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Abstract

We study the effect of geometric dimensions on the optical properties of equilateral triangular gold
and silver nanoprisms with rounded corners. An analytical expression for calculating the spectral cha-
racteristics of the main longitudinal plasmonic resonance of such nanoprisms is obtained. As variables,
the expression includes the nanoprism dimensions, its composition, and the permittivity of the sur-
rounding environment. Our results demonstrate that the extinction cross sections can be adequately
described by this expression for nanoprisms with edge lengths up to a few hundred nanometers. We
show that the scattering of free electrons from the metal/environment interface in metallic nanoprisms
can be described with the help of the size-dependent dielectric function. Using a simple relation, we
evaluate the necessary effective size parameter, which allows one to achieve a good agreement with ex-
perimental data. The results obtained are of interest for solving a number of fundamental problems in
nanophotonics and nanoplasmonics, as well as for applications in the development of next-generation
optoelectronic devices.

Keywords: nanophotonics, nanoplasmonics, nanoprism, light extinction spectra, localized plasmon re-

sonances, size and shape effects.

1. Introduction

Due to the intense development of nanophotonics and nanoplasmonics, a large number of recent works

have been devoted to the study of optical properties of metallic nanostructures of different shapes [1–

4]. Effects of the light interaction with such nanoparticles are explained in terms of localized surface

plasmon resonances, which are responsible for strong enhancement of local electric fields near their

surfaces, as well as the light absorption and scattering cross sections. Because of these unique properties,

metallic nanostructures are being exploited in a wide range of applications including energy storage,

sensing, catalysis, imaging, biotechnology [5–8]. The optical properties of metallic nanostructures of

simple geometric shape (sphere, spheroid, cylinder, and disk) and the effects of their interaction with

light have been intensely studied in many works; see [9–15] and references therein. More recently, metallic

nanoparticles of more complex geometric shapes, such as triangular prisms, stars, pyramids, and some

other anisotropic plasmonic nanoparticles have been controllably fabricated and investigated [16–22].

Intense studies of the optical properties of sharp-edged nanostructures (nanorods, nanotriangles, and

nanostars) are stimulated by their applications for surface enhanced Raman scattering (SERS) [23].
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Fig. 1. Schematic view of the equilateral trian-
gular nanoprism with rounded corners.

In this work, we study the dependence of the op-

tical properties of silver and gold equilateral triangular

nanoprisms with rounded corners on their geometric pa-

rameters. The size and shape of typically synthesized

triangular nanoprisms are characterized by three princi-

pal dimensions: edge length L, thickness H, and corner

radius R; see Fig. 1. The spectra of such nanostructures

strongly depend on all these parameters. The most sensi-

tive to variation of nanoprism sizes is the main longitudi-

nal plasmonic band. This band shows up in optical spec-

tra, when the light polarization is parallel to the plane of

the nanoprism base, XY plane in Fig. 1. This resonance

band exhibits the red shift with increasing the edge length L [16–18].

The other dimension is the triangle corner radius R. Depending on the specific method of nano-

structure synthesis, this parameter can vary significantly. The gold nanoprisms synthesized in [16] have

essentially sharp edges, i.e., R is negligible compared to H and L. The silver nanoprisms synthesized

in [18] have a radius of R ∼ 4 nm. As we show below; see Sec. 3., the main longitudinal plasmonic band

blue-shifts with increase in the radius R and the shift value can be essentially large. For the nanoprism

with sizes close to that studied in [18], the shift is about 40 nm, which exceeds the plasmonic resonance

half-width; see Sec. 3. and Fig. 2 a.

To describe the influence of the dimensions of a plasmonic nanostructure on its optical properties, it

is convenient to use a semi-empirical universal analytical model first introduced in [24]. As shown in [25],

the model can be applied to plasmonic nanoparticles of different shapes. Plasmonic band broadening

and red-shifts due to retardation [10, 24, 25] are also included in the model. The dipole polarizability,

extinction, and scattering spectrum of a particle can be effectively represented by just a few numerical

values. These values are solely determined by the particle shape and are independent of the average

size, permittivity of the particle, and the host material. By systematical analysis of the relationship

between these parameters and the dimensions of a specific particle shape, one can develop an appropriate

analytical expression for the calculation of the spectral properties of a plasmonic nanoparticle.

