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Abstract

Based on the extended Huygens—Fresnel principle and the second-order moments of the Wigner dis-
tribution function (WDF), we derive the analytical formulas for the root-mean-square (rms) spa-
tial width, rms angular width, and M2-factor of a partially coherent twisted elliptical vortex beam
(PCTEVB) propagating through the inhomogeneous atmospheric turbulence. The spatial spreading,
angular width, and M?-factor of a PCTEVB in turbulence are investigated numerically and compa-
ratively. We find an interesting result that the relative rms angular width and M2-factor of PCTEVB
with a small ellipticity propagating through turbulence decreases, meaning that the elliptical vortex
beam is less affected by the inhomogeneous atmospheric turbulence in comparison with the traditional
vortex beam. We also find that the relative M2-factor and the relative rms angular width of PCTEVB
mainly depend on the topological charge, twist factor, initial coherent length, zenith angle, and propa-
gation distance. In addition, the PCTEVB, with a small initial coherent length and ellipticity as well
as a large twist factor, has a stronger anti-turbulence ability. Our outcomes may have future extensive
possibilities in free-space optical communications.

Keywords: PCTEVB, inhomogeneous atmospheric turbulence, ellipticity, twist factor, angular width,
M?2-factor.

1. Introduction

In the past decades, partially coherent (PC) beams attract more and more attention. They have been
studied extensively in both theory and experiment due to its stronger anti-turbulence ability than fully
coherent beam in the turbulent atmosphere and it has been found their stronger advantage in widely
practical applications in free space optical communication, active laser radar systems, optical imaging,
and remote sensing [1-10]. Twisted partially coherent (TPC) beam is one of the most known kinds of
PC beams, which carries the twist phase, and was first introduced by Simon [11]. Past researches have
shown that TPC beams can reduce some physics phenomenon (e.g., the beam spot, quantum information
processing, etc.) caused by atmospheric turbulence on the propagation [4,9,12-20]. Furthermore, the
partially coherent vortex (PCV) beams are also commonly used and have been studied widely [6]. In
1992, Allen [21] first found the vortex beams, which can carry the m# orbital angular momentum (OAM),
where m is the topological charge carried by the beams, and £ is the reduced Planck’s constant. Also, the
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beams carrying the vortex phase can reduce the beam wander and the turbulent-induced scintillation [1,
3,6,9,12,21-30]. In short, the TPC beams and the PCV beams have strong anti-turbulence ability, when
the beam carries the twist phase and the vortex phase simultaneously, in particular [4,12].

On the other hand, it is well known that researchers divided the atmospheric turbulence into homoge-
neous atmospheric turbulence and inhomogeneous atmospheric turbulence. The formation of atmospheric
turbulence is caused by the existence of many airflow vortices with different basic physical properties in
the flowing atmosphere, which keeps moving and changing [31,32]. The strength of atmospheric turbu-
lence is described by the structure constant of the refractive index fluctuations of the turbulence C2, which
is a function of space and time [31,32]. In addition, atmospheric turbulence can be classified as strong
turbulence, medium turbulence, and weak turbulence with the method of dividing the intensity of the
atmospheric turbulence proposed by Davis [33]. Compared with homogeneous atmospheric turbulence,
the C? of inhomogeneous atmospheric turbulence is not constant but varies with altitude, geographi-
cal location, etc. [33-35]. In recent researches, the fluctuation of atmospheric turbulence will cause the
speckle effect, light intensity scintillation, beam expansion, phase distortion, and so on [36-40]. To some
extent, this seriously affects the beam quality and restricts the application of lasers. Hence, studying the
propagation factor of the laser beam in inhomogeneous atmospheric turbulence is meaningful.

However, to the best of our knowledge, the propagation factor of partially coherent twisted elliptical
vortex beam (PCTEVB) through inhomogeneous atmospheric turbulence have not been studied so far.
Therefore, in this paper, we obtain the theoretical formulas of PCTEVB and study the influences of
the propagation factors. The results exhibit that the PCTEVB has better propagation properties and
stronger anti-turbulence ability than the traditional vortex beam. In addition, these results can provide
references for the practical applications of laser beams.

