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Abstract The microwave reflection and transmission for
a type-II superconducting superlattice in the mixed state
are theoretically calculated based on the vortex dynamical
model together with the transfer matrix method in a layered
medium. The superlattice is made of alternating layers of
high-temperature superconductors and dielectric materials.
We analyze the microwave reflection and transmission as
functions of the static magnetic field, the number of periods,
and the thickness of the dielectric layer. It is shown that the
reflection decreases as the static field increases. In addition,
the reflection will be enhanced by increasing the number of
periods.

Keywords Type-II superconductors · Mixed state · Vortex
dynamics · Abeles theory

1 Introduction

Vortex response to an electromagnetic microwave field
has attracted much attention since the discovery of high-
temperature superconductors. Microwave response for a
type-II superconductor in the mixed state is generally stud-
ied through the calculation or the measurement of the sur-
face impedance, Zs = Rs + jXs, where the real part, Rs, is
the surface resistance, and the imaginary part, Xs, is known
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as the surface reactance. It has been known that the in-
sight into related physics of vortex dynamics, such as the
flux flow, flux pinning and flux creep, can be gained from
the knowledge of surface impedance. The theoretical cal-
culation of surface impedance belongs to an attenuation-
dominated problem and is related to the model of vortex
dynamics. So far, there have been many reports on the high-
frequency vortex response for the high-temperature super-
conductors, as can be found in some review articles [1, 2].

In addition to the surface impedance, microwave prop-
erties of a superconducting thin film in the mixed state
can also be explored by the measurements of microwave
transmission and reflection [3, 4]. The theory of microwave
transmission and reflection for a type-II superconducting
film on a dielectric substrate was first developed by Cof-
fey and Clem based on their linear response model of the
self-consistent treatment of vortex dynamics, which is now
called the Coffey–Clem (CC) model [5, 6].

In recent years, a periodic multilayer has become the hot
topic in optical and physical communities since the pioneer-
ing works of Yablonovitch and John [7, 8]. They combined
the electromagnetics and solid state physics to describe the
electromagnetic wave propagation in a periodic structure,
and then a new era of photonic crystals (PCs) was quickly
opened two decades after [9]. A PC is a periodic layered
structure consisting of two or more different materials with
different refractive indices (permittivities and/or permeabil-
ities). A superlattice which can be, from the structural view-
point, regarded as a kind of PC is also an important struc-
ture in the optical physics and the condensed matter physics
for a long time. For a simple all-dielectric superlattice, it
is commonly designed as a Bragg reflector (dielectric mir-
ror) that has a very high reflectance for some selected spec-
tral ranges [10]. A theoretical investigation of microwave
propagation characteristics in a magnetic–dielectric super-
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lattice was given by Camley and Mills [11]. Studies of pe-
riodic superconducting multilayer structures are also avail-
able in the literature. For instance, based on the two-mode
electrodynamics, Tagantsev and Traito calculated the sur-
face impedance of a superconductor superlattice made of al-
ternating layers with weak pinning and layers with strong
pinning [12]. They also investigated the surface impedance
of a multilayer superconductor system consisting of type-
II superconductors and normal metals [13]. The study of
microwave propagation characteristics in a superconductor–
dielectric layered waveguide structure in the mixed state was
also reported previously [14]. Recently, the superconductor–
ferromagnetic superlattice has been used to demonstrate the
existence of a negative refractive index, a fundamental re-
sult of the so-called double negative material with permittiv-
ity and permeability both being negative [15]. In addition, a
superconductor–dielectric superlattice with a spatial period-
icity comparable to the wavelength of the electromagnetic
wave can be treated as a superconducting photonic crystal
(SPC). The photonic band structures for the SPCs have been
reported in recent years [16–23].

This purpose of this paper is to study the microwave
properties for a type-II superconducting superlattice in
the mixed state. Microwave properties will be investigated
based on the calculated transmission and reflection in the
superlattice. We shall use the transfer matrix method [24]
to calculate the mixed-sate microwave reflectance and trans-
mittance for superconductor–dielectric superlattice. It will
be seen that our results can be reduced to the previous ones
given in [3] in which the simple case of a single period was
considered. That is, the theory of microwave reflection and
transmission for a type-II superconducting film in the mixed
state will be successfully extended to structure of a super-
lattice. Some numerical analyses will be made on the mi-
crowave transmission and reflection as a function of the sta-
tic magnetic field, the number of periods, and the thickness
of the dielectric layer.

