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Abstract

We study the squeezing and statistical properties of the light produced by nondegenerate three-level
lasers coupled to a vacuum reservoir, in which two different nondegenerate three-level atoms are injected
at constant rate into the cavity. Applying the pertinent master equation, we obtain the stochastic
differential equations associated with the normal ordering. Making the use of the solutions of the
resulting differential equations, the quadrature variances and the mean and variance of the photon
number sum and difference are described. We see that the mean and variance of the photon number
difference is positive; this fact indicates that the mean photon number of mode a, emitted from the
top level, is greater than that of mode b, emitted from the intermediate level of the three-level atom.
Moreover, we find that the mean and variance of the photon number difference decreases as 7 increases.
We observe that the squeezing is higher for large values of linear gain coefficient, and the maximum
squeezing occurs when the population of the atoms in the bottom level is slightly greater than that of
the top level.

Keywords: stochastic differential equations, c-number Langevin equations, vacuum reservoir, mean
photon number.

1. Introduction

There has been a considerable interest in the analysis of the squeezing and statistical properties of
the light generated by three-level lasers [1-20]. A light mode to be in a squeezed state, if either the
change in plus quadrature or the change in minus quadrature is less than one, with the product of
the uncertainties in the two quadratures satisfying the uncertainty relation. Because of a smaller noise
in one quadrature component, the squeezed states of light have important applications in information
processing systems like quantum computations, photon detection, as well as in the field of high-precision
measurements [10,20].

A three-level laser may be defined as a quantum optical system, in which the injected three-level
atoms in a cascade configuration are initially prepared in a coherent superposition of the top and bottom
levels and coupled to a vacuum reservoir via a single port mirror. When a three-level atom in a cascade
configuration makes a transition from the top to the bottom level via the intermediate level, two photons
are generated. If the two photons have the same frequency, then the three-level atom is called degenerate
three-level atom; otherwise, it is called nondegenerate one [3]. The two photons are highly correlated,
and this correlation is responsible for the production of squeezed light.

Three-level lasers, in which the crucial role is played by the coherent superposition of the top and
bottom levels of the injected atoms, have been studied by several authors [1-7]. These studies show that
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this quantum optical system can generate light in a squeezed state under certain conditions. Furthermore,
Tesfa [2] has studied the squeezing property of the cavity modes produced by a nondegenerate three-level
laser applying the solutions of stochastic differential equations. He has found that the two-mode cavity
radiation exhibits squeezing, if the atoms are initially prepared with more atoms in the bottom level than
in the upper level, and the degree of squeezing increases with the linear gain coefficient. He has shown
that the maximum intracavity squeezing is 50% below the coherent-state level.

In addition, Fesseha has studied the squeezing and statistical properties of the light produced by
a degenerate three-level laser, whose cavity contains a degenerate parametric amplifier [4]. His study
indicates that a more squeezed light could be generated by a combination of these two quantum optical
systems. On the other hand, Alebachew and Fesseha [10] have considered the same system with the
injected atoms having equal probabilities to be in the upper and lower levels and with these two levels
coupled by the pump mode emerging from the parametric amplifier. This study shows that the system
generates light in a squeezed state with a maximum intracavity squeezing of 93% below the coherent-state
level.

In this paper, we introduce a laser model in which bright
and squeezed light from two nondegenerate three-level atoms

A
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b
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along with the properties of the Langevin forces, we calcu- 1
late the quadrature variance of the cavity mode. Applying ::
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. . —
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Fig. 1. Schematic representation of two non-
degenerate three-level lasers.

2. Stochastic Differential Equations
As it is clearly indicated in Fig. 1, the top, intermediate, and bottom levels of a three-level atom
are represented by |a), |b), and |c), respectively. We prefer to call the light emitted from the top level
light mode a and the one emitted from the intermediate level, light mode b. We assume the transitions
between levels |a) and |b) and between levels |b) and |c) to be dipole allowed, with direct transitions
between levels |a) and |¢) to be dipole forbidden. We consider the case, for which the two cavity modes
are at resonance with the two transitions |a) — |b) and |b) — |c¢) having transition frequencies w, and wp,
respectively. The interaction of a nondegenerate three-level atom with two-mode cavity radiation can be
expressed in the interaction picture with the rotating-wave approximation (RWA) by the Hamiltonian of
the form (3]