2. Theory
The optical field distribution of PCTEVB at the plane of incidence is shown as follows [41-43]:
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where p' = (2, y) represents radial coordinates in the incident plane, wo, and wg, are the beam waist
sizes of PCTEVB in the 2/ and 3’ directions, respectively, sign(-) is a sign function: when m > 0,
sign(m) = 1, when m = 0, sign(m) = 0, and when m < 0, sign(m) = —1, with m being the topological
charge.

The cross-spectral density (CSD) of PCTEVB at the source plane reads
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where pl, = (z),,y.,); n = 1,2 represents any position vector defined on the incident plane, dy is the initial
correlation length, (-),, denotes the ensemble average, and * describes the complex conjugate.
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Based on the extended Huygens—Fresnel principle with a paraxial form, the CSD of PCTEVB pro-
pagating through the inhomogeneous atmospheric turbulence can be given by [44-47]

ik
W (p, pg; 2 —< )/// W(pl,p4:0) x exp | —(p = p) - (pa = plg) = H(pa, i 2) | &/ d®ply, (3)

where the central coordinate systems at the source plane can be listed as p’ = (2/,4') and p), = (2}, v}),
the accepting plane can be written as p = (z,y) and pg = (z4,y4), while p, = (zn,yn); n = 1,2 are
the arbitrary position vectors defined on the accepting plane, k = 27/X is the wave number, with A
being the wavelength, and z is the propagation distance of PCTEVB in the inhomogeneous atmospheric
turbulence [36,37,45,46]. Also, here,

x/ xl / /
p= TR ST s h=d b
4
T + T2 Y1 + Y2 (4)
T = 9 , y= 5 Tqg = T1 — T2, Yd = Y1 — Y2.

In Eq. (3), exp[—H (pa, plj; z)] represents the contribution of the inhomogeneous atmospheric turbulence,
and the H can be given as follows [33,34,44,45]:
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where v is the zenith angle, h is the propagation height, Hy represents the ground height of the received
plane, and hy denotes the ground height of the light source plane, if we take hg = 0; it means that
the light source plane is on the ground. Also, here, Jy(-) is the zero-order Bessel function of the first
kind, ( =1 — (h — hg)/[zcos(y)] denotes the normalized distance variable and z = (Hy — hg)/ cos(7y),
®,(k,h) = C2(h)®, (k) represents the spatial power spectrum of the refractive-index fluctuations of
inhomogeneous atmospheric turbulence, x is the spatial wave number, and C2(h) is the generalized
refractive-index structure parameter, with units m3~% varying with h.
It is well known that the Winger distribution function (WDF) of the PC beam on propagation can
be given by the formula [35-37,44-46]

2
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where § = (6,,6,) is the rms angular width, and W (p, p;; z) can be rewritten as [35-40,44-46]
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with kg = (Kdz, kay) being the position vector in the spatial-frequency domain. Further, we can obtain
the expression of H(pg, pa + z/kkq; 2) as [5,44-46]

H (Pd,Pd + %‘id;z) = Am°k /hHO dh /000 [1 —Jo (/{ ‘C%"fd + pd‘)} O, (K, h)k dk. (8)
0
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Hence, we arrive at the expression of the CSD of PCTEVB beam in the z = 0 plane; it reads

im|
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where p” = (2",y"), patraz/k = (2),9)), 1o represents the twist factor of PCTEVB. For the convenience
of calculation, in this paper, we take m = +1 and —1.

Based on the definition of intensity moment for WDF, the ny + ny +mi1 +me order moments of WDF
on the received plane for three-dimensional beams are [35-37,44-46]

@y = 5 [ [y oy, do, (10)

where P = //h(p, 0; 2) d?p d6 is the total power of the beam.

In Eq. (10), if ny = 2 and ny = m; = mg = 0, the second-order moment (ac2) of the beam on the
receiving plane after transmission in atmosphere reads

_ 113//;,;2(/),9,;;) &p d6. (11)

Similarly, we can get some other second-order moments: (y2), (x6s), (y6,), (#2), and <9§>
Therefore, some second-order moments of PCTEVB in the incident plane z = 0 are

o= [ [ W00 . (12)
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where (-)o represents the second-order moment at the plane z =0, n = x or y.
Thus, we arrive at the final calculation, namely,

2
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where 3 = woy/wo, is ellipticity, and T1(z,7), T2(z,7), and T3(z,) represent the inhomogeneous atmo-
spheric turbulence. The expressions are [5,44]

4252 [0 2cosy h 2
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Here, v is the zenith angle, C2(h) represents the refractive index structure parameter, and ®/,(k) is
non-Kolmogorov power spectrum.