2 Theory of Vortex Dynamics and Abeles Theory

The superconductor–dielectric superlattice is depicted in
Fig. 1, where the total number of periods is N and the pe-
riodicity is denoted by a. Each period consists of a type-II
superconductor layer of thickness d and a dielectric layer
of thickness t = a − d . We assume that the superlattice is
immersed in free space. A static magnetic field B ≥ 2Bc1

is applied along the x−axis to cause the superconductors to
be in the mixed state, where Bc1 is the lower critical field
of the superconductor. A microwave wave with z-polarized
magnetic field impinges normally on the plane boundary at
x = 0. All rf fields are assumed to have an ejωt time depen-
dence. The electromagnetic wave propagation in each layer

Fig. 1 A type-II superconducting superlattice under study, in which
the periodicity is denoted by a, the superconductor slab has a thickness
of d , and the thickness of the dielectric slab is t = a − d . A static
magnetic field B = x̂B is applied to put all the superconductor films
in the mixed state. A microwave field is launched normally into the
layered medium at the plane boundary x = 0. The superconductor film
is characterized by the complex penetration depth, λ̃. The dielectric
slab is characterized by the wave number, kd

is governed by the Helmholtz-like equation from which the
wave number can be defined. In free space, the wave num-
ber is given by k0 = ω

√
μ0ε0 = ω/c, where μ0 and ε0

are its permeability and permittivity, respectively, and c is
the speed of light. In the dielectric layer (with permittiv-
ity εd), the wave number is kd = ω

√
μ0εd = k0nd, where

nd = √
εd/ε0 is the index of refraction of the dielectric layer.

As for the superconductor layer, the electromagnetic
wave properties can be described by an effective complex
index of refraction given by

ns = − j

k0λ̃
, (1)

where λ̃ = λ̃(ω,B,T ) depends on the frequency, the sta-
tic field, and the temperature. It is a complex penetration
depth which represents the vortex response function to a mi-
crowave field. According to the CC model, it is expressible
as [3, 5, 6]

λ̃(ω,B,T ) = λ′ − jλ′′

=
√

λ2(B,T ) − (j/2)δ2
vc(ω,B,T )

1 + 2jλ2(B,T )δ−2
nf (ω,B,T )

, (2)

where λ = λ(B,T ) is the static-field and temperature-
dependent penetration depth given by

λ = λ(B,T ) = λ(0, T )√
1 − B

Bc2(T )

, (3)

where the zero-field penetration length is λ(0, T ) =
λ0/

√
1 − (T /Tc)4, and the temperature-dependent upper

critical field is given by Bc2(T ) = Bc2(0)[1 − (T /Tc)
2][1 +

(T /Tc)
2]−1. The normal-fluid skin depth is δnf =

δnf(ω,B,T ) = √
2ρnf/ωμ0 with the normal-fluid resistiv-

ity given by ρnf = ρn/f (T ,B), where f (T ,B) = 1 − [1 −
(T /Tc)

4][1 − B/Bc2(T )]. In addition, δvc = δvc(ω,B,T ) =√
2ρ̃v/ωμ0 is the complex skin depth arising from both the

vortex motion and flux creep, where the effective resistivity
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is defined by ρ̃v = ρ̃v(ω,B,T ) = Bφ0μ̃v(ω,B,T ), where
φ0 is the flux quantum and the dynamic mobility is given by

μ̃v(ω,B,T ) = 1

η

[
1 +

[
jωη

ακp
+ 1

I 2
0 (�) − 1

]−1
]−1

. (4)

Here η is the viscous drag coefficient which is defined by
η = Bφ0/ρf with the flux flow resistivity being described by
the Bardeen–Stephen theory, i.e., ρf = ρnB/Bc2(T ). κp is
the force constant of the pinning well which can be ex-
pressed as κp = κp0[1 − (T /Tc2)

2]2, where Tc2 is the tem-
perature at which B = Bc2(T ). The parameter α is given by
α = I1(�)/I0(�), where I1 and I0 are the modified Bessel
functions of the first kind of order one and zero, respectively.
The argument � is given by � = U0(B,T )/2kBT , where
the barrier height of the periodic potential is U0(B,T ) =
U [1 − (T /Tc2)

3/2]/B .
Having defined the aforementioned indices of refraction

for all layers, the microwave transmission and reflection
problem for a multilayer system in Fig. 1 can be worked
out by making use of the transfer matrix method called the
Abeles theory [24]. Based on this theory, the characteristic
matrix for a single period with a periodicity of a should be
constructed and the result is

