the apex oxygen atoms. The latter interaction, 
which depends mainly on the apical-oxygen displacements, 
as shows an improved X-ray phase-retrieval method study 
has a profound effect on the value of Tc of LSCO thin films 
[38]. Therefore, a systematic and comprehensive study of the 
dependence of the value of Tc of LSCO thin films, grown on 
various families of substrates, on doping level x (or Sr con-
centration) is of considerable importance for understanding 
the occurrence of superconductivity not only in these mate-
rials but also, in general, in whole family of the cuprates.

In this work, we will try to consider the issue of high-Tc 
superconductivity of the LSCO thin films, taking into 
account the polaronic features of the phenomenon. In 
doing this, we rely on the extended Holstein-Hubbard (or 
Fröhlich-Coulomb) model of high-Tc superconductivity 
which assumes formation of intersite bipolarons and 
their Bose-Einstein condensation (BEC) giving rise the 
superconductivity. The main idea of our approach was given 
early in the works [39, 40]. In the work [39], the values of 
Tc of La

1.85
Sr

0.15
CuO

4
 and La

1.9
Sr

0.1
CuO

4
 thin films, grown 

on LSAO and STO substrates, were satisfactorily explained. 
The work [40] extends our approach to RBa

2
Cu

3
O

7−� 
cuprates. Here, we will try to explain the dependence of the 
value of Tc of LSCO thin films, grown on LSAO and STO 
substrates, on doping level x (or Sr concentration).

2 � The Model

The cuprates are characterized as a strongly correlated elec-
tron (or hole) and strongly coupled electron-phonon system. 
Such the system can be described by means of an extended 
Holstein-Hubbard (or Fröhlich-Coulomb) model [41]. It was 
shown that within the model, at strong EPI regime and nona-
diabatic approximation, intersite bipolaron tunnel in the first 
order of polaron tunneling and its mass has the same order as 
polaron mass. For the sake of simplicity, we suppose that the 
intersite bipolarons form an ideal gas of charged carriers and 
mass of bipolaron is twice of polaron’s mass, i.e. mbp = 2mp . 
Then, the temperature of Bose-Einstein condensation of the 
intersite bipolarons defines as [39, 40]

where ℏ ( kB ) is Planck’s (Boltzmann’s) constant, 
m∗

= ℏ2
∕2t(a)a2 is the bare band mass, n is density of the 

intersite bipolarons and g2 is the mass renormalization factor 
of polaronic system. In order to get expression for g2 , one 
uses a chain model lattice (Fig. 1) that was introduced by 

(1)TBEC =

3.31ℏ2n2∕3

2kBm
∗

e−g
2

,
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Alexandrov and Kornilovitch in ref. [1] in order to mimic 
an interaction of a hole on CuO

2
 plane with the vibrations of 

apical oxygen ions in the cuprates. Convincing evidence for 
a such coupling of in-plane holes with the c- axis polarized 
vibrations of apical oxygen ions comes from many experi-
ments (for example [42]). Therefore, here we consider only 
that component of the electron-lattice force which represents 
an interaction of a hole on CuO

2
 plane with the c- axis polar-

ized apical oxygen vibrations. In addition, for the sake of 
simplicity, it is assumed that apical oxygen ions are disper-
sionless Einstein oscillators with the vibration frequency � , 
and we estimate the mass renormalization factor g2 within 
extended Holstein model (which is consistent with the ide-
ality of Bose gas of intersite bipolarons). In that case, the 
mass renormalization factor g2 for the given model lattice 
can be expressed as:

where

is a numerical coefficient,

is a polaron shift, M is apical oxygen ion’s mass and f
�
(�) 

is the density-displacement type EPI force defined by ana-
lytical formula

Here � is some coefficient, ∣ � −� ∣ is the distance 
measured in units of the lattice constant a, hO is Cu(1)-O(2) 
bond length, �a is the strain of the a- axis lattice period, 
and �h is the strain of hO . The lattice strains are defined 

(2)g2 = �
Ep

ℏ�
,

(3)� = 1 −

∑

�
f
�
(�)f

�
(� + �)

∑

�
f 2
�
(�)

(4)Ep =
1

2M�2

∑

�

f 2
�
(�)

(5)f
�
(�) =

�hO(1 − �h)

[∣ (� −�)(1 − �a) ∣
2
+(hO(1 − �h))

2
]
3∕2

.

as �a = (aunst − astr)∕aunst and �h = (hO,unst − hO,str)∕hO,unst , 
where subscripts unstr and str stand for unstrained and 
strained, respectively. Thus, the positive (negative) value 
of the variable �i ( i = a, h ) corresponds to the compres-
sive (tensile) strain. Equation (5) is a generalization of 
the force considered in ref. [1] (see Eq. (9) there). Such 
an explicit choice of the analytical formula for the force 
of EPI allows one to interrelate the temperature of Bose-
Einstein condensation of the intersite bipolarons with 
the lattice strains through the mass of intersite bipolaron. 
The strains contribute to TBEC not only through g2 but also 
through bipolaron’s concentration n as upon deformation 
an initial volume V

0
 of the sample changes and becomes 

V(�a, �b, �c) = V
0
(1 − �a)(1 − �b)(1 − �c) . As a result, the 

concentration of intersite bipolarons becomes the function 
of the strains too:

In obtaining the last expression, we put n
0
= N∕V

0
 (N 

is the total number of intersite bipolarons in the sample) 
and neglected the terms of the quadratic order of smallness, 
i.e. ∼ ◦(�2) . The above equations are the main analytical 
results of the model, according to which discussion of the 
experimental data for LSCO thin films will be done in the 
next section.