Based on the second-order moments of the WDF, the spatial spreading and the rms angular width of
the PCTEVB propagating through the inhomogeneous turbulent atmosphere read

2

1/2
w(z,7) = ()2 = |A2° + 262(1 +6%) + T(z, ’Y)] : (22)

0(2,7) = ((6%)"2 = [A+ Ts(z,7)]"2. (23)

The beam transmission factor is an important index used to evaluate the beam quality. Based on the
WDF, we can give expression of M2-factor; it is

1/2

M?(z,y) =k ((p°)(6%) — (p- 6)?)

_k{ by
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In this paper, the non-Kolmogorov power spectrum is used as a model for inhomogeneous atmospheric
turbulence, and we can give its spatial power spectrum @, (x, h) as follows [5,44]:
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where kg = 27/ Lg, with Lo being the outer scale of atmospheric turbulence, and &, = c(«)/ly, with Iy

being the inner scale of atmospheric turbulence.
According to the Hufnagel-Valley (H-V) model proposed, C2(h) can be given as [5,44]

2 _ N2 510 h —16 h —14 —h
Cn(h)—0.00549<27) (10~°h) exp<1000>—|—27 10 exp(1500 +1.7-10"exp (oo )4 (26)

where v = 21 m/s is the wind speed.
After substituting Eq. (26) into Eqgs. (19)—(21), respectively, we arrive at the inhomogeneous atmo-
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spheric turbulence quantities T3, T, and T3; they read
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To compare, we define the spatial spreading, the rms angular width and the relative M?-factor of

PCTEVB in inhomogeneous atmospheric turbulence as follows:
0(2,7) 2 M?(z,7)

M =—". 30

T (zv 7) M2 (Z) ( )

w(z,7) 0,(2.) =

UJT(Z, 7) =
In Eq. (30), ws(2), 0¢(2), and M2 f(2) represent the spatial spreading, the rms angular width, and the

M2-factor of PCTEVB, respectively, in free space.
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On the other hand, in Eq. (9), for the sake of convenience in calculation, the topological charge m is
taken to be either +1 or —1. When m takes other integer values, we substitute Eq. (9) into Eq. (10) and,
using the same method, after tedious derivation, arrive at the second-order moment of PCTEVB on the
receiving plane,

(m + Dwd m+1 m+1 mio 2
<p2> = Ty(l + 62) + k.2w8 + 452 :ugwgy - W (1+ 62) kT(S(Q) 2%+ Ti(z,v), (31)
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m+1 m+1 mig 2
(p-0) = <k2w8 + 452 lu(2)w(2)y - kﬂ) (1+ /82) k‘T(Sg z+Tr(z,7), (32)
Y

<0 > - (ka(Q)y + 4/32 HoWoy kB ) (1+/8 ) kz(sg +T3(277)' (33)

3. Discussion

We fixed some parameters: A = 632.8 nm, k = 27/\, a = 3.2, l[p = 10 mm, Ly = 100 m, and
v =21m/s [5,44,47]. Unless otherwise stated, these values are used as the calculation parameters.
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Fig. 1. The spatial spreading w(z,v) and relative spatial spreading w,.(z,7v) of PCTEVB under different beam
parameters versus the propagation distance through inhomogeneous turbulent atmosphere. Here, m = 1 and
v =m/3; also, g = 8-107* m~! and 6y = 5 mm (al, a2); uo =4-10"* m~! and 3 = 0.25 (b1, b2); 3 = 0.25 and
dp =5 mm (cl, c2).

