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Abstract

We explore the propagation characteristics of a partially-coherent radially-polarized vortex beam
(PCRPVB) with Gaussian Schell-model correlation structure and, using the extended Huygens—Fresnel
principle, derive analytical formulas for the average intensity of PCRPVB propagating through the
non-Kolmogorov atmospheric turbulence along a slant path. Numerical results show that the nor-
malized initial profile with a hollow distribution of PCRPVB in turbulence gradually converts into a
flat-topped distribution with increasing propagation distance and zenith angle, and finally evolves into
a Gaussian-like profile. Also, we can find that a PCRPVB with the high topological charges [ has the
stronger ability of resisting turbulence in comparison with the non-vortex beam. Our work will be
useful for free-space optical communications, remote sensing, and the lidar distance measurement.

Keywords: PCRPVB, non-Kolmogorov atmospheric turbulence, normalized average intensity, zenith
angle, topological charge.

1. Introduction

It is well known that the optical vortex with an azimuthal phase exp(ilp) may have an orbital angular
momentum (OAM) (A per photon due to the undetermined phase, where [ is the topological charge, ¢
denotes the azimuthal angle, and % is Planck’s constant h divided by 27 [1-16]. Over the past decades, a
great deal of attention has been paid to light beams carrying OAM due to the such important applications
as free space optical communications [3-9], optical manipulation [4,5], and quantum cryptography and
quantum information processing [6-16]. Partially coherent (PC) beams display many extraordinary
behaviors and are useful in many areas because of its lower coherence and stronger propagation stability
than the fully coherent beams, such as inertial confinement fusion, lithography, optical imaging, remote
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sensing and the lidar distance measurement [14,17-21]. On the other hand, polarization is one of the most
salient features of a laser beam, which indicates the oscillation state of electric field at a spatial point.
The radially polarized (RP) beams, whose state of polarization is linearly polarized but its oscillation
direction at any point is along the radial direction, have attracted wide attention due to its unique
tight focusing properties; they have important applications in plasmonic focusing, material processing,
second-harmonic generation, particle trapping, and detection [14-25]. Furthermore, it was shown that
the radially-polarized partially-coherent (RPPC) beam with vortex phase can effectively reduce the effect
of atmospheric turbulence [20,21,23]; therefore, the beams with the especial structure are attracted more
and more attention.

The atmospheric turbulence causes many harmful turbulence effects, such as light intensity scintil-
lation, phase distortion, which results in increase of communication error rate and reduces the channel
capacity of the system. On the other hand, the atmospheric turbulence is usually assumed to be homoge-
neous. However, the researches show that the structure parameter of the refractive index fluctuations of
the atmospheric turbulence drops gradually as the propagation height increase for a slant path [26-35].
Up to our knowledge, till now the propagation characteristics of partially-coherent radially-polarized
vortex beam (PCRPVB) passing through non-Kolmogorov turbulence along a slant path have not been
reported due to the difficulties in mathematical calculations. Therefore, in this paper, our aim is to
explore the average intensity of PCRPVB in turbulence along a slant path. Our numerical results imply
that a PCRPVB with the high topological charges | has the stronger ability of resisting turbulence in
comparison with the non-vortex beam.

2. Theoretical Model

The electric filed of a fully-coherent radially-polarized vortex beam (FCRPVB) reads [14-16]

/2 12N /2 /2 12y /2
E(p/;0) = —exp <_p2> <p2> exp(ilf e, + - exp <—p2> <p2> exp(ild)ey, (1)
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where the vector p/ = (z,y) is arbitrary transverse position vector in the plane z = 0, wy represents the
waist radius of a fundamental Gaussian beam, e, and e, denote the unit vectors in the x and y directions,
respectively, and exp(ilf’) terms represent the topological charge and the azimuthal coordinate, with [
and 0" = arctan(y/z), respectively.