1 = ig (ja) (ol — af[b)al + ) (clp — Blc) (b)) (1)
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where g is the coupling constant assumed to be the same for both transitions, and a and b are the
annihilation operators for the cavity modes. Similarly, the Hamiltonian describing the interaction of the
cavity modes with the vacuum reservoir can be written as [20]

HSR =4 Z /\k( ckez wa—wp)t _ &éTe (wa—wp)t + Z;Tdkei(wawk)t . I;Cilei(wbwk)t>, (2)

where )\ is the coupling constant and ¢, and Jk are the annihilation operators for a reservoir submode.
In this paper, we assume the state of a single three-level atom initially in the state

W}A(O» = Ca‘a> + CC|C>7 (3)
and hence, the density operator of a single atom is
pa(0) = piQla)(al + p2a)(c| + pL2|e) (a] + P2l (], (4)
where
Pl =1Cal>  and ) =|Cf? (5)
are the initial probabilities of the atoms to be in the upper and lower levels, respectively, and
Pl =CaCl and  pl) = CC; (6)
represent the atomic coherence at the initial time. We note that
|P(0)‘ = paa)pt(:c)‘ (7)

The master equation corresponding to Eq. (1) takes the form [4]

dp(t) _ Aipld
dt 2

Alpt(l(;) At a7t Ftata A7 at Alpgg) 2 n an? Al A
—T(Qapb —bap—pba)—T(%pa—pab—abp) (8)

+ — <2apdT —atap — pata + 20pbt — bprprb)

0
A-I-AA A -|- AA -'- Alpéc) AAAT AATA A_I_AA
2a'pa — aa'p — paa 72 2bpb' — pb'b — b'bp

where 02

9 27"a 9)

71
is the linear gain coefficient, »r; is a cavity damping constant, and -; is the atomic decay constant, which
is considered to be the same for all the three levels. We note that Eq. (8) represents the master equation
for the cavity mode corresponding the Hamiltonian given by Eq. (1), when one type of atoms is injected
into the cavity at constant rate r,.

In view of Eq. (8), we can also write the master equation for the cavity mode, in which two different

types of atoms injected at rates r, and rp, are

) A1+ A I FUDSEUR
dp(t) _ (At 2){ () (2a1pa —aalp— paat) + 2 (2bgbt — pblh — b1bp)

A =

dt 2
O (26&,313* —btatp — pbtal ) O (213;3& — pab— &Bﬁ) } (10)
g (QCLpdT —a'ap — pata + 2bpr — bpr prb>
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where

2957
7

Equation (10) represents the stochastic master equation, which contains all necessary information on the

dynamics of the system.

Ay = and = 1 + . (11)

3. C-Number Langevin Equations

We now seek to obtain the c-number Langevin equations associated with the normal ordering for the
cavity mode variables. To this end, employing the relation [5]

d, dp(t)
A =T <th> (12)

along with Eq. (10), we obtain that

d 1
dt< a)y = (Ap(o)) Tr (Qa paa — aalpa — paata ) + §(A P 4 3) Tr (2bpra — pbfba — bpra)
1 . . .
( Ap0) Tr (2a pbta — btat pa — pbtat ) 5 (Ap) T (25;3@@ _ abpa — [)&bd)
+ g [Tr (2&;3&*& _atapa — [B&Ta&)] : (13)
where
A=Ay + As. (14)

Applying the cyclic property of the trace operation and taking into account the bosonic commutation
relation

[, a'] = [b,07] = (15)

the time evolution of the expectation value of the cavity mode variables is found to be

d 1 1 A d - 1 ~ 1
P _ = P - T 2y = = - T
d ~2 2 A'I' d 72 2 -I-A
0% = —pua(@) + v (Hla), ) = —peBP) + v (alh), (17)
d ... o . 1, ..
Ha1a) = —paala) + S (@lh) + Sv (ab) + AplY), (18)
d o . ‘s
2 (B10) = —uc(bT0) + Svi (blal) + v (ab), (19)
d 1 1 1
ZUATEY — T - T k(B2
Zalh) = =2 (a + p)@lh) + Sv (@) + v (52, (20)
d .- 1 “ 1 1 IR 1
Z2ab) — = - At - T hl
b = = (0 + o) (@) + 44a1a) + Sv- (61D) + Sv, (21)
where
pa=2—Ap),  pe=st+Apl0), v =-4p), vy =445 (22)
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We note that the operators in the above equations are in the normal order. The c-number equations
corresponding to Egs. (16)—(21) are [2]

