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Abstract

Based on the extended Huygens–Fresnel principle, we derive the analytical expression of the cross-
spectral density matrix of a partially coherent Laguerre pulsed vector vortex beam (PCLPVVB)
propagating through isotropic and anisotropic atmospheric turbulence. Our outcomes reveal that the
atmospheric turbulence affects the evolution of spectral intensity distribution of PCLPVVB, and the
beam quickly degenerates on propagation in the strong turbulence. We also can find that PCLPVVB
with a larger topological charge has a stronger ability to resist the degeneration caused by atmospheric
turbulence in comparison with the non-vortex beam. In addition, increasing the initial coherence length
and mode order can increase the anti-turbulence ability of PCLPVVB, and the pulse duration signifi-
cantly affects the spectral intensity of PCLPVVB in turbulence. Our research results are important
for some applications in laser radar detection, remote sensing, and free-space optical communication.

Keywords: partially coherent Laguerre pulsed vector vortex beam, pulse duration, spectral intensity,

anisotropic atmospheric turbulence.

1. Introduction

In recent years, the propagation characteristics of partially coherent (PC) beams, which have lower

coherence, have received much attention [1–8]. Compared with fully coherent beams, partially coherent

beams are widely used in theoretical research and practical applications, such as laser radar, spectral

analysis, holographic technology, and other fields, because of their unique spectral intensity distribution

and better propagation characteristics [9–14]. In 1992, Allen [15] proposed that, for a vortex beam with

helical phase front, each photon can carry an orbital angular momentum (OAM) of m�, where m is the

topological charge carried by the beam and � is the reduced Planck constant. Using OAM coding or OAM

multiplexing, the channel capacity of the optical communication system can be significantly improved,

which makes vortex beam to have a strong application value in the free-space optical communication

(FSOC) [16, 17]. As is commonly well known, Laguerre–Gaussian (LG) beams have been found to

provide a greater capability in effectively reducing turbulence-induced scintillation [18–20]; they have

a wide range of applications, such as LiDAR detection, holographic imaging, and biomedicine [21–23].

Besides, it is found that non-uniformly polarized beam, such as a radially polarized beam, exhibits a

better ability to reduce the turbulence effects caused by atmospheric turbulence than linearly polarized
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light [4, 24, 25]. On the other hand, a pulsed laser is widely used in high-speed optical communications,

spectrographic detections, laser processing, medical surgery, and other fields because of its rich spectral

content and high peak power [26–28]. In recent years, the propagation characteristics of pulsed beams in

atmospheric turbulence have also received attention and research [7, 29, 30].

As we all know, atmospheric turbulence greatly influences the beam propagation, resulting in va-

rious turbulence effects, such as the light intensity scintillation, beam spreading, beam drift, and so

on [18–20, 29, 30], which reduces the beam quality. Thus, improving the diminution of beam quality

caused by atmospheric turbulence, when the beam is propagating, is very important. Generally, atmo-

spheric turbulence is considered isotropic [1,7,8,12]. However, some experiments show that atmospheric

turbulence can be anisotropic. Anisotropic atmospheric turbulence was first proposed by Toselli [31] in

2014, in view of the use of anisotropic factors.

However, as far as we know, the propagation characteristics of partially coherent Laguerre pulsed

vector vortex beam (PCLPVVB) in atmospheric turbulence have not been reported. In this paper,

we study the evolution properties of PCLPVVB in anisotropic atmospheric turbulence. The effects of

anisotropic factors, topological charges, initial coherent length, pulse duration, and mode order on the

evolution of spectral intensity distribution for the PCLPVVB are discussed in detail. Our research results,

presented in this paper, can provide a theoretical basis for reducing the impact of atmospheric turbulence

on LiDAR detection.

2. Theoretical Formulation

The second-order evolution characteristics of PCLPVVB at points ρ′
1 = (x′1, y′1) and ρ′

2 = (x′2, y′2)
and at different instant times t1 and t2 on the source plane (z = 0) can be generally characterized by a

2×2 two-point two-time mutual coherent function matrix (MCFM); it reads [20, 29]

Γ(0)(ρ′
1,ρ

′
2, 0; t1, t2) =

[
Γ
(0)
xx (ρ′

1,ρ
′
2, 0; t1, t2) Γ

(0)
xy (ρ′

1,ρ
′
2, 0; t1, t2)

Γ
(0)
yx (ρ′

1,ρ
′
2, 0; t1, t2) Γ

(0)
yy (ρ′

1,ρ
′
2, 0; t1, t2)

