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Abstract The calculation of the magnetostatic potential and
levitation force due to a point magnetic dipole placed in
front of a superconducting sphere in the Meissner state
is readdressed. Closed-form analytical expression for the
scalar potential function that yields the image system for an
arbitrarily oriented magnetic dipole located in the vicinity
of a superconducting sphere is given. Analytic expression
for the lifting or levitation force acting on the sphere is ex-
tracted from the solution for a general dipole. A special case
of our expression where the initial magnetic dipole makes
an angle with the z-axis is derived. Our expression for the
force in this particular case shows that a recently obtained
result (J. Supercond. Nov. Magn. 21:93–96, 2008) for an ar-
bitrary dipole is incorrect. A brief discussion of another erro-
neous result (J. Supercond. Nov. Magn. 15:257–262, 2002)
for a transverse/tangential dipole–sphere configuration, cor-
rected elsewhere recently, is reproduced. Correct expres-
sions for the interaction energy with some limiting cases are
also provided. The result derived here demonstrates that the
value of the levitation force for a dipole that makes an an-
gle with z-axis lies between the values for a radial dipole–
sphere and transverse dipole–sphere configurations provid-
ing upper and lower bounds. It is found that for a magnetic
dipole making an angle with z-axis, there exits a second
force component along the negative y-direction, which in-
fluences a couple acting on the superconducting sphere. It
is also shown that the couple is proportional to the second
force component and that both the couple and second force
components vanish for a radial dipole–sphere and transverse
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dipole–sphere configurations, respectively. These results ap-
pear to be new and have not had received due attention in the
context of superconductivity.
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1 Introduction

The magnetic interaction between a point dipole and a su-
perconducting sphere in the Meissner state has been of great
interest in recent studies. Several analytic results for the
magnetic interaction energy and levitation force have been
presented for various orientations of a magnetic point dipole
located in the vicinity of a superconducting sphere. For a ra-
dial dipole–sphere configuration, Coffey [1] found closed-
form expressions for the interaction energy and levitation
force by the use of the so-called image theory. For a horizon-
tally oriented dipole (transverse dipole) located in front of a
superconducting sphere, Coffey [2, 3] derived analytic solu-
tions by utilizing the standard techniques involving spheri-
cal harmonics. Based on his findings, Coffey concluded that
the levitation force for a transverse dipole–sphere system is
one half that for a radial magnetic dipole–sphere system in
the Meissner state. However, Coffey’s results for a trans-
verse dipole–sphere configuration and his conclusion have
been shown to be incorrect recently by Lin [4] and Palaniap-
pan [5] independently. It was understood that the incorrect
use of boundary conditions by Coffey led to erroneous ex-
pressions and conclusions.

More recently, Al-Khateeb et al. [6] (referred as AAAA
here) claimed to have solved the problem of a magnetic
dipole–sphere model for arbitrary orientation of the dipole
using the image principle. In particular, AAAA arguably
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utilized the image dipole theory, as in [3] for a radial di-
pole, and arrived at the expressions for interaction energy
and levitation force. Unfortunately, their results are also in-
correct as shown in this article. Apparently, AAAA seem
to be unaware of the work due to Coffey [2, 3] and the re-
cent corrected versions of Coffey’s results [4, 5]. Since these
authors (AAAA) did not provide expressions for the scalar
potential or magnetic induction, the error in their solution
could not be traced. But the comparison of their results for
the levitation force and magnetic energy with those due to
Coffey shows that the use of inappropriate boundary condi-
tions at the superconducting surface might have led to their
erroneous results which are corrected in the present paper.