3 � Results and Discussion

In the previous section, we expressed the temperature of 
Bose-Einstein condensation of intersite bipolarons TBEC 
(Eq. (1)) through two basic parameters of a system: (i) the 
density of intersite bipolarons n and (ii) the exponent g2 of 
the polaron mass enhancement. With the help of the above 
equations, one can study the dependence of the temperature 
of Bose-Einstein condensation TBEC on the lattices strains 
�a (or �b ) and �c through n and g2 . The latter dependence, of 
course, originates from the polaronic effect. Here, we discuss 

(6)n = n
0
(1 + �a)(1 + �b)(1 + �c).

Fig. 1   The strained chain model lattice of cuprates. An electron performs 
hopping motion in a one-dimensional chain of the ions (lower chain — 
black circles) and interacts with all ions of an upper chain (open circles 
which is apical oxygen ions O(2)) via a density-displacement type force 

f
�
(�) (dashed lines). The distance between the ions of lower chain a is 

set equal to CuO
2
 in-plane lattice period of La

2−x
SrxCuO

4
 . The distance 

between the ions of lower chain and the ions of upper chain are assumed 
equal to h

O
 which is Cu(1)-O(2) bond length of La

2−x
SrxCuO

4
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the possibility of application of Eq. (1) to LSCO films with a 
thickness of 500 Å grown on two types of substrates, namely, 
on LSAO and STO substrates. A common note to both cases 
(substrates) is that we consider the influence of the substrate 
to the superconducting properties of the thin film, in par-
ticular, to the value of Tc , only through the strains of the 
lattice constants of the thin films which are originated due 
to mismatch of lattice constants of the film and substrate. In 
our formulas, we use the numerical values of physical quan-
tities in natural units, that is, in SI units, in order to easily 
compare the theoretically calculated results with the available 
experimental data. As in our study, the essential role is given 
to the electron-phonon interaction of CuO

2
 in-plane charge 

carriers with the c-axis polarized vibrations of apical oxygen 
ions (i) we put M=16 a.m.u. (2.6565032⋅10−26 kg); (ii) for 
the apical oxygen ion’s vibration frequency, we accept ℏ�
=0.075 eV (1.2016324237⋅10−20 J) which is common for all 
cuprates. And for the bipolaron concentration, we accept the 
value n

0
= 1 ⋅ 10

21 cm−3 . Furthermore, we will associate the 
distance between the ions of lower chain a in Fig. 1 with the 
CuO

2
-plane lattice period of tetragonal La

2−xSrxCuO
4
 . And 

the distance between the ions of lower chain and the ions of 
upper chain hO in Fig. 1 we will associate with the Cu(1)-
O(2) bond length of tetragonal La

2−xSrxCuO
4
 . The distances 

a and hO for the tetragonal La
2−xSrxCuO

4
 at different doping 

levels x (or Sr concentration) can be found in ref. [43]. As 
for the lattice constants of the LSCO thin films (LSAO and 
STO substrates), we took them from Fig. 13 and Table 3 of 
ref. [3]. Concerning the strain �a of the lattice constant a of 
LSCO thin films grown on LSAO and STO substrates, it is 
also given in Table 4 of the same ref. [3]. However, these 
values of the strains, according to our calculations, are more 
probably related to the state of the films and substrates at 
T=295 K, while superconductivity of LSCO cuprates occurs 
at relatively low temperatures of the order of 30 K. Then, it 
is natural to expect that the lattice strains at low tempera-
tures will differ from those values of Table 4 of the same ref. 
[3]. Therefore, it would be more adequate to determine and 
use in our calculations the lattice strains of LSCO thin films 
corresponding to low temperatures of the order of 30 K. For 
that reason, we used the data of lattice periods from [43] 
corresponding to the temperature 10 K. Next, we calculated 
the numerical values of TBEC of LSCO thin films grown on 
LSAO and STO substrates. In doing this, we firstly chose 
the value of polaron shift Ep in such a way that the calcu-
lated value of TBEC in absence of the strains, i.e. �a =0 and �h
=0, is equal to the experimental value of Tc of bulk LSCO. 
Secondly, since the value of �c is not given in Table 4 of 
ref. [3] in order to estimate the value of �c for 500 Å thick 
films, we used the existing correspondences between �a and 
�c of 2000 Å thick films of LSCO [9]. Thirdly, in calculat-
ing TBEC at arbitrary �a and �h , for the strain �h , we accept 
a double value of the �c , i.e. �h = 2 × �c , as according to 

ref. [44] deformation of Cu(1)-O(2) bond length “is roughly 
twice as large as the cell compression along the same direc-
tion (c-axis)”. The calculated values of TBEC of LSCO thin 
films, with different doping levels x, grown on LSAO and 
STO substrates are given in Table 1. These values of TBEC are 
calculated for the doping levels x=0.075, 0.1, 0.1125, 0.1250, 
0.1375, 0.15, 0.2 and 0.25. For each doping level, the strains 
are calculated using the experimental lattice parameters of 
LSCO both bulk and film. The essential lattice parameters 
of LSCO both bulk and films are the lattice periods a and 
c of tetragonal LSCO as well as atomic position parameter 
z[O(2)]. The latter characterizes a position of O[2] apical 
oxygen with respect to CuO