]
, (1)

where Γ
(0)
αβ(ρ

′
1,ρ

′
2, 0; t1, t2) = Fαβ(ρ

′
1,ρ

′
2, 0) × G(t1, t2)(α, β = x, y), Fαβ(ρ

′
1,ρ

′
2, 0) represents a function

related to spatial coordinates, and G(t1, t2) represents a function related to time expressed as in [18, 20,

29,32]; they read

Fαβ(ρ
′
1,ρ

′
2, 0) =

α′
1β

′
2

22m+4n(n!w0)2
exp

[
−ρ′2

1 + ρ′2
2
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0
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2
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]

×
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m
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)(
n
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)(
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)

×H2a1−a2+m

(√
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H2a2−a4+m

(√
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H−2a1+a2+2n

(√
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H−2a3+a4+2n
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(2)

and

G(t1, t2) = exp[−iω0(t2 − t1)] exp

[
− t21 + t22

2T 2
0

− (t1 − t2)
2

2T 2
c

]
, (3)

440



Volume 44, Number 4, July, 2023 Journal of Russian Laser Research

where n and m represent the mode order and the topological charge, respectively, w0 denotes the waist

width for the beam, δαβ is the spatial coherence length, ∗ is the complex conjugation, H(·) is the Hermite

polynomial; also,

(
n

a1

)
and

(
m

a2

)
and

(
n

a3

)
and

(
m

a4

)
are the binomial coefficients, where

ω0 is the central angular frequency of the pulse, with T0 being the pulse duration and Tc, the temporal

coherence length.

Consider the Fourier transform [20,29]

Wαβ(ρ
′
1,ρ

′
2, 0;ω1, ω2) =

∫∫
Fαβ(ρ

′
1,ρ

′
2, 0)G(t1, t2)× exp [−i(ω2t2 − ω1t1)] dt1 dt2, (4)

where Wαβ(ρ
′
1,ρ

′
2, 0;ω1, ω2)(α, β = x, y) are the elements of the 2×2 two-point two-frequency cross-

spectral density matrix (CSDM) in the source plane (z = 0). Then, the CSDM of PCLPVVB on the

source plane can be written as follows [18,29,33]:
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′
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′
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0 T
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√

T 2
c + 2T 2

0

exp

{
−T 2

0 T
2
c

[
(ω1 − ω0)

2 + (ω2 − ω0)
2
]

2T 2
c + 4T 2

0

}

× exp

[
−T 4

0 (ω1 − ω2)
2

2T 2
c + 2T 2

0

]
α′
1β

′
2

22m+4n(n!w0)2
exp

[
−ρ′2

1 + ρ′2
2

w2
0

− (ρ′
1 − ρ′

2)
2

2δ2αβ

]

×
n∑

a1=0

m∑
a2=0

n∑
a3=0

m∑
a4=0

ia4(ia2)∗
(

n

a1

)(
m

a2

)(
n

a3

)(
m

a4

)

×H2a1−a2+m

(√
2x′1
w0

)
H2a2−a4+m

(√
2x′2
w0

)
H−2a1+a2+2n

(√
2y′1
w0

)
H−2a3+a4+2n

(√
2y′2
w0

)
. (5)

Let ω1 = ω2 = ω, then according to the generalized Huygens–Fresnel principle, when a PCLPVVB

propagates in atmospheric turbulence, the two-point CSDM in the received plane can be characterized

as [7, 29, 33,34]:

Wαβ(ρ,ρd, z;ω) =

(
1

λz

)2 ∫∫∫∫
Wαβ(ρ

′,ρ′
d, 0;ω) exp

{
ik

z

[
(ρ− ρ′)(ρd − ρ′

d)
]}·〈exp(ψ1+ψ∗

2)〉d2ρ′ d2ρ′
d,

(6)

where ρ = (ρ1+ρ2)/2, ρ
′ = (ρ′

1+ρ′
2)/2, ρd = ρ1−ρ2, ρ

′
d = ρ′

1−ρ′
2, ρ = (x, y), ρd = (xd, yd), ρ

′ = (x′, y′),
and ρ′

d = (x′d, y
′
d), with ρ1 = (x1, y1) and ρ2 = (x2, y2) being the positions of two points in the received

plane, respectively. Also, here, λ represents the wavelength of the beam, k = 2π/λ is the wave number,

z represents the propagation distance, 〈·〉 represents the ensemble average, and 〈exp(ψ1 + ψ∗
2)〉 is the

turbulent factor, which can be approximately written as [18, 30,33]