The calculation of the image solution for sources and
dipoles in the presence of a superconducting sphere has been
investigated by many authors in various contexts. It appears
that the solution for a source–sphere problem was given a
long time ago by Carl Neumann [7] in an appendix of his
book in 1883. The solutions for sources and dipoles in the
presence of a fixed sphere were rediscovered by Weiss [8]
in both magnetostatic and non-viscous/inviscid fluid envi-
ronments. Note that the Neumann problem for a supercon-
ducting surface is mathematically equivalent to the problem
of ideal fluid flow around a bounding surface in hydrody-
namics [5, 9]. The solutions for the magnetostatic boundary
value problems with sources, dipoles, current loops, etc., lo-
cated inside/outside a superconducting sphere (and for pla-
nar surfaces) are also discussed in [10–16], among others.
The fact that there is a nice correspondence between mag-
netostatics and hydrodynamics makes it easier to translate
results from the former to the latter, and vice versa. There-
fore, our present results, derived in the context of magneto-
statics, are also applicable in the inviscid fluid flow theory.

We should emphasize that although the exact analysis for
a dipole–sphere system has appeared in the late nineteenth
century, the results have not been recognized in some recent
studies. Due recognition those results could have avoided
the misrepresentation of the theoretical results presented
in [2, 3, 6], for instance. Since the dipole–sphere problem
has an immense value in practice in a variety of fields related
to magnetostatics, especially in superconductivity, the accu-
rate presentation of the analytical results is absolutely nec-
essary. In view of this, the results for a dipole–sphere prob-
lem in the Meissner state is readdressed again in this paper.
The exact image solution for a general dipole located in the
vicinity of a superconducting sphere is presented in Sect. 2
with a brief demonstration of the image system. The analyt-
ical results for the levitation force and interaction energy are
provided in Sect. 3. Our results correct the earlier erroneous
results for the force and energy and also yield appropriate
limiting cases for a semi-infinite, flat superconductor. Some
numerical results for the levitation force for a particular type
of magnets are provided. Additional new results for the sec-
ond force component and the couple are also presented in

this section (see Sect. 3.3). Finally, in the concluding Sect. 4,
our main findings in this paper are given.

2 Image Solution for a Dipole–Sphere Problem

The problem of the field induced by a magnetic dipole
placed in the vicinity of a superconducting surface in the
Meissner state can be solved via magnetostatic scalar po-
tential approach [1–5, 8, 14]. This requires the construction
of solution to the magnetostatic potential due to a dipole
located in front of a superconducting object. For a super-
conducting spherical surface of radius b, one seeks a field
solution for the magnetostatic potential �(x) such that the
magnetic field is given by H = −∇� and the induction by
B = μ0H. The mathematical problem in this case reduces to
a Neumann boundary value problem for the magnetic scalar
potential as follows:

∇2� = 0, (1)

∂�

∂r
= 0 on r = b. (2)

Notice that condition (2) implies vanishing of the nor-
mal component of the magnetic field at the surface of the
sphere r = b. Coffey [2, 3] used the condition that the mag-
netic field vector vanishes (that is, both tangential and nor-
mal components of the magnetic field vanish) at the spher-
ical surface r = b in the derivation of his solutions for
point magnetic dipole–sphere interaction problems. How-
ever, Maxwell’s equations do not restrict the tangential com-
ponents of the magnetic field (see [17], for instance). There-
fore, the boundary condition (2) is more suitable for a super-
conducting sphere. A recent article by Lin [4] gives an elab-
orate explanation of the use of the boundary condition (2) for
a superconducting sphere. It appears that AAAA [6] have
also assumed a similar condition as Coffey, although this
point could not be checked since they did not give a com-
plete solution.

The solution to any externally induced magnetic poten-
tial in the presence of a superconducting sphere can be ob-
tained using the standard spherical harmonics series expan-
sion method [1–4, 14] or using the general result given in
[5, 8]. While the spherical harmonics scheme requires ex-
pansion of each initial potential in terms of an infinite series
and then solves the required problem as explained in [14],
the general result given in [5, 8] provides a unified approach
for an arbitrary magnetostatic potential in the presence of
a superconducting sphere. The exact solution for a gen-
eral dipole–sphere problem obtained via the latter approach
in [5] is reproduced below for the sake of completeness. The
two locations of the dipole considered in the present paper
are illustrated in Fig. 1(i) and (ii). For a general magnetic di-
pole of moment M = M‖ + M⊥ positioned at a outside the
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Fig. 1 Schematic illustration of
the superconducting
sphere–dipole configuration:
(i) arbitrary orientation and
location of the dipole; (ii) dipole
located at (0,0, a) that makes an
angle θ with the z-axis

