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Abstract

The enumeration of multipartite entanglement is an essential, yet challenging task in quantum informa-
tion processing. A new measure for calculating genuine tripartite entanglement, called the concurrence
fill (CF), has been added to the list of entanglement measures. In this article, we employ the CF to
calculate the extent of entanglement present in the three-mode continuous variable states, such as
the quasi-GHZ state and quasi-W state. The above mentioned states mimic their respective discrete
variable states for moderate coherent strength, while for lower coherent strength, the states are far
from possessing maximum entanglement. The photon addition in these states at the single mode and
three-mode levels results in the states reaching their respective maximum amount of entanglement
even for the lower coherent amplitude. In continuation, a nonlocal tripartite photon addition is im-
plemented on a product three-mode coherent state, and the resultant state is shown to have W-type
entanglement.
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1. Introduction

Quantification of quantum correlations present in physical systems is of paramount interest in quan-
tum information science. Entanglement is a kind of quantum correlation among spatially-separated
physical systems and is regarded as a resource in protocols, such as quantum teleportation, metrology,
and quantum cryptography [1]. Entanglement between two qubits can be calculated by employing concur-
rence, entanglement of formation [2], and the relative entropy of entanglement [3]. Beyond the two-qubit
scenario, quantifying entanglement among multipartite systems has been challenging and an active area
of research [4-10].

In 2000, Coffman et al. [11] coined the term tangle to represent the entanglement present in three
qubits. At the tangle scale, the GHZ state reached its maximum, and the W state was shown to have a
zero value. Eventually, to represent the entanglement among all three subsystems, a term called genuine
tripartite entanglement was evolved. In the tripartite-qubit scenario, four specific classes exist: product,
biseparable, GHZ, and W. All the tripartite qubits belong to any one of the above classes. In the case
of biseparable and product states, at least one qubit is unshared from the other two qubits. In the GHZ
and W states, all the subsystems are genuinely entangled. Hence, the genuine tripartite entanglement
measure must assign zero values to the states falling in the product and biseparable classes, while nonzero
values must be assigned to the GHZ and W class states. Based on the conditions imposed for genuine
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tripartite entanglement, the tangle failed to become a genuine tripartite entanglement measure. Recently,
a new measure of genuine three-qubit entanglement has been proposed [12]. This measure, known as the
concurrence fill, is based on the quantification of a triangle’s area formed by the square root of concurrence
among the three bipartitions. The GHZ state attains the perfect one value, while the W state reaches
8/9. The success of this measure also induces similar attempts in the case of four-pure-qubit case [13].

The experimental feasibility of radiation states makes them attractive for the implementation of
quantum information protocols [14]. A light field in the coherent state is a classical state possessing
minimum uncertainty. Manipulation involving the photon addition [15] and subtraction [16] turn the
coherent state into a nonclassical state. At the single-mode level, the extent of nonclassicality creation,
using photonic operations, is known [17]. Extending to two modes, using a nonlocal operation with a
photon creation operator on a product coherent state leads to entanglement between the two modes [18].
Here, the photon-added coherent states were mapped to qubits, and entanglement between the two qubits
was calculated using concurrence.

In this article, we extend this approach to three modes and employ a trimodal nonlocal photon-
addition operation on three product coherent states. The resultant state is genuinely entangled and
evaluated using the CF measure.

The present work is organized as follows.

We discuss the genuine tripartite entanglement in Sec. 2 while, in Sec. 3, we examine the effects
of the photon-addition operation on the tripartite continuous-variable (CV) states. Consequently, the
genuine three-qubit entanglement present in well-known states, such as quasi-GHZ and quasi-W states,
is calculated, and the impacts of the single-mode and three-mode photon additions on these states are
also calculated. In Sec. 3.2, we describe the derivation of the CF due to the influence of nonlocal photon
addition. Concluding remarks are given in Sec. 4.