For the PC beam, the statistical properties of a PCRPVB with Gaussian Schell-model correlation
structure are characterized by a 2x2 cross-spectral density matrix (CSDM). The elements of CSDM of
PCRPVB in the initial plane z = 0 are given by

U1v2 ,0/% + p’g PI%P% e |Pl - Pl ’2
Wuv(p/17 pIQ; 0) = 5 €Xp | — 5 1 exp[_il(ell - 0/2)] exp _1722 )
w§ w§ wy 262, 2)
u7 /U - x’ y)

where p} = (z1,y1) and py = (z2,y2) are the arbitrary transverse position vectors in the initial plane
(z = 0), dyp represent the initial auto-correlation lengths (when u = v) and the initial mutual correlation
lengths (when u # v), respectively. In this paper, we set 0zz = 0yy = 0zy = Oya = Jp-
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We know that the expression of general vortex beam can be derived from the degradation of Laguerre—
Gaussian (LG) vortex beam. Besides, the LG mode can be represented by the Hermite-Gaussian (HG)
modes as follows [20-23]:

_ p !
exp(il&’)rlLé(p’z) = 2(21)3; ZZZS ( f ) ( lS ) Hopy1— (@) Hap—2t45(y), (3)

t=0 s=0

where Hyy;—s(x) and Hop_945(y) are the Hermite polynomials, and (p, t) and (I, s) represent the binomial
coefficients. So, after substituting Eq. (3) into Eq. (2), with setting p = 0, we arrive at the expression of
CSDM of PCRPVB in the form with Hermite-Gaussian mode; it reads

l
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Using the extended Huygens—Fresnel principle, we can express the CSDM of beams through atmospheric
turbulence in the received plane as follows [30-38]:

Wu(p1:p2iz) = <2m> ////Wuv p1s0%; 0

- p1)’ + ik(py — py)* _ Dy (p1; P P15 P23 2)
22 2z 2

X exp [ d? /d2/)2> (5)

where p; = (pz1, py1) and py = (pa2, py2) denote two arbitrary transverse position vectors in the received
plane, k = 27/ is the wave number, with A being the wavelength, and D.,,(p), p5, p1, p2;2) is a two-
point spherical wave structure function containing the influence of atmospheric turbulence; its expression
s [26-30]

2k2
Do(Bhs Py 1, P23 2) = / dh / [1— Ty [ |C(8) — P4) + (1= O)(pr — po)|]} B (56, ) e,

cos(y

(6)
where Jy(-) is the zero-order Bessel function of the first kind, ®, (s, h) represents the spatial power
spectrum of the refractive-index fluctuations of atmospheric turbulence, with s denoting the spatial
wavenumber. Also, H is the height between the received plane and the ground, and hg is the height
between the light source plane and the ground, when the beams are propagating in atmospheric turbulence
along a slant path, and ( = 1 — (h— hg)/[z cos(7)] denotes the normalized distance variable, with v being
the zenith angle and z = (H — hg)/cos(y) being the total propagation distance along a slant path.
Generally, we take hg = 0, which means that the light source plane is on the ground.

In this paper, we use the non-Kolmogorov power spectrum as a model for atmospheric turbulence,
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and its spatial power spectrum ®,,(s¢, h) is given by [26-35]:

~ o 202 ~
o) = Ch g o (2 ) = G, () @)
Ala) = %ﬁr(a ~ 1) cos(ar/2), (8)
- g\ 1)
cla) = [QSA(Q)F (5 5 )] , 9)

where 3¢9 = 27 /Ly with Ly being the outer scale of atmospheric turbulence, and s, = c¢(«)/ly with Iy
being the inner scale of atmospheric turbulence. Also, « is the generalized exponent parameter, I'(+)
is the gamma function, and C’,%(h) is the generalized refractive-index structure parameter varying with
height h. The Hufnagel-Valley atmospheric turbulence profile model (H-V5/7 model) is generally used
for the propagation along a slant path [30-35],

h —h —h
(107°h)"" exp <1000) +2.7-10" P exp 1500 +1.7-10 “exp 100 , (10)

where V; represents the wind speed, which is usually taken as 21 m/s.

2
C2%(h) = 0.00594 Vs
n 27

Considering the quadratic approximation of the Rytov phase structure function in Eq. (6), we can
rewrite Eq. (6) as follows:

D (pl, Py, p1, Po; 2) = Bi(py — p2)* + Ba(py — p2) - (P — Ph) + Bs(ph — ph)?, (11)
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where T' denotes the intensity of the turbulent atmosphere, which can only be determined by the spatial
power spectrum, and is independent of the beam parameters [36-38].
After substituting Eqgs. (7)-(9) into Eq. (15), we arrive at

T = 2(‘;1}?)2) { (252527 + (= 2) 364 exp <:§> T <2 -5 :5) = 2%5‘;“} , (16)

m m

where I'(-,-) is an incomplete gamma function. Setting p; = py = p, we can simplify Eq. (5) to the
following one:

