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Abstract In superconductors with three or more compo-
nents, time-reversal symmetry may be broken when the
inter-component couplings are repulsive, leading to a super-
conducting state with twofold degeneracy. When prepared
carefully, there is a stable domain wall on a constriction
which connects two bulks in states with opposite chirali-
ties. Applying external magnetic field, vortices in different
components dissociate with each other, resulting in a ribbon
shape distribution of magnetic field at the domain wall.
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1 Introduction

The discoveries of superconductivity in MgB, [1] and iron
pnictides [2] lead to wide interest in multi-band supercon-
ductors. Multiple condensates couple each other through
interband interactions, which not only increase the criti-
cal temperature [3] but also induce unconventional pairing
symmetries [4, 5]. In a two-band superconductor, two order
parameters have the same and opposite phases for the
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attractive and repulsive coupling respectively. When there
are three or more bands with interband repulsions, it is
interesting that a frustrated state where phase differences
among order parameters are neither O nor 7 appears, where
time-reversal symmetry (TRS) is broken [6—16], leading to
interesting phase sensitive phenomena such as a massless
Leggett mode [17] and asymmetric critical currents [18].

In a type II superconductor, magnetic field penetrates into
sample in terms of vortices associated with tiny magnetic
fluxes. In single-band case, a vortex, namely a 2w phase
rotation of the superconducting order parameter, carries
quantized magnetic flux ®(. Multi-band superconductors
are different because multiple condensates simultaneously
couple to a common gauge field, and a vortex associated
with 2w phase rotation in one condensate only carries a
fraction of ®¢ [8, 19-23]. When interband phase differ-
ences are locked to each other due to strong couplings,
phase rotation along a closed path is the same for different
condensates. Therefore, vortices in different bands overlap
in space, which leads to conventional integer flux quan-
tization. Therefore, in most cases, vortices with fractional
flux quanta cannot be observed experimentally. The situa-
tion is different when a phase separation exists between the
two time-reversal symmetry broken (TRSB) superconduct-
ing states with opposite chiralities in a sample. On domain
walls [12, 24-26], interband phase difference develops a
phase kink as shown in Fig. 1, resulting in different winding
numbers in different components in the presence of external
magnetic field. In the present work, we consider a constric-
tion junction where such a domain wall is stabilized due to
the small size of junction.

The remaining part of the paper is organized as fol-
lows. Time-dependent Ginzburg Landau (TDGL) equations
and TRSB states are introduced in Section 2 for three-
component superconductors. Then, we present simulation
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Fig. 1 Schematics of constriction junction between two bulks with
distinct TRSB states. A domain wall forms on the constriction where
phase difference between red and blue order parameters Ag closes and
opens again

results with vortices with fractional flux quanta in Section 3,
and make discussions and conclusions in Section 4.

2 Model and Numerical Technique
We adopt the Ginzburg-Landau (GL) free energy of three-

component superconductors with Josephson-like inter-
component couplings [27, 28]

2, Byt hy e :
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Jk=1,2,
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(D
where v; = |y jlei‘p-i is the superconducting order param-

eter of the jth component. For each component, we have
the temperature-dependent coefficient o ; (7'), which is neg-
ative when T < T, and positive when T > T; [28].
The critical temperature of bulk superconductivity 7, is
higher than T.; when we have nonzero inter-component
couplings [3]. Here, we consider our system at temperature
close to T, where «; is positive. i is taken independent
of temperature for simplicity. The inter-component coupling
is attractive or repulsive when yj; is positive or negative
respectively. Other terms are all conventionally defined [29,
30].

For the convenience of analysis, we introduce the dimen-
sionless quantities by making the following substitutions

¥ =v10(0)¥], x=11(0)x", A = 11(0) Hic(0)v2A,

H2.(0) e*hyd (0)

2
vik=—e1)yj, F===F,J= =GV,

where J is the current density, ¥10(0) = —a1(0)/81,
MO = Jemi2Bi/Ana(0)e?], §(0) =
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V—=h?/2ma1(0) and Hc(0) = /—4mwa;(0)y7,(0). We

define k1 = A1(0)/&1(0) for latter use. The free energy in
the dimensionless form is thus given by

o 2 Bj 4 mq 1 2
jk21:23|: "‘1(0)| i +251| i Ty [\ !
- Z]/jk (lIJ;-‘\IIkJrc.c.)Jr(VxA)z. 3)
Jj<k

In the present work, we study superconductors under
external magnetic field where the order parameters are inho-
mogeneous. A direct minimization of GL free energy is
difficult in this case. It is convenient to adopt the TDGL
approach which describes time evolution processes relaxing
the system to a stable state [30]. The TDGL equations in the
zero-electric potential gauge are given by

18F'

A= @

0 _OF a
o= "o T
where o is the normal conductivity. For the external bound-
ary, we take the superconductor-insulator boundary condi-
tion which means that supercurrent cannot flow in and out
of the sample. We can see that at the stable state, the right-
hand sides of (4) are zero which give the multi-component
GL equations

a; Bj 2 nj 1 A ?
— oy Vi T vl ¢j+m_j(mv_ ) vi
—yjk¥k — vjivr =0, )
Js=VXVXA=3 ), %Wﬂz <K1_1V‘pj B A)‘ ©)

Here, we take all components as s-wave for simplic-
ity. When y12y13y23 > 0, we have solutions with trivial
phase differences (0 or ) among order parameters. When
y12v13Y23 < 0, a frustrated solution is possible, charac-
terized by nontrivial inter-component phase differences and
broken TRS [12], as shown in Fig.1.