〈exp(ψ1 + ψ∗
2)〉 ≈ exp

[
−ρ2

d + ρd · ρ′
d + ρ′2

d

ρ20

]
. (7)

Here, ρ0 is the coherence length of a spherical wave propagating in atmospheric turbulence, which

reads [18, 30,33]

ρ0 =

[
1

3
π2k2z

∫ ∞

0
κ
3Φn(κ) dκ

]−1/2

, (8)

441



Journal of Russian Laser Research Volume 44, Number 4, July, 2023

and Φn(κ) represents the spatial power spectrum of the refractive-index fluctuations of anisotropic at-

mospheric turbulence, which is [18, 24, 29,35,36]

Φn(κ) =
A(α)C̃2

nξxξy

(ξ2xκ
2
x + ξ2yκ

2
y + κ2

z + κ2
0)

α/2
exp

(
−ξ2xκ

2
x + ξ2yκ

2
y + κ

2
z

κ2
m

)
, (3 < α < 4), (9)

where ξx and ξy denote the anisotropic factors. Also, A(α) = [Γ(α − 1) cos(απ/2)]/(4π2), where Γ(·) is

the gamma function and α is the generalized exponent parameter, C̃2
n is the generalized refractive-index

structure parameter with units m3−α, κx, κy, and κz are three components of the spatial wave number

κ along the x, y, and z directions, κ0 = 2π/L0 and κm = c(α)/l0, with L0 and l0 being the outer scale

and inner scale of turbulence, respectively, and c(α) = [2πA(α)Γ(5/2− α/2)/3]1/(α−5).

Substituting Eqs. (5) and (7)–(9) into Eq. (6) provides the possibility to express the CSDM of a

PCLPVVB propagating through the anisotropic atmospheric turbulence as follows:
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where
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Δ1 = 2a1 − a2 − 2b1 − b2 +m+ 1, Δ2 = −2a1 + a2 − c1 + 2n,

Δ3 = 2a3 − a4 + b2 − 2b3 − 2b4 +m+ 1, Δ4 = −2a3 + a4 + c1 − 2c2 − 2c3 + 2n,

Δ5 = 2n− 2a1 + a2 − 2b4 + 1− c1, Δ6 = 2a1 +m− a2 − b1,

Δ7 = 2a3 +m− a4 + b1 − 2b2 − 2b3, Δ8 = 2n− 2a3 + a4 + c1 − 2c2 − 2c3 + 1.
(12)

In order to study the spectral density, we assume ρd = 0 in Eqs. (10)–(12); on the observation plane, it

is given by [7, 18, 24]

S(ρ, z;ω) = Wxx(ρ, z;ω) +Wyy(ρ, z;ω). (13)

In view of Eqs. (10)–(13), we can study the spectral intensity of the PCLPVVB propagating through

atmospheric turbulence.
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3. Numerical Simulation and Discussion

In this section, we use the above analysis to numerically calculate the spectral intensity of PCLPVVB

in isotropic and anisotropic atmospheric turbulence. We set the calculation parameters as follows: w0 =

0.015 m, λ = 632.8 nm, ω0 = 2.9788 rad/fs, ω = 1.01ω0, l0 = 8 mm, L0 = 80 m, and α = 11/3. The

remaining parameters are listed in the captures to figures.

z = 0 km z = 0.5 km z = 1.5 km z = 2.5 km

Fig. 1. Normalized spectral intensity distributions of the PCLPVVB at several propagation distances z in isotropic
atmospheric turbulence and anisotropic atmospheric turbulence for different anisotropic factors ξx and ξy. Here.
δxx = 0.01 m, δyy = 0.012 m, C̃2

n = 1 · 10−14 m3−α, n = 1, m = 3, T0 = 80 fs, and Tc = 50 fs.

In Fig. 1, we display the normalized spectral intensity distributions of PCLPVVB with different

anisotropic factors ξx and ξy in isotropic and anisotropic atmospheric turbulence at different propagation

distances z. In Fig. 1 a1, b1, c1, d1, we can see that the spectral intensity of the PCLPVVB is distributed

in the source plane in multi-ring dark hollow, and the intensity of the outer ring is greater than that of

the inner ring. Also, in Fig. 1 a1, a2, a3, a4, we can see that, as the propagation distance increases, the
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beam spreads gradually, and the hollow region gradually disappears in isotropic atmospheric turbulence.