2. Genuine Tripartite Entanglement Measure

In 2021, Xie et al. [12] introduced a novel method called the CF to measure the amount of entanglement
present among three pure qubits. This method is based on Heron’s formula for calculating the area of the
concurrence triangle. The lengths of the three edges of this triangle correspond to the squared edges to the
other concurrences. The area of this concurrence triangle serves as a genuine three-qubit entanglement
measure for pure states. Consider three qubits, A, B, and C, which can be partitioned into A|BC, B|AC,
and C|AB, respectively. The entanglement between these partitions can be evaluated, using concurrence.
These concurrences are denoted as 6124| BOY C]23|C 4> and C%l 4p- Based on these concurrences, the CF is
given as

16 2 2 2 1/4
Fane = [39@ O pe)(Q — Cpa)(Q cC,ABﬂ , W)

where Q is the half perimeter and given as

1
Q=3 (6124\30 +Chiac + Cé‘\AB) : (2)

A factor of 16/3 ensures normalization. The CF is bounded between 0 and 1; 0 < Fapc < 1.
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3. Tripartite CV States

CV states play a vital role in the implementation of quantum information protocols due to their
laboratory readiness and efficient manipulation [19,20]. One of the implementation tactics is to map them
as two-level systems — qubits [21]. This mapping of CV states into qubits facilitates implementation. The
coherent state is the most well-known CV state. While the coherent state is classical, the superposition of
coherent states offers the unique advantage of realizing Schrodinger cat states. Although any two coherent
states are nonorthogonal, sufficient coherent strength will cause their overlap to vanish. At the two-mode
level, all the maximum entangled Bell states are mapped and called the quasi-Bell states [22]. In the case
of discrete variable (DV), the GHZ and W states are well-known forms of tripartite entanglement. The
distinction between them becomes apparent, when one of the modes is traced over, leading to residual
bipartite entanglement. In this scenario, the reduced GHZ state becomes separable, while the reduced
W-state retains some degree of bipartite entanglement. Adesso et al. [23] extensively studied these states
in the context of CV quantum information. The GHZ state in the CV regime is given as

V) anz = Nonz[l€)ol€)sl6) e + =8l =8 =€) ], (3)

P
where |€) = e~ I¢ /2 Z;io 5]?|p> is the coherent state. Using the coherent state, the quasi-W state can

be expressed as

[V)w = Nw [|=€)al€)slE) e + 1€)al=E)51E) e +1€)4E)s| =€) ] - (4)

The normalization constants are given by N2y, = 1/(2 + 2¢70€F) and N2, = 1/(3 + 6e4E%).

To map these states into the DV case, a two-dimensional basis, that consists of orthogonal qubits |+)

= (1€) &£ 1=£)). Using the

V2 + 2e21°

above qubit encoding, we calculate the CF for the quasi-GHZ state and quasi-W state. The analytical
expressions CF for both of the states read

and |—), is introduced. The orthogonal qubits are given as |+) =

4 _A1e12 e .
F = m {(1 — € 4‘§| )(1 — € 8|§‘ )} (qua81—GHZ), (5)
1 T T
08l “‘llllllllIllllI.- ] 8 1 B 2 _4|£|2 _8|§|2
o F= ( ¢ +2€ ) (quasi-W). (6)
.0‘ (3 + 66_4|§| )2
06 R j
€3 o In Fig. 1. we show the CFs of the quasi-GHZ
04t & 1 and quasi-W states as a function of |£[2. From
& Egs. (5) and (6), it is evident that as [£|? increases,
02} .;' 1 the CF of the quasi-GHZ state reaches 1, and the
o CF of the quasi-W state reaches 8/9. However, in
s - G ; ; s , the lower coherent strength regime, the quasi-GHZ
€] and quasi-W states possess non-maximum entan-

Fig. 1. Plots of the CF and optical strength |¢]? for glement in their respective regimes.
quasi-GHZ (the solid curve), and quasi-W (the dashed
curve).
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3.1. Local Photon Excitation as an Entanglement Enhancement

