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Abstract The effective surface impedance of a high-tem-
perature superconducting thin film on a semiconductor
plasma substrate is calculated. Two possible configurations
are considered. The first one is a superconducting film de-
posited on a semi-infinite semiconductor substrate. It is seen
that there exists a critical film thickness for the supercon-
ductor such that a minimum effective surface resistance is
attained. The effective surface resistance is strongly depen-
dent on the high-frequency permittivity of semiconductor
plasma. The second will be limited to the more practical
case, that is, the semiconductor substrate is of finite thick-
ness. The investigation of substrate resonance in the effec-
tive surface resistance shows some fundamental distinctions
when a semiconductor plasma substrate is introduced.

Keywords Surface impedance · High-temperature
superconductors · Semiconductor plasmas · Impedance
transform technique

1 Introduction

It is known that the surface impedance Zs is an impor-
tant quantity widely used to study the electronic conduction
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mechanism for a superconducting material. At microwave
frequency the surface impedance is generally expressed as

Zs = Rs + jXs =
√

jωμ0

σs
, (1)

where Rs is called the surface resistance and Xs is known
as the surface reactance. In (1), σs is the complex conduc-
tivity of a superconductor, ω is the angular frequency of
the radiation, and μ0 is the free-space permeability. For
a typical high-temperature superconductor (HTS) system
YBa2Cu3O7−x (YBCO), expressions for Rs and Xs can be
obtained based on the two-fluid model together with the
London electrodynamics, with the results [1]

Rs = 1

2
ω2μ2

0σnfnλ
3
L, (2)

Xs = ωμ0λL, (3)

where σn is normal-state conductivity, fn is the fraction of
the normal fluid. It can be seen from (2) and (3) that Rs,
which indicates the power dissipation, is mainly contributed
by the normal fluid, and Xs is directly proportional to the
temperature-dependent London penetration depth λL.

Equations (1)–(3) in fact define the intrinsic bulk surface
impedance for a superconductor occupying the half space.
For a single superconducting thin film with finite thickness
in space, the surface impedance is referred to as the intrin-
sic film surface impedance. For a more practical case, the
superconducting film should be deposited on a relevant sub-
strate and hence the whole system becomes a layered struc-
ture. In this case, the surface impedance is called the effec-
tive surface impedance Zs,eff which can be directly obtained
by making use of the impedance transformation technique.
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Fig. 1 Two model structures to
be considered in this work,
where the top one is called
structure I and the bottom one is
structure II

There have been many reports on the measurements of effec-
tive surface impedances for the familiar HTS systems such
as YBCO and Bi2Sr2CaCu2O8−x as well [2–4].

Planar superconducting microwave and photonic devices
are mostly fabricated by using YBCO film on a relevant di-
electric substrate. The substrates commonly used for YBCO
include lanthanum aluminate (LaAlO3), magnesium oxide
(MgO) and strontium titanate (SrTiO3). On the other hand,
the integration between HTS and semiconductor (SM) has
been a perspective in the microelectronics. A successful
growth of YBCO film on a semiconducting silicon (Si)
substrate has been reported [5]. The effective surface im-
pedance for an YBCO-Si layered structure is also studied,
in which the role played by the semiconductor substrate is
well illustrated [6]. In addition to Si-substrate the combina-
tion of YBCO and resonant semiconductor plasma substrate,
In0.53Ga0.47As (IGA) is expected to considerably improve
the performances of microwave photonic devices [7].

The purpose of this paper is to theoretically calculate the
effective surface impedance at mid-infrared frequency for a
layered structure made of YBCO-IGA. IGA provides a con-
venient material because it has many band-dependent para-
meters such as the electron effective mass, electron mobility,
and high-frequency permittivity. With these parameters, we
shall investigate the their effects on the effective surface im-
pedance in a YBCO-IGA structure.

2 Basic Equations

To calculate the effective surface impedance for a high-
temperature thin film, two model structures are considered
and sketched in Fig. 1, in which the space is divided into
regions 1, 2, and 3. Region 1 is the air, the superconduc-
tor (SC) is arranged in region 2, and region 3 is occupied
by the semiconductor (SM) plasma. The top one is called
structure I, where the superconducting film with thickness d

is deposited on SM plasma substrate that is assumed to be
semi-infinite. The bottom one is referred to as structure II,
in which the SM plasma substrate has a finite thickness of h.
The effective surface impedance to be calculated in each
structure is located at the incident plane boundary, i.e., the
interface between layer 1 and 2.

