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Abstract This paper presents a 3D-modeling numerical
method using finite element method (FEM) to simulate
the electromagnetic behavior of high-temperature supercon-
ductors (HTSC). The models are formulated by the mag-
netic field vector method (H-method). The resolving code
was written by FROTRAN language. The electromagnetic
properties of HTSC are described though Kim critical-
state model. The magnetic fields and current distribution in
the bulk HTSC in the applied non-uniform external mag-
netic fields generated by the permanent magnetic guideway
(PMG) are obtained using the proposed method. The mag-
netic levitation forces by the interaction between the bulk
HTSC and the PMG are calculated. In order to validate the
method, measurement of the vertical force between a bulk
YBaCuO(YBCO) and a PMG is obtained. The measurement
and simulation results show good matching. This method
could be used in the HTSC magnetic levitation transporta-
tion system optimization design.

Keywords Permanent magnetic guideway · 3D-model ·
High-temperature superconductors · Finite element method

PACS 85.25.-j

1 Introduction

After the discovery of intrinsic stable levitation (or suspen-
sion) of bulk high-Tc superconductors (HTSC) above (or be-
low) permanent magnet, some potential applications using
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bulk HTSC, bearing, flywheel and Maglev transportation,
are expected [1–4]. It is necessary to be able to well pre-
dict the electromagnetic behavior of those devices in order
to optimize their performance. Because the electromagnetic
properties of HTSC are highly nonlinear, it is difficult to
simulate their behavior. These nonlinear characteristics are
material anisotropism and E-J constitutive law nonlinear-
ity. For grain boundary of bulk YBCO, critical current den-
sity along a-b plane is about three times that along c-axial in
the bulk YBCO interior. These are the anisotropic properties
of HTSC materials. For E-J constitutive law, it is different
with normal conductors. Lots of proposed models have been
developed to describe that E-J relation. The Bean critical-
state model is the most popular one. The Bean model as-
sumes that there is only nonzero electrical field existing in
the interior of HTSC where superconducting current density
can be generated, and the inducing current density equals to
its critical value Jc which is independent of magnitude of
the electric field. The Kim critical model assumes that Jc is
dependent on local magnetic field. The flux flow and creep
model could explain the phenomena of the magnetic force
time dependence of high-Tc superconductors. This is due to
the motion of fluxiods which induce the electromotive force.
The critical current density Jc not only depends on material
and temperature but also on local current density and mag-
netic field. Usually a highly non-linear E-J constitutive law
is used to describe this behavior. The most effective way
to deal with this problem is to use some iterative methods.
They consume more computing time.

During the past years, several numerical and analyti-
cal methods have been proposed to carry out this work.
For 2D-models, limited to relatively simple geometries un-
der homogeneous or axially symmetric external fields, sev-
eral analytical methods have been developed [5–7]. Two-
dimensional semi-infinite domains and axially symmetric
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domains are considered to carry out numerical methods,
such as A-V formulation [8–10], H-formulation [11] and T-
formulation [12]. For the 3D-models, because of difficulty
of dealing with the high nonlinear properties and limited
computer ability, seldom a report has been seen. R. Pecher
developed a 3D-modeling mathematical method by applying
the edge element based Galerkin technique [13]. By stack-
ing multiple 2D-layers on top of each other, some quasi-3D
geometries could be achieved [14]. This method ignores the
current density flowing along c-axis by assuming the axial-
symmetric geometries and external fields.

In this paper, a 3D modeling numerical method is be-
ing introduced by finite element method (FEM) to simulate
the electromagnetic behavior of HTSC. Expression Esc =
Ec0 · (Jsc/Jc(Hsc))

n is used to describe E-J relationship of
HTSC. Two virtual bulk HTSC are proposed for solving the
material anisotropism problem of HTSC. One simple itera-
tive method is used to solve the E-J nonlinear characteristic
of HTSC. Forward finite difference is used for solving time
variety problem.

The superconducting levitation system composed of one
bulk YBCO and PMG is successfully investigated using the
proposed method. This levitation system is the prototype
system of the first man-loading HTSC Maglev system [4].
The simulation results show that HTSC of mix-state resist
magnetic fluxon variation and then the inducing currents re-
sult in electromagnetic forces. The resolving code is suc-
cessfully developed with FORTRAN language.