As an icon, we mainly focus here on the isotropic case
(= =3 =a,p1 = po=p3=p.m =m =
mi3 =m,y;p = yi3 = o3 = y < 0). T, is determined
by a(T.) + y = 0. The degenerate TRSB states are U =
lv(1, €i2ﬂ/3, ei47‘[/3) and \i,* = |y|d, e*i27t/3’ e*i47‘[/3)
where |Y| = /—a —y for T < T,.

In a TDGL simulation, the sample is discretized into a
grid of meshes. The mesh size should be carefully selected
because a too small size increases the simulation time,
which may cause insufficient relaxation, and large sizes
may give artificial results. Here, we carefully select the
mesh size as Ax = Ay = 0.111(0) when parameters are
o = 0.2,y = —0.3, and «1 = 4.0. We confirmed that
further decreasing the mesh size does not change the results.
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Fig. 2 Simulation results of stable vortex distribution in three com-
ponents in presence of domain wall on constriction. All panels are
contour figures of amplitudes of three order parameters where red,
blue, and yellow in Fig. 1 correspond to component 1, 2, and 3, respec-
tively. Area in panel is 10 x 10 which is a part of a larger sample with
boundaries shown by green lines. Width of constriction in (a), (b), and
(c) is 2.6, 3.6, and 4.4. Parameters are « = 0.2, H = 0.25, y = —0.3,
and k] = 4.0

3 Vortex with Fractional Flux Quanta

Here, we consider a structure of two bulks connected by a
constriction as shown in Fig. 1. The size of constriction is
adjusted to be comparable with the coherence length. We
focus on the case with distinct TRSB states (lil and ¥*) in
the two bulks, and thus a domain wall forms on the constric-
tion where configuration of three order parameters deforms
from the rigid 2w /3 structure. For example, phase differ-
ence between blue and red order parameters closes once and
opens again, which forms a phase kink as shown in Fig. 1.

(a) (b)

Fig. 4 Magnetic field distribution in presence of vortices with frac-
tional flux quanta for different sample shapes. Parameter are the same
as Fig. 2. The sample size is 20 x 20 for (a) and 18 x 20 for (b) with
boundaries shown by green lines. Width of the constriction is 10

A laser heat pulse can be used to realize this situation
in experiments [31]. At temperature above 7., we irradi-
ate the heat pulse on the constriction. When we cool the
sample below T, the two bulks transform to superconduct-
ing states with distinct TRSB states by chance. We then
switch off the heat pulse. Superconductivity recovers on
the constriction and a domain wall forms. After that, we
apply the magnetic field to bring vortices into the super-
conductor.

In simulations, two bulks are put at TRSB states with
opposite chiralities as the initial condition of TDGL equa-
tions. The self-consistent evolution drives the system to a
stable state with a domain wall on the constriction. Then
we switch on the external magnetic field H, and the system
evolves again with flux penetrating into the sample from
the boundaries and forming vortices inside. A typical vortex
configuration near the constriction is shown in Fig. 2 for the
final stable state. It is interesting to find that on the constric-
tion only v has a 27 phase winding but 11 and ¥r3 do not,
as seen in Fig. 2a.

We then increase the width of constriction, vortices in
component-1 and component-3 start to penetrate the con-
striction as shown in Fig. 2b, c. We can see that vortex

Fig. 3 Magnetic field distribution on constriction when two bulks are at a two distinct TRSB states b an identical TRSB state. Parameters are the
same as Fig. 2. Area in panel is 10 x 7 which is a part of a large sample with boundaries shown by green lines. Width of constriction is the same

as Fig. 2¢
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cores in different components do not overlap on the con-
striction, in contrast to those outside the constriction area.
When vortices in all components overlap, all order param-
eters at the core are zero which allow strong magnetic
field penetration. While on the constriction, only one order
parameter is zero at vortex core, and thus the penetrated
field is weak due to the screening from the other two com-
ponents. These vortices with fractional flux quanta form
a ribbon-like distribution of magnetic field as shown in
Figs. 3a and 4. In a symmetric sample, the vortex con-
figuration should be symmetric as seen in Fig. 4a. When
the constriction shifts from center as shown in Fig. 4b,
the ribbon becomes asymmetric as well. This is different
from a previous work [32], where irregular ribbon struc-
tures were obtained despite of symmetric sample. When
the two bulks at the two sides of constriction take a same
TRSB state, there is only integer vortices as shown in
Fig. 3b.

4 Discussions and Conclusions

The vortices with fractional flux quanta discussed in this
paper are based on the structure of domain walls in TRSB
states. Therefore, the creation and stability of domain wall
are important. In the present work, we use a controllable
method: create a domain wall with laser heat pulse and
stabilize the domain wall by shrinking the its size. In this
way, the domain wall can be stable as long as the section
of constriction is much smaller than the bulk, even for
superconductors with strong interband couplings [33].

To summarize, in superconductors with three or more
components, a stable domain wall forms on a small junc-
tion between two time-reversal symmetry broken states with
opposite chiralities. Under external magnetic field, vortices
with fractional flux quanta appear on the junction, where
magnetic field distribution exhibits ribbon-like structures.
This is a clear manifestation of time-reversal symmetry
broken superconducting states in multi-component super-
conductors.
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