9 (0) = —ghala) + 3o (8%, 9(8) = —gnel) + gv+ta®), (23)
02) = —pale?) +v_(5"a) L) = el )+ vilacs), (24)
jt<a 0) = ~pualaa) + 5v{a”B%) + 2% (af) + Apld), (25)
D (8%6) = —elB) + gve(8a) + sv{oB), (26)
%<a*5> = 3 (ot ) ) + gvida™) 4 L (), (21)
2 08) =~ (ta + 1)) + gvila’a) + Lu (8°6) + g (28)
On the basis of Eqgs. (23), we can write
2 a(t) =~ gaolt) + -5 (0) + fult), LBU(1) = — (1) + guiol) + 50, (29)

where f,(t) and fg(t) are Langevin forces, the properties of which remain to be determined, and «(t)
and ((t) are the c-number variables corresponding to the cavity mode operators @ and b.
The formal solutions of these equations can be put in the form [20]

a(t) = a(0)eHat/2 4 / dt' e Hat=1) /2{ v_ B (t) + fa(t’)], (30)
0
ﬁ*(t) _ ﬁ*(o)e—#ct/2+/0 dt'e —pe(t—t")/2 |:2I/ a(t’)+fﬁ( ):| (31)
Making the use of Egs. (23), the correlation properties of the Langevin forces can be readily put as [3]
(fa(t)) = (f8(t)) = (fa(t) fa(t)) = 0, (32)
(fa(t") fa(t)) = (fa(t)fa(t )> =0, (fa@) falt)) = ApQ)s(t — 1), (33)
(f5(t")fs(t)) =0, (falt)f5(t)) = %V+5(t—t’)~ (34)

The results described by Eqs. (32)—(34) represent the correlation properties of the Langevin forces f,(t)
and fg(t) associated with the normal ordering.

4. Quadrature Variance of the Cavity Modes

Here, we seek to analyze the quadrature squeezing of the two-mode light in the cavity. The squeezing
properties of the two-mode light in the cavity can be described by two quadrature operators defined
by [20]

ér =vVEL(E +6),  where e=-——(a+b), (35)
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with @ and b representing the separate modes of cavity light emitted from the three-level atoms. The
two-mode light is said to be in a squeezed state, if either Aca_ < land Ac®> >1or AC?|r >1and Ac? < 1,

such that AcyAc_ > 1 [3,20].
The variances of the quadrature operator, defined by

Act = (e1) — (es)?, (36)
can be expressed in terms of c-number variables associated with the normal ordering as
Act = 1+ (a*(t)a(t)) + (B* (1)) £ 2(B(H)a(t)). (37)

Using the fact that the Langevin force at time ¢ does not affect the cavity mode variables at earlier time
and taking the cavity modes to be initially in a vacuum state, one can easily establish that

(a(t) = (B(t) =0,  (a®(t)) = (B*(t)) = (B*(t)a(t)) = O, (38)

A% [AJrAp((l%) +2v_vi /2] + 20 A vy /2 O
* _ 1— (A +A)t/2
(o* (t)a(t)) 0T )2 e ]
* 0 * * - -
2A2(A% + Ap)/2 ]
* 0 * * . -
|2)\|2()\j_ +A)/2 ]
* 0 * * _ -
AT A AP + 20 vt )2 + 207 A vy /2 L A2
AR, +A1)/2 . |

] A% =i, [2 = 20, [A v /2 — 207 Ap)) ~(WG A2
(B*(£)B(1)) 2AZ(A] 4+ A4)/2 [ T ]

* * * x4 0)1 -
A —20v, /2 = 2v [A_vi /2 — 25 Apaa ) | e A2

2A2(A] +A-)/2

A =205y /2 - 2v [ALv} /2 — 21/1Ap§23] r
AP +A1)/2

A* =2y [2 = 2w, [A v J2 — 2 Apl)] | O] (10)
2A2(AL +A-)/2 .