Then, the normalized spectral intensity distribution for the beam evolves into a flat-topped distribution

and eventually degenerates into a Gaussian-like distribution. In Fig. 1 H1–H4, where H = b, c, d, we

find that the evolution properties of PCLPVVB in anisotropic atmospheric turbulence are similar to

those in isotropic atmospheric turbulence. However, because of increase in ξx and ξy, i.e., the decrease of

atmospheric turbulence intensity, the degradation of the beam from multi-ring dark hollow distribution

to Gaussian-like distribution is decelerated. This is due to the fact that, when the atmospheric turbulence

is weakened, its destruction to the spatial coherence of the beam is reduced.

In Fig. 2, we show the normalized spectral intensity distributions of PCLPVVB at different propaga-

tion distances z in isotropic atmospheric turbulence under different topological charges m. One can see

in Fig. 2 a1, a2, a3, a4, that when the topological charge m = 0, the beam degenerates from PCLPVVB

z = 0 km z = 0.65 km z = 1.1 km z = 2 km

Fig. 2. Normalized spectral intensity distributions of PCLPVVB at different propagation distances z in isotropic
atmospheric turbulence with different topological charges m. Here, δxx = δyy = 0.01 m, C̃2

n = 1 · 10−14 m3−α,
ξx = ξy = 1, n = 1, T0 = 80 fs, and Tc = 50 fs.
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z = 0.2 km z = 0.7 km z = 1.3 km z = 2.3 km

Fig. 3. Normalized spectral intensity distributions of PCLPVVB at different propagation distances z in anisotropic
atmospheric turbulence with different topological charges m. Here, δxx = δyy = 0.01 m, C̃2

n = 1 · 10−14 m3−α,
ξx = ξy = 10, n = 1, T0 = 80 fs, and Tc = 50 fs.

to a partially coherent Laguerre pulsed vector non-vortex beam. With increase in the propagation dis-

tance z, the beam spreads gradually and, at z = 0.65 km, the beam changes from a hollow beam to a

flat-topped beam. As the beam continues to propagate in turbulent atmosphere, the normalized spectral

intensity distribution of the beam eventually degenerates into a Gaussian-like distribution. Comparing

all normalized spectral intensity distributions shown in Fig. 2 a1, b1, c1, and d1, we can find that, when

the topological charge m increases, the outer ring, inner ring, and hollow region of the light spot on

the source plane also increase. In addition, we find that the topological charge m greatly influences the

evolution speed of the beam in atmospheric turbulence. For the PCLPVVB, the process of its degra-

dation in turbulent atmosphere is decelerated, especially when m is large. For example, when m = 3,

the normalized spectral intensity distribution of the beam is flat-topped distribution at z = 1.1 km and

becomes Gaussian-like distribution at z = 2 km. But at m = 5, the beam turns into a flat-topped beam

at z = 2 km. Importantly, it displays that PCLPVVB with a larger topological charge has a stronger
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ability to resist the degeneration caused by atmospheric turbulence in comparison with the non-vortex

beam.

In Fig. 3, we display normalized spectral intensity distributions of PCLPVVB at different propagation

distances z in anisotropic atmospheric turbulence, where we increase the anisotropy factor, ξx and ξy,

to 10, which is the weaker atmospheric turbulence. Comparing Figs. 3 and 2, we can state that, in

weaker atmospheric turbulence, the evolution of the beam will be slower, and the propagation distance

z, at which the normalized spectral intensity distribution degenerates into flat-topped distribution and

Gaussian-like distribution, will be longer. We also find that, in weak turbulence, the rate at which the

beam evolves into a Gaussian-like shape slows down more with increase in the topological charge m.

In Fig. 4, we show the normalized spectral intensity distributions of PCLPVVB at different propa-

gation distances z under different initial coherence lengths δxx and δyy in anisotropic atmospheric tur-

bulence. In Fig. 4 b2, c2, we can see that, when δxx and δyy are not equal, the inner ring of the light

z = 0.2 km z = 0.6 km z = 1.3 km z = 2 km z = 5 km

Fig. 4. Normalized spectral intensity distribution of PCLPVVB at different propagation distances z in anisotropic
atmospheric turbulence under different initial coherence lengths δxx and δyy. Here, C̃2