2
 plane. Using z[O(2)] and c, one 

can easily determine the Cu[1]-O[2] distance by a formula 
hO = c × z[O(2)]. The numerical values of these data as well 
as the values of polaron shift Ep , polaron’s mass mp , in-plane 
polaron’s mass mab and � at different levels of Sr concentra-
tion x are summarized in the same Table 1. The mass of 
in-plane polaron mab is calculated by using the formulas 
mp = m

2∕3

ab
m

1∕3

c  and �m = mc∕mab . The latter is taken equal 
to 160 for LSCO at all doping levels [45]. In the same table, 
for the purpose of comparison, the experimental values of Tc 
of LSCO thin films are given too. From the table, one can 
see that there is a good agreement between calculated TBEC of 
our model and experimental Tc of LSCO thin films grown on 
LSAO and STO substrates. In case of LSCO thin films grown 
on LSAO substrate, we performed calculations of TBEC for 
two temperatures, namely, at T=10 K and T=295 K. While 
for LSCO thin films grown on STO substrate, we could not 
find measured lattice constants of the films in ref. [3] except 
the data for the film with doping level x=0.15. Therefore, 
for doping level x=0.15, we calculated TBEC of LSCO thin 
films grown on STO films by using the data from Table 4 
and Fig. 13 of ref. [3] while for other values of the doping 
levels we did the same calculations by using �a from Table 4 
of ref. [3] and �c estimated from the experimental data of the 
lattice constants from ref. [43] for the temperature T=10 K. 
The theoretically obtained results are graphically presented 
in Fig. 2 too. The experimental values of the temperature of 
superconductivity Tc of LSCO bulk samples are taken from 
ref. [46] (dashed line). And the same for the films with the 
thickness of 500 Å grown on LSAO and STO substrates are 
taken from Fig. 16 of ref. [3]. As one can see from Table 1 
as well as from Fig. 2, the theoretically calculated values 
of TBEC are close to the experimental values of Tc of LSCO 
thin films. This agreement is satisfactorily in a whole region 
of the doping level. For the LSCO/LSAO system, at some 
values of the doping levels, namely at x=0.1, 0.1125, 0.2, 
we found a surprising match between TBEC and Tc with the 
absolute accuracy of less that ± 1 K. In particular, we confirm 
an early obtained result of Tc=39 K for 500Å thick La

1.9
Sr

0.1

CuO
4
 film grown on LSAO substrate [3]. Meanwhile, for 

other values of doping levels of the LSCO/LSAO system, 
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the absolute discrepancies of the calculated values of TBEC 
from Tc are less that ± 5 K. The absolute discrepancies of the 
calculated values of TBEC from Tc of LSCO/STO system are 

less that ±2.5 K. However, at some values of doping level 
x, the values of TBEC differ from Tc significantly. This dis-
crepancy, as is seen from Fig. 2, is more pronounced in the 

Table 1   The calculated 
values of TBEC , Ep , mp , mab 
and � at different levels of 
Sr concentration x for La

2−x

SrxCuO
4
 thin films with a 

thickness of 500 Å grown 
on LaSrAlO

4
 and SrTiO

3
 

substrates. The lattice 
parameters for bulk samples 
are taken from ref. [43], and 
the same for the films are taken 
from [3]. The strains along 
a-axis of the films as well as the 
experimental values of Tc of the 
films are also taken from [3]. 
The value of �c was estimated 
according to the existing 
correspondences between �a 
and �c of 2000 Å thick films of 
LSCO [9]

x 0.0750 0.1000 0.1125 0.1250 0.1375 0.1500 0.2000 0.2500
a, Å Bulk LSCO 3.7861 3.7811 3.7785 3.7768 3.7750 3.7736 3.7640 3.7602
c, Å 13.1640 13.1700 13.1813 13.1859 13.1881 13.1973 13.2146 13.2214
z[O(2)], Å 0.1835 0.1829 0.1829 0.1828 0.1827 0.1827 0.1819 0.1813
hO , Å 2.4156 2.4088 2.4109 2.4104 2.4095 2.4111 2.4035 2.3970
afilm , Å LSAO 3.7564 3.7564 3.7564 3.7564 3.7564 3.7564 3.7564 3.7564

STO 3.7984
cfilm , Å LSAO 13.2850 13.2900 13.2855 13.2890 13.2900 13.2950 13.2959 13.2952

STO 13.1731
�a , % LSAO [3] 0.8750 0.7500 0.7230 0.6600 0.6150 0.5700 0.4400 0.3200

STO [3] -3.0600 -3.1900 -3.2350 -3.2800 -3.3250 -3.3700 -3.5100 -3.6300
�c , % LSAO -1.0259 -1.0300 -0.9525 -0.9531 -0.8309 -0.9273 -1.0766 -1.4346

STO 0.7650 0.7975 0.8087 0.8200 0.8312 0.8425 0.8775 0.9075
Ep , eV LSAO 0.4731 0.3991 0.4001 0.4105 0.3819 0.3740 0.3947 0.4916

STO 0.5376 0.4549 0.4538 0.4660 0.4301 0.4246 0.4543 0.5825
� LSAO 0.6767 0.6784 0.6785 0.6788 0.6805 0.6789 0.6782 0.6757

STO 0.7219 0.7239 0.7234 0.7237 0.7240 0.7237 0.7252 0.7273
mab,me LSAO 13.1483 6.8073 6.8732 7.5627 5.8899 5.4407 6.5356 15.4496

STO 32.5717 14.8700 14.6617 16.5292 11.7015 11.0831 14.8963 52.2740
mp,me LSAO 71.3800 36.9558 37.3137 41.0568 31.9756 29.5370 35.4808 83.8734

STO 176.826 80.7268 79.5959 89.7343 63.5253 60.1682 80.8696 283.789
TBEC , K LSAO 20.4651 39.4593 39.1061 35.5103 45.6400 49.3165 40.9031 17.1950

STO 8.0370 17.5829 17.8254 15.8049 22.3165 23.5520 17.5000 4.9800
Tc , K LSAO [3] 26.0 39.0 39.5 40.5 42.4 44.5 35.0 31.7

STO [3] 8.0 19.0 18.7 19.0 21.0 23.0 16.0 0

Fig. 2   The phase diagram of 
LSCO films with a thickness 
of 500 Å in ( T

BEC
, x ) plane. 