1 — e~ FA)/2]

_l’_
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and

AL ALYy /2 - 2V+[A+Apg%) +2v_vi /2] C VA2
CAYA v )2 - 2U+[A,Apg%) + 2v_vi /2] (| _ o= r2]
AP 1)/ |

At Ayvy )2 — 20 AL A + 20 vt /2] | om0 2]
— —e
AP +A)/2 -

* (0) * _ ]
AiA_V+/2 — 2V+[A_Apaa + 2V_V+/2] 1— 6_(>‘i+>‘+)t/2 ' (41)

2AP(AZ 4+ A1)/2
Now substitution of Egs. (39)—(41) into Eq. (37) leads to

A2 _ o L (A £ 2)[(AL £ 20) Apld) F (AT F 207 ) /2]
£ 22 Ao+ A%
(A F2w_) F (AL 204 )v7 /2 [1 B ef()‘—+>‘i)t/2}
A+ AT
L1 A Eu)@Ar+ 2w ) Apl) F (A% F 20 )1y /2
272 A+ AL
LA F o) F (AL £ 2V+)Vi/2} [1 N 6—(/\++/\i)t/2}
A+ AT
o2 [(A Ewy(As 2. ) AplY) F (A* F 20" vy /2]
1272 A+ A%
i (A+ F2v-) F (AL £ 204 )7 /2 [1 B 6_(,\Jr+,\*_)t/2} (42)
Ap + A% '

Equation (42) takes at steady state the form

) 2 (JAp 2032 JA-+20h 2 (A% £ 204)(A- £ 20%)
Aci =1 + —
2AR | A_+ AT A+ AT A+ A*
C(Ap £ 207) (AL £ 20y) A0 = 2 [(Apx2v3)(A F2v7) N (A% F 20 )(A-£20v7)
N ad T |22 A+ A* At A
(A F2r)(A_x2v) (AL F200)(Ay £207) /2 2 [(AL +2v)(A-F2v)
— — v
A+ AE N+ A HARNPIE A+ AR
(A Fov)(A" £2vy) (AxF2vo)(AL £2v4) (A £2u)(A-F20-) /2 (43)
A+ AT SV N+ A Yl

In order to have a mathematically manageable analysis, we take psc = peq- Now, in view of this and
Eq. (7), we have

2wy =207 = +AV1—n?, A= \"= A,

1 1
Ay = AL = A+ An, AizAl=§(2%+AniAn)7 p§°)=§(1—n)- (44)
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So that with the aid Eqgs. (43) and (44), we get

A1 =022+ An+ A) £ A(1 —n) (25 + 2An+ A)

Ack =1+ 45
+ 2( + An) (25« + An) ’ (45)
where n = pgc)) — Pg%) describes the initial preparation of a three-level atom.
1 —————————————————— 1
1
09 09
]
08 o8k
NOI :
07 07
< :
06| o6k
-
e
05 0.5 =
04+t 04t
"%z 07 = o5 o8 1 0 — 4 0.6 08 1
. 4 qn 0 . . 4 q 0 .
Fig. 2. Quadrature variance, Eq. (45), versus n) for A = Fig. 3. Quadrature variances, Eq. (45), versus 7 for
100 and » = 0.8. different values of the total linear gain coefficient A =

100 (the solid curve), A = 200 (the dashed curve), and
A = 300 (the dotted curve) and s = 0.8.

Equation (45) represents the variances of the cavity mode at steady state for two nondegenerate
three-level atoms coupled to a vacuum reservoir. In Fig. 2, we plot the minus quadrature variance of the
two-mode light, Eq. (45), versus 7, where the minimum value of the quadrature variance for A = 100
and s = 0.8 is found to be Ac? = 0.3467 and occurs at i = 0.18. This result implies that the maximum
intracavity squeezing for the above values is 65.3% below the coherent-state level. This result is greater
than the one obtained by Tesfa [2].