2 Numerical Scheme

This section consists of three parts. The first part shows the
basic equations used to describe the 3D superconducting
model, shown in Fig. 1. Then in the second part we simply
introduce the boundary conditions. The finite method using
the above mathematical models is introduced in part three.
In the last part we introduce the resolved code programming
procedures.

2.1 Basic Equations

We consider a 3D space with a bulk HTSC subdomain �1
and non-superconducting subdomain �2 shown as Fig. 1.
The dielectric subdomain �2 here is air. During the experi-
ment, the YBCO bulk is immersing into liquid nitrogen. In
order to simplify the simulating method, we just take it as an
air. According to the Maxwell Ampere’s Law and Faraday’s
Law:

∇ × H = J + ∂D

∂t
, (1)

∇ × E = −∂B

∂t
. (2)

Fig. 1 Diagram of 3D superconducting model

The B-H constitutive law:

B = μH, (3)

where ∇ is the gradient operator; μ is the magnetic perme-
ability. For (1), because of the quasi-approximation prob-
lems, we assume no displacement currents are considered:
∂D/∂t = 0.

To the high-Tc superconductors, we use (4) to describe
their electrical behavior:

Esc = Ec0

(
Jsc

Jc(Hsc)

)n

. (4)

Here Ec0 is material and temperature dependent constants.
Esc, Jsc and Hsc are the electrical field, current density and
magnetic field of the high-Tc superconductor, respectively.
Jc is the critical current density. In this paper, we choose the
value n = 20. In this case of the HTS, the effective conduc-
tivity depends on the current density and can be represented
by the nonlinear power law relation equal to (4):

1

σsc
= Esc

Jsc
= Ec0

Jc

(
Jsc

Jc

)n

(5)

σsc is the effective conductivity of the superconductor.
The critical current density Jc can be a function of mag-

netic field as the Kim model:

Jc(Hsc) = Jc0

1 + Hsc/Hc0
. (6)

Here Jc0 and Hc0 are the material and temperature depen-
dent constants.

For 3D modeling of anisotropic HTSC nonlinear mate-
rials problem, the critical current density Jc along c-axis
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is considered to be one third of the critical current density
flowing along a-b plane in the bulk YBCO interior. We as-
sume that the resistance of the currents flowing along c-axis
are three times that along a-b plane. Considering it, (5) can
written by:

Esc =
⎡
⎣Esc_x

Esc_y

Esc_z

⎤
⎦ = 1

σsc

⎡
⎣ Jsc_x

3 ∗ Jsc_y

Jsc_z

⎤
⎦ . (7)

Substituting (2) and (3) into (7) we can get the equation:

1

σsc
∇ ×

⎧⎨
⎩

⎡
⎣Jsc_x

Jsc_y

Jsc_z

⎤
⎦ +

⎡
⎣0 ∗ Jsc_x

2 ∗ Jsc_y

0 ∗ Jsc_z

⎤
⎦

⎫⎬
⎭ = −μ

∂

∂t
H. (8)

Here the bulk HTSC is mathematically composed by two
parts, one a homogeneous HTSC and the other only the c-
axis oriental conductivity which is not equal to zero. Take
account of all the regions, substitute (1) into (8) and consider
Jsc_y = ∂Hx/∂z − ∂Hz/∂x, then (7) can be rewritten as:

μ
∂

∂t
H + ∇ × 1

σ
∇ × H + λ

σ
∇ × Q = 0. (9)

Here σ = σair, λ = 0 for �1 and σ = σsc, λ = 1 for �2 (see
Fig. 1), and define Q as:

Q =
[
0 2 ∗ ( ∂Hx

∂z
− ∂Hz

∂x
) 0

]T

.

Generally, formulation (9) is a time-varying electro-magne-
tic partial deferential equation derived from Faraday’s law,
Ampere’s law, E-J constitutive power law. The displace-
ment current is ignored in Ampere’s law. The components
Hx , Hy , Hz of vector magnetic field H are state variables.