M(a) =
(

m11 m12

m21 m22

)
, (5)

where the matrix elements are written by

m11 = cosβ2 cosβ3 − p3

p2
sinβ2 sinβ3, (6a)

m12 = j

p3
cosβ2 sinβ3 + j

p2
sinβ2 cosβ3, (6b)

m21 = jp2 sinβ2 cosβ3 + jp3 cosβ2 sinβ3, (6c)

m22 = cosβ2 cosβ3 − p2

p3
sinβ2 sinβ3, (6d)

where

β2 = k0nsd, β3 = k0ndt, (7)

and

p2 = nsZ
−1
0 , p3 = ndZ

−1
0 , (8)

where Z0 = √
μ0/ε0 = 120π � is the wave impedance of

free space. With the matrix in (5), the total characteristic
matrix for an N -period layered medium can be obtained to
be

M(Na)

=
(

M11 M12

M21 M22

)
= [M(a)]N

=
(

m11UN−1(ψ) − UN−2(ψ) m12UN−1(ψ)

m21UN−1(ψ) m22UN−1(ψ) − UN−2(ψ)

)
, (9)

where

ψ = cosβ2 cosβ3 − 1

2

(
p2

p3
+ p3

p2

)
sinβ2 sinβ3, (10)

and the function UN defined as

UN(ψ) = sin[(N + 1) cos−1 ψ]√
1 − ψ2

, (11)

is known as the Chebyshev polynomials of the second kind.
Based on the matrix in (9), the reflection coefficient,

r̃ , and the transmission coefficient, t̃ , can be determined,
namely [24]

r̃ = (M11 + M12Z
−1
0 )Z−1

0 − (M21 + M22Z
−1
0 )

(M11 + M12Z
−1
0 )Z−1

0 + (M21 + M22Z
−1
0 )

, (12)

t̃ = 2Z−1
0

(M11 + M12Z
−1
0 )Z−1

0 + (M21 + M22Z
−1
0 )

. (13)

The corresponding reflectance, R, and transmittance, Γ , are
consequently given by

R = |r̃|2, Γ = |t̃ |2. (14)

Before presenting the numerical results, let us examine
the above-derived formulae in some special case. For a sim-
ple single period structure, say, N = 1, we have Mij =
mij , i, j = 1,2. In this case, explicit expressions of the
transmission coefficient and reflection coefficient can be ob-
tained. A direct calculation for the transmission coefficient
given in (13) leads to

t̃ = 2

D̃
, (15)

where

D̃ = −j

2kdλ̃

{
ejkdt

(
1 + kd

k0

)[(
1 − k0kdλ̃

2) sinh

(
d

λ̃

)

+ j (kd + k0)λ̃ cosh

(
d

λ̃

)]

− e−jkdt

(
1 − kd

k0

)[(
1 + k0kdλ̃

2) sinh

(
d

λ̃

)

− j (kd − k0)λ̃ cosh

(
d

λ̃

)]}
. (16)

Hence the transmittance is written as

Γ = |t̃ |2 = 4

|D̃|2 = 16|kd|2|λ̃|2
D

, (17)

where
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D =
∣∣∣∣ejkdt

(
1 + kd

k0

)[(
1 − k0kdλ̃

2) sinh

(
d

λ̃

)

+ j (kd + k0)λ̃ cosh

(
d

λ̃

)]

− e−jkdt

(
1 − kd

k0

)[(
1 + k0kdλ̃

2) sinh

(
d

λ̃

)

− j (kd − k0)λ̃ cosh

(
d

λ̃

)]∣∣∣∣
2

. (18)

Similarly, the reflection coefficient in (12) can be calculated
as

r̃ = Ñ

D̃
, (19)

where

Ñ = j

2kdλ̃

{
ejkdt

(
1 + kd

k0

)[(
1 + k0kdλ̃

2) sinh

(
d

λ̃

)

+ j (kd − k0)λ̃ cosh

(
d

λ̃

)]

− e−jkdt

(
1 − kd

k0

)[(
1 − k0kdλ̃

2) sinh

(
d

λ̃

)

− j (kd + k0)λ̃ cosh

(
d

λ̃

)]}
. (20)

Accordingly, the corresponding reflectance is given by

R = |r̃|2 = |Ñ |2
|D̃|2 = N

D
, (21)

where

N =
∣∣∣∣ejkdt

(
1 + kd

k0

)[(
1 + k0kdλ̃

2) sinh

(
d

λ̃

)

+ j (kd − k0)λ̃ cosh

(
d

λ̃

)]

− e−jkdt

(
1 − kd

k0

)[(
1 − k0kdλ̃

2) sinh

(
d

λ̃

)

− j (kd + k0)λ̃ cosh

(
d

λ̃

)]∣∣∣∣
2

. (22)

Equations (17), (18) and (21), (22) agree with the ones pre-
viously given by Coffey and Clem [5]. Note that if the mi-
crowave is incident backward on the plane boundary, x =
Na, the reflection coefficient and transmission coefficient
can be easily obtained by simply interchanging β2 ↔ β3,
and p2 ↔ p3.