In Fig. 3, we represent the variances of the minus quadrature, Eq. (45), versus 7 for different values
of A. Here, one can see that the degree of squeezing increases with the total linear gain coefficient and
almost perfect squeezing can be obtained for large values of the linear gain coeflicient and for small values
of . Thus, we realize that better squeezing can be achieved by preparing the atoms initially in such a
way that slightly more atoms are in the lower level than in the upper level. We also see that the degree of

squeezing increases with the total linear gain coefficient, which is in a complete agreement with previous
studies [2,4,11].

5. Photon Statistics

In order to know about the brightness of the generated light, it is necessary to study the mean number
of photon pairs describing the two-mode cavity radiation that can be defined as [18]

n=(éfe). (46)
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It is possible to put this expression in terms of c-number variables associated with the normal ordering,
namely,

— 1 * * * *
1= 3| (@ alt) + (57 (O50) + (7 (a(0) + (0" (050 | ()
In view of Eq. (38), Eq. (47) is reduced to
= 1 * *
n= 5|t @att) + (3 BN (18)
this equation represents the mean photon number pair of the system.
- 70 T T T T T T T T T
()
O 60| _
£
> 50
§ 40 -
2 30 -
o
= 20 -
3 10
=
0 0?2-- 0.3 04 0.5 n 06 0.7 0.8 0.9 1

Fig. 4. The mean photon number, Eq. (48), versus 7 for different values of the total linear gain coefficient
A =100 (the solid curve), A = 50 (the dashed curve), and A = 25 (the dotted curve) and » = 0.8.

In Fig. 4, we plot the mean photon number of the two-mode light versus 7 for different values of the
total linear gain coeflicient. It is very easy to see from Fig. 4 that this system generates a bright and
highly-squeezed light. We also notice that the mean number of photons is larger for small values of 7, at
which the squeezing is found to be relatively higher.

6. The Q-Function

Using the solutions of the c-number Langevin equations, one can readily establish the antinormally-
ordered characteristic function defined in the Heisenberg picture for the cavity modes. With the aid of
the resulting characteristic function, we obtain the Q-function, which is then used to calculate the mean
and variance of the photon number sum and difference for the cavity modes.

The Q-function for a two-mode light can be expressed as [3]

Cl2 d2 * * *
Qo B.t) = — /’" D A(z, w,t)e” @ TW AW (49)

with the characteristic function ® 4(z,w,t) defined in the Heisenberg picture by

D p(z,w,t) =Tr [p(O)e_Z*&(t)eZ&T(t)e_w*i’(t)ewgt(t) . (50)
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Employing the Baker—Hausdorff identity, we can rewrite Eq. (50) in the normal order as follows:
Da(z,w,t) = e * *7V W Ty {p(O)ez‘ﬂ(t)e_z*d(t)ewm(t)e_“’*i’(t)} , (51)

so that the corresponding c-number equation is

‘I)A(Z, w, t) _ e—z*z—w*w <eza*(t)—z*oc(t)+w6*(t)—w*,8(t)> ) (52)
We recall that
a(t)) = ~gralald) + gv(3°(1), 91B(0)) = —guelB(O) + grila* (@) (53)

We see that Eqgs. (53) are linear differential equations for a(t) and 5(t). On account of Egs. (53) and (38),
we observe that «(t) and 3(t) are Gaussian variables with a vanishing mean. In view of this, Eq. (52)
can be rewritten as follows [20]:

* * ].
D(z,w,t) =€ % *7 Yexp KQ (za*(t) — 2"a(t) + wB*(t) — w*ﬁ(t))2>] . (54)
Hence on account of Egs. (38)—(41), the characteristic function can be put in the form
(I)A(Z, w, t) — efaaz*z+z*w*b+zwb*efagw*w7 (55)
e A(L =) (4 + 30 + 4) 20— 1)
1—mn)(4sx+3An+ 1—7n
a=1+ , =1+ , 96
’ AGe + An) (2o + An) =1 G0t An) @+ A (56)
and
b= A1 —n? 25+ An+ A) (57)
40+ An)(2x 4+ An)

Now inserting (55) into Eq. (49) and carrying out the integration with the help of

/ Cj:; exp(—azz* + bz + cz* + Az? + B2*?) = \/QQEW exp abc; ilciz—BBbz , a>0, (58)
we obtain .
Q(a, B,t) = W exp [ —ugaa + av*f + o vp* — uaﬁ*[ﬂ, (59)
where . " )
ua:m, UB:WB—b*b’ v:m. (60)