n = 1 · 10−14 m3−α, ξx = 3,
ξy = 5, n = 1, m = 2, T0 = 80 fs, and Tc = 50 fs.
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spot splintered. This is because atmospheric turbulence damages the transverse coherence of the beam

to a different extent, causing the beam to expand along the x and y directions in different degrees. At

the same time, from Fig. 4K1–K4, where K=a, b, c, d, one can see that, when the coherence length

increases, the evolution of the beam is slowing down. Therefore, an appropriate increase in the initial

coherence length of the beam can increase the anti-turbulence ability of PCLPVVB. When the beam

propagates to a longer distance, as shown in Fig. 4K5, even if the initial coherence lengths are not equal,

the distribution of PCLPVVB gradually changes from elliptical distribution to circular distribution. This

is due to the fact that atmospheric turbulence regulates the coherence of the beam, so that the expansion

of the beam along the x and y directions gradually tends to be the same, when the beam propagates to

a longer distance.
n = 1 n = 2 n = 4

a1) a2) a3)

b1) b2) b3)

Fig. 5. The relationship between the normalized spectral intensity with the pulse duration of the PCLPVVB
propagating through the anisotropic turbulence for different mode orders n. Here, δxx = δyy = 0.01 m, C̃2

n =
1 · 10−14 m3−α, m = 2, and ξx = ξy = 10, T0 = 40 fs (solid curves), T0 = 50 fs (dotted curves), T0 = 70 fs (dashed
curves), and T0 = 100 fs (dash-dotted curves), z = 0.6 km (a) and z = 1.3 km (b).

In Fig. 5, we show the S(T0) of PCLPVVB propagating through the anisotropic turbulent atmosphere

at different propagation distances z under different pulse durations. The normalized spectral intensity

S(T0) = S(ρ, z;ω)/Smax(ρ, z;ω) was used for comparison purposes, where Smax(ρ, z;ω) is the maximum

spectral intensity of points ρ at a pulse duration of 100 fs. One can see that the pulse duration significantly

affects the spectral intensity of PCLPVVB; the overall S(T0) increases with increase in the pulse duration

T0. In Fig. 5 L1, L2, L3, where L=a, b, we find that, at the same distance, the beam spot increases as

the mode order n increases. When z = 0.6 km, since the intensity of the inner ring of the beam is greater

when the mode order n is larger, the beam can no longer maintain a dark hollow after n increases. At

the same time, we also find that, as the propagation distance increases, the evolution speed of the beam

is slower when n is larger. This indicates that at a larger mode order n the beam is less affected by

atmospheric turbulence.
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4. Summary

In this paper, we studied in detail the evolution properties of a partially coherent Laguerre pulsed

vector vortex beam propagating through isotropic and anisotropic atmospheric turbulence. We discussed

the effects of anisotropy factor, topological charge, initial coherence length, pulse duration, and mode

order on the evolution of spectral intensity distribution of PCLPVVB propagating through turbulent

atmosphere. We found that the spectral intensity of PCLPVVB on the source plane was multi-ring

dark hollow distribution, and with increase in the propagation distance, the normalized spectral inten-

sity distribution for the beam evolves into a flat-topped distribution and eventually degenerated into

a Gaussian-like distribution. When ξx and ξy increased, i.e., the intensity of atmospheric turbulence

decreased, the degradation of the beam from multi-ring dark hollow distribution to Gaussian-like dis-

tribution decelerated. When the topological charge m was larger, the evolution speed of the beam was

slower, i.e., PCLPVVB with a larger topological charge had a stronger ability to resist the degeneration

caused by atmospheric turbulence in comparison with the non-vortex beam. Also, we found that in

weak turbulence, the rate at which the beam evolved into a Gaussian-like shape slowed down more with

increase in the topological charge m. When the initial coherence length δxx and δyy were not equal,

the inner ring of the light spot appeared splitting phenomenon due to the different degrees of expansion

of the beam along the x and y directions, and the evolution speed of the beam slowed down when the

coherence length increased. Therefore, an appropriate increase in the initial coherence length of the beam

can increase the anti-turbulence ability of PCLPVVB. The value of the spectral intensity of PCLPVVB

increases with increase in the pulse duration T0. At the same time, as the propagation distance increases,

the evolution speed of the beam is slower when mode order n is larger, which indicates that PCLPVVB

has a stronger anti-turbulence ability at a larger mode order n. Thus, PCLPVVB may have potential ap-

plications for reducing the impact of atmospheric turbulence on LIDAR detection and free-space optical

communication.
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