The experimental values of 
T
c
 of LSCO thin films grown 

on LSAO (STO) substrate are 
given by open circles (open 
triangles). For the LSCO/LSAO 
system, T

BEC
 is calculated for 

the temperatures 10 K (filled 
circles) and 295 K (filled 
squares). For the LSCO/STO 
system, T

BEC
 is calculated for 

the temperature 10 K (filled 
triangles). The dashed line pre-
sents the experimental values of 
T
c
 of bulk LSCO. The lines are 

a guide to the eye
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overdoped regime. The reasons of the discrepancies we will 
discuss below.

Now, it would be useful to make general remarks on our 
model and the obtained results: 

	 (i)	 Our model takes into account the main features of 
cuprates, that is, the strong electron-phonon inter-
action, which determines the state and dynamics of 
charge carriers (polarons and bipolarons);

	 (ii)	 Our model considers the cuprates as quasi-2D struc-
ture in which the dynamics of (bi)polarons is gov-
erned not only by the lattice dynamics of CuO

2
-plane 

(i.e. ab-plane) ions but also by the vibrations of the 
out of ab-plane ions which are apical oxygen ions;

	 (iii)	 It is able to take also into account the lattice strains 
in the crystal structure of cuprates, in particularly, the 
strains in the cuprate thin films which are subjected 
to the deformation in all direction simultaneously;

	 (iv)	 As it is observed in many experiments our model 
gives high (low) value of TBEC of thin film compared 
the bulk value of TBEC when ab-plane of the cuprate 
film is compressed (stretched). The same is true when 
c-axis of the cuprate film is stretched (compressed);

In turn, we have to in some way interpret the discrepancies 
between our TBEC and experimental Tc at certain values of 
doping levels. There might be several reasons of the discrep-
ancies. They are: 

(i)	 The use of the extended Holstein-Hubbard (or Fröhlich-
Coulomb) model at strong coupling regime and nonabi-
abatic limit while in a real situation the cuprates might 
be in some doping regimes at moderate values of elec-
tron-phonon coupling as well as in intermediate regimes 
of abiabaticy;

(ii)	 The choice of model lattice which is the simplest one. 
It is one-dimensional. In reality, one should consider 
the three-dimensional crystal structure of LSCO;

(iii)	 The choice of electron-phonon “density-displacement” 
type force in the form of Eq. (5) that might lead to the 
underestimation the value of Ep in the cuprates like the 
case with Fröhlich type EPI [47];

(iv)	 The estimation the mass of polaron (bipolaron) within 
the extended Holstein model thus ignoring the correla-
tion effects that is important in the cuprates;

(v)	 And the last one is the use of assumption that bipo-
larons form an ideal gas (their Bose-Einstein condensa-
tion temperature is determined by the Eq. (1)). As it is 
seen from our results, Fig. 2, such the assumption may 
be valid in underdoped and optimally doped regimes, 
but in the overdoped regime it underestimates the val-
ues of TBEC;

All the above points might contribute to the full discrepancy. 
Apart from the above theoretical reasons, there might be the 
reasons from the experimental sites that measure Tc by vari-
ous methods. In the literature, one finds the experimental 
works in which Tc reported (measured) as onset temperature, 
midpoint temperature and the temperature at which the resis-
tivity becomes 90% of the value at the onset temperature as 
well as the zero-resistivity temperature. In our opinion, these 
circumstances might also cause some inconsistency between 
our TBEC and experimental Tc . Nevertheless, as one can see 
from our numerical results, in general, our model satisfac-
torily explains the value of Tc of LSCO thin films grown 
on LSAO and STO substrates. Then, one could conclude 
that even with such a type of simple assumptions our model 
captures the essential physics of the LSCO.

It is remarkable that TBEC versus x dependence obtained 
in our model has a dome-like shape similar to the shape of 
Tc versus x dependence of bulk LSCO, i.e. the phase dia-
gram of bulk LCSO. In such circumstances, Fig. 2 can be 
interpreted as the phase diagram of the strained LCSO thin 
films. It is interesting that the phase diagram of LCSO thin 
films exhibits a feature, near doping level x=1/8, similar to 
the observed “1/8”-anomaly in the phase diagram of bulk 
LSCO. Of course, this “1/8”-anomaly (feature) of the phase 
diagram of LSCO thin films is originated from polaronic-
structural effect. And it is one of the conclusions of our 
model that gives realistic phase diagram for the strained 
LSCO thin films in ( Tc,x) plane with “1/8”-anomaly feature.