Various methods, such as the photon addition [15], photon subtraction [16], filtration [24], and trun-
cation [25], have been employed to create robust nonclassical radiation states. Agarwal and Tara intro-
duced single-mode photon-added coherent states (PACS), which were experimentally realized in 2004 [26].
Photon addition to the thermal state, called the photon-added thermal state, was also experimentally
prepared in [27]. Extending to multimode cases, photon addition has been shown to introduce or enhance

(a™)[€)

v/ (€laFatre)

where the overlap between the two states is (¢|a*al®|€) = k!Ly(—|¢[?), and Ly () is the Laguerre poly-

—1)PklxP

nomial defined as Ly(z) = S2F_ (7
R N I (]
upcoming calculation (€|a¥at®|—¢) = e 27 EIL,(—|€)%).

the correlations among the field modes. The normalized k& PACSs are defined as |£, k) =

The overlap between the two states is helpful for the

3.1.1. Single-Mode Photon Excitation

In 2009, Heng Mei Li et al. [28] calculated the degree of entanglement for the single-mode excited GHZ
(SMEGHZ) state through the action of the creation operator on quasi-GHZ states. The quantification of
entanglement, representing both the concurrence and violation of the CHSH inequality, was also assessed.
The investigation of CHSH inequality violations in SMEGHZ states employed the formalism of the Wigner
representation in the phase space, incorporating parity measurements and displacement operators. The
authors proposed feasible schemes for generating SMEGHZ states.

Daoud et al. [29] focused on how the excitation of photons affects the monogamy property of quantum
discord in tripartite coherent states of the GHZ type. The pairwise correlations are gauged using entropy-
based quantum discord, and the augmentation of correlations is contingent upon the number of photon
excitations. As the number of photon additions increases, so does the level of correlation. The SMEGHZ
and single-mode excited W (SMEW) states can be acquired through the iterative utilization of the
creation operator on the three-mode quasi-GHZ state and quasi-W state. These states are represented
as follows:

[)smpanz = Nsmpanz [a™(1€)41€)1€). + [=€)ol—€)sl=€).)] (7)
where Ngveah7z 18 the normalization constant of SMEGHZ and can be calculated as
Ndvigenz = 1/[2 + 2spe 00, (8)
Also,
[V smmw = Nsmew [0 (1= ,1€)416), + 1)l =E)pl€) . + 1€)41€)51—6) )] (9)
where Ngyew is the normalization constant of SMEW and can be computed as
Neypw = 1/[3 + 2747 (1 4 25,)). (10)
L 2
Here, s, = sp(|€]%) == Lk(ﬂie)] Identification of photon-added coherent states |£, k) and |—¢, k) as
(=

the foundation of a logical qubit is feasible only for greater coherence parameters ({ > 2) because of
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the nonorthogonality criterion. A qubit can be encoded, using coherent states. In fact, based on the

encoding method, we construct a two-dimensional basis covered by orthogonal qubits |+, k) and |—, k),
(11)

L ek <6k

|:l:> k) =
\/2 & 2s,e20¢1°

The reduced formula for SMEGHZ and SMEW is calculated from Eq. (2), it reads
16 /cict s\
F=4q— - = . (12)
3 4 16
Analytically, Ci, C%, and Cff‘ can be calculated through the following determinant values.
The reduced determinant values of SMEGHZ are given as follows:
det(pa)smrcnz = Nevmanz (1 — spe 160 (1 — 787, (13)
2 2
det(pp)smrchz = Nevpanz (1 — sie”860) (1 — e, (14)
The reduced determinant values of SMEW state are given as follows:
det(pa)smpw = 2Ny (1 — she 167 (1 — =16, (15)
(16)

2 2
det(PB)SMEW = NélMEW (2 + e_s‘gl (1 + Sk + 38%) — 8_4‘EI (3 + Sk + 8%)) .