In this study, the SC will be the typical HTS YBCO film.
To model the electrodynamics of a high-quality YBCO film,
we shall adopt the enhanced two-fluid model reported by
Vendik et al. [8]. According to this model, the relative per-
mittivity of YBCO at T < TC can be expressed as

εr2(ω,T ) = − 1

ωε0

[
jσ2,r (T ) + σ2,i (ω,T )

]
, (4)

where σ2,r (T ) and σ2,i (ω,T ) are the real and imaginary
parts of the superconducting complex conductivity, respec-
tively. They are given by

σ2,r (T ) = σn

{(
T

TC

)γ−1

+ α

[
1 −

(
T

TC

)γ
]}

, (5)

σ2,i (ω,T ) = 1

ωμ0λ
2
0

[
1 −

(
T
TC

)γ
]−1

. (6)

Here σn is the normal-state conductivity of YBCO at T = TC

and λ0 is the London penetration depth at T = 0 K. In ad-
dition, α and γ are the empirical parameters. All these pa-
rameters, TC = 86 K, α = 6.5, γ = 2, λ0 = 200 nm, and
σn = 106 S/m for YBCO will be used in our next calculation.
With the permittivity in (4), the associated wave number in
the superconductor is given by

k2 = ω
√

μ0ε0εr2 = k0
√

εr2, (7)

where k0 = ω
√

μ0ε0 is the free-space wave number. In addi-
tion, the intrinsic impedance of a superconductor is written
by

Z2 =
√

μ0

ε0εr2
= Z0√

εr2
, (8)

where Z0 = √
μ0/ε0 = 120π = 377 	 is the intrinsic im-

pedance of free space.
As for the semiconductor, we use the resonant semicon-

ductor plasma, IGA, whose relative permittivity is a strong
function of frequency at the mid-infrared regime and ex-
pressible as [9]

εr3(ω) = ε∞

[
1 − ω2

p

ω2

1

1 − j ωa
ω

]
, (9)

where the plasma frequency is

ωp =
√

q2N

m∗ε∞ε0
, (10)

and the absorption frequency is

ωa = q

m∗μe
, (11)
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where N is the electron density, m∗ is the optical effective
mass, μe is the electron mobility, q is the absolute value
of the electron charge, and ε∞ is the high-frequency rela-
tive permittivity of the bulk material. The wave number and
intrinsic impedance of the semiconductor are similarly ex-
pressed as in (7) and (8) with a simple replacement of 2 → 3.

The effective surface impedance Zs,eff for structure I can
be calculated from the impedance transformation technique,
i.e.,

Zs,eff(ω,T , d) = Rs,eff(ω,T , d) + jXs,eff(ω,T , d)

= Z2
Z3 + Z2 tanh(jk2d)

Z2 + Z3 tanh(jk2d)
. (12)

Similarly, the effective surface impedance Zs,eff for struc-
ture II can be obtained by successive impedance transforma-
tion. First, the impedance at the interface of superconduc-
tor/semiconductor is expressed as

Zsc/sm(ω,h) = Z3
Z1 + Z3 tanh(jk3h)

Z3 + Z1 tanh(jk3h)
, (13)

where the impedance Z1 is equal to Z0. Next, the effective
surface impedance of the entire system calculated at the in-
cident plane boundary of air/superconductor is given by

Zs,eff(ω,T , d,h) = Rs,eff(ω,T , d,h) + jXs,eff(ω,T , d,h)

= Z2
Zsc/sm + Z2 tanh(jk2d)

Z2 + Zsc/sm tanh(jk2d)
. (14)

With Zsc/sm(ω,h) given in (13), it is seen that
Zs,eff(ω,T , d,h) expressed in (14) incorporates all possi-
ble material parameters, including the intrinsic permittivities
and the extrinsic thicknesses as well.

3 Numerical Results and Discussion

3.1 Structure I

In Fig. 2 we plot (a) the effective surface resistance Rs,eff

and (b) the effective surface reactance Xs,eff as a function of
the wavelength of electromagnetic radiation for structure I
at 77 K for five thicknesses of YBCO, d = 0.1λ0, 0.5λ0,
λ0, 2λ0, and 10λ0 (corresponding to the curves 1–5, re-
spectively). The material parameters for the semiconductor
plasma IGA are N = 5×1024 m−3, m∗ = 4.099×10−32 kg,
μe = 0.2 m2/V·s, and ε∞ = 11.75. It is seen that for a thin
YBCO film, d = 0.1λ0 (curve 1), the surface resistance is
larger than those for d > 0.1λ0 (curves 2–5). In addition,
Rs,eff increases as the wavelength increases for d = 0.1λ0,
and it slightly decreases with increasing wavelength for the
other thicknesses. As for the effective surface reactance
Xs,eff, it is seen from (b) that, for d = 0.1λ0, the variation