4 � Conclusion

We studied the thin films of La
2−xSrxCuO

4
 cuprate within the 

framework of the extended Holstein-Hubbard (or Fröhlich-
Coulomb) model. Namely, we were interested with the values 
of Tc of LSCO thin films grown on LSAO and STO sub-
strates. We accepted the bipolaronic mechanism of supercon-
ductivity for cuprates in which Tc is associated with the Bose-
Einstein condensation temperature TBEC of the ideal gas of 
the intersite bipolarons. In our model, TBEC we defined from 
Eq. (1) where both mass of (bi)polaron and concentration 
of bipolarons depend on the crystal lattice structure through 
the lattice constants and lattice period’s strains. In turn, the 
all lattice parameters (periods and strains) of bulk LSCO 
depend on doping level. In addition, the lattice parameters 
of the films depend on the type of substrate. Eventually, we 
were able to interrelate TBEC through the lattice parameters 
of the films. Then, we calculated the values of Bose-Einstein 
condensation temperature TBEC of the ideal gas of intersite 
bipolarons in LSCO thin film grown on LSAO and STO sub-
strates. In doing this, we take into account the real values of 
lattice constants of the thin films and strains. The calculated 
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values of Bose-Einstein condensation temperature TBEC of 
the ideal gas of intersite bipolarons in LSCO thin film grown 
on LSAO and STO substrates are in satisfactory agreement 
with the values of the temperature of superconductivity Tc 
of the considering thin films. Some discrepancies between 
our TBEC and experimental Tc might be the result of several 
reasons. We discussed the reasons of the discrepancies too. 
TBEC versus x dependence obtained in our model has a dome-
like shape similar to the shape of Tc versus x dependence of 
bulk LSCO. This dependence has the “1/8”-anomaly feature 
and can be interpreted as a phase diagram of strained LSCO 
thin films.

Declarations 

Conflict of Interest  The authors declare no competing interests.

References

	 1.	 Alexandrov, A., Kornilovitch, P.: Phys. Rev. Lett. 82(4), 807 
(1999). https://​doi.​org/​10.​1103/​PhysR​evLett.​82.​807

	 2.	 Singh, N.: Physica C: Superconductivity and its Applications 
580, 1353782 (2021). https://​doi.​org/​10.​1016/j.​physc.​2020.​
13537​82. https://​www.​scien​cedir​ect.​com/​scien​ce/​artic​le/​pii/​
S0921​45342​03038​04

	 3.	 Naito, M., Sato, H., Tsukada, A., Yamamoto, H.: Physica C: 
Superconductivity and its Applications 546, 84 (2018). https://​
doi.​org/​10.​1016/j.​physc.​2017.​11.​010. https://​www.​scien​cedir​ect.​
com/​scien​ce/​artic​le/​pii/​S0921​45341​73009​77

	 4.	 Suzuki, M.: Phys. Rev. B 39(4), 2312 (1989). https://​doi.​org/​10.​
1103/​PhysR​evB.​39.​2312

	 5.	 Kao, H., Kwo, J., Fleming, R., Hong, M., Mannaerts, J.: Appl. 
Phys. Lett. 59(21), 2748 (1991). https://​doi.​org/​10.​1063/1.​105876

	 6.	 Cieplak, M.Z., Berkowski, M., Guha, S., Cheng, E., Vagelos, A.S., 
Rabinowitz, D.J., Wu, B., Trofimov, I.E., Lindenfeld, P.: Appl. 
Phys. Lett. 65(26), 3383 (1994). https://​doi.​org/​10.​1063/1.​112399

	 7.	 Trofimov, I.E., Johnson, L.A., Ramanujachary, K.V., Guha, S., 
Harrison, M.G., Greenblatt, M., Cieplak, M.Z., Lindenfeld, P.: 
Appl. Phys. Lett. 65(19), 2481 (1994). https://​doi.​org/​10.​1063/1.​
112671

	 8.	 Locquet, J.P., Jaccard, Y., Cretton, A., Williams, E.J., Arrouy, F., 
Mächler, E., Schneider, T., Fischer, O., Martinoli, P.: Phys. Rev. 
B 54, 7481 (1996). https://​doi.​org/​10.​1103/​PhysR​evB.​54.​7481. 
https://​link.​aps.​org/​doi/​10.​1103/​PhysR​evB.​54.​7481

	 9.	 Sato, H., Naito, M.: Physica C 274(3–4), 221 (1997). https://​doi.​
org/​10.​1016/​S0921-​4534(96)​00675-2

	10.	 Locquet, J.P., Perret, J., Fompeyrine, J., Machler, E., Seo, J.W., 
Tendeloo, G.V.: Nature 394, 453 (1998). https://​doi.​org/​10.​1038/​
28810

	11.	 Chen, X.J., Lin, H.Q., Gong, C.D.: Phys. Rev. B 61, 9782 (2000). 
https://​doi.​org/​10.​1103/​PhysR​evB.​61.​9782. https://​link.​aps.​org/​
doi/​10.​1103/​PhysR​evB.​61.​9782

	12.	 Sato, H., Tsukada, A., Naito, M., Matsuda, A.: Phys. Rev. B 
61, 12447 (2000). https://​doi.​org/​10.​1103/​PhysR​evB.​61.​12447. 
https://​link.​aps.​org/​doi/​10.​1103/​PhysR​evB.​61.​12447

	13.	 Bozovic, I., Logvenov, G., Belca, I., Narimbetov, B., Sveklo, 
I.: Phys. Rev. Lett. 89, 107001 (2002). https://​doi.​org/​10.​1103/​
PhysR​evLett.​89.​107001. URL https://​link.​aps.​org/​doi/​10.​1103/​
PhysR​evLett.​89.​107001