Wu(p, p;2) = <2m> ////Wuv P P20

ik(p — Pl) Zk(P P2) B3(P/1*P2)2 2 1 2y
- - n oy oy (17)
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and obtain the analytical formulas for the Wy, (p, p; z) and Wy,(p, p; z) of the PCRPVB through the
turbulent atmosphere along a slant path; they are

Wanlpopr2) = () exp (e L2 iy FPy 1
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and
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The average intensity of PCRPVB through atmospheric turbulence along a slant path reads

I(p; 2) = Waz(p, p; 2) + Wyy(p, p; 2). (22)

It should be noted that, in the derivations of Egs. (18) and (19), we use the following integral and ex-
pansion formulas [20-23]:

R L1yl

Hy(z) = m(%)”_%, (23)
k=0
+o0
[ e [ - 7] de = V(20 " HA08), (24)
1\"? & n
= (3)7 30 (1) (v20) e (V2. 2
k=0

/_ Hy(az)exp [~(z —y)?] dz = Vr(1 — a®)"/*H, [(1_(152)1/2] . (26)

Equations (18-21) are analytical formulas of the PCRPVB through the turbulent atmosphere along a
slant path based on the quadratic approximation of the Rytov phase structure function. One can see that
the average intensities of PCRPVB in turbulence are mainly determined by the propagation distance z,
topological charges [, and zenith angle ~.

3. Numerical Examples and Discussions

In this section, we give some numerical examples to study the average intensity behavior of PCRPVB
propagating in non-Kolmogorov atmospheric turbulence along a slant path. To facilitate comparison,
we fixed some calculation parameters as follows: o = 11/3, A = 632.8 nm, wy = 10 mm, § = 20 mm,
L =100 m, [ = 10 mm. These values will be used as calculation parameters unless otherwise stated.

First, in Fig. 1, we display the normalized average intensity distribution of PCRPVB with topological
charge | = 3 emitted at a zenith angle of 97/20 in non-Kolmogorov atmospheric turbulence at different
propagation distances. It can be obviously found that the dark hollow intensity distribution area on
the initial plan z = 0 of PCRPVB disappears gradually with increase in the propagation distance. In
addition, the distribution of the average intensity of PCRPVB remains almost unchanged except that
the light spot becomes larger after propagating 8 km (z > 8 km). This shows that the intensity of
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Py €M

Fig. 1. The normalized average intensity distribution of PCRPVB in non-Kolmogorov atmospheric turbulence
along a slant path at different propagation distancel here, | = 3 and v = 97/20.

atmospheric turbulence at this time is very weak, which can hardly damage the coherence and phase
structure of the PCRPVB, so that the intensity distribution of PCRPVB remains unchanged and does
not change into a Gaussian-like distribution even after propagating 16 km; see Fig. 1 h. Indeed, when
the beam emitted at a zenith angle of 97 /20 propagates 8 km, the actual climbing height of the beam is
about 1250 m. According to Eq. (10), the refractive-index structure constant of atmospheric turbulence
at this height is 1.173 - 107 m~2/3, which belongs to extremely weak turbulence.

In Fig. 2, we show the results of calculations of the normalized average intensity distribution of
PCRPVB with topological charge [ = 0, i.e., partially-coherent radially-polarized (PCRPB)] emitted at
different zenith angles in atmospheric turbulence after propagating 3 km. We can see that the hollow
degree (the ratio of the central intensity to the maximum intensity, simplified as degree of hollowness) of
the beam and is not equal to zero, becomes large with increase in the zenith angle, and the distributions
of the light intensity change from hollow-like distribution to Gaussian-like distribution. When the zenith
angle is 147/30, the intensity distribution of PCRPVB almost presents a flat-top beam distribution;
see Fig. 2f, and the beam has become Gaussian-like distribution; see Fig. 2g, when the zenith angle is
497 /100.

In Fig. 3, we show the normalized average intensity distribution of PCRPVB with topological charge
[ = 3 emitted at different zenith angles in atmospheric turbulence after propagating 6 km. Compared
with Fig. 2, one can obviously find in Fig. 3 that the degree of hollowness of PCRPVB is lower, and the
light intensity can maintain a better hollow-like beam distribution at a smaller zenith angle; see Fig. 3 a—
d. When the zenith angle is 497/100, PCRPB becomes Gaussian-like distribution, while PCRPVB is
only in flat-top distribution. However, the PCRPVB evolves into a Gaussian-like distribution when the
zenith angle increases to 1997/400; see Fig. 3 g.