To observe the influence of single-mode photon excitation on the quasi-GHZ and quasi-W states, in
Fig. 2, we plot the CF in Eq. (12) as a function of |¢|? for different values of k. We note that the CF is

sensitive and increases with increasing photon excitation k. From Figs. 2a,b, when F' = 0, we can easily
see that || = 0. The results show that the CF increases with increasing |¢|? for a given parameter k.

These results can be confirmed analytically in the above discussion. In other words, we can increase the

CF of the SMEGHZ and SMEW states by repeated application of the photon creation operator.
1 a) T TR 1 T .
A 0.889 o
ANRAER
0.8f G 0.8 ]
e 7 7
~ / /
) /7
06f [/ --==k=0 1 06 0
N - - k=1 1
LL« : / /’ smmmk=3 LE
04t [/ k=5 - 0.4 |
L] ! I'
!/
] )
02t ,I/ 1 0.2 1
II'
0¥ : - 0
0 0.5 |€|2 1 1.5 0 0.5 |€|2 1 1.5
Fig. 2. The relation between the CF and optical strength |£|? for SMEGHZ (a) and SMEW (b). Here, k = 0
(dash-dotted curve), k = 1 (dashed curve), k = 3 (dotted curve), and k =5 (solid curve).
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3.1.2.
This study delves into the impact of this operation on the

Three-Mode Photon Excitations
Recently, Daoud et al. [30] explored three-mode excited quasi-GHZ by iteratively applying the photon
nonclassical and non-Gaussian behavior of the three-mode excited GHZ (TMEGHZ) state. These authors

added operator to the quasi-GHZ state.
demonstrated that nonclassical properties can be enhanced in the TMEGHZ state as the photon number

Based on the above study, we generate photon excited quasi-GHZ and quasi-W states through the

increases.
repeated application of the creation operator. This process yields the TMEGHZ-type and three-mode
(17)

excited W (TMEW) type states,
[ ramanz = Nrvmanz [o 6 (1€),16),1€), + 1-€a =€), -€).)]

where Nmvrgaz state is the normalization constant of TMEGHZ and can be calculated as
N3ypanz = 1/(2 + 255 06F), (18)
Also,
) rumw = Nevew |a 0™ (=€) ,1€)41€). + 1€) | =E)41€) +1€)41€)p|=6)) | + (19)
(20)

where NTyvew state is the normalization constant of the TMEW and can be calculated as
Niymw = 1/(3 + 6s3e 0%,

The analytical expression of the CF for the TMEGHZ state reads
4 2 2 2
F= {1 — s2e M _ glem8IEl" 1 5812l } . 21
(22)

The analytical expression of the CF for the TMEW state is
1

F= 5
(3 + 6s2e—4l")2
We use Egs. (21) and (22) to discuss the CFs in the TMEGHZ and TMEW states. In Fig. 3a,b,

we show the CF as a function of |¢|? for various values of k. In general, higher CF values correspond to
1 a) .‘G‘ P e it 1 b) T T
s s 0.889 — e
osl :' Il /,¢ i 08} :o , I /—’ _____
N s ) P
ol J 7/ » R
o6t s , / ——k=0 | og} [F P ——k =0
VA - - k=1 r R - = k=1
LL : I} ,' smmnk=3 LL : [l /l, smmm k=3
o4rfrr k=5 | o4t [r, 7 k=5
N Y l/
n ] ,I L4 /'
02tRr / 1 02s 7 /s
Iy ¢ 7
l// ycd
0% : : 0 L-== : ,
0 05 2 1 15 0 05 €2 1 15
Fig. 3. Plots of the CF and optical strength |£]? for the TMEGHZ (a) and TMEW (b). Here, k = 0 (dash-dotted
curve), k = 1 (dashed curve), k = 3 (dotted curve), and k = 5 (solid curve).
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better genuine tripartite entanglement. We observe that the CFs of the TMEGHZ and TMEW states
are greater than those of the SMEGHZ and SMEW states for smaller |£|2. Furthermore, the maximum
CFs are consistently equal to 1 and 0.889 in the TMEGHZ and TMEW, respectively. Additionally, for
several values of k, the CF increases and reaches its maximum even for small values of |¢|%.