	14.	 Abrecht, M., Ariosa, D., Cloetta, D., Mitrovic, S., Onellion, M., 
Xi, X.X., Margaritondo, G., Pavuna, D.: Phys. Rev. Lett. 91, 
057002 (2003). https://​doi.​org/​10.​1103/​PhysR​evLett.​91.​057002. 
https://​link.​aps.​org/​doi/​10.​1103/​PhysR​evLett.​91.​057002

	15.	 Cloetta, D., Ariosa, D., Cancellieri, C., Abrecht, M., Mitrovic, 
S., Pavuna, D.: Phys. Rev. B 74, 014519 (2006). https://​doi.​org/​
10.​1103/​PhysR​evB.​74.​014519. https://​link.​aps.​org/​doi/​10.​1103/​
PhysR​evB.​74.​014519

	16.	 Cieplak, M.Z., Berkowski, M., Abal’oshev, A., Guha, S., Wu, Q.: 
Supercond. Sci. Technol. 19(6), 564 (2006). https://​doi.​org/​10.​
1088/​0953-​2048/​19/6/​025

	17.	 Shim, H., Chaudhari, P., Logvenov, G., Bozovic, I.: Phys. Rev. Lett. 
101(24), 247004 (2008). https://​doi.​org/​10.​1103/​PhysR​evLett.​101.​
247004

	18.	 Lemberger, T.R., Hetel, I., Tsukada, A., Naito, M.: Phys. Rev. B 
82, 214513 (2010). https://​doi.​org/​10.​1103/​PhysR​evB.​82.​214513. 
https://​link.​aps.​org/​doi/​10.​1103/​PhysR​evB.​82.​214513

	19.	 Božović, I., He, X., Wu, J., Bollinger, A.T.: Nature 536, 309 
(2016). https://​doi.​org/​10.​1038/​natur​e19061

	20.	 Howald, L., Stilp, E., Baiutti, F., Dietl, C., Wrobel, F., Logvenov, 
G., Prokscha, T., Salman, Z., Wooding, N., Pavuna, D., Keller, 
H., Suter, A.: Phys. Rev. B 97, 094514 (2018). https://​doi.​org/​
10.​1103/​PhysR​evB.​97.​094514. https://​link.​aps.​org/​doi/​10.​1103/​
PhysR​evB.​97.​094514

	21.	 Mahmood, F., He, X., Božović, I., Armitage, N.P.: Phys. Rev. Lett. 
122, 027003 (2019). https://​doi.​org/​10.​1103/​PhysR​evLett.​122.​
027003. https://​link.​aps.​org/​doi/​10.​1103/​PhysR​evLett.​122.​027003

	22.	 Simon, R.: Phys. Today 44(6), 64 (1991). https://​doi.​org/​10.​
1063/1.​881262

	23.	 Klein, N.: Rep. Prog. Phys. 65(10), 1387 (2002). https://​doi.​org/​
10.​1088/​0034-​4885/​65/​10/​201

	24.	 Tanaka, S.: Jpn. J. Appl. Phys. 45(12), 9011 (2006). https://​doi.​
org/​10.​1143/​jjap.​45.​9011

	25.	 Bussmann-Holder, A., Keller, H.: Zeitschrift für Naturforschung 
B 75(1–2), 3 (2020). https://​doi.​org/​10.​1515/​znb-​2019-​0103

	26.	 Ogata, M., Shiba, H.: J. Phys. Soc. Jpn. 57(9), 3074 (1988). 
https://​doi.​org/​10.​1143/​JPSJ.​57.​3074

	27.	 Goddard, W.: In High Temperature Superconductivity (Proceed-
ings of the 39th Scottish Universities Summer School in Physics) 
D.P. Tunstall and W. Barfold – editors pp. 351–392 (1991)

	28.	 Lin, H., Chen, X., Gong, C.D.: Physica C: Superconductivity 
341-348, 445 (2000). https://​doi.​org/​10.​1016/​S0921-​4534(01)​
80003-4. https://​www.​scien​cedir​ect.​com/​scien​ce/​artic​le/​pii/​
S0921​45340​18000​34. Materials and Mechanisms of Supercon-
ductivity High Temperature Superconductors VI

	29.	 Sakakibara, H., Suzuki, K., Usui, H., Kuroki, K., Arita, R., Scalapino, 
D.J., Aoki, H.: Phys. Rev. B 86, 134520 (2012). https://​doi.​org/​10.​1103/​
PhysR​evB.​86.​134520. https://​link.​aps.​org/​doi/​10.​1103/​PhysR​evB.​86.​
134520

	30.	 Schneider, T., Khasanov, R., Conder, K., Keller, H.: J. Phys. Con-
dens. Matter 15(50), L763 (2003). https://​doi.​org/​10.​1088/​0953-​
8984/​15/​50/​l03

	31.	 Mishchenko, A.: Phys. Usp. 52(12), 1193 (2009). https://​doi.​org/​
10.​3367/​UFNe.​0179.​20091​2b.​1259

	32.	 Bussmann-Holder, A., Genzel, L., Bishop, A.R., Simon, A.: 
Philos. Mag. B 75(4), 463 (1997). https://​doi.​org/​10.​1080/​
13642​81970​82023​31

	33.	 Gadermaier, C., Alexandrov, A., Kabanov, V., Kusar, P., Mertelj, 
T., Yao, X., Manzoni, C., Brida, D., Cerullo, G., Mihailovic, D.: 
Phys. Rev. Lett. 105, 257001 (2010). https://​doi.​org/​10.​1103/​
PhysR​evLett.​105.​257001