Fig. 2 The calculated wavelength-dependent effective surface resis-
tance Rs,eff (a) and effective surface reactance Xs,eff (b) at T = 77 K
for five different thicknesses of YBCO film d = 0.1λ0,0.5λ0, λ0,2λ0,
and 10λ0 (corresponding to the curves 1–5, respectively) in structure I

in Xs,eff is not large until the wavelength near 10 µm. For
wavelength larger than 10 µm, it increases with increasing
wavelength. For a thicker film (curves 2–5), Xs,eff monoton-
ically decreases as the wavelength increases.

Figure 3 depicts the effective surface resistance Rs,eff as
a function of the thickness of YBCO film at a fixed wave-
length of 8 µm for different temperatures, T = 85, 80, 77,
4.2 K (curves 1–4, respectively). It is of interest to see that
there exists a shallow dip, which enables us to define a crit-
ical thickness dc for YBCO film at which the effective sur-
face resistance attains a minimum. At this critical thickness a
minimum in the power loss of the total structure is achieved.
This minimum loss is of practical use when the structure is
used to be fabricated as a device because the loss issue could
determine the device performance. The loss can be substan-
tially increased when the film thickness gets smaller. In ad-
dition, this shallow dip is moved to a smaller thickness as the
temperature is reduced. In addition, Rs,eff remains nearly a
constant when the d > dc, indicating a bulk property of ma-
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Fig. 3 The calculated effective surface resistance Rs,eff as a function
of the thickness of YBCO film at a fixed wavelength of 8 µm for distinct
temperatures, T = 85, 80, 77, and 4.2 K (curves 1–4, respectively) in
structure I

Fig. 4 The calculated wavelength-dependent effective surface resis-
tance for distinct values in high-frequency relative permittivity ε∞ = 6,
9, 9.6, 10, 11.5, 12 (curves 1–6) for YBCO film with d = 0.1λ0 and at
temperature T = 77 K

terial. That is, the film properties can be best investigated at
a thickness less than the critical thickness. This shallow dip,
in fact, does not appear when the substrate is replaced by the
usual dielectric material such as MgO, LaAlO3, or SrTiO3.

For the SM plasma, the high-frequency relative per-
mittivity ε∞ plays an important role in the determination
of plasma behavior [9]. Based on this reason, in Fig. 4,
we plot the wavelength-dependent effective surface resis-
tance for different values in ε∞. Three different depen-
dences are seen. First, for ε∞ = 6 (curve 1), Rs,eff gener-
ally shows a slow decrease with the increase in the wave-
length. Second, for ε∞ = 9,9.6, and 10 (curves 2–4), Rs,eff

increases with increasing wavelength and reaches a maxi-

Fig. 5 The thickness-dependent Rs,eff for distinct values in
high-frequency relative permittivity ε∞ = 6, 9, 9.6, 10, 11.5, 12
(curves 1–6, respectively) at a fixed wavelength of 8 µm and fixed tem-
perature of 77 K

Fig. 6 The calculated effective surface resistance as a function of
YBCO thickness for structure II, where the wavelength is 8 µm, and
the temperatures are T = 4.2, 5.6, 56, 77, and 85 K (curves 1–5, re-
spectively). The IGA material parameters for N,m∗,μe, and ε∞ are
5 × 1024 m−3, 4.099 × 10−32 kg, 0.2 m2/V·s, and 11.75, respectively

mum around 10 µm for ε∞ = 9, and then decreases slowly
when the wavelength increases. Third, for ε∞ = 11.5, and
12 (curves 5–6), Rs,eff monotonically increases as a func-
tion of the wavelength. The results in Fig. 4 illustrate that
the wavelength-dependent (or frequency-dependent) surface
resistance is strongly affected by the value of the high-
frequency permittivity of the semiconductor plasma.