In Fig. 4, we illustrate the concurrence trian-
gle, representing the area of CF for three states:
the quasi-GHZ state (a), SMEGHZ state (b),
and TMEGHZ state (c). Figure 4 explores the
CF area while maintaining fixed coherent pa-
rameter values of 0.5. Figure 4 a shows that the
concurrence triangle takes the form of an equi-
lateral triangle, indicating that all three sides
are of equal length. Notably, in the quasi-GHZ
state (a), no photons are introduced, resulting
in a minimum CF area compared to that of the
other GHZ states.

In Fig. 4b, an isosceles triangle is depicted, indicating that the two sides are equal, while one side
differs due to the excitation of photons (k = 1) into the first mode of the quasi-GHZ state. Consequently,
the CF area in Fig. 4 b is an intermediate between the quasi-GHZ and TMEGHZ states. Figure 4 c reveals
an equilateral triangle, representing the TMEGHZ state, with all the sides being equal. Here, photons
are added (k = 1) to all three modes in the quasi-GHZ states. Notably, the CF area is significantly closer
to the maximum compared to the previous quasi-GHZ and SMEGHZ states.

Fig. 4. Concurrence triangle representing the area of CF
for the quasi-GHZ (a), SMEGHZ (b), and TMEGHZ (c)
states.

In Fig. 5, we show the concurrence triangle, a) b)
which represents the area for three states: the
quasi-W state (a), the SMEW state (b), and
the TMEW state (c). The purpose of Fig. 5
is to explore the CF area while maintaining a
fixed coherent parameter value of 0.5. As shown
in Fig. 5a, the concurrence triangle takes the
form of an equilateral triangle, indicating that all

c)

2 2
Céian Chiac

C,ZA\B(? Clisc Ci[l}(.‘
Fig. 5. Concurrence triangle representing the area of CF

threej sides are of equal length. Notffmbly, in the for the quasi-W (a), SMEW (b), and TMEW (c) states.
quasi-W state (a), no photons are introduced,

resulting in a minimum CF area compared to that of the other states. Transferring to Fig. 5b, an isosce-
les triangle is observed, signifying that the two sides are equal, while one side differs due to the addition
of photons to the first mode in the quasi-W state. Therefore, the CF area in Fig. 5b is increased relative
to that in the prior quasi-W state. Figure 5c¢ portrays an equilateral triangle, denoting three equal sides;
in this scenario, photons are added to all three modes in the TMEW state. Compared with those in the
previous quasi-W and SMEW states, the CF area in Fig. 5c is nearly maximum.

3.2. Creating Genuine Tripartite Entanglement Using the Nonlocal Photon Addition
Operation

For multimode systems, quantum correlations can be improved by nonlocal operations. Nonlocal single
and two photon addition operations on two-mode entangled states of light are generated by conditional
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measurements for quantum lithography [31]. The created states are used as a resource for quantum
information. Another important nonlocal second-order photon addition method for arbitrary two-mode
states (NOON) was designed using Hong—-Ou—Mandel interference [32]. Additionally, the improvement
in the entanglement properties was investigated and the experimental feasibility of the generated states
in terms of the phase properties was studied. The nonclassical correlations of nonlocal coherent photons
with two-mode squeezed thermal states were studied in [33], which nonlocal photon addition operations
enhanced the nonclassical correlations. The addition of multiple nonlocal photons to two-mode squeezed
vacuum states was discussed in [34]. The nonlocal photon addition operation enhanced the degree of
entanglement and the EPR correlations. Furthermore, the hierarchical quantum correlations of nonlocal
multiple photons added to the thermal state were investigated in [35]. Additionally, nonlocal photons
with bipartite coherent states were added and their properties were studied by [18]. These previous
studies revealed that nonlocal photon addition enhances the quantum correlation. Here, we generate the
nonlocal tripartite photon added coherent states (NLTPACS), using bosonic creation operator,