In Fig. 1, we illustrate the spatial spreading and the relative spatial spreading of PCTEVB through
inhomogeneous atmospheric turbulence under different ellipticity 3, twist factors pg, and the initial
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coherent lengths g versus the propagation distance. In Fig. 1, we can see that both the spatial spreading
and the relative spatial spreading are becoming larger with increase in the propagation distance, then
they are close to saturation. In the other words, the effect of atmospheric turbulence on PCTEVB is
weaken with increase in the propagation distance. In addition, in Fig. 1al, bl, c1, we see that the spatial
spreading of PCTEVB decreases with decrease of the twist factor and increase in the ellipticity and the
initial coherent length. However, one can also find in Fig. 1a2, b2, c2 that the relative spatial spreading
decreases for PCTEVB with decrease of the ellipticity and the initial coherent length and increase in the
twist factor. This indicates that it is less affected by the inhomogeneous atmospheric turbulence in the
case of beams with smaller ellipticity and initial coherent length, and a larger twist factor.
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Fig. 2. The rms angular widths 6(z,v) and the relative rms angular widths 6,.(z,7) of PCTEVB under different
ellipticity 3, initial coherent lengths &g, and zenith angle ~y versus the propagation distance through inhomogeneous
turbulent atmosphere. Here, m = 1; also, pp = 9-10"* m™1, §o = 1 cm, and v = 7/3 (al, a2); ug = 4-10"* m~1,
B =0.25, and v = 7/3 (b1, b2); B =0.25, 6o = 5 mm, and po = 8-10~* m~1! (cl, c2).

The rms angular widths 6(z,v) and relative rms angular widths 6,(z,v) of PCTEVB through inho-
mogeneous turbulent atmosphere under different beam parameters versus the propagation distance are
shown in Fig. 2. As one can see, with increase in the propagation distance, the change trend of rms angu-
lar widths and relative rms angular widths increase rapidly and then trend to saturation. Therefore, this
indicates that PCTEVB is less affected by the inhomogeneous atmospheric turbulence when propagates
long distance. In Fig. 2al, a2, bl, b2, one can also find that the rms angular widths decrease with larger
ellipticity and initial correlation lengths; however, the relative rms angular widths decreases with smaller
ellipticity and initial correlation lengths. In Fig. 2cl, c2, we can see that the zenith angle increases with
increase in the both rms angular width and relative rms angular width.

In Fig. 3al, we see that the M?-factor has a little change with increase in the propagation distance z;
however, the M?-factor is significantly influenced by the ellipticity, tending to increase with decreasing 3.
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Fig. 3. The M?-factor and the relative M2-factor of PCTEVB versus the propagation distance through inhomo-
geneous turbulent atmosphere under different ellipticity 3. Here, 6o = 1 cm, po = 8- 1074 m~!, and v = 7/12.

In Fig. 3a2, we can see that the smaller ellipticity leads to a lower relative M2-factor; while the relative
M?2-factor changes slowly when z is smaller 10 km, but rapidly increases with increasing propagation
distance z, eventually reaching a saturation. Furthermore, comparing Fig. 3al, a2 with Fig. 3bl, b2,
plus—minus of the topological charge m is less affected by the M?-factor and the relative M?-factor of
PCTEVB.

In Fig. 4, we show the M?-factor and the relative M?-factor of PCTEVB versus the propagation
distance through inhomogeneous turbulent atmosphere under different twist factors pg. In Fig. 4al, a2,
we see that the M2-factor increases with increase in the twist factor; however, the relative M2-factor
decreases with increase in the twist factor. Furthermore, when the propagation distance z increases, the
relative M2-factor first increases slowly, then changes rapidly, and trends to saturation in the end; see
Fig. 4a2. Comparing Fig. 4al, a2 with Fig. 4bl, b2, we can find that plus—minus of the twist factor ug is
less affected by the M2-factor and the relative M?-factor. As is well known, when the topological charge
and the twist factor have the same sign, they are said to have opposite chirality; on the contrary, they
have the same chirality [12-15]. In Fig. 4a2, b2, when they have some chirality, the relative M?-factor
is smaller. In other words, the better the beam quality of PCTEVB, the stronger the ability to resist
turbulence.