The theoretical study of the plasmonic resonances of triangular nanoprisms, using the analytical

model, was performed in [25], where it was assumed that R � H and R � L. The analytical expression

presented there depends only on the parameters L and H. However, the plasmonic resonance wavelength

also depends on the radius R.

In this work, we obtain the parameters for the analytical expression that can be used to calculate the

spectral characteristics of the main longitudinal plasmonic band of a nanoprism as a function of its three

principal dimensions: the edge length L, the thickness H, and the corner radius R. We also consider the

effect associated with free-electron scattering at the metal/environment interface. This effect has been

studied for spherical nanoparticles in terms of the phenomenological size-dependent dielectric function

of the metal [12, 13, 15]. Recently, the importance of considering this effect for a proper theoretical

description of the optical properties of nanostars has been pointed out in [26]. Here, we evaluate the

dielectric function size parameter for the case of non-spherical shape of nanoparticles. The computer code

developed in this work to perform the calculations with the obtained analytical expression is published

as open source on GitHub [27].
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2. Theoretical Approach

We perform numerical simulation of light extinction and scattering processes by the plasmonic nano-

prisms, using the finite-difference time-domain (FDTD) method implemented in a freely available software

package MIT Electromagnetic Equation Propagation (MEEP). The details of the calculation method can

be found in [20]. The optical properties of the materials comprising the nanostructures under study

are determined by their dielectric functions. We describe here the dielectric functions of silver and gold

nanoparticles similarly to works [12,13,15,20,28], taking into account the contributions of free and bound

electrons and the size effect caused by electron scattering from the metal/environment interface. We use

the phenomenological approach [29, 30]. The frequency and size-dependent dielectric function εm(ω,D)

of a metallic nanoparticle can be written as

εm(ω,D) = εbulkm (ω) + ω2
p

(
1

ω2 + iωγbulkintra

− 1

ω2 + iωγintra(D)

)
. (1)

Here, D is the size of the particle, εbulkm (ω) is the frequency-dependent dielectric function of a bulk metal

sample, ωp is the plasma frequency, γbulkintra = vF /l∞ is the damping constant in a bulk metal, vF is the

Fermi velocity, l∞ is the electron mean free path. The effective size-dependent damping constant reads

γintra(D) = γbulkintra + ζ
vF
D

. (2)

For silver and gold, the values of εbulkm (ω) have been reconstructed from the available experimental

data in [31] and [32], respectively. The rest of the parameters are taken from [33]. For silver, ωp = 9.1 eV,

vF = 1.39 · 108 cm/s, l∞ = 5.2 · 10−6 cm, and ζ = 5. For gold, ωp = 9.0 eV, vF = 1.38 · 108 cm/s, and

l∞ = 1.28 · 10−6 cm, ζ = 4. Equations (1) and (2) are discussed in detail in [12, 13,15].

The dielectric function defined by Eqs. (1) and (2) is shown to accurately describe the size effect in

spherical nanoparticles, where the size D is the diameter of a sphere. To extend these expressions to

nanoprisms, we take D to be the diameter of a sphere with the same volume as a target nanoprism. The

prism volume is approximately given by

V =

√
3

4
L2H. (3)

The corresponding size D is

D = 2

(
3V

4π

)1/3

= 2

(
3
√
3

16π
L2H

)1/3

. (4)

Using the numerical FDTD method, it is possible to evaluate the cross sections for a given polarization

of the incident radiation. We denote by σα the cross section obtained for the case, where the electric

field is directed along the α axis, with α = X,Y, Z; see Fig. 1. Here, we are particularly interested in

the spectral properties of the large longitudinal plasmonic band. This band appears in optical spectra,

when the light polarization is parallel to the plane of the nanoprism base as the XY plane in Fig. 1. An

important result of our calculations is that, for a nanoprism with an equilateral triangular base, one has

σX ≈ σY . Thus, to obtain the spectral parameters of this band, it is sufficient to calculate only a single

value of σX or σY . In this work, we present the results of the calculations of the extinction cross sections

σ
(ext)
X . It should be noted that, in the solutions, the nanoprisms are randomly oriented, so the measured

cross section is an average over the possible orientations of the nanostructure, σ = (σX + σY + σZ)/3.
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Typically, however, the spectral features of the nanoprisms associated with σX ≈ σY and σZ lie in well-

separated wavelength regions, so that the main longitudinal plasmonic band can be well distinguished.