sphere, as shown in Fig. 1(i), the solution for the magneto-
static potential is

� = M · (r − a)

|r − a|3 +
(

b

a

)3[M · (r − r2

b2 a)

|r − b2

a2 a|3

−
∫ 1

0

M · (sr − r2

b2 a)

|r − sb2

a2 a|3
ds

]
, (3)

where r is the position vector with |r| = r . The integral in
the above expression can be evaluated and the resulting mag-
netostatic potential now reads

� = (M⊥ + M‖) · (r − a)

|r − a|3

+
(

b

a

)3[ (M⊥ − M‖) · (r − b2

a2 a)

|r − b2

a2 a|3
]

− M⊥ · r

ba
(
r2 − ( a·r

a
)2

)
[
r − r2 − b2

a2 (a · r)

|r − b2

a2 a|

]
. (4)

The expression for the complete potential given in (4) repre-
sents the general solution for an arbitrarily oriented mag-
netic point dipole in the presence of a superconducting
sphere. The first term on the right-hand side of (4) (and
(3)) represents the initial magnetic dipole located outside the
sphere. The remaining terms in the closed-form expression
(4) (and (3)) may be interpreted as images inside the sphere.
The image system can be best understood by analyzing the
radial (the vertical case in [1]) and tangential/transverse (the
horizontal case in [2–5, 14]) initial dipole orientations sepa-
rately.

• For the initial radial dipole (M‖) the image system con-
sists of a single image dipole at the Kelvin’s image point

b2

a2 a (see Fig. 1). The orientation of the image dipole in
this case is just opposite to the initial dipole.

• For the tangentially oriented initial dipole (M⊥) the im-
age system consists of an image dipole (the same orien-
tation as the initial dipole) at the Kelvin’s inverse point,
plus a distribution of magnetic dipoles (with opposite ori-
entation) from the origin to the Kelvin’s image point [5,
8, 12, 13].

• It follows that for a general magnetic point dipole outside
a sphere, the image system in a superconducting sphere
comprises a point dipole at the Kelvin’s inverse/image
point, plus a distribution of dipoles from the center to the
Kelvin’s image point.

Thus, there is a fundamental difference in the image systems
for a radial and tangential dipole–sphere configurations and
also in the general case. This difference is not recognized in
the incorrect representation of the image solution discussed
by AAAA [6]. The variation in the image system leads to the
variation in the interaction forces and energy, as will be seen
in the next section. It should be pointed out that our image
representation for point dipole–sphere configurations agrees
with those already given in [11–14]. As said before, the im-
age system for the radial dipole–sphere system has also been
given in [3], which is the same as ours. In the following we
give expressions for the force, interaction energy and torque
and discuss the differences.

3 Discussion

The exact image solution for the dipole–superconducting
sphere problem presented in the preceding section can be
exploited to extract the significant physical quantities such
as the interaction/levitation/lifting force and the interaction
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energy. The general expression for the force is already given
in [5] for the arbitrary orientation of the initial dipole and we
simply reproduce it here for the sake of comparison and to
add new results. For an initial dipole located on the z-axis,
it turns out that if the dipole is aligned parallel (radial di-
pole) or perpendicular (transverse dipole) to the z-axis, then
the force has just one component. On the other hand, if the
initial dipole makes an angle θ with the z-axis, then there is
a second force component in addition to the vertical/lifting
force. This additional force component appears to influence
a torque/couple on the sphere and it is observed that the
torque is proportional to the second force component. We
provide here expressions for this extra force and the couple
which do not seem to have received sufficient attention in
the literature.