	34.	 Kresin, V., Wolf, S.: Rev. Mod. Phys. 81(2), 481 (2009). https://​
doi.​org/​10.​1103/​RevMo​dPhys.​81.​481

	35.	 Alexandrov, A.S.: Physica Scripta 83(3), 038301 (2011). https://​
doi.​org/​10.​1088/​0031-​8949/​83/​03/​038301

3535Journal of Superconductivity and Novel Magnetism (2022) 35:3529–3536

https://doi.org/10.1103/PhysRevLett.82.807
https://doi.org/10.1016/j.physc.2020.1353782
https://doi.org/10.1016/j.physc.2020.1353782
https://www.sciencedirect.com/science/article/pii/S0921453420303804
https://www.sciencedirect.com/science/article/pii/S0921453420303804
https://doi.org/10.1016/j.physc.2017.11.010
https://doi.org/10.1016/j.physc.2017.11.010
https://www.sciencedirect.com/science/article/pii/S0921453417300977
https://www.sciencedirect.com/science/article/pii/S0921453417300977
https://doi.org/10.1103/PhysRevB.39.2312
https://doi.org/10.1103/PhysRevB.39.2312
https://doi.org/10.1063/1.105876
https://doi.org/10.1063/1.112399
https://doi.org/10.1063/1.112671
https://doi.org/10.1063/1.112671
https://doi.org/10.1103/PhysRevB.54.7481
https://link.aps.org/doi/10.1103/PhysRevB.54.7481
https://doi.org/10.1016/S0921-4534(96)00675-2
https://doi.org/10.1016/S0921-4534(96)00675-2
https://doi.org/10.1038/28810
https://doi.org/10.1038/28810
https://doi.org/10.1103/PhysRevB.61.9782
https://link.aps.org/doi/10.1103/PhysRevB.61.9782
https://link.aps.org/doi/10.1103/PhysRevB.61.9782
https://doi.org/10.1103/PhysRevB.61.12447
https://link.aps.org/doi/10.1103/PhysRevB.61.12447
https://doi.org/10.1103/PhysRevLett.89.107001
https://doi.org/10.1103/PhysRevLett.89.107001
https://link.aps.org/doi/10.1103/PhysRevLett.89.107001
https://link.aps.org/doi/10.1103/PhysRevLett.89.107001
https://doi.org/10.1103/PhysRevLett.91.057002
https://link.aps.org/doi/10.1103/PhysRevLett.91.057002
https://doi.org/10.1103/PhysRevB.74.014519
https://doi.org/10.1103/PhysRevB.74.014519
https://link.aps.org/doi/10.1103/PhysRevB.74.014519
https://link.aps.org/doi/10.1103/PhysRevB.74.014519
https://doi.org/10.1088/0953-2048/19/6/025
https://doi.org/10.1088/0953-2048/19/6/025
https://doi.org/10.1103/PhysRevLett.101.247004
https://doi.org/10.1103/PhysRevLett.101.247004
https://doi.org/10.1103/PhysRevB.82.214513
https://link.aps.org/doi/10.1103/PhysRevB.82.214513
https://doi.org/10.1038/nature19061
https://doi.org/10.1103/PhysRevB.97.094514
https://doi.org/10.1103/PhysRevB.97.094514
https://link.aps.org/doi/10.1103/PhysRevB.97.094514
https://link.aps.org/doi/10.1103/PhysRevB.97.094514
https://doi.org/10.1103/PhysRevLett.122.027003
https://doi.org/10.1103/PhysRevLett.122.027003
https://link.aps.org/doi/10.1103/PhysRevLett.122.027003
https://doi.org/10.1063/1.881262
https://doi.org/10.1063/1.881262
https://doi.org/10.1088/0034-4885/65/10/201
https://doi.org/10.1088/0034-4885/65/10/201
https://doi.org/10.1143/jjap.45.9011
https://doi.org/10.1143/jjap.45.9011
https://doi.org/10.1515/znb-2019-0103
https://doi.org/10.1143/JPSJ.57.3074
https://doi.org/10.1016/S0921-4534(01)80003-4
https://doi.org/10.1016/S0921-4534(01)80003-4
https://www.sciencedirect.com/science/article/pii/S0921453401800034
https://www.sciencedirect.com/science/article/pii/S0921453401800034
https://doi.org/10.1103/PhysRevB.86.134520
https://doi.org/10.1103/PhysRevB.86.134520
https://link.aps.org/doi/10.1103/PhysRevB.86.134520
https://link.aps.org/doi/10.1103/PhysRevB.86.134520
https://doi.org/10.1088/0953-8984/15/50/l03
https://doi.org/10.1088/0953-8984/15/50/l03
https://doi.org/10.3367/UFNe.0179.200912b.1259
https://doi.org/10.3367/UFNe.0179.200912b.1259
https://doi.org/10.1080/13642819708202331
https://doi.org/10.1080/13642819708202331
https://doi.org/10.1103/PhysRevLett.105.257001
https://doi.org/10.1103/PhysRevLett.105.257001
https://doi.org/10.1103/RevModPhys.81.481
https://doi.org/10.1103/RevModPhys.81.481
https://doi.org/10.1088/0031-8949/83/03/038301
https://doi.org/10.1088/0031-8949/83/03/038301


1 3

	36.	 Bendele, M., von Rohr, F., Guguchia, Z., Pomjakushina, E., Conder, 
K., Bianconi, A., Simon, A., Bussmann-Holder, A., Keller, H.: Phys. 
Rev. B 95, 014514 (2017). https://​doi.​org/​10.​1103/​PhysR​evB.​95.​
014514. https://​link.​aps.​org/​doi/​10.​1103/​PhysR​evB.​95.​014514