To describe the dependence of the optical properties of a plasmonic nanostructure on its dimensions, it

is convenient to use a semi-empirical universal analytical model. In notation similar to those of review [25],

the dipole polarizability of a plasmonic band has the form

α =
1

4π

V β
1

εm/εh − 1
− 1

εc − 1
−Arc

, (5)

where εm and εh are permittivity of the metal and the host media, respectively. The volume V is given

by Eq. (3). The retardation correction can be written as [25]

Arc = a2s
2 + i

4π2V β

3L3
s3 + a4s

4, (6)

where s =
√
εhL/λ and λ is the light wavelength in vacuum. The associated extinction cross section is

defined by the expression,

σ(ext) = 4πkh Im(α), (7)

while the corresponding scattering cross section is given by

σ(scat) =
8π

3
k4h|α|2. (8)

The wave vector of light in host media is kh = 2π
√
εh/λ.

To obtain the parameters εc, β, a2, and a4 for the triangular nanoprisms, we calculate the extinction

and scattering cross sections for the case of an incident electromagnetic wave polarized along the X axis

and minimize the residual between the numerical results and the results of analytical expressions. For

each set of nanoprism sizes, we fit the main longitudinal plasmonic band with Eqs. (5)–(8). The fitting

procedure consists of two steps. First, the extinction cross sections are calculated for nanoprisms of small

sizes, L = 10 nm, H = 1 − 4 nm, and R = 1 − 4 nm. For such small nanostructures, the quasistatic

approximation is valid, so that the retardation correction Arc can be neglected. These data are used

to fit two parameters εc and β. Note that the parameter εc affects the wavelength of the cross section

maximum, while β affects its maximum value.

As the nanoprism size increases, the parameters a2 and a4 begin to contribute to Eqs. (5)–(8). They

affect the wavelength of the cross section maxima, so that we use the same procedure to fit them as for

εc. To evaluate a2 and a4, we calculate the cross sections for nanoprisms of the medium size (L = 30 nm,

H = 3 − 12 nm, and R = 1 − 12 nm) and of sufficiently large size (L = 90 nm, H = 10 − 40 nm, and

R = 4 − 40 nm), respectively. After obtaining the parameters εc, β, a2, and a4 for a large number of

sizes [L,H,R], the dependence of each parameter on the nanoparticle dimensions is approximated by the

expression

f(L,H,R) = C1

(
L

H

)C2

+ C3

(
L

R

)C4

+ C5

(
H

R

)C6

+ C7, (9)

where Cn coefficients are determined to best fit the dependence of each parameter on the particle sizes.

They are presented in Table 1. Also we developed the computer code to perform the calculations with
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the obtained analytical expression, including the size-dependent dielectric function for silver and gold,

and published it as open source on GitHub [27].

Table 1. The values of Coefficients Cn Used to Calculate the Parameters in Eqs. (5), (6), and (9).

C1 C2 C3 C4 C5 C6 C7

εc – 1.740 0.9049 23.70 – 9.720 3.737 – 0.4162 – 4.234

β – 0.6495 – 1.278 1.877 – 0.9282 0.07846 – 0.6196 0.6171

a2 1.352 – 0.5565 1.138 – 0.4836 – 0.2879 – 0.4687 – 0.05640

a4 – 2.588 – 0.4472 – 2.629 – 2.973 – 0.2549 – 0.1255 0.7025

3. Results and Discussions

In Fig. 2, we show the light extinction cross sections σ
(ext)
X by silver nanoprisms of different sizes in

a water environment as functions of the light wavelength in vacuum. The results are obtained, using

the analytical expression (curves B, D, and F) and the numerical calculations (curves A, C, and E). In

Fig. 2, the edge lengths of the nanoprisms are L = 20 nm (a), L = 50 nm (b, c), and L = 100 nm (d–f).