3.1 The Interaction Force

Now the expression for the force exerted by a general initial
dipole M on the superconducting sphere extracted from (4)
is given by [5]

F = 4πμ0
b3

(a2 − b2)4

×
[(

6 − 4
b2

a2
+ b4

a4

)(
M2 + (M · a)2

a2

)
a

− 1

2

(
3 − b2

a2

)(
1 − b2

a2

)
((M · a)M + 3M2a)

]
. (5)

The force for several special dipole orientations, including
radial and transverse/tangential directions of the initial di-
pole (see [5]) for details), can be deduced from the gen-
eral expression (5). Now for a magnetic dipole with moment
M = M‖ + M⊥ located at (0,0, a), (a > b) which makes an
angle θ with z axis, as in Fig. 1(ii), (5) takes the form

Fz = 4πμ0
ab3

(a2 − b2)4

[
6M2‖ +

(
3

2
+ 2

b2

a2
− 1

2

b4

a4

)
M2⊥

]
.

(6)

Notice that this is another particular dipole orientation cho-
sen to correct the erroneous results by AAAA [6], and to add
new results as well. The difference in the lifting force for the
radial and transverse dipole–sphere configurations appear-
ing in (6) is due to the difference in the respective image
systems. It is seen from (6) that the levitation force due to
radial dipole–sphere configuration is not twice the force due
to a tangential dipole–sphere configuration, as claimed in
[2, 3, 6]. It follows from Fig. 1(ii) that for this orientation,
M‖ = 〈0,0,M cos θ〉 and M⊥ = 〈0,M sin θ,0〉. Choosing
M = m

4π
, the expression for the levitation force (6) for the

present dipole–sphere configuration reduces to

Fz = μ0m
2

4π

ab3

(a2 − b2)4

[(
3

2
+ 2

b2

a2
− 1

2

b4

a4

)

+
(

9

2
− 2

b2

a2
+ 1

2

b4

a4

)
cos2 θ

]
. (7)

The notation for the dipole moment m in the present paper

and μ used in [6] are related by μ2 = μ0m
2

8π
. We first ob-

serve that the functional form in (7) is much different from
that derived by AAAA [6] and is due to the incorrect im-
age system used by these authors. When θ = 0, our result
given above yields the levitation force for a radial dipole
which agrees with [1, 2, 4, 5, 14] and also with that given
by AAAA [6]. However, when θ = π

2 , it gives the expres-
sion for a transverse dipole in agreement with [4, 5, 14], but
does not agree with the corresponding result in [6]. A simi-
lar incorrect result for a transverse/horizontal dipole–sphere
system is given in [2, 3] which was recently corrected in
[4, 5]. Also, for intermediate values of θ , our result disagrees
with that given in [6].

In the limit a2 � b2, (7) yields

Fz = 3μ0m
2

8π

b3

a7 (1 + 3 cos2 θ). (8)

When θ = 0, the force expression (8) gives the result for a
radial dipole in agreement with those given in [1, 5]. When
θ = π

2 , it reduces to the correct result for a transverse dipole
given in [5]. This limiting case was not discussed by AAAA
in [6], but reduction of their result (equation (4) in their pa-
per) in this special case leads to an incorrect expression for
the force which does yield the correct limiting case results.

For a close dipole–sphere separation, a − b = d � b (7)
reduces to

Fz = 3μ0m
2

64πd4
(1 + cos2 θ). (9)

This is the result for a dipole–superconducting plane (semi-
infinite superconductor) system. For the special cases, θ = 0
and θ = π

2 , (7) reduces to the results presented in [5] for
a semi-infinite superconductor. It is seen that in this spe-
cial case the result is given in [6] and agrees with ours.
It is worthwhile to point out that in this limiting case the
force for a radial dipole is twice the force for a transverse
dipole, indicating that this result is true only for a dipole–
superconducting plane system.