	37.	 Müller, K.: Journal of Superconductivity and Novel Magnetism 
30(11), 3007 (2017). https://​doi.​org/​10.​1007/​s10948-​017-​4262-7

	38.	 Zhou, H., Yacoby, Y., Butko, V.Y., Logvenov, G., Bozovic, I., 
Pindak, R.: PNAS 107(18), 8103 (2010). https://​doi.​org/​10.​1073/​
pnas.​09147​02107

	39.	 Yavidov, B.: Physica C 471(3–4), 71 (2011). https://​doi.​org/​10.​
1016/j.​physc.​2010.​12.​008

	40.	 Yavidov, B., Djumanov, S., Karimboev, E.: Physica B: Condensed 
Matter 407(13), 2490 (2012). https://​doi.​org/​10.​1016/j.​physb.​
2012.​03.​051. https://​www.​scien​cedir​ect.​com/​scien​ce/​artic​le/​pii/​
S0921​45261​20030​79

	41.	 Alexandrov, A., Kornilovitch, P.: Journal of Physics: Condensed 
Matter 14(21), 5337 (2002). https://​doi.​org/​10.​1088/​0953-​8984/​
14/​21/​308

	42.	 Timusk, T., Homes, C., Reichardt, W.: In Anharmonic Proper-
ties of High-T

C
 Cuprates, D. Mihailović and et. al. – editors pp. 

171–178 (1995)
	43.	 Radaelli, P.G., Hinks, D.G., Mitchell, A.W., Hunter, B.A., Wagner, J.L., 

Dabrowski, B., Vandervoort, K.G., Viswanathan, H.K., Jorgensen, J.D.: 

Phys. Rev. B 49, 4163 (1994). https://​doi.​org/​10.​1103/​PhysR​evB.​49.​
4163. https://​link.​aps.​org/​doi/​10.​1103/​PhysR​evB.​49.​4163

	44.	 Pei, S., Jorgensen, J., Hinks, D., Dabrowski, B., Lightfoot, P., 
Richards, D.: Physica C: Superconductivity 169(1), 179 (1990). 
https://​doi.​org/​10.​1016/​0921-​4534(90)​90307-Z. https://​www.​
scien​cedir​ect.​com/​scien​ce/​artic​le/​pii/​09214​53490​90307Z

	45.	 Alexandrov, A.S., Kabanov, V.V.: Phys. Rev. B 59, 13628 (1999). 
https://​doi.​org/​10.​1103/​PhysR​evB.​59.​13628. https://​link.​aps.​org/​
doi/​10.​1103/​PhysR​evB.​59.​13628

	46.	 H. Takagi, T. Ido, S. Ishibashi, M. Uota, S. Uchida, Y. Tokura, 
Phys. Rev. B 40, 2254 (1989). https://​doi.​org/​10.​1103/​PhysR​evB.​
40.​2254. https://​link.​aps.​org/​doi/​10.​1103/​PhysR​evB.​40.​2254

	47.	 Alexandrov, A., Bratkovsky, A.: Phys. Rev. Lett. 105(22), 226408 
(2010). https://​doi.​org/​10.​1103/​PhysR​evLett.​105.​226408

Publisher’s Note  Springer Nature remains neutral with regard to 
jurisdictional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds 
exclusive rights to this article under a publishing agreement with the 
author(s) or other rightsholder(s); author self-archiving of the accepted 
manuscript version of this article is solely governed by the terms of 
such publishing agreement and applicable law.

3536 Journal of Superconductivity and Novel Magnetism (2022) 35:3529–3536

https://doi.org/10.1103/PhysRevB.95.014514
https://doi.org/10.1103/PhysRevB.95.014514
https://link.aps.org/doi/10.1103/PhysRevB.95.014514
https://doi.org/10.1007/s10948-017-4262-7
https://doi.org/10.1073/pnas.0914702107
https://doi.org/10.1073/pnas.0914702107
https://doi.org/10.1016/j.physc.2010.12.008
https://doi.org/10.1016/j.physc.2010.12.008
https://doi.org/10.1016/j.physb.2012.03.051
https://doi.org/10.1016/j.physb.2012.03.051
https://www.sciencedirect.com/science/article/pii/S0921452612003079
https://www.sciencedirect.com/science/article/pii/S0921452612003079
https://doi.org/10.1088/0953-8984/14/21/308
https://doi.org/10.1088/0953-8984/14/21/308
https://doi.org/10.1103/PhysRevB.49.4163
https://doi.org/10.1103/PhysRevB.49.4163
https://link.aps.org/doi/10.1103/PhysRevB.49.4163
https://doi.org/10.1016/0921-4534(90)90307-Z
https://www.sciencedirect.com/science/article/pii/092145349090307Z
https://www.sciencedirect.com/science/article/pii/092145349090307Z
https://doi.org/10.1103/PhysRevB.59.13628
https://link.aps.org/doi/10.1103/PhysRevB.59.13628
https://link.aps.org/doi/10.1103/PhysRevB.59.13628
https://doi.org/10.1103/PhysRevB.40.2254
https://doi.org/10.1103/PhysRevB.40.2254
https://link.aps.org/doi/10.1103/PhysRevB.40.2254
https://doi.org/10.1103/PhysRevLett.105.226408

	On the Critical Temperature of Superconductivity of LaSrCuO Thin Films
	Abstract
	1 Introduction
	2 The Model
	3 Results and Discussion
	4 Conclusion
	References