[9) = a®® + 0™ 4t [N(1€),1€),16) )] (23)
where N is the normalization constant of NLTPACS and can be calculated as
1
N = . (24)
V3L (—[E2)k! + 6]
The orthogonal basis for the NLTPACS can be taken as follows:
0) = 1€, 11) = Ny [ale) = 0] 5 = =€, (25)

where Ny = [Lj,(—|€]*)k! — |€]*¥]7 /2. In terms of the two-qubit orthogonal computing basis, the state in
Eq. (23) reads

(26)

W) =N [(3ak)yooo> . 1001) +010) + |100>] _

N1
The CF of NLTPACS is expressed as

5 S lER - ") @)

[B(Lk(— )k + 20€[*)1
Figure 6 a illustrates the effect of nonlocal photon addition on the product coherent states. For the

1
coherent parameter £ = 0, the resultant state is 7 (1%)]0)|0) 4 [0)|k)|0) + |0)]0)|k)). The CF of this W-

type state is 8/9. For the nonzero coherent parameter case, the CF starts declining from the maximum.
However, for larger k values, the state retains the maximum CF for sufficient coherent strength. This
can be portrayed as the interplay between classical noise, i.e., coherent strength, and infused quantum
noise through nonlocal photon addition. At & = 0, the state is a quantum-mechanical state composed of
superposition of the number states |k) and |0). For nonzero coherence strength, the state can be viewed
as nonlocal-operation-induced quantum noise imposed on the classical coherent state. The influence of
the ratio of these two competing noises, nonlocal quantum noise versus classical coherent noise, on the
CF is shown; the ratio is given as
(N)npreacs — 3J¢J?

3l¢I?

77:

134



Volume 45, Number 2, March, 2024 Journal of Russian Laser Research

0 1 |22 3 0 1 2 3 4

Fig. 6. CF and optical strength |£]? for NLTPACS (a) and the noise ratio n and CF (b) for different values of k
written near curves.

Here, the term 3|¢|? represents the classical coherent noise. The numerator denotes the added nonlocal
quantum noise, and the denominator represents the classical coherent noise. The behavior of the CF for
the range of 7 is illustrated in Fig. 6 b. As the ratio tends to vanish, i.e., as the infused quantum noise is
dominated by classical coherent noise, the CF goes to zero. From Fig. 6 b, it is inferred that the addition
of each k photons follows its own trend. Even for the quadrupled ratio value (n = 4), the single-photon
addition (k = 1) yields a CF value of 0.5, while for the higher photon-addition cases (i.e., k& > 3), the
quadrupled ratio is sufficient to induce near maximum genuine tripartite entanglement. In particular, for
the case where k = 5, the CF saturates for 7 > 2. Hence, for the higher photon-addition cases, the state
retains its genuine tripartite entanglement character for the equal noise ratio.

4. Conclusions

In this article, we evaluated the genuine tripartite entanglement present in the three-mode CV states.
We showed that the quasi-GHZ and quasi-W states possessed maximum CFs in their respective regimes
for higher coherent strength. At lower coherent strength, the states are far from possessing maximum
entanglement. The addition of photons in the single-mode and three-mode levels in the quasi-GHZ and
quasi-W states leads to an earlier onset of genuine tripartite entanglement. In particular, distributing
photons to all the modes would greatly enhance the entanglement rather than adding more photons in
a single mode. Furthermore, nonlocal photon addition to a product three-mode coherent state produces
W-type genuine tripartite entanglement for higher infused quantum noise through photon addition. Our
results indicate that the manipulation of genuine tripartite entanglement in CV radiation states is feasible
with photon addition.
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