We now turn our attention to the numerical results based
on our expression for the force given in (7). To this end, we
use the model description utilized by Yang [18] several years
ago. Thus, if we model the dipole as a sphere with radius r0
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Table 1 Numerical values of
the levitation force for a typical
Nd-Fe-B magnet

θ Fz

0° 4.096 × 10−12 N

30° 3.462847737 × 10−12 N

45° 2.829695473 × 10−12 N

60° 2.19654321 × 10−12 N

90° 1.563390947 × 10−12 N

and magnetization M , then (7) can be rewritten as

Fz = 2 × 107

3
(μ0M)2r2

0

(
r0

b

)2
x

(x2 − 1)4

×
[(

1

4
+ 1

3x2
− 1

12x4

)

+
(

3

4
− 1

3x2
+ 1

12x4

)
cos2 θ

]
, (10)

where x = a/b > 1 is the relative distance. For Nd-Fe-B
magnets, the typical values, according to Yang [18], may
be chosen as μ0M = 1 T, r0 = 100 nm, r0/b = 0.1 and
x = 1.5. For these input values, the computed numerical
results for the force are provided in Table 1 in order to il-
lustrate the angular (that is, θ ) dependence of the levitation
force. The table gives the magnitude of the lifting force for
θ = 0°,30°,45°,60° and 90°. When θ = 0° the numerical
value for the force is maximal and is the same as the one
given in [18] for a radial dipole, as expected. We also see
that the force decreases with increasing θ in the first quad-
rant. The force is minimal when θ = 90°, and this corre-
sponds to a transverse dipole–superconducting sphere con-
figuration. We also observe that the force in the case of trans-
verse dipole orientation is not one half the value of the force
with radial dipole orientation, contradicting the claims in
[2, 3, 6] for these type of magnets. Indeed, the computed val-
ues in Table 1 show that Fz‖ = 2.62 × Fz⊥ (approximately)
for a typical Nd-Fe-B magnets, where Fz‖ and Fz⊥ are
the force components for the radial and transverse dipole–
sphere systems, respectively. As mentioned in [5] (a nicer
inequality is presented there), the force due to radial and
transverse dipole cases serves as the upper and lower bounds
for the levitation force in the general case.

3.2 The Interaction Energy

For the dipole–sphere configuration shown in Fig. 1(ii) and
discussed in the previous subsection, the expression for in-
teraction energy can also be extracted from the analytical
solution given in (4). The energy can be calculated either
using the approach given in [1–3] or using the integral for-
mula utilized in [14]. Omitting the details, the expression for

the interaction energy is given by

U = 4πμ0b
3

(a2 − b2)3

[
M2‖ +

(
1

4
+ b2

4a2

)
M2⊥

]

= μ0m
2b3

4π(a2 − b2)3

[
1

4
+ b2

4a2
+

(
3

4
− b2

4a2

)
cos2 θ

]
. (11)

Our expression (11) for the energy shows that the energy in
the radial dipole case is not twice the energy in the transverse
dipole case, again contradicting the claims in [6]. The above
result for the interaction energy disagrees with that given by
AAAA [6], but agrees with the one obtained by Beloozerov
and Levin [11] many years ago. In the limiting case, when
a2 � b2, (11) reduces to

U = μ0m
2b3

16πa6
(1 + 3 cos2 θ). (12)

The corresponding deduction of the result by AAAA [6]
(equation (3) in their paper) yields an incorrect expression
for the energy in this limiting case. For a close dipole–sphere
separation a − b = d � b, (11) yields

U = μ0m
2

64πd3
(1 + cos2 θ) (13)

which is the interaction energy for a dipole–superconducting
plane configuration. However, in this case, the reduction of
AAAA expression for the interaction energy gives a result
that coincides with our expression (13). As in the lifting
force case, the energy for the radial dipole–plane config-
uration is twice the energy for the transverse dipole–plane
configuration. This correct result for a semi-infinite, flat su-
perconductor is also given in [19].