The values of the ratio of the nanoprism thickness to its edge length are as follows: H/L = 0.1 (d),

H/L = 0.2 (b, e), H/L = 0.4 (c, f), and H/L = 0.5 (a). The results for very thin platelets, H < 10 nm,

are not shown here, since they are hardly available for the experiments. In each figure, curves A and B

show the results for small relative values of R/L ≤ 0.05, curves C and D, for values of R/L = 0.2, and

curves E and F, for large values of R/L = 0.4; the maximum possible value is R/L = 0.5. These figures

allow us to follow the changes in the extinction spectra with increasing edge length L for fixed ratios

H/L and R/L. The curvature radius of the nanoprism edges is kept negligible ∼ 0.01L in all cases under

consideration.

In Figs. 3 and 4, we demonstrate the results of our calculations for gold and silver nanoprisms em-

bedded in water and benzene, respectively. These calculations were performed using the same nanoprism

sizes as shown in Fig. 2. As is evident from Figs. 2–4, the results obtained by our analytical expression

are in quantitative agreement with the results of numerical calculations for a wide range of nanoprism

sizes, aspect ratios, materials, and host permittivities. The expression accurately describes both the

wavelength and the width of the plasmonic band. It also predicts the maximum values of the extinction

cross sections, with a relative error of smaller than 15%.

We also calculate light extinction cross sections by large silver and gold nanoprisms; see Fig. 5. Here,

the edge lengths are L = 200 nm and L = 400 nm (top and bottom rows). The H/L ratios are 0.1 (first

and third columns) and 0.2 (second and fourth columns). Two pairs of curves are shown as A and B for

R = 5 nm (R � L), and C and D for R/L = 0.4, essentially large value. The results for silver and gold

are shown in the first and second columns, and the third and fourth columns, respectively.

Two key points should be made about the results shown in Fig. 5. First, the analytical expression

still works for L up to 200 nm and loses its accuracy for L about 400 nm. Second, for large edge length

L = 400 nm, the difference in plasmonic band wavelengths caused by different values of R disappears.

The plasmonic resonance becomes broad enough to blur the difference in extinction spectra of nanoprisms

with different aspect ratios.
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Fig. 2. Light extinction cross section calculated numerically and using the analytical expression for silver
nanoprisms of different sizes embedded in water, εh = 1.78. The polarization of the incident radiation is di-
rected along the X axis, as shown in Fig. 1. The solid thick gray curve (A), solid dark gray (C), and solid thin
black (E) curves show numerical results. Dash-dotted black (B), dotted (D), and solid thin (E) curves show results
obtained, using the analytical expression. In each figure, the results are shown for three values of R = R1, R2,
and R3. Curves A and B show results for R = R1, curves C and D for R = R2, and curves E and F for R = R3.
Here, face sizes L = 20 nm, R1 = 1 nm, R2 = 4 nm, and R3 = 8 nm (a), L = 50 nm, R1 = 2 nm, R2 = 10 nm,
and R3 = 20 nm (b, c), and L = 100 nm, R1 = 5 nm, R2 = 20 nm, and R3 = 40 nm (d–f). Also, the thickness
H = 10 nm (a, b, d), H = 20 nm (c, e), and H = 40 nm (f).

Fig. 3. The same as in Fig. 2 but for gold nanoprisms embedded in water, εh = 1.78.
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Fig. 4. The same as in Fig. 2 but for silver nanoprisms embedded in benzene, εh = 2.274.

Fig. 5. Light extinction cross section calculated numerically and using the analytical expression for large silver
and gold nanoprisms embedded in water, εh = 1.78. The polarization of the incident radiation is directed along the
X axis, as shown in Fig. 1. The solid thick gray (A) and solid thin black (C) curves show numerical results. The
dash-dotted (B) and dashed (D) curves show the results obtained, using the analytical expression. In each figure,
the results are shown for two values of R = R1 and R2. Curves A and B show results for R = R1, and curves C
and D, for R = R2. Nanoprism materials are silver (a, b) and (e, f) and gold (c, d) and (g, h). Here, face sizes
L = 200 nm, R1 = 5 nm, and R2 = 80 nm (a, d) and L = 400 nm, R1 = 5 nm, and R2 = 160 nm (e, h). Also, the
thickness H = 20 nm (a, c), H = 40 nm (b, d, e, h), and H = 80 nm (f, h).
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Fig. 6. Normalized light extinction by aqueous solution of silver nanoprisms. Here, the experimental data [18] (solid
thin black curves A), the results obtained with analytical expression with size-dependent dielectric function of
silver (dashed curves B), and the results obtained with the analytical expression using the dielectric function of
bulk silver (dotted curves C). Also, sizes used in theoretical calculations H = 10 nm and R = 4 nm for all cases,
the edge length L = 23 nm (a), L = 31 nm (b), L = 35 nm (c), L = 49 nm (d), L = 54 nm (e), and L = 61 nm (f).