2.2 Boundary Conditions

A stable resolution of partial differential equation needs
some suitable boundary conditions. For governing equa-
tion (9), Dirichlet and Neumann boundary conditions are
used to describe the electromagnetic situations. Consider the
situation of a bulk HTSC in a non-uniform external magnetic
field. The boundary condition between the bulk HTSC and
dielectric subdomain �1 region is continuity:

μ1H1n = μ2H2n. (10)

The outer boundary of subdomain �2 is the dynamic bound-
ary. Here we use a time dependence function to describe:

H�2(r, t) = f�2(r, t) (11)

where the function of f�2(r, t) describes how the non-
uniform external magnetic field changes with time at the
outer boundary of subdomain �2. In this paper, the applied

magnetic field is generated by the PMG. In our program we
used equivalent current model and analysis method to simu-
late the magnetic field of the PMG.

2.3 Numerical Methods

In this paper, we use the FEM and finite differences to es-
tablish the numerical code to solve the nonlinear problem
of the bulk YBCO electromagnetic behavior in applied no-
uniform external magnetic field. Time differences are used
to discretize the time derivative item equal to (9) in time
space. FEM is used to discretize the regions described in
Fig. 1. The iteration approach is chosen to solve the nonlin-
earity:

μ
∂Hi+1

n

∂t
+ ∇ × 1

σ i
n

∇ × Hi+1
n + λ

σ i
n

∇ × Qi+1
n = 0. (12)

With the outer boundary conduction (11), the initial condi-
tions are taken into account by:

t = 0: H = H0, H�2(r, t = 0) = f�2(r, t = 0). (13)

The superscript i (i = 1,2, . . .) indicates the number of it-
eration step. The subscript n indicates the number of time
derivation step. Here we use forward-differences method for
the time variable problem. When calculation region is in the
superconductor, the effective conductivity σ = σsc. Equa-
tion (12) can be rewritten by:

μHi+1
n + dt∇ × 1

σ i
n

∇ × Hi+1
n + λdt

σ i
n

∇ × Qi+1
n = μHn−1

(14)

where Hn−1 is the stable solution of the nth step of time
derivation and dt is the step size of each time derivative step.

For FEM, tetrahedron element is chosen for the dis-
cretization of the regions. The nodes of elements which be-
long to outer boundary are accounted for by function (11).
Then the algebraic equations can be expressed by the fol-
lowing matrix form [15]:

{[A] + μ[I ]}[Hi+1
n

] + [C][Qi+1
n

] = μ[F ] (15)

Here, [A] and [C] are the square matrices of coefficients
and they are respectively relative to those coefficients of the
second item and the third item of (14). [I ] is unit matrix
which corresponds to the first item of (14). [F ] is the column
matrix which is called load matrix corresponding to Hn−1.
Obviously, the matrices [A] and [C] are dependent upon the
effective conductivity σsc.
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2.4 Numerical Procedures

Here we introduce the main steps of the numerical code as
follows.

Step 1: Initiate the values of (15) with (13). Initial value of
σsc is assumed sufficiently large at the first step of
iteration.

Step 2: t = t + dt , n = t , i = 1.
Step 3: calculate the stiffness matrices of [A], [C], resolve

the solution of column matrix [Hi+1].
Step 4: calculate σ i+1

sc by the equation: σsc = Jsc/Esc,
judge the concentration of iteration by:

∣∣σ i+1
sc − σ i

sc

∣∣ ≤ δ (16)

where δ is a given value which used to control the
precision of iteration. If all the bulk HTSC mesh
nodes do not satisfy (16), then [Hi] = [Hi+1], i =
i + 1, and go to Step 3.

Step 5: if n < T , then go to Step 2. T is the upper limit of
time.

After the magnetic fields and current density distribution
are resolved, the magnetic forces acting on the bulk HTSC
can be calculated by:

Fem =
∫

v

J × Bex dv (17)

where V represents the volume of the bulk HTSC, J is the
induced current density and Bex is the external magnetic
field.

The numerical integral methods are used in cell element
stiffness matrices and Fem, i.e. (17), calculation with isoperi-
metric element transformation technology; it is possible to
resolve any problem of non-regular geometric shape of bulk
HTSC.

3 Simulation and Measurement Results and Discussion

We used the proposed methods in Sect. 2 to simulate the
simple levitation system composed of a cylindrical bulk
HTSC and a PMG. This levitation system is the prototype
of the first man-loading Maglev system [4]. Figure 2 shows
the schematic diagram of the levitation system of the simu-
lation and experiment. The gap from positions A and B to
the top surface of the PMG is 53 mm and 3 mm, respec-
tively. Positions A and B are at the right center above the
PMG. The axis line of the cylinder YBCO bulk parallels to
y-direction.