3.3 Expressions for the Second Force Component and the
Couple

Now for a dipole with moment M = M‖ + M⊥ = 〈0,
m
4π

sin θ, m
4π

cos θ〉 (discussed in the preceding subsections),
in addition to the vertical interaction force given in (6), there
is a horizontal (tangential) force component as evident from
the general result for the force given in (5). The expression
for this second force component, extracted from (5), is given
by

Fy = −2πμ0
b3

a(a2 − b2)3

(
3 − b2

a2

)
M‖M⊥

= −μ0m
2

8π

(3a2 − b2)b3

a3(a2 − b2)3
sin θ cos θ. (14)

As seen from the above expression, the additional force
component acting in the negative y-direction vanishes for
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a radial (θ = 0) and transverse (θ = π
2 ) dipole orientations.

Note that Fy depends significantly on the initial dipole lo-
cation a and it decreases with an increase of a. Below, we
discuss the relation between this additional force component
and the torque/couple on the superconducting sphere.

For a general dipole with an arbitrary direction there is
a couple/torque that acts on the sphere [8]. The couple N =
〈Nx,Ny,Nz〉 acting on the superconducting sphere of radius
b due to a magnetic dipole at a is given by

N = −2πμ0
b3

a2(a2 − b2)3

(
3 − b2

a2

)
(M · a)(M × a). (15)

For a special dipole located at (0,0, a) making an angle θ

with z-axis (considered above and in the preceding subsec-
tions), an expression for the couple becomes

Nx = −2πμ0
b3

(a2 − b2)3

(
3 − b2

a2

)
M‖M⊥

= −μ0m
2

8π

(3a2 − b2)b3

a2(a2 − b2)3
sin θ cos θ. (16)

Note that for this special dipole–sphere configuration, the
couple acts along the negative x-direction with the compo-
nent Nx given above. Comparison of (14) and (16) shows
that the couple is proportional to the second component of
the force and indeed one sees that Nx = a × Fy . As in the
force discussion, for a radial (θ = 0) and transverse (θ = π

2 )
dipole orientations, the couple acting on the sphere is zero.
Other special dipole–sphere configuration results can also
be deduced from the expression for the couple given in (15)
and (16). For instance, when a2 � b2, the couple in the x-
direction becomes

Nx = −3μ0m
2

8π

b3

a6
sin θ cos θ, (17)

and for a close dipole–sphere separation, a − b = d � b,
(16) reduces to

Nx = − μ0m
2

32πd3
sin θ cos θ. (18)

The last equation yields the couple on a superconducting
plane due to a dipole. The new results presented in this sub-
section have not been given due attention in the literature.
We must point out that these theoretical results are yet to be
recognized in practice as well.

4 Conclusion

Closed-form image solution for a magnetic point dipole lo-
cated in the vicinity of a superconducting sphere in the

Meissner state is given for an arbitrary orientation of the di-
pole. The levitation force acting on the sphere and the inter-
action energy are extracted from the analytical solution for a
dipole–superconducting sphere configuration. Our exact ex-
pressions for the force and interaction energy:

• correct the recent erroneous results presented in [6] for an
arbitrary dipole–sphere configuration;

• show that neither the levitation force nor the interac-
tion energy for a radial dipole–sphere configuration is
twice the corresponding force and energy for a transverse
dipole–sphere configuration. Such a result is true only for
a semi-infinite, flat superconductor;

• are utilized to compute numerical values for the interac-
tion force for Nd-Fe-B type magnets. Our computed val-
ues yield the relation Fz‖ = 2.62 × Fz⊥ (approximately)
between the radial and transverse orientations of the ini-
tial dipole, again disproving the conclusions for the force
given in [2, 3, 6];

• illustrate the presence of a second force component in the
direction tangent to the superconducting sphere;

• reveal the existence of torque on the sphere due to a mag-
netic dipole and its connection to the second force com-
ponent.

The expression for the interaction force given here also
demonstrates that the levitation force is maximal for a radial
dipole–sphere combination and is minimal for a transverse
dipole–sphere configuration providing upper and lower
bounds for various dipole orientations. A more explicit in-
equality for the interaction force is provided in [5]. Further,
our results for the second force component and torque ap-
pear to be new and do not seem to have been discussed
earlier in the literature. It is noted that the second force and
the torque vanish for the radial and transverse dipole–sphere
configurations.
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