In Fig. 5, we exhibit the M2-factor and relative M?-factor of PCTEVB versus the propagation distance
through inhomogeneous turbulent atmosphere under different initial coherent lengths §p and the zenith
angles 7. One can seen in Fig. 5al, a2 that, with decrease of the initial correlation lengths, the M?-factor
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Fig. 4. The M?-factor and the relative M2-factor of PCTEVB versus the propagation distance through inhomo-
geneous turbulent atmosphere under different twist factors pg. Here, m =1, v = /3, f = 0.25, and §p = 1 cm.
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increases, and the relative M?-factor decreases. The M?-factor and the relative M?-factor of PCTEVB
increase with the increasing propagation distance z, and when z > 40 km, the M?-factor and relative
M2-factor of PCTEVB tend to saturation, and the beam is almost not affected by atmospheric turbulence.

In Fig. 5bl, b2, we can see that the larger the zenith angles, the larger M2-factor and the relative
M2-factor of the beam; in other words, the smaller the zenith angle, the better the beam quality. That is
because, as the zenith angle decreases and approaches vertical transmission, the change in C? becomes
faster and reaches a weak turbulent regime. At this moment, the impact of turbulence on the accumulation
of PCTEVB becomes weaker [5,44,47].

Fig. 6. The 3D relative M2-factor
and rm angular widths of PCTEVB
through inhomogeneous turbulent at-
mosphere versus the propagation dis-
tance z and ellipticity § with the cal-
culated parameters: J; = 10 mm,
po=28-10"*m~ and v = 7/3 (a, c)
and versus the twist factor pg and el-
lipticity 8 with the calculated param-
eters: 0g = 10 mm, z = 2 km, and
vy=m/3 (b, d).

In Fig. 6, we present the 3D relative M2-factor and rm angular widths of PCTEVB through inhomo-
geneous atmospheric turbulence. As shown in Fig. 6 a, the relative rms angular widths are found to be
less dependent on the propagation distance z. We also observe that the relative M2-factor of PCTEVB
in turbulence becomes saturated with increase in the propagation distance z; see Fig. 6 c. Furthermore,
the smaller the ellipticity 8 and the larger the twist factor p contribute to decrease of the relative M-
factor of PCTEVB; see Fig. 6d. Comparing Fig. 6 b, d reveals that the relative rm angular widths follow
the same change law as the relative M2-factor. These outcomes suggest that the relative M2-factor and
relative rms angular widths are less affected by the inhomogeneous atmospheric turbulence.

In Fig. 7, we show the variation of the relative M?-factor of PCTEVB with the propagation distance
in inhomogeneous atmospheric turbulence under different topological charges. As seen in Fig. 7a ,b,
the relative M2-factor decreases and the beam quality improves with increase in the topological charge
m. Moreover, a comparison between Fig. 7a, b reveals that the relative M?-factor is smaller, when the
ellipticity B is smaller. This further verifies the rule obtained in Fig. 3 that the smaller the ellipticity S,
the smaller the relative M2-factor, indicating a stronger anti-turbulence ability of PCTEVB.
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Fig. 7. The relative M2-factor of PCTEVB versus the propagation distance through inhomogeneous turbulent
atmosphere under different topological charge m. Here, v = 7/3, o = 8-10"* m~!, and 69 = 10 mm; also, 5 = 0.1
(a) and 8 =0.5 (b).

4. Summary

In this paper, we first derived the analytical formulas for the spatial spreading, rms angular width, and
the M2-factor through the inhomogeneous atmospheric turbulence, using the extended Huygens-Fresnel
principle and the second-order moment of the the Wigner distribution function. Then, we analyzed
PCTEVB under different beam parameters versus the propagation distance through inhomogeneous tur-
bulent atmosphere. The rms spatial width, rms angular width, and M?-factor of PCTEVB in turbulence
depend on the topological charge m, the ellipticity 5, the initial coherent lengths g, the twist factor uyg,
the zenith angle v, and the propagation distance z.

We found that the relative rms spatial width, rms angular width, and M?-factor of PCTEVB are
smaller with decrease of the ellipticity 5. We also obtained that the relative rms spatial width and the
M2-factor of PCTEVB are less affected by the turbulence with larger o and smaller &g; the relative rms
angular width and the M2-factor of PCTEVB are less affected by the turbulence with smaller §y and +.
In addition, the PCTEVB through the turbulence has strong anti-turbulence ability when it propagates
with long distance. In the end, relative M2-factor decreases with increase in the topological charge m.
Our numerical results indicate that PCTEVB can mitigate atmospheric effects and may be useful for
related applications.
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