The cylindrical bulk YBCO is 30 mm in diameter and
15 mm in thickness. The PMG is made of NdFeBs of 40 mm
in width, 40 mm in height and 80 in length and iron yokes.

Fig. 2 YBCO bulk vs. PMG levitation system

The cross section paralleling to x-y plane of the PMG is
90 mm in width and 40 mm in height. The magnetic field in-
duced by the PMG is symmetric in x-y plane. The up-right
diagram of Fig. 2 shows it. The standard analysis method
with the equivalent surface current model is used to calcu-
late the magnetic field of PMG. Figure 3 shows the calcu-
lated and measured results of magnetic flux density with the
gap from 1 mm to 55 mm at the right center above the PMG
along vertical track. Figure 3 shows that the calculated val-
ues of magnetic flux density generated by the PMG are a
little smaller than the measured values when the gap is low:
20 mm. When the gap decreases to less than 3 mm, the cal-
culated value is smaller than the measured value. This is be-
cause the calculation of magnetic field of the PMG is carried
out in a perfect state which ignores the influence of mag-
netic field concentration effect of the iron yokes. With the
gap equal to 3 mm, the calculated value and the measured
value of magnetic flux density of the PMG are 0.45 T and
0.47 T, respectively.

As Fig. 2 shows, during the simulation, the bulk HTSC
is in zero-field-cooling (ZFC). Simple magnetic force dis-
placement loops are simulated by this way: firstly, the sam-
ple is vertically brought down from the position A of gap
equal to 53 mm to position B of gap equal to 3 mm at the
right center surface above the PMG with velocity equal to
1 mm/s. After the sample gets to position B , it is brought
away back to position A with the same velocity. Because
the velocity is small, the displacement current is ignored.

Similar experiment instruments and progress are made to
measure the levitation force between the bulk YBCO and
the PMG, as Fig. 2 shows. It is a cylinder shape bulk YBCO
with the diameter of 30 mm and the height of 15 mm. The
bulk YBCO was made in the year 2001. In the experiment
the sample is cooled by liquate nitrogen (77 K) in the case
of ZFC.

For simulation, when the magnetic field solutions of the
bulk HTSC are obtained, the current density distribution can
be resolved by (1) mathematically. We can calculate the
electromagnetic levitation force by formula (17). Figure 4
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Fig. 3 Distribution of
calculated and measured
magnetic field of PMG of a
track along the vertical direction

Fig. 4 Experiment and
calculation of
force–displacement loops plot.
The minimum gap =3 mm.
(E0 = 1.0 × 10−4 A/m,
gap = 3 mm)

shows the calculation and measurement of electromagnetic
levitation forces acting on the samples.

The vertical force–displacement loops exhibit some hys-
teresis. This could be explained by the characteristic of
HTSC magnetic hysteretic effects. When the bulk is brought

vertically down to the top surface of the PMG and is brought
away, hysteretic loop areas of measurement and calculation
forces are different from each other. Figure 4 shows that, for
calculation forces, the hysteretic loop area decreases with
increasing of critical current density Jc. Generally, the mag-
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netic field easily penetrates into the bulk HTSC with the low
critical current density. The figure also shows that the calcu-
lation force of Jc = 7.6 × 107 A/m2 matches the measured
force very much in hysteretic loop area and in maximum
value. The value of Jc seems to be low. This may happen for
two reasons. The sample was bought in 2001 and the per-
formance of the materials was not good at that time. Almost
seven years’ time made the performance of the sample not
good either.

4 Conclusion

A numerical method has been proposed for 3D-model high-
Tc superconductor electromagnetic behavior analysis using
critical model to describe the E-J characteristics of HTSC.
The high-Tc superconductor nonlinear material is consid-
ered by two virtual bulk HTSC. The resolve code is success-
fully developed with FORTRAN language. A simple cylin-
der shape bulk HTSC vs. PMG levitation system is success-
fully simulated by the proposed method. A similar experi-
ment of the simulation is carried out and the measured re-
sults show that the calculated and measured values match
well. The presented method could be used for the HTSC
Maglev transportation system optimizing design.
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