Figure 5 depicts the thickness-dependent Rs,eff for vari-
ous high-frequency relative permittivity ε∞ = 6, 9, 9.6, 10,
11.5, 12 (curves 1–6, respectively) at a wavelength of 8 µm.
The change in ε∞ does not cause a salient variation in the
effective surface resistance.
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Fig. 7 The calculated effective surface resistance as a function of SM
thickness for structure II, where the temperatures are T = 77 K, and the
wavelength is taken at 8, 10, and 12 µm, respectively. Other material
parameters are the same as in Fig. 6

3.2 Structure II

Let us continue to present the numerical results for struc-
ture II. Figure 6 displays the calculated effective surface re-
sistance Rs,eff as a function of YBCO film thickness at a
wavelength of 8 µm for five temperatures, T = 4.2, 5.6, 56,
77, and 85 K (curves 1–5, respectively). The material para-
meters of IGA are the same as used in Fig. 2. The YBCO
film thickness is d = 20 nm. The results in Fig. 6 are similar
to the case where the substrate is semi-infinite, as depicted
in Fig. 3. It should be noted that each curve in Fig. 6 is coin-
cided as one at different thicknesses of SM, i.e., h = 10, 20,
50, 100, 200 nm, indicating the variation in Rs,eff due to the
change in the thickness of IGA substrate is negligible.

Figure 7 shows the calculated effective surface resistance
as a function of the normalized SM thickness (normalized to
the SM-substrate wavelength λSM) for three different wave-
lengths 8, 10, and 12 µm. The SM-substrate wavelength
λSM is defined by λSM = 2π/(ω

√
μ0ε0εr3), which, for these

three wavelengths, is calculated to be λSM = 3.42, 6.78, and
7.02 mm, respectively. It can be seen that the substrate res-
onant phenomenon is more salient at 8 µm. The maximum
in Rs,eff occurs when the SM thickness is equal to an integer
multiple of the half substrate wavelength, i.e., h = nλSM/2,
n = integer. The minimum in Rs,eff, however, occurs at
the condition of h = nλSM/4. The oscillation amplitude de-
creases with increasing substrate thickness. Usually, the sub-
strate resonant phenomenon is seen at Rs,eff for a YBCO
on common dielectric substrate, where the oscillation am-
plitude remains constant, not the same as shown in Fig. 7.

Next, we investigate the substrate resonant phenomenon
by changing the material parameters for IGA. For different
values in the high-frequency relative permittivity ε∞, in the
electron effective mass m∗, and in the electron mobility μe,

Fig. 8 The calculated Rs,eff as a function of λSM. The relative per-
mittivity of semiconductor plasma IGA is taken as ε∞ = 6, 9, and 12,
respectively

Fig. 9 The calculated Rs,eff as a function of the normalized sub-
strate thickness. The wavelength is 8 µm, the relative permit-
tivity of IGA is ε∞ = 11.75 while the optical electron effec-
tive mass is m∗ = 0.02m0,0.045m0,0.06m0, respectively, where
m0 = 9.1 × 10−31 kg is the free electron mass

the calculated Rs,eff at 77 K and d = 20 nm are shown in
Figs. 8, 9, and 10, respectively. In Fig. 8 we see that the de-
crease in the value of ε∞, the substrate oscillation behavior
will disappear at ε∞ = 6. In Fig. 9, the effect of electron
effective mass on the substrate oscillation phenomenon in
Rs,eff is illustrated, in which three different effective masses
are taken. The oscillating behavior is more pronounced at
a larger electron effective mass. In addition, the oscillation
curve is also shifted due to the variation of the effective
mass.

In Fig. 10, we plot the Rs,eff versus SM thickness for dif-
ferent mobilities, μe = 0.01, 0.1, 0.2, 0.5, and 1.0 m2/V·s,
respectively. The oscillating amplitude greatly increases
with the increase in the mobility. According to (11), the mo-
bility is inversely proportional to the absorption frequency.
Thus, a higher mobility indicates less absorption, which in
turn leads to a strong oscillation in the effective surface re-
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Fig. 10 The calculated Rs,eff as a function of the normalized sub-
strate thickness. The wavelength is 8 µm and its substrate wavelength is
λSM = 3.421 µm. The relative permittivity of IGA is ε∞ = 11.75, the
optical electron effective mass is m∗ = 4.099×10−32 kg, and the elec-
tron mobility is taken to be μe = 0.01, 0.1, 0.2, 0.5, and 1.0 m2/V·s,
respectively

sistance. At a lower mobility, the loss will be considerably
enhanced such that the oscillating behavior is strongly de-
pressed.

4 Conclusion

The effective surface impedance of a layered structure made
of YBCO and IGA is theoretically calculated and investi-

gated. Two model structures are used to study the surface
impedance in this work. For structure I, the effective surface
resistance defines a critical YBCO-film thickness at which
a minimum loss is attained. In addition, this critical thick-
ness can be characterized as the boundary for the thin film
and bulk properties. In the structure, we illustrate the sub-
strate resonance behavior due to the IGA substrate. With a
strongly dispersive in the permittivity for IGA, the substrate
resonance is obviously different from that of in the usual di-
electric substrates for YBCO.
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