For further comparison, the intensity distributions of PCRPVB with relatively high topological
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Fig. 2. The normalized average intensity distribution of PCRPVB emitted at different zenith angles in non-
Kolmogorov atmospheric turbulence; here, [ = 0 and z = 3 km.

-40

X!
Fig. 3. The normalized average intensity distribution of PCRPVB emitted at different zenith angles in non-
Kolmogorov atmospheric turbulence; here, [ = 3 and z = 6 km.

charges | emitted at different zenith angles in atmospheric turbulence are shown in Fig. 4, where the
topological charge [ is 5 and the propagation distance is 10 km. One can see in Fig. 4 a—d that even
though PCRPVB propagates for 10 km at this time, the degree of hollowness of the beam almost ap-
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Fig. 4. The normalized average intensity distribution of PCRPVB emitted at different zenith angles in non-
Kolmogorov atmospheric turbulence; here [ = 5 and z = 10 km.

proaches 0, and the beam still maintains a hollow distribution. Compared with PCRPVB with | = 3,
the zenith angle of PCRPVB with [ = 5 in the flat-top distribution increases from 497 /100 to 1997 /400,
and the zenith angle of the beam with Gaussian-like distribution increases from 1997 /400 to 5997 /1200;
see Fig. 4¢g and h, indicating the PCRPVB with the high topological charges [ has the stronger ability
of resisting turbulence.

One can see in Figs. 2-4, that PCRPVB (or PCRPB) in atmospheric turbulence is less affected when
zenith angle is [0, 7/3]; however, the beam is more affected by zenith angle in the range of [7/3,7/2]. In
combination with Fig. 1, one can find that the beam emitted at a small zenith angle is almost difficult
to change into a Gaussian distribution unless the beam is kept at a large emission zenith angle. Even for
PCRPVB with a high topological charge [, to change into a Gaussian distribution in the end, the emission
zenith angle almost approaches to m/2 (almost parallel to the ground), and a relatively long transmission
distance is needed. According to Eq. (10), we can know that atmospheric turbulence intensity decreases
rapidly with increase in the ground clearance. This indicates that PCRPVB with high topological charge [
shows a very strong ability to resist the interference of atmospheric turbulence. Also, PCRPVB with high
topological charge [ emitted at the zenith angle in the range of [0, 7/3] can keep the hollow distribution
even after a long propagation distance. Therefore, the use of PCRPVB with high topological charge [ is
of great significance in many practical applications.

In Fig. 5, we demonstrate the 3D normalized average intensities of PCRPVB in non-Kolmogorov
atmospheric turbulence along a slant path for the different zenith angles v and topological charges I.
One finds that PCRPVB with a smaller topological charge [ = 2 in turbulence gradually evolves into
the Gaussian-like beam profile. However, the degree of hollowness of PCRPVB with a larger topological
charges [ = 5 is lower, and the light intensity can maintain a better hollow-like beam distribution at a
smaller zenith angle.
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v =m/20 N y=m/5 v = 97/20
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»,, ecm -10
Py -20°-20

Fig. 5. The 3D normalized average intensity of PCRPVB in non-Kolmogorov atmospheric turbulence for the
different zenith angles v and topological charges [; here, z = 3 km.

4. Summary

In this study, we derived the analytical expressions of average intensity of PCRPVB through atmo-
spheric turbulence along a slant path. We studied the effects of topological charge | and emission zenith
angle v on the evolution of beam intensity distribution, giving some numerical examples. The results
show that PCRPVB is less affected when zenith angle is [0,7/3], and the beam is more affected by
zenith angle in the range of [r/3,7/2]. Also PCRPVB emitted at a small zenith angle, in the range of
[0,7/3], is almost difficult to evolve into a Gaussian distribution. For the PCRPVB to evolve into Gaus-
sian distribution on propagating, it needs a large emission zenith angle and a long propagation distance,
and they also increase with increase in topological charge . Also, we found that PCRPVB with a high
topological charge [ emitted at a small zenith angle can keep the hollow distribution even after a long
propagation distance, z > 10 km, which shows a great ability to resist atmospheric turbulence. This is
of great significance for many practical applications.
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