In addition, the Abeles theory is an elegant transfer ma-
trix method for dealing with the wave propagation problem
in a one-dimensional layered structure. However, if one is
interested in the static field solution for a layered supercon-
ducting system without dielectric layers, then other trans-
fer matrix method is also available [25]. In [25], Coffey has

used this method to solve the static field solution in a sys-
tem containing a point dipole magnetic force microscopy
(MFM) tip located above a multilayer superconductor in the
Meissner state.

3 Numerical Results and Discussion

Let us now present some numerical results based on the
previous derived equations. The dielectric layers in the su-
perlattice are taken to be LaAlO3 with an index of refrac-
tion, nd = 4 − j10−4 [5], where the imaginary part indi-
cates the dielectric loss. As for the superconductor layers,
the material parameters are taken on the typical values of a
high-temperature superconducting system, YBa2Cu3O7−x ,
but not for a specific sample. These include the critical tem-
perature Tc = 92 K, the zero-temperature London penetra-
tion depth λ0 = 140 nm, the zero-temperature upper crit-
ical field Bc2(0) = 112 T, the pinning potential constant
U = 0.15 eV T, and the temperature-dependent normal-state
resistivity ρn(T ) = 1.1 × 10−8T + 2 × 10−7 � m. Also,
the reduced field is introduced as usual and is defined by
b = B/Bc2(0) [5].

In Fig. 2, the following has been plotted: (a) the re-
flectance, and (b) the transmittance as a function of the sta-

Fig. 2 Calculated static-field dependence of microwave reflectance in
(a) and transmittance in (b) for different numbers of periods, N = 1, 2,
5, and 10. The conditions used are: frequency, f = 33 GHz, tempera-
ture, T = 77 K, and superconductor and dielectric slabs both having a
thickness of 210 nm
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Fig. 3 Calculated static-field dependence of microwave reflectance in
(a) and transmittance in (b) in a 10-period medium for different thick-
nesses of the dielectric slab, t = 0.5d , d , 5d , and 10d . The conditions
used are: frequency, f = 33 GHz, temperature, T = 77 K, and super-
conductor slab with a thickness of 210 nm

tic magnetic field for different number of periods, N = 1,
2, 5, and 10. The calculated conditions are T = 77 K, f =
33 GHz, d = 210 nm, and t = d . For a single period, N = 1,
the reflectance decreases as the static field increases. The de-
creasing feature is due to the more vortices produced by the
increase in the static magnetic field. The more vortices in
the superconductor will give rise to more losses when they
move in response to the external microwave field. The de-
creasing behaviors become weak for N = 5, and 10. The re-
sults indicate that a high-reflectance reflector at microwave
can be obtained by piling more layers in the structure, i.e.,
by increasing the number of periods.

The effects of dielectric thickness on the field-dependent
R and Γ are shown in Figs. 3(a) and 3(b), respectively. It
is also seen that, at a fixed static magnetic field, R and Γ

are lowered when the thickness of the dielectric slab is in-
creased. The decreasing behavior in both R and Γ can be
ascribed to the increasing loss in the dielectric layers when
its thickness increases.

We have investigated the static-field dependence of R and
Γ at different numbers of periods. It is thus expected that
the experimental work previously done in [3] can be con-
ducted for more than a single period. In addition, the recent
experiment on the superconducting superlattice [15] can be

extended to be in the mixed state. The novel negative refrac-
tive index could be studied in the presence of vortices.

4 Summary

By using the Coffey–Clem model together with the Abeles
theory in a layered medium, microwave transmission and
reflection in a superconductor–dielectric superlattice in the
mixed state has been theoretically investigated. Analytical
formulae have been presented for the microwave transmis-
sion problem in a type-II superconducting film in a periodic
structure. Explicit expressions for the microwave reflectance
as well as transmittance in a single bilayer structure, N = 1,
are also given. With these formulae, some numerical analy-
ses have been made on the field-dependent microwave trans-
mittance and reflectance. Results show that both reflectance
and transmittance decrease with increasing the thickness of
the dielectric slab. In addition, as the number of periods is
increased, a high-reflectance reflector can be achieved in a
layered medium. Because of the high potential in the appli-
cation of layered medium in superconductor electronics, it is
expected that the current work may be of fundamental and
technical use in the microwave superconductivity.
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