7. Mean of the Photon Number Sum and Difference

We define the operators representing the photon number sum and difference of mode a and mode b
by
he =ala+b'b. (61)
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The mean of the photon number sum and difference can be written in terms of the Q-function as follows:
ni—/fafBQmﬁJHMaiﬁﬁ—l¢U~ (62)

Now applying the Q-function of Eq. (59) to Eq. (62) and performing the integration with the help of
Eq. (58), we arrive at

ni:(uaug—v*v)< g iaia—kFl)x(l), (63)

T4 = Mg = T, (64)

from which follows

where

U
Ng=——"—"——1 and ﬁbziﬁ*—l (65)
UqUg — V*V UgUg — V*V

are the mean photon numbers of mode a and mode b. With the aid of Egs. (60) and (56), we obtain
A(l —n)(4x+3An+ A) A%(1—n?)

Ng = d ny = . 66
oS i At A M PTG A+ Ay (%)
On account of Egs. (66), the mean of the photon number sum and difference can be written as follows:

ny = A1 —n)2(2x+ An) + (1 £ 1) A(1 + n)4(3c + An)(2sc + An). (67)

This is the mean of the photon number sum and difference for the cavity modes produced by two different
nondegenerate three-level atoms coupled to a vacuum reservoir. We see from Eq. (67) that the mean of
the photon number difference is positive. This fact shows that the mean photon number of mode a is
greater than that of mode b due to the three-level laser.

8. Variances of the Photon Number Sum and Difference

The variances of the photon number sum and difference defined by
Ank = ((aTa £ b'b)?) — (ata + bTb)? (68)
can be expressed as
And = An2 + Anj + 2ngy, (69)

in which An2 = ((afa)?) — 7?2 is the photon number variance of mode a, An? = ((b'D)?) —n2 is the photon
number variance of mode b, and ny, = (aTab'b) — namy, with 7, = (a'a) and 7y, = (bTh).
Using the commutation relation [a,a!] = 1, we can write

An? = (a%a?) — a2 — 3m, — 2. (70)
The first term on the right side of Eq. (70) can be expressed in terms of the Q-function as [3]
(a2a?) = /danBQQ(a, B, t)a*%a?. (71)
Now applying the @-function of Eq. (59) to Eq. (71) and performing the integration, we obtain
(a2a'?) = 2(m, + 1)2. (72)
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Therefore, substitution of Eq. (72) into Eq. (70) yields

| An? =72 4 g, (73)

a =

Following the same procedure, we easily obtain

Ang = ﬁg + Ny and Nagh = |b|2 (74)
1 Hence combination of Egs. (69), (73), and (74) results
1 in
] An =T + Mo + M + M £ 2[b] (75)
In Fig. 5, we see that the mean and variances of the
> aeneeseeae.  photon number difference is positive. This indicates

that the cavity radiation exhibits a super-Poissonian
photon statistics [20].

Fig. 5. The mean of the photon number difference,
Eq. (67), versus n (the solid curve) and the variances
of the photon number difference, Eq. (75), versus
n (dotted curve) for A = 100 and » = 0.8.

9. Conclusions

In this paper, we studied the squeezing and statistical properties of the cavity modes produced by two
nondegenerate three-level atoms, with the cavity mode coupled to a vacuum reservoir. We obtained the c-
number Langevin equations associated with the normal ordering, using the master equation. Applying the
solutions of the resulting Langevin equations, we calculated the quadrature variances. The light produced
by the system under consideration is in a squeezing state with a maximum intracavity squeezing of 65.3%
below the coherent-state level. This result is greater than the one obtained by Tesfa [2]. We found that
the degree of squeezing increases with the total linear gain coefficient and almost perfect squeezing can
be obtained for large values of the total linear gain coefficient and for small values of 7, which is in a
complete agreement with previous studies.

We determined the mean and variances of the photon number sum and difference for the cavity modes
employing the @Q-function. The result shows that the mean photon number of mode a is greater than
that of mode b. Furthermore, we also observed that the photon number statistics is super-Poissonian.
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