Further, we compare the results calculated using our analytical expressions with the experimental

data on the extinction spectra of aqueous solution of silver nanoprisms [18]. The results are presented for

the nanoprism sizes designated in [18] as AgPRs-500, AgPRs-540, AgPRs-560, AgPRs-625, AgPRs-645,

and AgPRs-675; they are shown in Fig. 6. The range of estimates for L obtained from the TEM images

of the experimental samples are [18]: AgPRs-500: 25±3 nm (a), AgPRs-540: 30±4 nm (b), AgPRs-560:

33± 5 nm (c), AgPRs-625: 44± 9 nm (d), AgPRs-645: 47± 10 nm (e), and AgPRs-675: 52± 7 nm (f).

The thickness of H = 10 nm is the same in all cases. Since the edge lengths L of the nanoprisms are

determined from the TEM images within a certain range of estimates, we fit the values of L for each

prism by matching the analytically calculated plasmonic band wavelength with that of the experimental

extinction maxima. It is assumed that the corner radius R for all nanoprisms is 4 nm. Note that the

values of L estimated by the analytical formula are in the range of the estimates, except for the last case.

As one can see in Fig. 6, the results obtained with size-dependent dielectric function, Eqs. (1) and (2),

with effective size estimated from Eq. (4), demonstrate significant plasmonic band broadening compared

to that obtained with bulk dielectric function of silver. The bandwidth obtained with the size-dependent

dielectric function is in good agreement with the experimental data for all six samples, although the

effective size estimated from Eq. (4) increases almost twofold from 16 nm (Fig. 6 a) to 31 nm (Fig. 6 f).

Thus, our results clearly demonstrate the importance of using the size-dependent dielectric function in

calculations of the extinction cross sections of plasmonic nanoparticles of complex shapes.
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4. Conclusions

In this work, we studied the dependence of the spectral properties of the main longitudinal plasmonic

resonance on three dimensions of an equilateral nanoprism, with rounded corners, edge length, thickness,

and corner radius. We showed that the wavelength of this plasmonic band depended not only on the

length/thickness ratio, but also on the radius/length and radius/thickness ratios. This is important

because the corner radius can be changed significantly, depending on the specific method of nanostructure

synthesis, so that the corresponding wavelength shift can exceed the plasmonic resonance half-width.

To describe the influence of the plasmonic nanoprism dimensions on its optical properties, we used

a semi-empirical analytical model. The parameters of this universal model are solely determined by the

particle shape and are independent of its average size and the permittivity, as well as the permittivity

of the host material. We fitted the dependences of these model parameters on the three nanoprism

dimensions mentioned above, using a simple formula. The resulting analytical expression can be used to

evaluate the light extinction and scattering cross sections by a nanoprism of given sizes with negligible

computational time. We showed that the obtained expression provided an adequate description of the

cross sections for nanoprisms, with edge lengths of up to a few hundred nanometers.

We also considered the effect associated with free-electron scattering at the metal/environment inter-

face. Recently, this effect has been studied for spherical nanoparticles in terms of the phenomenological

size-dependent dielectric function of the metal. In this work, we showed that this approach can be ap-

plied to the case of non-spherical shape of nanoparticles. We presented a simple relation to evaluate the

necessary effective size parameter, which allowed one to achieve a good agreement with the experimental

data for the extinction spectra of silver nanoprisms.

We developed the computer code to perform the calculations with the obtained analytical expressions

and published it as open source on GitHub [27]. We hope that this code will be a useful tool for fast

and reliable evaluation of the spectral parameters of metallic nanoprisms and will help in preliminary

analysis of experimental spectra of plasmonic nanoprisms.
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